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Outline of talk

1.) 4 poivt correlators <pdrs>
= Half BPS (single particle) in planar N=4 SYW
= = 4 poivt graviton amplitudes in TIB on AdSXS?
= Summarise currewt understanding
= Focus ov results for all higher charges (KK wmodes)
= Perturbative (order by order) at weak and strong conplivg

2.) Integrated 4-point correlators [< pars >
= Localisation -> [ <2222 s and [ < 22pp > exact all orders
" Conjecture [< pars > as a function of A ('t Hooft coupling)
= "Beyound localisation”
= Checks, predictions (@ loop periods, strong couplivg, octagon)
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1. 4 point correlators
N=4 SYW

; Breeding ayronnd for
@4d @“@ new QF?F?r@c\AWl@s

esp for amplitudes

o Ganae theory with G scalars @ ¢, 4 fermions, gange field
o« CFT
* Gange aronp SU(N)

e N = oo (plavar = tree level string +h) single conpling A=gyw*N
¢ D(x\)= DA, Y, iy =0

o Half BPS operators: O,(x,y)=T r(CID(x, y)p)
o 4 point correlatorsi<parss= <0.0,0,0.>

Function of X,y




AdS/CET

CFT = Quantum gravity on AdS space

Very precise formulation:

N=4 SYW = TTB string theory on AdSsxS?

Strong coupling N=4 SYWM = quantum gravity




AdS/CET

o TTR string theory on AdSexS?
o Superconformal symmetry o (super) isometry of AdSsxS?
o XN (ulso e c=fiEmmi@mEse o e =
(olso use =(N>1)/4) oo =L g

o Graviton multiplet (p= S KK mode)
o 4 poivt graviton amplitude

O,

Witten diagrams




Lalf BPS correlators

e 2 point functions <0.0.>(N) fixed i free theory (ivdep of 1)
e 3 point functions <0.0,0,>(N) fixed v free theory (ivdep of 1)
o 4 point functions <0.0,0.0.>(N,A) von-trivial function of A

o Steady progress since AdS/CFT (19A48) at both swmall and large A
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Superconformal symmetry

o Constraints of superconformal symmetry (wow perturbative):

Function of I
(Oplo"zop:30p4> = free + Cppopsps

KM KaMa
Homoaeneo

ns of ., 15,
dearee P % C-T . P1P2P3P4 ( C ) 1 2.Pi
I A1 pepPspPa a )

9) i P1p2pP3P4a 2 1674

) I(zi, y;) =137 Y13Y04 (T — y)(x — §)(T — y)(Z

Superconformal

symmetry -> Charge
reduction: homogeneons of
degree pi-2. in

Fus welght 4 at each point,
simple poles in ;%




Perturbative correlator intearavds

e Loop expansion:

d* st

) ( _1“ )f{fi, }( 1 14—H)

Kmowm t0 5 loops, =5 using contormal symmetry, pole
structure 1/x;> and OPE




ldden 10d conformal symmetry
(perturbative)

» Observed +o possess a 10d conformal integrand symmetry

* <2222> correlator integrand known +o 10 loops
o Therefore all charge <parss known +o 10 loops assuming
10d conformal symmetry




lidden 10d conformal symmetry
(perturbative)

e "master correlator™: all half BPS operators packaged toaether

o Waster correlator in terms of <2222 > correlator

I(r: u: l . 14 o {—l T, S
(OOOO) = free + (26, 45) A / Ot T p0)(x2)

2¢ =0 (4m2)It ) (—4m?) (—47?) e
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ldden permutation symmetry
(perturbative)

o <22272> correlator integrand has hidden s4q permutation symmetry
mixing external and interval variables
o Sum of "f-graphs”

f(l) ZC(’)JIUJ

441

(1) .
fa Xij) |aut(a | Z H

Ol441,)= 1




4 polnt correlators @ strong coupling
Tree-level SUFRA

* 1449%-> : Similar progress i parallel at stong coupling (large A)

* 1A99: <2222 leadivg order n 1/\ =a’% from Tree-level SUGRA
* 2000-201@: <pdrs> for mawy values of pa,r,s from SUGRA

* 2010 <pgrs> all values, bootstrap

* 2019:10d conformal symmetry

* => <pdrs> generativg fumction from <2222

wmaster correlator OOOO)-__I_‘A%OG — {ree — — ‘z' }Z) 22425 ;)
° de Xy3XigXyy

<2222> correlator

(NB 10d couformal symmetry here for
the correlator, Perturbative 104
conformal symmetry for the ntegrand
only (broken by 4d intearation).




4 polnt correlators @ strong coupling
Tree-level String corrections

o DD14->: A/N=a'Zcorrections

e 10d couformal symmetry broken but ...

o WMaster correlator from sivgle 10d scalar effective action ov
AngXSg

* E7 First string correction, a’> from scalar *:

'3
(1:"

E) . 2{:3 : -/Ad."%xﬂ dlﬂz (HL)(Z)hl Adsgxsg
Wittew
Mi@m\m

2G (a'\* (C)t . [
(OO0, 1,12 ~ (—) C T [
“, J AdS xS

8.4 \2) (2 (z.x1)*(2.%2)*(2.x3)*(2.X4)"
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4 polnt correlators @ strong coupling
Tree-level String corrections

o a'% four-derivative interactions

) [ dmz(:fi(f_Vq}.Vcﬁb) (Vp.Vo) — IVV,pVHpp* — :_3o¢.4)
) JAdSxS ' -

e a'% <six-derivative interactions (fixed)
o a'": eight-derivative interactions vot completely fixed:

o

- ~amb amb: | amb3 amb. ambs
(5] (S + GuoSu™ + GagSU™ + G SU + G SU™ + G Su

i

+ Dy ST + B SPRP 4+ By S™At 4+ Oy S + A, Sgii“”) ;

a.ft.

(return to this shortly)

NB 104 master correlator but not 104 conformal symmetry
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Summary: large N knoww correlators (all charges)

X = result kuown (integrand) for wmaster correlator

Previously unfixed coefficients

N &——
N T Tree level

a'®

(\/\ =a’?) L

Strong conpling SYWM =
Tensionless string theory String corrections

weak coupling SYWM =
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Summary: beyond larae N

* No results for all charges bevond large N (gravity loop corrections)
e Some results for simall charges

knoww for all N
(<2222 only...)

4 —K X

/12 AS 14 (XY 04 a,o

]M@ ra

weak coupling SYWM = Strong conpling SYWM =
Tensionless string theory String corrections

Tree level




Eer@&/\er@dl correlators

o Very few quantites known for all values of conpling in QFT

o 2019 Tutegrated <22.22> and <22pp> found exactly as £(N, 1)

o Tutegrated correlator <-> partition function of N=2" theory on S4

o Partition function computed by SUIN) matrix model via SUSY localisation
o Butd Ouly forte 2 2 s

o ..What can we say abont other charges <pdrss 7

o Systematic study of all ntegrated half BPS correlators...
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Tutegrated Correlators beyond <2 2 pp>

o QO: What precise functions to integrate?
e Measure = natural conformally invariant integral over X X;,X2 x4
(same as periods)

/‘ 1 [ d*xqy...d%zy
. w2 J vol(S0(2,4))

e Only makes sense to integrate objects with weight 4 at each point
‘o The coefficient fumctions have this property:

(—4m?) (_4ﬂz)={bu}(_ 15 Tatl)

¢ / d'vs  d'man L

T

o Agrees with the <22pp> ntegrated correlator from localisation:
b24=p-2, bij=D otherwise.
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J[er@&/\er@d master correlator

e Defive "Integrated wmaster correlator”, aeverator of all
ntearated correlators
o Recall master correlator

I[(z,y,)

(OOO0O0) = free + >
c

e Tutegrated master correlator:

. . e
C(\; gij) = _i: (Jju)f/% / l:i [z(J(i ﬁi‘ ? ) E;@;;Zj;rmﬁ o/w?;mﬁ)rsiJri@s
—1 P2, 2), -\ (rather than X%, yi%)
o generates all ntegrated half BPS correlators
e g; keeps track of all possible scalar contractions AND ensures

correct conformal weight 4 +o be ntegrated
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Permutation symmetry for
er@a/\er@al correlators

o SuusyMmetry => ouly one ntegrated corelator per f-araph |

o (Suu SYMMetric measure)

o All Feynman diagrams from the same f-agraph contribute equally
e So the Xi)%, 1-gi) contributions for each F—@mpl/] factorise:

1 / drxqy...d* Tayr

9 (x2))

) = (m2)t+1 VOl(SO(Z 4))

e Periods extensively studied by mathematicians
HypBxp/Hyperlog procedures




Eer@&/\er@dl master correlators:
examples

=> Integrated correlator:
(Xij2*>><ij2(1*%), @’6:0)

Nov-trivial function of g

2 2 2

X A i Pre2) .912._(}34+.913.€'}24+9149:33—3Zl<.i<j<49-;:j-|—15

S S
21(—4)? H1<-?:.<=<4(.1 — 9ij)
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5 loop ntegrated correlator

o All periods knowv o 5 loops (HYPEXP + <2.2pps correlator HaNEe New
period )

o Therefore complete intearated wmaster correlator to 5 loops known

o At 5 loops multi-zetas (and products of zetas) appear

* £ <4444> 5 loops: Cusnsz-

f}fszil
40320
+ 2527%¢(7)+31500¢ (5)+6300¢ (3)%¢(5) — 2{')qr‘3g(5)]

X LR \ 4

{T560C(5,313}+14685615C(11}+56700W2C(9)

912923934914
40320

4—252W4g(7}+31500g(5y%+6300gnnﬁg(5y—*owﬁq(:ﬂ

{T560Q(53333}+569205C(11}+56TOOW2C(9)

+ 3 terms of crossing .

o |ocalisation computation predicts only zetas
e Tudeed for <2.2pp> all multi-zetas caucel and ouly {(11) remains
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Sum over clhannels

o But notice: sum over <4444 channels (95->1) the multi-zetas cacel
e Same happens for all higher charges!

e Ouly {(11) remains when summing over channels....

o Let Cogrs e ntegrated <pdrss> summed over channels:

I'(s —p)T'(p+s)

o Examine data for other families <22pp> etc
e Following formula is consistent with <32pp> 1o 5 loops:

2

['(s = 1)I'(s + 3) 2s 2s =I(=p+s+1I'(p+s+1)

(—1)P (s —2p?) T(s — DT'(s + 3)

A
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C44PP
Aud the following for the <44pps> family

Az =25 (— )P+ (17p* + 6ps? — 5dp?s — 17p* + 5% — 26° + 1% + 145) N7 'T (s — &
MN—p+s+2)T'(p+s+2)
(1) mi=2e(2e - 1) (120 4 1260 _ 308 4 348 4 ) eoip (s

+ T'(s— DI(s+1)

e Ouly used data to 5 loops, but, all <pdrss <o a lot of data

o Tucredibly thongh it sums up -> agreement with strovg conpling
(return shortly)

o Simplify / structure?




Waster correlator summed over channels

e Sum over chawnels at level of wmaster correlator?
e Easy, Just let gij = viy;
e Thew all chawels contribute equally as reduired

y) 2
7 (812) (934) = (1’1]/2)’3)/4)zz 912923934914 — (V1Vz)’3)’4)2
o cAAALS -> ((11)

e Define ivHr@@er@d Wrelﬁor sumimed over channels:

o Tutegrated <pipapapa> correlator summed over chawnels is the
appropriate y coefficient:

Cp1papspa (A) :== C(A; v Vi )

p1—2 pr—ZZ p3—‘2. pq—2

71 Y2 Y3 Y4




Crossing and Schur polynowmials

e Crossing symmetry => Cpdrs = Caprs ETC

* [For unintegrated correlator x<->x, and y <-> vy, but these are
ntegrated over (symmetrically) and summed over ]

e Therefore (HOMIREY IS 4 symmetric function of Y1,Y2, Y3, Ya

o Natural basis for symmetric polynomials:

Ay —

Schur polynomials: St va s (Vi) = o=
ng-?:<j§4(“r-i. — )

e Rewrite the <2.2pps, <32pps> <44pps families in terms of SCHURS

e Big simplicity: Results imply only Sy, 5,00, Sy 11 SUrvivel
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All orders, all charaes formula

e Examining the coefficients, previous families simplifies hugely

e All data to 5 loops L& A(— DD (04 3) 20 (2041) |
consistent with +he [ Z)‘ Z W“ﬂ

SlW\P[@ FOV.W\M[Q: F (.)) o 81.1—2_.,1/—2,0,0(”!"’6-) - 81.1—2,1./—2;1;1(7"’6-)
v\ V) — — ——V—~ L4 _ __ __ _ ~
| ng-i<j§4(1 - "f’-i’?"j)

o aives all integrated correlators <parss summed over chanvels, to all
orders in A
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Summed up formula

e The formula can be resummed throualn a modified Borel transform

r 00

e Replace {21 + 1 with: HENESEEEYRRTEEEE /1id resum

Jo sinh”(w)

A analytic

forw\mla for all C(N i) = / }

wtegrated o sinh?(
" correlators:

Jo o]

w dw o
J,—1 U) _]V u) )Fu(_’]""-rl,

J, () Bessel functions

e This reproduces <2.2pp> result from localisation

w dw

Jo sinh”(w) ° .

C3,3,p,p(A) = / .“ e (3 h(u) + 4. ]w(u)“
o sinh? (w)

o Tor <33pp> predicts:

+ J3(u)? — 2Jp—1(u)? — 4Jp(w)? — 2Jp11(u)?
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Summary: large N knoww correlators (all charges)

X = result kuown (integrand) for wmaster correlator

weak coupling SYWM = Strong conpling SYWM =
Tensionless string theory String corrections




ntegrated

Summary: large N kmowm&\orr@lﬁors (all charaes)

Knoww as analytic function of A

weak coupling SYWM = Strong conpling SYWM =
Tensionless string theory String corrections
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Checks and Predictions: Strong conplivg

* Re-expand v % $+romq coupling by using Melliv-Barnes
representation of products of Bessel functions

_Z(QI/ v—1)

=2

stlung

o Asymptotic expansion: resuraence avlaysis a la
give world-sheet instanton-like corrections

=4 Z{ 1)” (2v—1)’ ((Ll”(]))

(40 —41/+;)L1( )

o o) Bu(n)




Checks and Predictions: Strong conplivg

o Tutegrate strong coupling correlators directly from Wellin
amplitude expressions

o AdSSXS® Effective action -> Welliv amplitude -> Tutearated
correlator (master correlator)

» Agrees with above prediction, all charges!

e Fixes all previously mnfixed coefficients at o’ (with additional
<2222> data from )
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_1575¢(7) ., — 641¢(7) —0
’ - 1¢ y - 9

_11¢(7)
— 64

51¢(7)
64

e Bootstrap "rank constraints”

~ 170839¢(7)
2= 7 1664
12619¢(7
G4;0 — '

o All <pdrs> correlators (unintegrated) fixed +to 9l
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Checks and Predictions: Weak coupling

e Data to 5 loops used to obtain all orders result
o Counsistency [ Predictions at G loops?
* ¢ loop result given n terms of 26 non vaishivg f-graphs
o HypExp gives periods of 16 of these
e Our formula:
" Ts consistent with these
= Predicts 4 of the 10 remaiving periods (bevyond HypExp
[hyperlogprocedures] techviques) giving 4 new
7-loop periods*

R‘.':"i3' = 2880¢(5)¢(5,3) + 1440¢(5,5,3) — 720¢(7, 3, 3)

64m°¢(7)

21

+ 2800¢(5)C(7) + 1680¢(3)*¢(7) +

*@ loop integrated correlator = 7 loop period
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Checks and Predictions: Octagon

104 lightlike limit of master correlator = new regularised amplitude? =
octanon®

= massive 4-particle amplitude on the Coulomb

o Valid for perturbative integrands

» Both sides finite... Therefore can be inteqgrated

o Octanov given (by ntegrability) in terms of sums of products of
ladders
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Checks and Predictions: Octagon

e Everything is beantifully consistent with our proposal o @ loops
» Relates the remaining unfixed period +o products of ladders

_ I
1

/" rf%l 22002 | (T2 12 Poey =6L11.4 — L123 —6880¢(5)C(5,3) + 1536¢(5, 3,3)

— 124064¢(11) — 57¢

HM 8’3'1 4% 4la ts( 50 %10%"[(,1(1[7&[ 104 *4() \1()"!1[1

Lig4= do . dx, .dx, /Di]l':(x

Sa(l w)

— 13120¢(5)¢(7) — 4480 (3)2¢(T,

25676 (5)

— 7200¢(3)¢(5)? + 3200¢(5)? + 1280¢(3)%¢(5) — =
]

* Liia and Ly, 2 are computable by Hyperlog Proc@dmras wl@lallw@
the remaining unknown 7 loop period:
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Conclnsions

e Why does this work? Localisation? Apparently not....

o Non-planar formula? WModular mvariance suggests replacivg power
series terms with nov-holomorphic Eisenstein series and instantou
terms by functions Dy(s;T,T) introduced by

> o
s|m + nr|?s

(m,n)#(0,0) T=20 /27-[ +41iN / pl

AN |m+nT| -
e 4 W J‘\ T \,"".ﬁ
: : S | hnr 25

(m,n)#(0,0)

2u—1

. _ - (3 9 7 =
9 2(_1/_1)1/ 24;\]:; ( / y Ty T)

3(2v—-3)(4v*—-1
L3 ps o By 4
28 |\ 3 |

+ 23(—1) Ijl)N (O1 T, 7__) + .. ] F, (A.'r ) y
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Conclnsions

* WMore aeveral integrated correlators ie beyond summing over

chanels?
(Summing over channels the natural analgue of integrating over spacetime?)

o Tutegrated correlator with different measure (box insertion also
obtaived by localisation for <222.2>) for more general correlators
(no permutation symmetry =s much wore complicated!)

o Higher points?




