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Why SCFTs?

Superconformal field theories are diverse and exhibit rich phenomena, are
connected to quantum gravity via holography, and also admit various
non-perturbative approaches. This talk:

e N = 4 super-Yang-Mills: the maximally supersymmetric cousin of
ordinary Yang-Mills theory, dual to type IIB string on AdSs x S°.
Conformal manifold parametrized by complex coupling
1= % + ;TTA['

e 3D ABJMp k—12: an N = 8 cousin of Chern-Simons theory, dual to
M-theory on AdS; x S7/Zy.



Why Integral Constraints?

The superconformal bootstrap program uses supersymmetry to organize
conformal blocks into superblocks, and conformal symmetry to impose
crossing symmetry on an expansion of a four-point function into these
superblocks.



Why Integral Constraints?

The superconformal bootstrap program uses supersymmetry to organize
conformal blocks into superblocks, and conformal symmetry to impose
crossing symmetry on an expansion of a four-point function into these
superblocks.

Supersymmetry also gives powerful constraints on integrated four-point
functions via localization. Imposing these constraints:
e Provides new physical input to the bootstrap, potentially excluding
spurious theories

e Dramatically improves the strength of bootstrap bounds
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Bootstrapping without Integral Constraints

N =4 SYM has a gauge field, 4 Weyl fermions, and 6 real scalars X'.
The superconformal primary of the stress tensor multiplet is
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Bootstrapping without Integral Constraints

N =4 SYM has a gauge field, 4 Weyl fermions, and 6 real scalars X'.
The superconformal primary of the stress tensor multiplet is

5“

S — xlIx) _ 0 xKxK

and transforms in the 20" of SU(4)r.

We study the four-point function (SSSS). There are 6 R-symmetry
channels, but the Ward identities imply that the correlator in all channels
can be written in terms of a single function J(U, V) [Dolan and Osborn

2002].
The contributions to Tehore (U, V) C T(U, V) from short multiplets are
protected, and depend on ¢ = #. The unprotected part can be

expanded in long superblocks:

‘J'Iong(U V U2 Z}\AZGA+4€(U V)
OaLe



Crossing symmetry implies that T(V, U) = Z—jT(U, V), and using our
expansion this becomes

> Mae(VGasaelU.V) = U4Gasan V. 1))
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Fenort (U, V)
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Crossing symmetry implies that T(V, U) = Z—ET(U, V), and using our
expansion this becomes

> Mae(VGasaelU.V) = U4Gasan V. 1))
Al Fae(U,V)
+ U2 V4‘Ishort(Ux V) - U4 V2‘Ishort(vr U) =0.

Fenort (U, V)

The coefficients A , are positive. If we have a trial set of A and { values,
and we can find a functional « satisfying

‘X(FA,K) >0 VAL, o‘(Fshort) =1,
then we have a contradiction. This allows us to rule out putative spectra
of long multiplets.

In the bootstrap, we are always searching for positive functionals «.



T-Independent Bounds

[Beem, Rastelli, and Rees 2017] used this setup to bound the dimensions
of lowest-twist unprotected operators as a function of c.
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Conformal Manifold

We will use integral constraints to bootstrap also as a function of

T= % + 27 Electromagnetic duality implies
&ym

T~T+1, T~—1/71.
We will study a fundamental domain of this SL(2;7Z) symmetry:

ImT

Weak coupling

\/_ Z» point
«——— 73 point

Ret

N= 4+



Integral Constraints

e Exact relationships are known between derivatives of the
mass-deformed sphere free energy F(m; T, T) and integrals of
T(U, V)



Integral Constraints

e Exact relationships are known between derivatives of the
mass-deformed sphere free energy F(m; T, T) and integrals of

T(U, V)
e For any coupling T, we have [Binder et al. 2019; Chester and Pufu
2021]
1 a%naTafF R3sin’0
- = RdO ——— %4
8c 0:0:F ‘m:o A= Jd 90— TU.V),

480(3)c ™+ ¢ POLF| o =1 [T] = JdR do (U, V)T(U, V),
where U =1+ R? —2Rcos0 and V = R2.

e The partition function Z = e~ has been calculated exactly using
supersymmetric localization [Pestun 2012]



Integrating Blocks

In the conformal bootstrap, we impose crossing symmetry on the

expansion

Tions(U. V) = 5 ZAMGMM(U V).
Oae

We can also require that this expansion satisfies the two integral

constraints, via

@ u,v )
> Mack {““ffz)} + Iy [Tepor] = F2(7, ),
Oae

@ U, v )
S Aok {““ffz)} T by Tanord] = Fal1, 7).

Oae
We can perform numerical integrals to obtain b [Tsnort), 14 [Tshort]-



Integrating Blocks

We have to be careful when integrating the blocks: the measure has
support everywhere in the (U, V) plane, but the expansion of Tisn, into
blocks does not converge everywhere.
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Integrating Blocks

We have to be careful when integrating the blocks: the measure has
support everywhere in the (U, V) plane, but the expansion of Tisn, into
blocks does not converge everywhere.

One approach is to integrate over the region D; shown here, and then
multiply by 3 to account for the two other crossing-equivalent domains.

We will amend this soon!
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Localization Results

To compute F5(t, T) and F4(T, T), we can in principle use the exact
localization result

dN-15 IT;<; a2 H?(ay) _sr oy o2

Z(m,T,7T) = 14 e g N Z o (m T, T a2
( ) J' NI H(m)N—l H,ygj H(a,_, + m) ‘ |nst( Ij)|

However, carrying out this integral numerically becomes too slow for

N > 3.

[Dorigoni, Green, and Wen 2021] gave a much more efficient approach
for ¥ in terms of a recursion relation in N, and [Alday et al. 2023]
showed how to efficiently compute F,. We use this approach to access
higher values of N.

11



Spin Oscillations

If we try to impose integral constraints as described so far, nothing
happens! Why?
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evaluated at the crossing symmetric point where r = 3 —2/2 ~ 0.18, so
they grow as (0.18)4.
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Spin Oscillations

If we try to impose integral constraints as described so far, nothing
happens! Why?

The largest value of r in our integration region is 2 — /3 ~ 0.27, at

1 =0, so the block integrals grow as (0.27)?. The block derivatives are
evaluated at the crossing symmetric point where r = 3 —2/2 ~ 0.18, so
they grow as (0.18)4.

At large A, the integrals dominate. The contribution to the integrals near
M = 0 oscillates as (—1)%/2, so the integrals have different signs for
different spins.

In the bootstrap, we search for linear combinations of the crossing
derivatives and the block integrals that are non-negative for all L and A.
Positivity at large A thus forces us not to include the block integrals in
the functional.
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n-oscillating Region

[Lin et al. 2017] described how to modify the integration region so that
the point with largest r has 1 = 41, where there are no spin oscillations:

0.4 Ds D,

0.3

0.1

0.0
—1.0) -0.5 0.0 0.5 1.0
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Non-oscillating Region

[Lin et al. 2017] described how to modify the integration region so that
the point with largest r has 1 = 41, where there are no spin oscillations:

0.4 Ds Dy

0.3
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0.0
—1.0) -0.5 0.0 0.5 1.0

Now the integral constraints do have an effect, but the bounds still aren’t
as strong as they could be.

13



Two Regions at Once

We can obtain stronger bounds by imposing the integral constraint twice,
with two different non-oscillating integration regions.
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Two Regions at Once

We can obtain stronger bounds by imposing the integral constraint twice,
with two different non-oscillating integration regions.

These are physically identical constraints, so why does it help to impose
both?

Proving the equivalence of the two constraints requires full crossing
symmetry, which is more than the bootstrap knows at any finite
truncation. We can think of the first region as providing the localization
input, and the second region as providing this additional crossing
symmetry information.
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Another approach is to cut off the maximum value of h = A — L where
we impose positivity.
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Another approach is to cut off the maximum value of h = A — L where
we impose positivity.

This is non-rigorous, but in practice it does work: the bounds we obtain

agree with what we get from using two regions and imposing positivity at
all A.
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Another approach is to cut off the maximum value of h = A — L where
we impose positivity.

This is non-rigorous, but in practice it does work: the bounds we obtain

agree with what we get from using two regions and imposing positivity at
all A.

Explanation: we can take hnax larger as we increase the maximum
derivative order A in the derivative expansion. So, as A — oo, we would
recover a genuinely positive functional.
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Scaling Dimension Bounds: SU(2)

Results from “Bootstrapping N = 4 super-Yang-Mills on the Conformal

Manifold"”
3.0 i Without Integrated Constraints
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Scaling Dimension Bounds: SU(3)

Results from “Bootstrapping N = 4 super-Yang-Mills on the Conformal

Manifold”
820 Without Integmated Censtraints 1)
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Where is the next-lowest operator?

Results from “Bootstrapping N = 4 super-Yang-Mills on the Conformal
Manifold"”
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OPE Coefficient Bounds: SU(2)

Results from “Bootstrapping N = 4 super-Yang-Mills on the Conformal
Manifold"”

[ Without Integrated Constraints

With Integrated

L NN Constraints
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OPE Coefficient Bounds: SU(3)

Results from “Bootstrapping N = 4 super-Yang-Mills on the Conformal

Manifold”
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Integrability

In the strict planar limit, the lowest-dimension unprotected scalar exhibits
a level crossing. Scaling dimensions can be obtained from the quantum
spectral curve [Gromov et al. 2023]:
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Integrability

In the strict planar limit, the lowest-dimension unprotected scalar exhibits
a level crossing. Scaling dimensions can be obtained from the quantum
spectral curve [Gromov et al. 2023]:

ey . 5

GF=ntylnnngt
", * i

o e T e, Triple—trace

.

B R R [ (P Double-trace

L T Single-trace

* Lowest
P Y —

. : * gV
0 50 100 150 200 250 300

At finite N, this should be replaced by a level repulsion between the
single- and double-trace operators.
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Weak and Strong Coupling

The scaling dimension of the single-trace operator can be computed in a

weak coupling expansion [Velizhanin 2009; Eden and Paul 2016; Fleury

and Pereira 2020]), which agrees well with our bootstrap bounds at any

N for sufficiently small A = g2,,N:

Apo—2+ 3N 3N N 2173 N A*(—1440¢(5)(1 + %) + 576((3) — 2496)
47 16m* - 2567 6553678

+O(M)

22



Weak and Strong Coupling

The scaling dimension of the single-trace operator can be computed in a

weak coupling expansion [Velizhanin 2009; Eden and Paul 2016; Fleury

and Pereira 2020]), which agrees well with our bootstrap bounds at any

N for sufficiently small A = g2,,N:

Apo—2+ 3N 3N N 2173 N A*(—1440¢(5)(1 + %) + 576((3) — 2496)
47 16m* - 2567 6553678

+O(M)

The scaling dimension of the double-trace operator can be calculated at
large N and finite T using the the analytic bootstrap [Alday and Bissi
2017; Chester et al. 2021]. The expansion is

4 135 3 1199
Agg=4——+—7——E| =, O( *9/4)_
4,0 c + TNGRYEYET <2 T) + 102 + c
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Level Repulsion: SU(10)

Results from “Level Repulsion in N =4 SYM using Bootstrap,
Integrability, and Holography" :
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Level Repulsion: SU(10)

Results from “Level Repulsion in N =4 SYM using Bootstrap
Integrability, and Holography"
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Large-c Expansion

Our bootstrap bounds seem to be sensitive to NNLO corrections to the
scaling dimension!
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Multiplets and Superblocks

e We will again study four-point functions of the superconformal
primary S of the stress tensor multiplet
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e Several types of multiplets contribute:

Short Semishort Long
(B,+) L=0 (A,+) Leven (A,0) L even
A=1,2 A=L+2 A>L+1
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Multiplets and Superblocks

e We will again study four-point functions of the superconformal
primary S of the stress tensor multiplet

e Several types of multiplets contribute:

Short Semishort Long
(B,+) L=0 (A,+) Leven (A,0) L even
A=1,2 A=L+2 A>L+1
(B,2) L=0 (A,2) L odd
A=2 A=L+2

e Localization will give us the short OPE coefficients and an integral
constraint

26



Inputting the values of the short OPE coefficients already puts narrow
bounds on other data, e.g. semishort OPE coefficients (see Shai's talk):

ABIM,,, A = 14

[0020]
4,2
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o
o

No IC

)\2
=
o
s
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Inputting the values of the short OPE coefficients already puts narrow
bounds on other data, e.g. semishort OPE coefficients (see Shai's talk):

ABJM,;, A=14

= 159

S

S« 03

=

jg > No IC
o With IC
< 1592 e

1591+

9.530 9.535 9.540 9.545 9.550 9.555 9.560

A

2
0020]
(a, 1)zl

We can do even better using an integral constraint!
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Mixed-Mass Constraint

Again we relate a fourth derivative of the sphere free energy to an
integral of the four-point function [Binder, Chester, and Pufu 2018]:

oOF mc2

omiom? _ 21.3"

JdR dosin® (U'8'(U, V) + U 28*(U, V) + VU 283(U, V),

81'2'3

where are three of the six R-symmetry channels of (SSSS)
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Mixed-Mass Constraint

Again we relate a fourth derivative of the sphere free energy to an
integral of the four-point function [Binder, Chester, and Pufu 2018]:

oOF mc2

omiom? _ 21.3"

JdR dosin® (U'8'(U, V) + U 28*(U, V) + VU 283(U, V),

81'2'3

where are three of the six R-symmetry channels of (SSSS)

The free energy can be computed exactly for any N and k using recursion
relations [Nosaka 2024]! This also gives the exact values of the short
OPE coefficients.
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Polynomial Formulation

e Like in 4D N =4, we can use an oscillating integration region for
the blocks and truncate the constraints at some maximal twist, or
we can use two non-oscillating integration regions simultaneously
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Polynomial Formulation

e Like in 4D N =4, we can use an oscillating integration region for
the blocks and truncate the constraints at some maximal twist, or
we can use two non-oscillating integration regions simultaneously

e In the latter case, we can avoid discretizing A entirely, and write a
polynomial matrix program. This requires approximating an
exponential by a polynomial for the block integrals; but if the
polynomial is an underestimate, and the coefficient of the block
integral is positive, then positivity is still guaranteed.
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Polynomial Formulation

e Like in 4D N =4, we can use an oscillating integration region for
the blocks and truncate the constraints at some maximal twist, or
we can use two non-oscillating integration regions simultaneously

e In the latter case, we can avoid discretizing A entirely, and write a
polynomial matrix program. This requires approximating an
exponential by a polynomial for the block integrals; but if the
polynomial is an underestimate, and the coefficient of the block
integral is positive, then positivity is still guaranteed.

toga (7o ) .
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Improved OPE Coefficient Bounds (N =10, k = 1)

In the limit A — oo where we include all crossing derivatives, using the
integral constraint significantly shrinks the allowed region:
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Large-cr Expansion

The semishort OPE coefficients have been calculated at large ct for
k =1,2 ABJM [Alday, Chester, and Raj 2021; Alday, Chester, and Raj
2022]. For k =1, the spin-0 (A, +) OPE coefficient is given by

64
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arge-ct Expansion

The bounds on A%A,+)2o appear sensitive to the DOR* contribution at

—7/3,
order ¢!
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Conclusion

e Integral constraints from SUSY localization are extremely powerful
when combined with the numerical conformal bootstrap
e For N =4 SYM, integral constraints allow us to input the coupling T
into the bootstrap, so we can non-perturbatively study the theory
from weak to strong coupling
e For ABJM theory, the mixed-mass integral constraint dramatically
improves the already-narrow bounds on CFT data, enabling a more
detailed comparison with expectations from holography

e Next steps

e Less supersymmetry (4D N =2 [Chester 2023], 3D N = 6)

e Higher precision, e.g. for studying D®R* correction in M-theory

e Higher spin, higher twist operators: so far, difficult to bound using
integral constraints
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