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Introduction 2/25

ABIJM theory: Chern-Simons gauge fields %/ /
ja—

(U(N)zk U(A?)_k) = N M2-branes on (C4/Zk

W

4 bifund. matters [Hosomichi,Lee,Lee,Lee,Park,'08]
' [Aharony,Bergman,Jafferis,Maldacena,'08]

Can add mass term «<— baCkground ﬂUX [Gomis,Rodriguez-Gomez,van Raamsdonk,Verlinde,'08]

(i) Useful for precision holography (Bobevcharles,Hong,Hristov,Reys,...]

ABIM «— AdS, x S7/Z;, = can study M-theory through large N expansion

mass = non-conformal deformation of AdS, x S7/Z;C (small pure imaginary mass)

[Freedman,Pufu,'13][Gautason,Puletti,van Muiden,'23]

(ii) Useful as generating function of correlators
SO(6)g currents

or, log ZPM™M — (Jg, Jr, -+ Jg, ) =9 input for conformal bootstrap

2

[Agmon,Chester,Pufu,'17][Alday,Chester,Raj,'22]...



Beautiful mathematical structures

SUSY localization 1

ZEN? oo— m/d‘wx(---) : "M2-matrix model"

(MZ on different orbifolds)
\/

3/25

v
ABJM (& circular quiver SCCS)

mABIM
Fermi gas formalism YES YES
all order 1/N = Airy YES YES (small mass only)
1/N non-pert. = topological string YES ?
g-difference system YES YES

3

New recursion relation !



Rough idea for recursion relation
M2 matrix models have discrete moduli (typically relative ranks of gauge group).

g-difference system = evolution on theory lattice space L
re—T TS

n

lattice is periodic: dualities (typically Seiberg-like duality) act as large translations

self-consistency condition = recursion relation at same point

4/25



An application: phase transition in mABJM 5/25

Mass deformation changes vacuum structure in flat space

m=0 [V,Y,Y]=0 m>0 [Y,Y.Y]=mY

YI,1 V2 0 0 01 0
Yr = YI,2 Yi=vm| 0 1 0],Yoa=vm|0 0 2
Y1,3 0O 0 O 0O 0 O
/ [ : hon-commutative
N
® O ‘.o »
= fuzzy M5

[Gomis,Rodriguez-Gomez,van Raamsdonk,Verlinde,'08][Kim,Kim,'10]

On S3 =) phase transition in dimensionless parameter m x rgs

. N
't HOOﬁ: IImIt ]C,N —> OO Wlth )\ —_— — ﬁxed [Anderson,Zarembo,'14][Anderson,Russo,'15]

M-theory limit: N — oo with k fixed [TNshimizuTerashima,'16] <

[Honda,TN,Shimizu,Terashima,'18]

can study with
recursion relation




Plan of talk

1. All order 1/N expansion

2. g-difference system and recursion relation

3. Application: large N expansion beyond phase transition



Fermi gas formalism 7/25

SUSY localization:

t—independent)
7= [ pesr i

_ @mABJIM
Z (& S |lomizl—loop(52 |locus)

t— 00

locus:0¥=0 -
N 4
mi
/
1 ANy gV 11V (2sinh ZoZ)2 1Y /(2 sinh %2912
Zgo (N iy, ms) — / v ATy eyt Lis z )Ly, 2
(ND2 ) (2m)N (2m)N [], ; 2 cosh ==22="L9 cogh F—2—"2
"\ / o s »J 2 2
I [Kapustin,Willett,Yaakov,'09]
Hi<j(xi_xj)(yi—yj) 1 1 B — gk
[CaUChy et [ (@i +y;5) = det T; + Yj & 2k cosh —x_%;mk = 2 cosh £ v

‘ &, p] = 2mik

1 dN x
ZSS N°m1 mo) = —— detxi,ﬁx-
( ) y ) N (27_‘_)]\] < | | J>
1M1 P 1Mo p 1MoL 1M1 P
. iz2 € 27 _ i@2 e 2w e~ 2xr e " onm
IO — 647rk: — @ 4k — ~ — —
2 cosh § 2cosh & 2cosh § 2cosh £

[Marino,Putrov,'11]



All order 1/N expansion 8/25

To study large N expansion, it is useful to consider grand potential J(u):

> el = N " et N Z(N) = Det(1 + e#p) <Z(N) = / ﬁeﬂ“)—w)
nc’ N=0 —ioo “70
vol(H (z,p) < p) e .
Oud (1) ~ (N)G.c.(u) ~ ol ~Cp? — H = logp~ 12l imez L imap

2 27 2 27

: C
integrate - J = g,u?’ + Bp + A + (non-pert. in u= 1)

B,A can also be fixed by semiclassical expansion

=D | Z(N) ~ Zpert(N) = e*C5Ai[C™5 (N — B)]

_WW

2 1 1
—log Zpert (N m—f)N% + (ONz2 + 1 log N + (all order in N_l)

[TN,"'15]



1/N non-perturbative effects 9/25

ABJM is dual to AdS, x S7/Zx > length scale Raqs ~ (kN)s

V 2k
ZpM(N) = =5

3 _ _
— log N2+ =814 sugra ~ k' R3S

Non-perturbative effects in 1/N = closed M2 wrapped on 57/Z;~C (M2-instanton)

Zhiq ~ e PAasixsT/z, 4 o7 PaasyxsT OV ?
l E\J vol(M2) ~ RidS ~ kN) AdS4 7/Zk

—log Z ~ —log Zpert + O(e_O\/k_N)

Two different kinds of wrapping:

Mz C S7/Z; = e=OVFN . D2-instanton

My x 82, C §7/Z; = OVT : Fl-instanton



M2-instantons in mABJM 10/25

Z(N)
Zpert(N>

_1N€_w % «— J:J]Dert"'C)e_w'u

D2-inst exponent:

»WKB (=small k) expansion & resummation of

= (-t dt )
J = E ( T)L e Trp :/—,I’(t)F(—t)et“Trpt
n=1

271

\ T

small/large e" expansion

F1-inst exponent: L
el 7_10 \\ o
»ﬁmng exact Values OfZ(N) ggj .\%\‘ k=1,m;=mo=0.05

\N—/ —15; ® ~.' E

k=1mi=my=1
(k:17277N:1727510) g_zog—

1 e k=4 my =my=0.05i

] [ J k:4,m1:m2:i
I

(D2) 2 (F1) _
Vi T fmp 1 e T k(14 MRL)(1 47 2)

T

[TN,'15]

Instanton coefficients () can also be studied by WKB + fitting



M2-instantons and topological string (1, =

ms = 0)

11/25

( Topological String/Spectral Theory (TS/ST) correspondence:

~

=) cmn€™ ™ — encodes a Calabi-Yau threefold X

m,n

=) Det(l + rp) =

(Newton polygon {(m,n)} = toric data)

Z 6J(,u—|—27T'L'n)

Fref T 61,62

nez
top (. 2 o 9 [1 s (BT K F'“P(T;€) = F*{(Te, —¢)
J Jpert‘l‘F T k ak kF 2 2
F™(T;e) = lim 2miea " (T e, €2)
7rzn(€1 62))X]R(€7TZ?’L(€1—|—€2)) gy

-y 3w mzm

JjL,Jr d

e
4n Sin Tneq SIn Tney

\_

: refined topological string free energy on X

[Hatsuda,Marino,Moriyama,Okuyama,'13][Grassi,Hatsuda,Marino,'14]

U(N)r x UN + M)_r ABIM theory:

~—1

~/ . ~/ ~/ ~/
pl =t femtih2M)o=2 | 0P 4 0P — X=local P! x P!

n
4 1 M
A m =249 (———)
fj koo T

(F"P): Fl-inst, (1,[k' *FNS]): D2-inst

1 1
cf. Pr=0 = -
[ pPM=0 2COSh% 2 cosh




Other M2 theories 12/25

M?2 theories can be constructed systematically by type |IB brane systems
IIB |0123(5)456789

. U(N+M)-k)
\ , ‘\M D3 |--- -
: NS5[- - - - --

/ {:7’. l 4 D5 |- - - o

(1,k)5 NS5

In general (1,k)5 = NS5 + k D5

V4

Zgs = = d™ x!x; |6x; " '

= I, | ' B -

S N | ! J > ! . = > . . P b= Z Cmnem:c—l—np

2coshb  / 2 cosh3 ’ o

\
Moduli of curve p™1 = relative ranks & Fl parameters fits with TS/ST

» Given a Newton polygon, can guess p for general moduli from 3d

example: ' ’
» y/- ;' ;' 7/ » "' X =local Ds del Pezzo
(U(N)! k) Y
(U(N + Ml)k,!J\

6 moduli = 1(u) + 5(relative ranks & Fl) (U(N),o,! !2) (U(N + M3)o,! !1)
(U(N + M2) k,!g)

[Moriyama,Nakayama,TN,'17][Furukawa,Matsumura,Moriyama,Nakanishi,'21]

[9(coefs) - 3(x,p shift & overaﬁn




Plan of talk

I 1. All order 1/N expansion

2. g-difference system and recursion relation

3. Application: large N expansion beyond phase transition



ABJM and qg-discrete Painleve 14/25

U(N)r x U(N + M)_, ABJM partition functions satisfy g-Painlevé Ill; equation (4= ev)

I mss (D) v 2D+ STy D2 1y (1)2=0 !M(!):!! INZem (N)
N =0

[Grassi,Hatsuda,Marino,'14][Bonelli,Grassi,Tanzini,'17]

Found experimentally against exact values of Zxm (N)

e 7

example: 22,0(0) =1 22,1(0) = —|7 222(0) = 1]
1 E% i
Z 1) = = L 1) = 11— Z 1) = —
2,0(1) 3 2,1(1) 7 5 2,2(1) 3
1 TR 1 i
= = 4 " = |
Z2.0(2) aaz ‘(@)= e 58 5 —'716- E Z3,2(2) = | 301 2
Special cases:
k1"  with M'= ke kept: reduces to Plll; differential eq =m) proved (racywidom, 95

k=2,4: can prove against closed forms of ! \2(!) [okuyama 16



Motivation of the correspondence 15/25

. . ) - ot 1 TS/ST
Fermigaswith 6 '= ¢y €™ " < /

m,n
[ n
m

> topological string on local CY3 X

IM-theory on X

5d N =1 SYM on (p,q)5-brane web

1

L1 aab! ) ! Ziop (T1, T2, a8 Z%9(t = esw ,m;,a44")

("' '=5d SW curve)

B . . . ! I
In 5d, “self-consistency relation among g-shifted parameters z% 1 z >+ 7z 5d
[Nakajima,Yoshioka,'03]

7 O

== ! (!) should satisfy g-shift relation in (t, A4} = moduli of curve = relative ranks/F

examples: ABJM 5d SU(2) pure |g-Painlevé 13| (gershtein,shchechkin,'18]

4-n0de quiver 5d SU(Z) + N]c =4 q-PainIevé V| [Jimbo,Nagoya,Sakai,'17]
[Bonelli,Globlek,Kubo,TN,Tanzini,'22][Moriyama,TN,'23]




mass deformed ABJM 16/25

!! 1 — e(l+ i(mlztmz))x+ |(m1 mz)p_l_ e| i (k! 2|\/|)e(| 1+ '(mlz’!“mz))x+ i(m12!! mz)p

+ei(m12‘:m2)x+(! 1+ '(ml m2))p+ e'(m]_z‘:'mZ)X+(1+ '(mlI m2))p

is not a Laurent polynomial in a pair of C' coordinates

Exceptions: my,my ! 11Q

L
emwmm:mlz!mzzlg-

gmx '+ np' o
Cmn

" L

5d SU(3)

I'm (1) should satisfy some g-difference eq for a dense set of (M1, M>)

=) can guess d-diff eq from exact expressions of Ziw (1;m1,mz) and Zgm (2;m1, my)

| Mi+tmo mq+m 21 iM mq! mo I ml'mz

DINVERTONE )+e "% Iyez lu(e 1)

Tu( e 7 ~21)=0

Im+ (! €

1)y () e

[TN,"24]




Relation among different N's 17/25

!M+1(! e! mlzmzl)! " 1(! ew!)_l_ e! 2!li|v| !M(eml!zmz!)! |\/|(e! m1!2m2!)

mi+mop mip+mo

liw(le 2 NDNy(le =z 1)=0

By expanding in k, we obtain relation between Z(N) and {Z(N")}n'<n

P Zmra(N)+ P Zy(N)+ T Zysaa (N) =(aa)

Problem: we cannot solve them in N because #(eqs) < #(new variables)

differenceeqat M = M;,M; +1,aadM, = Zy, 1(N),4848Zm,+1 (N)

Solution: additional constraints from 3d duality




Additional constraint from duality 18/25

. NS5 D5
Hanany-Witten effect: ‘ _ b3 |
-/
=~~~ |
(1,k)5 = NS5 + kD5
U(N)k! U(N+M)!kABJM U(N+k! M)k" U(N)!k
/ " / / " / _ / " l /
//N 3 "' Nt D3 ,’/ - / N Nt ', // - / ', //
(1,k)5 NS5 NS5 (1,k)5 (1,k)5 NS5
S~——_

[Assel,'14][Honda,Kubo,'20]

* Zikk (N) = Zx o(N)
0 (N =0)

/ N) =
it 1(N) Zikr 1(N 1 1) (N" 1)
N ! N-1+(k-1)
N, - _ _ N ., _ 1
— ARE ) = D 5 =/ Nl; //J
\_ 7

Im=k()="twm=0(), Im=ra()=m=k 2(!)




Example: k=2 19/25

M=0: 110 a(M)+ 1 o(!)o(t)=0

(”1(!)7 =D  Zi()Zin)+ Zo(N)Zo(+  Zo(N1)Zo(n) =0

ny,no! O ni,no! 1
(n1+n2=N" 1) (nz+nz2=N)

M=1: () oe(t)+ () a(t)=0

[ o) * | Zo(n1)Zo(nz) + Z1(N)Z1(0) + Zo(N1)Zo(ny) =0

ny,no! O ni,no! 1
(n1+n2=N) (n1+n2=N)

Can solve recursively in N (unless coefficient of Z(N) vanishes)
M
N

[Zl(o) = Jizl
[

4
(20(0) = 17

SN v

[TN,'24]



Plan of talk

I 1. All order 1/N expansion

I 2. g-difference system and recursion relation

3. Application: large N expansion beyond phase transition



M2-instanton condensation 21/25

Z(N)= Zpen (N) 1+ 0(e '™ %' ™ %) | Zpen(N) = &AC SAC 5(N ! B)]
| (D2) — 2 1 1R = 4 .
1+ M K(1+ M)+ m2) . ——
| ' ' ﬁNegahvewhen mym; > !)

¥

F1-instanton is "non-perturbatively large" !

Z(N) k=1, M=0, m;=ms
Zpert (N) is wrong expansion point when mim, > ! &!Z"Q“(N) \\\\\\\\\\\\\\\\\\\
| L T N:3 1 ]
: : & N =6 |
WKB expansion - cannot capture F1l-instanton. | ; /
New: finite but (very) large N by recursion relation. [ e s 2



Example: k=1, M=0, 1111 = 11ig = 11 22/25

(et B (ieF ) ()24 (M) (1 e M) =0

: N!1R2n!N+1Z(n)Z(N! 11 n)! ‘ r|\1|:!11(1! (I DNem@nENNZ(n)Z(N ! n)

-} Z(N)= —n=0
(N) 2(1! (! 1N coshNm)
R . Im 2
= |e 2t
rational in e”']
LN
General structure: Z(N) = Raf {N)(m) m) oscillates around Z(N)=0
a=! Ly
N=1 s ET T T T T I T T T T I T T T T I T T T T I T T T T I T T T T \g
IN=2
IN=3
Ni4 (
— '&é §N=7 wy 1! % §N=14
! 3 §N=9 1 % §N=17
I - " N=18
‘m IN=10 N=19
- NE1L =20
IN=21
: N=12 N=22
§ s y - : I s s w e
~ n(n+1)

Oscillation is (almost) absent when N = N,



Large m asymptotics 23/25

. N . . .
Keeping only largest fa(1 )(m) at m! (i.e. slowest decay), we find
m? ! m2
Zio()! €™, Zio(2! €3 é2$in2—|, Z10(3)! €°™, Z;0(4)! €8 1" 2 cos——
| " | |
Z1o(5)! € MM 1" 2608'“,”—2 . Z10(6)! € MM, Zyo(7)1 €287 23inr;—|2" 2s,in32_”|nz ,
! ) n | H " .
Z1o(8)! € 2m 2v 2cosr?—2+20032|£2 . Z10(9)! ¢ 2m Zsinr;—IZ" 25in32£|2 , Z10(10)! g 30m ..

D (222000 = P 2O = &

k| N Zim (V)
| n(n+1) o n(n+’1)6(2n+1) m1+mg
2

3 2 +
3= e (g + iy H ) g

(might be related to fuzzy M5 vacua)

3 [(n+1)6(n+2)-‘ 3_nT+26_(n9_3+§ 5-5) (n =1 mod 3)
3_nT+le_(ngj+§+%+é) g (n =2 mod 3)
4 [%2-‘ 2= e 27— 2p) g2 (n: even)
2_%_%6_(¥+%)'m (n: odd)
=D [ 10gZi™(NW) = —2=(my + mo)(N§O)E + &2

3




Finite m correction at large N

Finite m correction:

L 10gZio(NSO) L (1 logZ2y™ (NSO)) “# n+ # et "

O(ng), O(nz) are exact in Z @Y™

v

Conjectured large N free energy:

" K@U M)A [ ZmE) o (K)y 3 #
#H 2k(m31+ mz)(Nr(]k))% (

n =30 (N = 465)

dm

n = 40 (N{V = 820)

dFl’O(Nél); m, m)

n =59 (NW = 1770)

(Na")2




Summary & Future work

M2-matrix model = Fermi gas -------------c.

v N

Airy topological string 5 g-difference eq

25/25

g-diff eq + 3d duality * recursion relation in N : powerfull tool for finite but large N

(c.f. NY blowup eq = Zi?gt (1) recursively [Keller,Song,'12][Kim,Kim,Lee,Lee,Song,'19])

application: large N expansion beyond M2-instanton condensation

Future works:

Other observables such as Wilson loops?

Derivation/interpretation from 3d QFT?

QAZ-matrix models without Fermi gas?

Direct derivation of g-difference eq from matrix model (not through TS/ST)?

- g-Painlevé «— affine Weyl group (=Weyl+translation) 5 3d duality cascade

~

(Moriyama's talk)

J




