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Introduction

𝑔 ൌ 𝑐଴ ൅1 ൅ 𝑐ଵ െ1

𝑔 ൌ 𝑐଴ 𝑒௜଴ ൅ 𝑐ଵ 𝑒௜గ/ଶ ൅ 𝑐ଶ 𝑒௜గ ൅ 𝑐ଷ 𝑒௜ଷగ/ଶ

𝑍ଶ gauge

𝑍ସ gauge

𝑔 ൌ 𝑐଴ 𝑒௜଴ ൅ 𝑐ଵ 𝑒௜ଶగ/௡ ൅⋯൅ 𝑐௡ିଵ 𝑒௜ଶగሺ௡ିଵሻ/௡𝑍௡ gauge

⋯

𝑛 → ∞
𝑈ሺ1ሻ gauge

     1 qubit

     2 qubits

    logଶ 𝑛  qubits

continuous gauge group is difficult for qubit devices 

2/18



Introduction

let’s use a toy model with discrete gauge group

ଷ ሺinstead of 𝑍ଶ lattice gauge theoryሻ

for near-term quantum simulation
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𝒁𝟑 lattice gauge theory

state vector 𝑔 ൌ 𝑐଴ 𝑒௜଴ ൅ 𝑐ଵ 𝑒௜ଶగ/ଷ ൅ 𝑐ଶ 𝑒௜ସగ/ଷ

conjugate operator

link operator

Π ൌ  𝑒௜ா

𝑈 ൌ  𝑒௜஺

𝑍ଷ gauge field
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𝒁𝟑 lattice gauge theory

state vector 𝑔 ൌ 𝑐଴ 𝑒௜଴ ൅ 𝑐ଵ 𝑒௜ଶగ/ଷ ൅ 𝑐ଶ 𝑒௜ସగ/ଷ ൌ
𝑐଴
𝑐ଵ
𝑐ଶ

conjugate operator

link operator

Π ൌ  𝑒௜ா ൌ
0 1 0
0 0 1
1 0 0

𝑈 ൌ  𝑒௜஺ ൌ
𝑒௜଴ 0 0

0 𝑒
௜ଶగ
ଷ 0

0 0 𝑒
௜ସగ
ଷ

𝑍ଷ gauge field
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𝒁𝟑 lattice gauge theory

Gauss law operator

෍Π௞ 𝒙 Π௞ାሺ𝒙 െ 𝒆௞ሻ
௞

ൌ 𝑒௜ଶగఘሺ𝒙ሻ/ଷ     ෍𝜕௞𝐸௞ 𝒙
௞

ൌ 2𝜋𝜌ሺ𝒙ሻ/3
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𝒁𝟑 lattice gauge theory

Gauss law operator

෍Π௞ 𝒙 Π௞ାሺ𝒙 െ 𝒆௞ሻ
௞

ൌ 𝑒௜ଶగఘሺ𝒙ሻ/ଷ     ෍𝜕௞𝐸௞ 𝒙
௞

ൌ 2𝜋𝜌ሺ𝒙ሻ/3

൅
1
3 ൅

1
3

electric charge ൌ 0,
1
3 ,

2
3 ሺmod 1ሻ

charge neutral

൅
1
3 ൅

1
3

൅
1
3
൅

1
3
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𝒁𝟑 lattice gauge theory

fermionic baryon

൅
1
3

൅
1
3
൅

1
3

𝑍ଶ gauge theory

bosonic baryon

൅
1
2

൅
1
2

𝑍ଷ gauge theory
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Phase diagram in 3 dimensions

Hamiltonian

gauge coupling   𝑔

quark mass   𝑚   ሺassumed to be nonzeroሻ

𝐻 ൌ 𝐻ୣ୪ୣୡ୲୰୧ୡ ൅ 𝐻୫ୟ୥୬ୣ୲୧ୡ ൅ 𝐻୯୳ୟ୰୩

parameters
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Phase diagram in 3 dimensions

strong coupling limit 𝑔 ≫ 1

𝐻 ൌ 𝐻ୣ୪ୣୡ୲୰୧ୡ ൅ 𝐻୫ୟ୥୬ୣ୲୧ୡ ൅ 𝐻୯୳ୟ୰୩
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𝑂ሺ𝑔ଶሻ 𝑂ሺ1/𝑔ଶሻ 𝑂ሺ1ሻ



Phase diagram in 3 dimensions

strong coupling limit 𝑔 ≫ 1

𝐻 ൌ 𝐻ୣ୪ୣୡ୲୰୧ୡ ൅ 𝐻୫ୟ୥୬ୣ୲୧ୡ ൅ 𝐻୯୳ୟ୰୩
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𝑂ሺ𝑔ଶሻ 𝑂ሺ1/𝑔ଶሻ 𝑂ሺ1ሻ

confinement ሺ൅ string breakingሻ

൅
1
3 െ

1
3

𝐻ୣ୪ୣୡ୲୰୧ୡ ∝ 𝑔ଶ𝐿

 𝐿



Phase diagram in 3 dimensions

strong coupling limit 𝑔 ≫ 1

𝐻 ൌ 𝐻ୣ୪ୣୡ୲୰୧ୡ ൅ 𝐻୫ୟ୥୬ୣ୲୧ୡ ൅ 𝐻୯୳ୟ୰୩
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𝑂ሺ𝑔ଶሻ 𝑂ሺ1/𝑔ଶሻ 𝑂ሺ1ሻ

confinement ሺ൅ string breakingሻ

൅
1
3 െ

1
3

chiral symmetry breaking

𝑚 ൅ 𝑂ሺ1/𝑔ଶሻ𝑚𝐻ୣ୪ୣୡ୲୰୧ୡ ∝ 𝑔ଶ𝐿

 𝐿



Phase diagram in 3 dimensions

two-flavor quarks

𝑢 𝑢 𝑑 𝑑
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Phase diagram in 3 dimensions

𝑢
𝑑 𝑑

𝑢
𝑢 𝑑

two-flavor quarks

𝑢 𝑢

proton & neutron

𝑑 𝑑
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Phase diagram in 3 dimensions

𝑢
𝑑 𝑑

𝑢 𝑑

𝑢
𝑢 𝑑

two-flavor quarks

𝑢 𝑢

proton & neutron

mesons

𝑑 𝑑 𝑢ത 𝑑𝑢 𝑢ത 𝑑 𝑑
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Phase diagram in 3 dimensions

𝑢
𝑑 𝑑

𝑢 𝑑

𝑢
𝑢 𝑑

two-flavor quarks

𝑢 𝑢

proton & neutron

mesons

𝑑 𝑑 𝑢ത 𝑑𝑢 𝑢ത 𝑑 𝑑
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baryon-baryon interaction

𝑢
𝑢 𝑑

𝑢
𝑑 𝑑

𝑢ത 𝑑

pseudo-scalar



Phase diagram in 3 dimensions

1
𝑔ଶ

𝜇

𝜇 vs 𝑔 phase diagram ሺzero temperatureሻ
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Phase diagram in 3 dimensions

1
𝑔ଶ

𝜇

𝜇 vs 𝑔 phase diagram ሺzero temperatureሻ

vacuum

weak coupling limit

strong coupling limit
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Phase diagram in 3 dimensions

1
𝑔ଶ

𝜇

trivially gapped
vacuum

topologically ordered
vacuum

1
𝑔௖ଶ

𝜇 vs 𝑔 phase diagram ሺzero temperatureሻ
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Phase diagram in 3 dimensions

1
𝑔ଶ

𝜇𝜇௖ ൌ 𝑚 ൅ 𝑂ሺ1/𝑔ଶሻ

baryon superfluid
trivially gapped

vacuum

topologically ordered
vacuum

1
𝑔௖ଶ

𝜇 vs 𝑔 phase diagram ሺzero temperatureሻ
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Phase diagram in 3 dimensions

1
𝑔ଶ

𝜇

quark Fermi liquid

𝜇௖ ൌ 𝑚

𝜇௖ ൌ 𝑚 ൅ 𝑂ሺ1/𝑔ଶሻ

baryon superfluid
trivially gapped

vacuum

topologically ordered
vacuum

1
𝑔௖ଶ

𝜇 vs 𝑔 phase diagram ሺzero temperatureሻ
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Phase diagram in 3 dimensions

1
𝑔ଶ

𝜇

quark Fermi liquid

𝜇௖ ൌ 𝑚

𝜇௖ ൌ 𝑚 ൅ 𝑂ሺ1/𝑔ଶሻ

baryon superfluid
trivially gapped

vacuum

topologically ordered
vacuum

1
𝑔௖ଶ

𝜇 vs 𝑔 phase diagram ሺzero temperatureሻ

confinement & 𝜒SB
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Phase diagram in 3 dimensions

1
𝑔ଶ

𝜇

quark Fermi liquid

𝜇௖ ൌ 𝑚

𝜇௖ ൌ 𝑚 ൅ 𝑂ሺ1/𝑔ଶሻ

baryon superfluid
trivially gapped

vacuum

topologically ordered
vacuum

1
𝑔௖ଶ

𝜇 vs 𝑔 phase diagram ሺzero temperatureሻ

onset of baryonic matter
confinement & 𝜒SB
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Phase diagram in 3 dimensions

1
𝑔ଶ

𝜇

quark Fermi liquid

𝜇௖ ൌ 𝑚

𝜇௖ ൌ 𝑚 ൅ 𝑂ሺ1/𝑔ଶሻ

baryon superfluid
trivially gapped

vacuum

topologically ordered
vacuum

1
𝑔௖ଶ

𝜇 vs 𝑔 phase diagram ሺzero temperatureሻ

onset of baryonic matter no asymptotic freedom
confinement & 𝜒SB

no color superconductivity
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Emulator test in 1 dimension

𝑢

Hamiltonian

𝐻 ൌ 𝐻ୣ୪ୣୡ୲୰୧ୡ  ൅𝐻୯୳ୟ୰୩

three-flavor quarks

𝑢 𝑑 𝑠
𝑢

𝑑 𝑠

SUሺ3ሻ singlet baryon

Florio, Weichselbaum, Valgushev, Pisarski ሺ2024ሻ
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Emulator test in 1 dimension

quark numbers ሺ𝑞 ൌ 𝑢,𝑑, 𝑠ሻ

𝑍ଷ gauge symmetry

→      𝑄௤ Ψ ൌ 𝑁௤|Ψ⟩

𝐻,𝐺 𝑥 ൌ 𝐻,Π 𝑥 Πା 𝑥 െ 1 െ 𝑒௜ଶగఘሺ௫ሻ/ଷ ൌ 0

𝐻,𝑄௤ ൌ 0

→     𝐺ሺ𝑥ሻ Ψ ൌ 0
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Emulator test in 1 dimension

ground state is obtained by adiabatic ሺor variationalሻ algorithm

Ψ

ground stateinitial state

Ψ଴ ⋯ 𝐶 ⋯
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quantum circuit



Emulator test in 1 dimension

ground state is obtained by adiabatic ሺor variationalሻ algorithm

Ψ

ground stateinitial state

Ψ଴

quantum circuit

𝑄௤ Ψ ൌ 𝑁௤|Ψ⟩

𝐺ሺ𝑥ሻ Ψ ൌ 0
𝑄௤ Ψ଴ ൌ 𝑁௤|Ψ଴⟩

𝐺ሺ𝑥ሻ Ψ଴ ൌ 0
𝐶,𝑄௤ ൌ 𝐶,𝐺 𝑥 ൌ 0

⋯ 𝐶 ⋯

13/18



Emulator test in 1 dimension

gauge invariant

gauge variant

total Hilbert space
𝑁௨ ൌ 𝑁ௗ ൌ 𝑁௦ ൌ 0 𝑁௨ ൌ 𝑁ௗ ൌ 𝑁௦ ൌ 1

gauge invariant

gauge variant
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Emulator test in 1 dimension

gauge invariant

gauge variant

total Hilbert space

initial state

𝑁௨ ൌ 𝑁ௗ ൌ 𝑁௦ ൌ 0

ground state

𝑁௨ ൌ 𝑁ௗ ൌ 𝑁௦ ൌ 1

ground state

gauge invariant

gauge variant

initial state ground state

ground state
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Emulator test in 1 dimension

gauge invariant

gauge variant

initial state

𝑁௨ ൌ 𝑁ௗ ൌ 𝑁௦ ൌ 0

ground state

𝑁௨ ൌ 𝑁ௗ ൌ 𝑁௦ ൌ 1

ground state

gauge invariant

gauge variant

initial state ground state

ground state

if circuit is not gauge invariant...

൐
൐
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Emulator test in 1 dimension

gauge invariant

gauge variant

ሺobtained by exact diagonalizationሻ
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Emulator test in 1 dimension

gauge invariant

gauge variant

ሺobtained by exact diagonalizationሻ

𝐻ୣ୪ୣୡ୲୰୧ୡ                  𝐻୯୳ୟ୰୩

𝑢
𝑑 𝑠

𝑢
𝑑

𝑠

𝑔 ≫ 1

൏
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Emulator test in 1 dimension

gauge invariant

gauge variant

ሺobtained by exact diagonalizationሻ

𝐻ୣ୪ୣୡ୲୰୧ୡ                  𝐻୯୳ୟ୰୩

𝑢
𝑑 𝑠

𝑢
𝑑

𝑠

𝑔 ≫ 1

൏

൏

𝑢
𝑑

𝑠
gauge variant
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Emulator test in 1 dimension

Ψ ൌෑ 𝜓௨ଵ 𝜓௨ଶ 𝜓ௗଵ 𝜓ௗଶ 𝜓௦ଵ 𝜓௦ଶ
ୱ୧୲ୣ

ෑ 𝑔
୪୧୬୩

𝑔 𝑔

𝜓௨

𝜓ௗ

𝜓௦
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Emulator test in 1 dimension

Ψ ൌෑ 𝜓௨ଵ 𝜓௨ଶ 𝜓ௗଵ 𝜓ௗଶ 𝜓௦ଵ 𝜓௦ଶ
ୱ୧୲ୣ

ෑ 𝑔
୪୧୬୩

𝑔 𝑔

𝜓௨

𝜓ௗ

𝜓௦

6      ൅       2      ൅        6      ൅       2      ൅       6     ൌ      22 qubits
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Emulator test in 1 dimension

emulator
exact
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Emulator test in 1 dimension

chemical potential

ba
ry

on
 d

en
si

ty

emulator

exact

emulator
exact

min 𝐸 െ 𝜇 𝑁௨ ൅ 𝑁ௗ ൅ 𝑁௦
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Summary

 1D 𝑍ଷ will be possible now

 3D 𝑍ଷ will be possible in several years

 dense QCD is the ultimate goal

𝑍ଷ lattice gauge theory is a nice model for benchmarking quantum simulation
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