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Questions in nuclear physics

𝑁𝑁 interaction (and 𝑁𝑁𝑁 ) leads to nuclei.
How fine tuned is the universe?

Hoyle state (7.65 MeV excitation of 12C) plays essential role in triple-alpha process
for stellar nucleosynthesis of carbon.
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Wikimedia Commons)

Big Bang nucleosynthesis has deuterium bottleneck:
low deuteron binding energy 2.2 MeV delays onset of
nucleosynthesis.
→ controls abundances of light elements.

How strongly does deuteron binding depend on quark masses?
Could 𝑝𝑝 or 𝑛𝑛 bind?
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Nuclei as tools in experiments

In practice, nuclei instead of free nucleons are often used.
▶ Argon in neutrino experiments (MicroBooNE, DUNE).
▶ Xenon for dark matter direct detection (XENONnT, LUX-ZEPLIN).

Need to understand interaction of probe
with > 1 nucleon.

e.g. EMC effect:
distribution of quarks is different inside nucleus
compared with proton and neutron
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Long-term challenge: neutrinoless double beta decay.

Are neutrinos Majorana?
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Hyperon interactions

𝑁𝑁 interaction thoroughly studied in experiments. What about strange baryons (hyperons)?
Hyperon interactions with 𝑆 = −1 or −2 less well known.

I. Vidaña, EPJ Web Conf. 271, 09001 (2022)

Λ baryons can reduce Fermi pressure
in neutron stars.

Contradicted by detection of neutron
stars with𝑀 ≈ 2𝑀⊙ .

Do hyperon-hyperon (𝑌𝑌 ) or 𝑁𝑁𝑌 interactions play a role?
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Outline

1. Methodology and challenges

2. 𝑁𝑁 : old versus new calculations

3. 𝐻 dibaryon at SU(3) symmetric point

4. 𝑁𝑁 at SU(3) symmetric point

5. Outlook
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Methods for baryon-baryon scattering

Standard approach:

1. Compute the finite-volume spectra for various quantum numbers:
flavour, total momentum 𝑷 , little-group irrep Λ.

2. Use finite-volume quantization to constrain model for scattering amplitude.

3. Find bound-state poles, resonances, etc. in model.

Alternative approach: HAL QCD method. T. Doi, previous talk

In all cases:
4. Control standard lattice systematics.

▶
▶ Residual finite-volume effects: box size 𝐿 → ∞.
▶ Physical quark masses / chiral extrapolation.
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Spectroscopy (simple approach)

Find an interpolating operator O with the desired quantum numbers.
Compute the two-point function

𝐶 (𝑡) = ⟨O(𝑡)O†(0)⟩.

Inserting a complete set of states, we get

𝐶 (𝑡) =
∑︁
𝑛

𝑒−𝐸𝑛𝑡
��⟨𝑛 |O† |Ω⟩

��2
𝑡→∞−→ 𝑒−𝐸0𝑡

��⟨0|O† |Ω⟩
��2 .

Then take the effective mass,

𝑚eff(𝑡) =
1
Δ

log 𝐶 (𝑡)
𝐶 (𝑡 + Δ)

−→ 𝐸0 +𝑂 (𝑒−(𝐸1−𝐸0 )𝑡 ) .
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Spectroscopy (simple approach)
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Spectroscopy (simple approach)
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Signal-to-noise problem

Nucleon correlator:

𝐶2pt(𝑡) =
〈O(𝑡)O†(0)〉 ∼ ⟨⟨ℜ[𝑆 (𝑡, 0)3]⟩⟩

→ 𝑒−𝑚𝑁 𝑡

In general 𝜎2(𝑋 ) = ⟨⟨𝑋 2⟩⟩ − ⟨⟨𝑋 ⟩⟩2.

𝜎2(𝐶2pt(𝑡)) ∼ ⟨⟨𝑆 (𝑡, 0)3𝑆∗(𝑡, 0)3⟩⟩ + · · ·
→ 𝑒−3𝑚𝜋 𝑡

Signal-to-noise ratio:

𝑆/𝑁 ≡ 𝐶2pt(𝑡)
𝜎 (𝐶2pt(𝑡)) → 𝑒−(𝑚𝑁 − 3

2𝑚𝜋 )𝑡 single nucleon

→ 𝑒−2(𝑚𝑁 − 3
2𝑚𝜋 )𝑡 two nucleons
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Excited-state spectrum (noninteracting)
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Spectroscopy (variational method)

Given a set of 𝑁 interpolating operators {O𝑖},
find optimal linear combination Õ𝑛 = 𝑣

†
𝑖
O𝑖 for isolating state 𝑛.

Solved via generalized eigenvalue problem (GEVP),

C𝑖 𝑗 (𝑡) ≡ ⟨O𝑖 (𝑡)O†
𝑗
(0)⟩,

C(𝑡 + Δ)𝑣𝑛 = 𝜆𝑛C(𝑡)𝑣𝑛 .

For each of the lowest 𝑁 states, this gives an effective mass
and an optimized interpolating operator:

𝑚eff,𝑛 =
−1
Δ

log 𝜆𝑛, Õ𝑛 = 𝑣
†
𝑛𝑖
O𝑖 ,

with faster approach to plateau ∼ 𝑒−(𝐸𝑁 −𝐸𝑛 )𝑡 .
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†
𝑛𝑖
O𝑖 ,

with faster approach to plateau ∼ 𝑒−(𝐸𝑁 −𝐸𝑛 )𝑡 .

Jeremy R. Green | DESY ZPPT | HHIQCD2024 | Page 11



Importance of variational method
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Variational approach essential for
excited states.

Single operators can also fail to obtain
ground state.
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Interpolating operators for dibaryon

Typically use “smeared” quark fields with Gaussian-like profile. Simplest choices:

Hexaquark
O𝐻 (𝑡, 𝑷 ) =

∑︁
𝒙

𝑒−𝑖𝑷 ·𝒙 (𝑞𝑞𝑞𝑞𝑞𝑞) (𝑡, 𝒙)

▶ Looks like quark-model state.

Two-baryon
O𝐵𝐵 (𝑡, 𝑷 ) =

∑︁
𝒙,𝒚

𝑒−𝑖𝒑1 ·𝒙𝑒−𝑖 (𝑷−𝒑1 ) ·𝒚 (𝑞𝑞𝑞) (𝑡, 𝒙) (𝑞𝑞𝑞) (𝑡,𝒚)

▶ Looks like noninteracting baryon-baryon state.
▶ Varying 𝒑1 yields many different operators with same total 𝑷 .
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Correlation functions

⟨O
𝐻
(𝑡)O†

𝐻
(0)⟩ ⟨O

𝐵𝐵
(𝑡)O†

𝐻
(0)⟩ ⟨O

𝐵𝐵
(𝑡)O†

𝐵𝐵
(0)⟩

How to compute?
▶ Point-source propagator → ⟨O

𝐻
(𝑡)O†

𝐻
(0)⟩ or ⟨O

𝐵𝐵
(𝑡)O†

𝐻
(0)⟩.

▶ Nonlocal methods like distillation → ⟨O
𝐵𝐵

(𝑡)O†
𝐵𝐵

(0)⟩.
Many early calculations used only ⟨O

𝐵𝐵
(𝑡)O†

𝐻
(0)⟩ asymmetric correlators.

Jeremy R. Green | DESY ZPPT | HHIQCD2024 | Page 14



Nucleon-nucleon scattering from LQCD: past calculations

Decade-long controversy over presence of bound states at heavy quark masses.
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Disagreement about simplest warm-up problem for nuclear physics on the lattice.

Experiment: 𝐵𝑑 ≈ 2.2 MeV known for 90 years. J. Chadwick and M. Goldhaber, Nature 134, 237–238 (1934)
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No calculation performed using more than one lattice spacing.

All calculations that obtain bound states use ⟨O
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(0)⟩ asymmetric correlation functions.
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What can go wrong?

T. Iritani et al. (HAL QCD), Mirage in temporal correlation functions for baryon-baryon interactions in lattice QCD,
JHEP 2016, 101 (2016) [1607.06371] (CC BY 4.0)
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Mock data: effective mass for correlator 𝐶 (𝑡) = 𝑏1 + 𝑏2𝑒
−𝛿𝐸el𝑡 + 𝑐1𝑒

−𝛿𝐸inel𝑡 .
“elastic” excitation 𝛿𝐸el = 50 MeV
“inelastic” excitation 𝛿𝐸inel = 500 MeV

Jeremy R. Green | DESY ZPPT | HHIQCD2024 | Page 16



Point sources versus variational method with bilocal interpolators

Old and new methods used on same ensemble.
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NPLQCD 2017 (point source)

Data extracted from
W. Detmold et al. (NPLQCD), 2404.12039
M. L. Wagman et al. (NPLQCD), PRD 96, 114510 (2017)
[1706.06550]

𝑚𝜋 ≈ 800 MeV.
Old calculation:

1𝑆0 bound state with 𝐵𝑛𝑛 ≈ 21 MeV.
New calculation consistent with unbound 𝑁𝑁 .

Several variational baryon-baryon
calculations done:
A. Francis, JRG et al., PRD 99, 074505 (2019) [1805.03966]
B. Hörz et al. (sLapHnn), PRC 103, 014003 (2021) [2009.11825]
JRG et al., PRL 127, 242003 (2021) [2103.01054]
S. Amarasinghe et al. (NPLQCD), PRD 107, 094508 (2023)
[2108.10835]
W. Detmold et al. (NPLQCD), 2404.12039
Z.-Y. Wang @ Lattice 2024 Y. Geng (CLQCD) @ Lattice 2024

Largely consistent picture:
no 𝑁𝑁 bound state at heavy𝑚𝜋 .
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Calculations at light SU(3)-symmetric point

JRG, A. D. Hanlon, P. M. Junnarkar, H. Wittig: Phys. Rev. Lett. 127, 242003 (2021); PoS LATTICE 2021, 294; PoS LATTICE 2022, 200;
M. Padmanath, J. Bulava, JRG, A. D. Hanlon, B. Hörz, P. Junnarkar, C. Morningstar, S. Paul, H. Wittig, PoS LATTICE 2021, 459
+ ongoing work (BaSc collaboration)
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Ensembles with 𝑂 (𝑎) improved Wilson-clover
fermions from CLS.

SU(3)-symmetric point with physical
𝑚𝑢 +𝑚𝑑 +𝑚𝑠 .

𝑚𝜋 =𝑚𝐾 =𝑚𝜂 ≈ 420 MeV.

Two octet baryons: (8 ⊗ 8)𝑆 = 1 ⊕ 8 ⊕ 27, (8 ⊗ 8)𝐴 = 8 ⊕ 10 ⊕ 10.
𝐻 dibaryon: 1; 𝑁𝑁 : 27, 10.
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𝑯 dibaryon
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average branching ratio of charmed mesons into
muons. This limit is shown as a dashed curve on
Fig. 2(e). The 2-standard-deviation limit on the
inclusive charmed-meson diffractive pair -pro-
duction cross section times the average branch-
ing ratio is then v„,(B„)=380 nb. The corre-
sponding total cross section for EE diffractive
production is approximately 0.5 mb. ' With the
above assumptions, the ratio of the charmed and
strange total diffractive cross sections is a(DD)
(8„)/o(KE) (10 '.
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multiplicity, as measured in the detectors MP1, 2

(Fig. 1) do not affect this result.
Resolution limitations make the exact behavior at

threshold inconsequential here.
For M ~-t(2P~) (the kinematic limit on M ).
The diffractive (M & 7) cross section for m +p p

+A'z+ anything at 205 GeV is 0.25+ 0.18 mb (F. C. Win-
kelmann, private communication). From this we esti-
mate that the diffractive strange-meson pair inclusive
cross section is about 0.50+ 0.25 mb.

Perhaps a Stable Dihyperon*

R. L. Jaffef
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305, and Department of Physics

and Laboratory of nuclear Science, fMassachuse. tts Institute of Technology, Cambndge, Massachusetts 02139
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In the quark bag model, the same gluon-exchange forces which make the proton lighter
than the 4{1236)bind six quarks to form a stable, flavor-singlet (with strangeness of
—2) J =0+ dihyperon {II) at 2150 MeV. Another isosinglet dihyperon (II*) with J =1+
at 2335 MeV should appear as a bump in AA invariant-mass plots. Production and de-
cay systematics of the 0 are discussed.

The possibility that hadrons may be described
by a confined color gauge theory of quarks and
gluons has attracted great interest recently. ' The
bag model" provides an adaptation of these ideas
to conventional spectroscopy. The S-wave bary-
ons (Q') and many features of the S-wave mesons
(QQ) are remarkably well described by the model
in terms of four parameters of relatively funda-
mental significance. ' Furthermore, the model
may be applied to any S-wave color-singlet multi-

quark system (Q Q", for n+m &3) without addi-
tional parameters. It offers the hope of answer-
ing long-standing questions regarding the nature
and experimental elusiveness of the exotics."

Here I wish to point out that the same model ap-
plied to the Q' system predicts the existence of
certain relatively light dihyperons, one of which
may be stable. Specifically, the model predicts
an S-wave flavor-singlet dihyperon (H) with J
=0' at 2150 MeV. With this mass, the H must
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and experimental elusiveness of the exotics."

Here I wish to point out that the same model ap-
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an S-wave flavor-singlet dihyperon (H) with J
=0' at 2150 MeV. With this mass, the H must
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decay weakly. The model also predicts a light S-
wave dibaryon flavor-octet with J =1 . The I=F
=0 member of the octet (H*) at 2335 MeV may ap-
pear as a bound state of ZZ decaying strongly in-
to AA or N". Other members of the octet and all
other dihyperons are unbound.

These are single hadrons, not loosely bound S-
wave states of two baryons like the deuteron. As
yet no such states are known. Besides the deu-
teron, the only well-documented dibaryon is the
Ap enhancement at 2128 MeV. ' Long ago Oakes'
observed that such a state might be expected as
the SU(3) brother of the deuteron (Y= 1 member
of a 10*). Its proximity to the ZN threshold is
appropriate to a loosely bound state of two bary-
ons. Whether this is in fact the origin of the 2128
enhancement is as yet uncertain.

Consider a fixed number of quarks and anti-
quarks in a bag, all in the ground state and alto-
gether forming a color singlet. The ordering of
states is dictated by the color magnetostatic in-
teraction between quarks. '~ Because of it, 0
mesons are lighter than 1 mesons, and ~' bary-
ons are lighter than &' baryons. The effects of
this interaction are summarized in simple spec-
troscopic rules analogous to Hund's rules of
atomic spectroscopy. ' The existence of these
dihyperons would be striking confirmation of the
underlying color gauge theory and the bag-dy-
namical framework in which it is imbedded.

In the quark-bag model, S-wave quarks carry
three labels: color [SU(3),]; flavor [SU(3) &

"harm is irrelevant in these considerations];
and the SU(2) generated by relativistic, positive-
parity, j = —,

' quarks, to which we refer loosely as
"spin. " It is advantageous to combine color and

spin to form "colorspin" [SU(6)„].The qua. rks
(and antiquarks) must be antisymmetrized in
colorspin and flavor since they all occupy the
same spatial state. The only physical hadrons
are overall color singlets. SU(3) ~ violations are
induced by giving the strange quark a small mass
(m, =279 MeV) while the u and d quarks are kept
massless.

The contribution to the mass of our S-wave
hadron from lowest-order gluon exchange is pro-
portional to

es (m, ) which induces further, small SU(3) viola-
tions.

For color-singlet hadrons containing only
quarks (no antiquarks),

b, = [8N —2C, ++J(j+ 1)]M, (2)

where S is the total number of quarks, J is their
angular momentum, and C, is their "eolorspin"—the quadratic Casimir operator of SU(6) for the
colorspin representation of the quarks. For the
moment we set m, =0 [M-=M(0, 0)]. In this limit
the mass of a hadron is given by a simple formu-
la:

M =-', (4~B)'"[2.043N -z, + n, b.]"', (3)

TABLE I. Quantum numbers and masses of S-wave
dibaryons.

SU(6) c s SU(3) &

representation &6 & representation

Mass in the
limit ms=0

(M.m

where B'~4=146 MeV, z0=1.84, and n, =g /4v
=0.55 are fixed in the QQ and Q' sectors of the
model. '

Equation (2) is a special case (no antiquarks) of
the interaction studied in Ref. 5. The rules of
Ref, 5 al e trlvlal ln this case: The lightest dl-
baryons will be those in which the quarks are in
the colorspin representation with the largest pos-
sible eigenvalue for the Casimir operator [the
eigenvalues of C, are much greater than &Z(J+ I)
for the states of interest]. Large eigenvalues of
the Casimir operator are associated with sym-
metric color spin representations. Antisymmetry
requires the flavor representation of light di-
baryons to be largely antisymmetric —conse-
quently, of low dimension. This connection is
evident in Table I which lists the S-wave states of
six quarks. Colorspin representations are listed
by their dimension. Antisymmetrization deter-
mines the flavor multiplet corresponding to each
colorspin. Only the color singlets are physical
states. The angular momentum of the color sing-
lets in each colorspin multiplet is also listed in
the table; the corresponding mass is given in the
limit m, =o.

S=-Qcr,. ~ a,.X,. X,M(m, R, m, R),
i&j

where o; (X;) is the spin (color) vector of the ith
quark normalized to 3 (2), and M(m;R, m, R)
measures the interaction strength. In the bag
model, it is a simple function' of the quark mass-
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280
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189
35

144 0
120 1,2
96
96 1
80 0, 2
48 1

0 0

1
8

10
10*
27
35
28

1760
1986
2165
2165
2242
2507
2799

Proposed 𝑢𝑢𝑑𝑑𝑠𝑠 flavour-singlet dibaryon
with 𝐽𝑃 = 0+.

Bound state of two Λ hyperons with
𝐵𝐻 ≈ 80 MeV.
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𝑯 dibaryon: Experimental searches

VOLUME 87, NUMBER 21 P H Y S I C A L R E V I E W L E T T E R S 19 NOVEMBER 2001

n, and L baryons [10]. Double-L hypernuclei are closely
related to the existence of the H dibaryon [11]. If the
mass of the H dibaryon, MH , was less than twice the L
hyperon mass in a nucleus, two L hyperons in the nucleus
would be expected to form the H. With this assumption,
the lower limit of the mass of the H dibaryon can be
calculated from the following relation:

MH . 2ML 2 BLL , (2)

where ML is the mass of a L hyperon in free space.
In order to study such systems, an emulsion/

scintillating-fiber hybrid experiment (E373) has been
carried out at the KEK proton synchrotron using the
1.66 GeV�c separated K2 meson beam [12,13]. The
schematic view around the target is given in Fig. 1. J2

hyperons were produced via the quasifree �K2, K1� reac-
tions in a diamond target [14] and brought to rest in Fuji
ET-7C emulsion. The �K2, K1� reactions were tagged
by a spectrometer system. The positions and angles of
entry of the J2 hyperons at the emulsion were measured
with a scintillating microfiber-bundle detector [15] placed
between the diamond target and the emulsion stack. The
tracks of the J2 hyperons were scanned and traced in the
emulsion by a newly developed automatic track scanning
system [16]. An emulsion stack consisted of a thin emul-
sion plate located upstream followed by eleven thick
emulsion plates [17]. The thin plate had 70-mm-thick
emulsion gel on both sides of a 200-mm-thick acrylic base
film, and each thick plate had 500-mm-thick emulsion gel
on both sides of a 50-mm-thick acrylic film.

Although we have analyzed only 11% of the total emul-
sion, we have found an event of seminal importance, a
mesonically decaying double hypernucleus emitted from
a J2 capture at rest [18]. A photograph and schematic
drawing of the event are shown in Fig. 2. We named this
event “NAGARA.” A J2 hyperon came to rest at point

FIG. 1. Schematic view of the experimental setup.

A, from which three charged particles (tracks No. 1, No. 3,
and No. 4) were emitted. One of them decayed into a p2

meson (track No. 6) and two other charged particles (tracks
No. 2 and No. 5) at point B. The particle of track No. 2
decayed again to two charged particles (tracks No. 7 and
No. 8) at point C.

The measured lengths and emission angles of these
tracks are summarized in Table I. The particle of track
No. 7 left the emulsion stack and entered the downstream
scintillating-fiber block detector (D-Block) [19]. Track
No. 5 ended in a 50-mm-thick acrylic base film. The tracks
of the three charged particles emitted from point A are
coplanar within the error as are the three tracks from point
B. The kinetic energy of each charged particle was calcu-
lated from its range, where the range-energy relation was
calibrated using a decays of thorium series in the emul-
sion and m1 decays from p1 meson decays at rest.

The single hypernucleus (track No. 2) was identified
from event reconstruction of its decay at point C. Mesonic
decay modes of single hypernuclei were rejected because
their Q values are too small. The decay mode of the
single hypernucleus is nonmesonic with neutron emission.
If either track No. 7 or No. 8 has more than unit charge,
the total kinetic energy of the two charged particles is
much larger than the Q value of any possible decay mode
because of the long ranges of tracks No. 7 and No. 8.
Therefore, both tracks No. 7 and No. 8 are singly charged,
and only LHe isotopes are acceptable.

The kinematics of all possible decay modes of the dou-
ble hypernucleus (track No. 1) which decays into LHe
(track No. 2) and p2 (track No. 6) were checked, and
BLL and DBLL were calculated. Since track No. 5 ended
in the base film, only the lower limit of the kinetic energy

FIG. 2. Photograph and schematic drawing of NAGARA
event. See text for detailed explanation.
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𝑯 dibaryon: spectrum summary

Weakly bound 𝐻 dibaryon from SU(3)-flavor-symmetric QCD
JRG, A. D. Hanlon, P. M. Junnarkar, H. Wittig, Phys. Rev. Lett. 127, 242003 (2021)
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Points: lattice energy levels.
Red dashed curves: noninteracting levels.
Blue curves: interacting levels in continuum.

SU(3) singlet.

Trivial (A1g or A1) irreps.

Strong dependence on 𝑎2!
Levels lie on left-hand cut!
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Quantization condition and continuum limit

𝐸 (𝐿, 𝑎) 𝛿 (𝑝2, 𝑎)

𝐸 (𝐿) 𝛿 (𝑝2)

lattice
quantization?

𝑎 → 0𝑎 → 0

continuum
quantization

Continuum extrapolation:
follow blue path, applying continuum
quantization condition at nonzero lattice
spacing.

Combined fits to multiple lattice spacings: let

𝑝 cot𝛿 (𝑝2, 𝑎) =
𝑁−1∑︁
𝑖=0

𝑐𝑖 (𝑎)𝑝2𝑖 , 𝑐𝑖 (𝑎) = 𝑐𝑖0 + 𝑐𝑖1𝑎2.

Recent work on including discretization effects in quantization condition:
M. T. Hansen and T. Peterken, 2408.07062
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Combined phase shift fits

𝑆-wave quantization condition:

𝑝 cot𝛿 (𝑝) = 2√︁
𝜋𝐿𝛾

𝑍
𝑷𝐿/(2𝜋 )
00

(
1,

(
𝑝𝐿

2𝜋

)2
)

Fit ansatz:

𝑝 cot𝛿 (𝑝) =
𝑁−1∑︁
𝑖=0

𝑐𝑖𝑝
2𝑖 , 𝑐𝑖 = 𝑐𝑖0 + 𝑐𝑖1𝑎2.

Cross check: extrapolate energies at fixed volume.
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𝑯 dibaryon binding energy versus lattice spacing
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also found by HAL QCD and
NPLQCD at heavier pion
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Fits to spectrum with different cuts on 𝑎 and 𝑝2.
Strong dependence on lattice spacing.
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𝑯 dibaryon binding energy: comparison with literature
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𝑯 dibaryon: breaking of SU(3) flavour

With broken SU(3), 𝐻 dibaryon can couple to
three baryon-baryon channels: ΛΛ, 𝑁Ξ, ΣΣ.
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Splitting is large
compared with
binding at SU(3) point.

SU(3)-broken lattice data currently being analyzed.
M. Padmanath, Lattice 2021

Previous EFT-based extrapolations suggest physical bound state is unlikely.
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Symanzik theory: EFT describing lattice QCD at 𝒂 > 0

With 𝑂 (𝑎) improved action, corrections start at 𝑎2:

Leff = LQCD + 𝑎2
∑︁
𝑖

O𝑖 +𝑂 (𝑎3) .

Dimension-six operators O𝑖 are gluonic, 𝑞𝑞, or (𝑞𝑞)2 satisfying symmetries of lattice action:
▶ Some break 𝑂 (4) rotational symmetry→ modified dispersion relations.
▶ Some break chiral symmetry.

Logarithmic corrections also understood. N. Husung et al., 2022

We see percent-level effects on baryon-baryon energies
but O(100%) effects on scattering observables such as the scattering length.

Can we understand what is causing these large effects? Study using different actions.
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Binding energy of 𝑯 dibaryon: different lattice actions

JRG (BaSc collaboration) @ Lattice 2024
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Three independent 𝑎 → 0 extrapolations agree. Size of lattice artifacts varies significantly.
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Nucleon-nucleon: finite-volume quantization

Notation: partial wave 2𝑠+1ℓ𝐽 .

Four categories of partial waves:
▶ Even ℓ , spin zero =⇒ 𝐼 = 1. 1𝑆0, 1𝐷2, 1𝐺4, . . .
▶ Even ℓ , spin one =⇒ 𝐼 = 0. 3𝑆1–3𝐷1, 3𝐷2, 3𝐷3–3𝐺3, . . .
▶ Odd ℓ , spin zero =⇒ 𝐼 = 0. 1𝑃1, 1𝐹3, 1𝐻5, . . .
▶ Odd ℓ , spin one =⇒ 𝐼 = 1. 3𝑃0, 3𝑃1, 3𝑃2–3𝐹2, 3𝐹3, 3𝐹4–3𝐻4, . . .

Parity and isospin imply these four categories do not couple.

Two-particle quantization det[�̃�−1(𝑝2) − 𝐵(𝑝2)] = 0:
finite-volume matrix 𝐵(𝑝2) is diagonal in spin. =⇒ determinant factorizes in spin.

Strategy: identify states by coupling to spin zero/one interpolators; analyze separately.
Still a work in progress; these results are PRELIMINARY.
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finite-volume matrix 𝐵(𝑝2) is diagonal in spin. =⇒ determinant factorizes in spin.

Strategy: identify states by coupling to spin zero/one interpolators; analyze separately.

Still a work in progress; these results are PRELIMINARY.
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Antidecuplet (𝑵𝑵 𝑰 = 0): spin 0 spectrum
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Operators constructed with definite spin. Spin-1 states (gray) identified via overlaps.
Quantization condition factorizes in spin. Here 1𝑃1 and 1𝐹3 are relevant.
Red curves: noninteracting levels.
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Antidecuplet (𝑵𝑵 𝑰 = 0): spin 0 spectrum, example fit 1
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Fit ansatz:
𝑝3 cot𝛿1𝑃1 = 𝑐1 + 𝑐2𝑝

2, 𝑝7 cot𝛿1𝐹3 = 𝑐3 + 𝑐4𝑝
8,

assuming no discretization effects.
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Antidecuplet (𝑵𝑵 𝑰 = 0): spin 0 spectrum, example fit 2
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Fit ansatz: solutions to Lippmann-Schwinger equation for 1𝑃1 and 1𝐹3
with one-pion-exchange potential and contact terms, Λ = 1.5𝑚𝜋 ,
assuming no discretization effects.

Note: spurious solutions to quantization condition near left-hand cut.
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Spin 0 phase shifts: 𝑷 and 𝑭 waves (fit 2)

0.0 0.5 1.0 1.5 2.0
(p/mπ)2

−5

−4

−3

−2

−1

0

(p
/m

π
)3

co
tδ

1 P
1

J500
N300
N202
H200

B450
H101
U103
A653

0.0 0.5 1.0 1.5 2.0 2.5
(p/mπ)2

−1.4

−1.2

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

(m
π
/

p)
7

ta
n

δ 1
F 3

×10−1

×10−1

J500
N300
N202
H200

B450
H101
U103
A653

Points: energy levels under single-partial-wave approximation.
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Spin 0 phase shifts: 𝑷 and 𝑭 waves (fit 2)
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Points: energy levels taking other partial wave into account.

Data lie on single curve. Nontrivial consistency check of spectrum!
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Spin 1: coupled partial waves

Use Blatt-Biedenharn decomposition of 2 × 2 scattering matrix:

𝑆 𝐽 =

(
cos 𝜖 𝐽 − sin 𝜖 𝐽
sin 𝜖 𝐽 cos 𝜖 𝐽

) (
𝑒2𝑖𝛿 𝐽 𝛼 0

0 𝑒2𝑖𝛿 𝐽 𝛽

) (
cos 𝜖 𝐽 sin 𝜖 𝐽
− sin 𝜖 𝐽 cos 𝜖 𝐽

)
.

Near threshold:
𝛿 𝐽 𝛼 ∼ 𝑝2𝐽 −1, 𝛿 𝐽 𝛽 ∼ 𝑝2𝐽 +3, 𝜖 𝐽 ∼ 𝑝2.

Below threshold, a (bound or virtual) deuteron pole exists where 𝑝 cot𝛿1𝛼 (𝑝) = 𝑖𝑝 .
The deuteron’s asymptotic 𝐷/𝑆-wave ratio is given by − tan 𝜖1(𝑝).

Phenomenology often uses Stapp parametrization:

𝑆 𝐽 =

(
𝑒
𝑖𝛿3 ( 𝐽 −1) 𝐽 0

0 𝑒
𝑖𝛿3 ( 𝐽 +1) 𝐽

) (
cos 2𝜖 𝐽 𝑖 sin 2𝜖 𝐽
𝑖 sin 2𝜖 𝐽 cos 2𝜖 𝐽

) (
𝑒
𝑖𝛿3 ( 𝐽 −1) 𝐽 0

0 𝑒
𝑖𝛿3 ( 𝐽 +1) 𝐽

)
.
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𝑱 = 1 mixing angle

Sign of mixing angle is physical: affects scattering amplitudes.
Effect on finite-volume spectrum? Worked out in a decade ago.
R. A. Briceño, Z. Davoudi, T. C. Luu, M. J. Savage, Phys. Rev. D 88, 114507 (2013)

Phase shifts / mixing angles from
experiment (input).

Ground states in frame 𝑷 = 2𝜋
𝐿
(0, 0, 1).

For 𝐽𝑃 = 1+:
𝐴2 irrep has helicity 0
𝐸 irrep has helicity ±1

If this is correct, at physical point expect 𝐸𝐴2 > 𝐸𝐸 .
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Antidecuplet (𝑵𝑵 𝑰 = 0): spin 1 spectrum (1)
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Spin-zero states shown in gray.
Thickness of red curves proportional to degeneracy of noninteracting level.
(39 levels) × (8 ensembles) = 312, although some lie above 𝑁𝑁𝜋 threshold.
In frame 𝑷 = 2𝜋

𝐿
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Antidecuplet (𝑵𝑵 𝑰 = 0): spin 1 spectrum (2)
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In frame 𝑷 = 2𝜋

𝐿
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Scattering amplitude with partial wave mixing

Nuclear physics convention:
define in position space.
J. M. Blatt and L. C. Biedenharn, Rev. Mod. Phys. 24, 258 (1952)

Finite-volume quantization condition:
define in momentum space.
R. A. Briceño, Phys. Rev. D 89, 074507 (2014)

Relate using plane-wave expansion:

𝑒𝑖𝒌 ·𝒓 = 4𝜋
∑︁
ℓ,𝑚

𝑖ℓ 𝑗ℓ (𝑘𝑟 )𝑌𝑚ℓ (𝑘)𝑌𝑚∗
ℓ (𝑟 ),

where 𝑗ℓ (𝑧) ∼ 𝑧−1 sin(𝑧 − ℓ𝜋/2).
Mismatch! Differ by factor 𝑖ℓ−ℓ

′
.

Flips sign of mixing.
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Analyzing coupled 3𝑺1 and 3𝑫1

Quantization condition: det(�̃�−1 − 𝐵) = 0. Briceño, Davoudi, Luu 2013; Morningstar et al. 2017

Blatt-Biedenharn parametrization including 𝑖ℓ−ℓ
′
due to convention mismatch:

�̃�−1 =

(
1 0
0 𝑝2

) (
cos 𝜖1 sin 𝜖1
− sin 𝜖1 cos 𝜖1

) (
𝑝 cot𝛿1𝛼 0

0 𝑝 cot𝛿1𝛽

) (
cos 𝜖1 − sin 𝜖1
sin 𝜖1 cos 𝜖1

) (
1 0
0 𝑝2

)
.

Start with assumption 𝛿1𝛽 = 0. Then 𝜖1 causes splitting of helicity states.

Each energy level imposes constraint on (𝑝−2 tan 𝜖1, 𝑝 cot𝛿1𝛼 ) plane:

𝑝 cot𝛿1𝛼 =
𝐵00 − (𝐵01 + 𝐵10)𝑥 + 𝐵11𝑥

2

1 + 𝑝4𝑥2 , 𝑥 = 𝑝−2 tan 𝜖1.
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𝐵00 − (𝐵01 + 𝐵10)𝑥 + 𝐵11𝑥

2

1 + 𝑝4𝑥2 , 𝑥 = 𝑝−2 tan 𝜖1.
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𝜹1𝜶 and 𝝐1 on N202
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T1g(0, 0, 0) Assume 𝛿1𝛽 = 0.
Also neglect 3𝐷2, 3𝐷3.

Fit spectrum using

𝑝 cot𝛿1𝛼 = 𝑐1 + 𝑐2𝑝
2,

𝑝−2 tan 𝜖1 = 𝑐3.
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𝜹1𝜶 and 𝝐1 on N202
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Deuteron is virtual state.
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Antidecuplet (𝑵𝑵 𝑰 = 0): spin 1 spectrum (1), example fit
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Model (𝛿1𝛼 , 𝜖1, 𝛿1𝛽 ), 𝛿3𝐷2 , (𝛿3𝛼 , 𝜖3, 𝛿3𝛽 ), 𝛿3𝐺4 , 𝛿3𝐺5 using 35 parameters,
including 𝑎2-dependence up to 𝛿3𝛼 .
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Antidecuplet (𝑵𝑵 𝑰 = 0): spin 1 spectrum (2), example fit
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including 𝑎2-dependence up to 𝛿3𝛼 .
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Example fitted phase shifts (Blatt-Biedenharn)
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Example fitted phase shifts (Stapp)
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Summary and outlook

Findings:
▶ Variational methods are essential for obtaining correct finite-volume spectrum.
▶ Contrary to earlier calculations, probably no 𝑁𝑁 bound state at heavy𝑚𝜋 .
▶ 𝐻 dibaryon is bound by ∼ 5 MeV at SU(3)-symmetric point.
▶ Discretization effects can be surprisingly important, particularly in 𝑆 waves.

Important next steps:
▶ Better understanding of lattice artifacts.
▶ Use EFT-inspired models for full set of 𝑁𝑁 data.
▶ Inclusion of left-hand cut in finite-volume quantization.
▶ More detailed cross-checks between collaborations and with HAL QCD.
▶ Lighter quark masses.
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Plateau fits
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Distillation

M. Peardon et al. (HadSpec), Phys. Rev. D 80, 054506 (2009)

Define smeared quark fields using projector to lower-dimensional subspace:

𝜓sm(𝒙, 𝑡) =
∑︁
𝒙′
𝑃 (𝒙, 𝒙′; 𝑡)𝜓 (𝒙′, 𝑡).

Standard choice: Laplacian-Heaviside (LapH) smearing. Use 𝑁 lowest eigenmodes 𝑣 (𝑡 )𝑛 of
smeared 3d gauge-covariant Laplacian Δ(𝑡). Typically scale 𝑁 ∝ 𝐿3 to keep smearing radius
fixed.

𝑃 (𝒙, 𝒙′; 𝑡) = 𝐼spin ⊗
𝑁∑︁
𝑛=1

𝑣
(𝑡 )
𝑛 (𝒙)𝑣 (𝑡 )†𝑛 (𝒙′).

Since 𝑁 ≪ 3(𝐿/𝑎)3 it is feasible to compute and save full timeslice-to-all or all-to-all propagator
within this subspace: this is the perambulator

𝜏𝑛′𝑛 (𝑡 ′, 𝑡) ≡
∑︁
𝒙′,𝒙

𝑣
(𝑡 ′ )†
𝑛′ (𝒙′)𝐷−1(𝒙′, 𝑡 ′; 𝒙, 𝑡)𝑣 (𝑡 )𝑛 (𝒙).

Timeslice-to-all requires 4𝑁 propagator solves.
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Hadrons with distillation

Computing hadron correlation functions also requires mode doublets and triplets,

Φ𝑛′𝑛 (𝑡,𝒑) ≡
∑︁
𝒙

𝑒−𝑖𝒑 ·𝒙𝑣 (𝑡 )†
𝑛′ (𝒙)𝑣 (𝑡 )𝑛 (𝒙), 𝑇𝑛1𝑛2𝑛3 (𝑡,𝒑) ≡

∑︁
𝒙

𝑒−𝑖𝒑 ·𝒙𝜖𝑎𝑏𝑐𝑣
(𝑡 )
𝑛1𝑎 (𝒙)𝑣 (𝑡 )𝑛2𝑏

(𝒙)𝑣 (𝑡 )𝑛3𝑐 (𝒙)

Meson correlators involve only rank-2 tensors 𝜏 and Φ
→ contraction cost for any number of mesons is 𝑂 (𝑁 3).

Baryons require rank-3 tensor 𝑇 . For up to 2 baryons get 𝑂 (𝑁 4) cost. [3 baryons is 𝑂 (𝑁 6).]

T

T

τ

τ

τ

T ∗

τ

τ

τ

T ∗

τ

τ

τ

τ

τ

τ

T ∗

T ∗

T

T

Baryon-baryon: two classes
of Wick contractions.

𝑁 4 ∝ 𝐿12 scaling is a problem! Try to keep 𝑁 small but eventually need alternative strategies.
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