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highly oscillatory

In MC calculations, the above estimates are accompanied by statistical errors:
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( )1 / 1 /In the limit  ,
the integration becomes highly oscillatory
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Various approaches
A major obstacle for first-principles calculations in various fields
     examples: - finite-density QCD

- Quantum Monte Carlo of statistical systems
                      - real-time dynamics of quantum many-body systems
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[Witten 2010] [Cristoforetti et al. 2012, Fujii et al. 2013]

[Alexandru et al. 2015]

[MF-Umeda 2017, Alexandru et al. 2017]

[MF-Matsumoto 2020]

[Mori-Kashiwa-Ohnishi 2017, Alexandru et al. 2018]

[Levin-Nave 2007, Xie et al. 2014, Adachi et al. 2019, ...]
[Gu et al. 2010, Shimizu-Kuramashi 2014, Akiyama-Kadoh 2020]

Various algorithms have been proposed:
   ・ Complex Langevin (CL) method
   ・ Lefschetz thimble method

-  Original (LT)
- Generalized thimble (GT)
- Tempered Lefschetz thimble (TLT)
- Worldvolume HMC (WV-HMC)

   ・ Path/sign optimization
   ・ Tensor network

[Parisi 1983, Klauder 1983]



Various approaches
A major obstacle for first-principles calculations in various fields
     examples: - finite-density QCD

- Quantum Monte Carlo of statistical systems
                      - real-time dynamics of quantum many-body systems

[3/33]

[Witten 2010] [Cristoforetti et al. 2012, Fujii et al. 2013]

[Alexandru et al. 2015]

[MF-Umeda 2017, Alexandru et al. 2017]

[MF-Matsumoto 2020]

[Mori-Kashiwa-Ohnishi 2017, Alexandru et al. 2018]

[Levin-Nave 2007, Xie et al. 2014, Adachi et al. 2019, ...]
[Gu et al. 2010, Shimizu-Kuramashi 2014, Akiyama-Kadoh 2020]

Various algorithms have been proposed:
   ・ Complex Langevin (CL) method
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Today’s talk:
- Basics of the TLT and WV-HMC methods
- Application to various lattice field theories
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Warm-up: Gaussian (revisited)
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Basic idea of the thimble method (1/2)
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Basic idea of the thimble method (2/2)
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How the sign problem disappears
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Example: Gaussian (re-revisited)
gradient flow
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Ergodicity problem in thimble methods

Actually, there comes out another problem at large t : Ergodicity problem

solution：
[MF-Umeda 2017]

Tempered Lefschetz thimble method
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Tempered Lefschetz thimble method
[Fukuma-Umeda 1703.00861]
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Sign and ergodicity problems are solved simultaneously !

ζ− ζ +
− +

iy

x
0tΣ
1tΣ
2tΣ

AtΣ TΣ

0
N= Σ



Hubbard model (1/4)
[Hubbard 1963]■Hubbard model toy model for electrons in a solid

( )†
, , , ( ,, )  : creation/annihilation of an electro nn site  spi  c cσ σ σ• =↑ ↓x x x

↑

↓↑

↓

↑

( )
( )

†
,,,

0
0

 : hopping parameter
 : on-site repulsive potential

 : chemical potential

n c c

U

σ σ σ

κ

µ

 ≡
 >


>


x x x

( )†
, , , , , ,

,

1
1

1
2 2

    c c n nH n nUσ σ
σ

κ µ↑ ↓ ↑ ↓
〈 〉

= − − − − + −+

•
  
  
  

∑∑ ∑∑
x

x y x x x x
xx y

Hamiltonian

( ) : # of sitesSN

↓

↑ ↑

Quantum Monte Carlo (discretized imaginary time )tNβ• =： 

2
,,

,

,[ ]
,

1

(1/2)
[ ] [ ][ ]

tr

det det
t

a b

H

NS

Z e

e d e M Md

β µ
β

φ φ
φ φ φ φ

−

−

=

−
≡

≈ ≡ ∑∏∏∫∫ xx x
x

x








/
,[ ] 1 ] ma[ xg tridiaa b s

K
s sN

i U
M e Ne e Nβµ κ φ

φ ± ± +  ≡


×


∏ x




  ：

Trotter decomposition + bosonization (HS transformation)

[11/33]



Hubbard model (2/4)
5, 2 2
3, 13  

sN N
U

τ
β κ β

= = × 
 = = 

reweighting
large errors
due to sign problem

deviate from exact values
due to ergodicity problem 
(but with very small errors) agree with exact values

(with small errors)
w/o temp

w/ temp

( 5)0.T =

( 5)0.T =

( 0)T =

βµ

( ), ,

1 1
s

n
N

n n↑ ↓〈 〉 −= +∑ x x
x

[MF-Matsumoto-Umeda 1906.04243]

maximal flow time

[12/33]

TLT

GT

GT
TLT



Hubbard model (3/4)

0.5 ( 5)
ˆ (1/ )

scattered plot of flowed configs at  
                     (projected on a plane )i

i

T
z N z

βµ= =

= ∑

w/o temp

stuck to a small # of thimbles

[MF-Matsumoto-Umeda 1906.04243]

w/ temp

distributed widely
over many thimbles

[13/33]
(cf. dominant-thimble approach : [Ulybyshev-Valgushev 1712.02188, 1906.02726]

[Ulybyshev,Assaad 2407.09452])

GT TLT



Hubbard model (4/4)
average phase factor

When only a single (or very few) thimble is sampled by mistake,
the average phase factor can take a larger value
(due to the lack of cancellations among different thimbles)

βµ

(

)

)

(

( )
( )

i

i

T

T
z

ze z

e
x

θ

θ
Σ

Σ

 〈 〉
 〈 〉 =
 
 〈 〉 




( )
T

i ze θ
Σ〈 〉

[MF-Matsumoto-Umeda 1906.04243]

[14/33]

GT
TLT

TLT

GT
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Pros and cons of the original TLT method
■TLT method

Cons : large computational cost at large DOF

3

0 1(
( ) ( ) / (

)
)

-

s  everytime we exchange configs between adjacen

 necessary # of replicas
- need to cal

t replic
culate Ja i

a
cob an t t

O N
E x z x x O N

−∝
= ∂ ∂ ∝ 

Pros : solves the sign and ergodicity problems simultaneously
applicable to any systems once formulated by PI with cont variables

[MF-Umeda 2017]

{ }10 20 0 , , , ,I  ntroduce re   andplicas in be e  twe n 
A Tt t ttT ==Σ Σ Σ Σ Σ … Σ : 

[15/33]

ζ− ζ +
− +

iy

x
0tΣ
1tΣ
2tΣ

AtΣ TΣ

0
N= Σ



Worldvolume HMC (1/2)
■Worldvolume Hybrid Monte Carlo (WV-HMC)

0
HMC on a continuous accumulation of integ surfaces, 

t T
t

≤ ≤
≡ Σ




( ) ( ) /
- No need to introduce replicas explicitly
- No need to calculate Jacobian in MD process
- Autocorrelation is reduced due to the use of HMC

t tE x z x x= ∂ ∂  

⊕major reduction of computational cost at large DOF

[MF-Matsumoto 2012.08468]

2

 orbit of integration surface
       in the "target space" N N= 

：

  

orbit of particle  worldline
orbit of string     worldsurface
orbit of surface   worldvolume

→ 
 → 
 → 

Pros : 

“worldvolume”

(membrane)

[16/33]

ζ− ζ +
+

iy


x

−
TΣ

0
N= Σ

N


solves the sign and ergodicity problems simultaneously
applicable to any systems once formulated by PI with cont variables



Worldvolume HMC (2/2)
■mechanism

-independentt

-independentt

( )( )  arbitrary fcnW t ：
chosen s.t. the appearance prob 
at different  are almost the samet
 
 
 

0

0

( )( )

( )( )

( )

( )

( )

( )(

( )

( )

( )

)

0

0

( )( )
( )

( )

( )

t

t
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t

t

t

zW t
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S zS x
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S zS x

S

S

SW t
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t t

t

t t

t

dzdx

dx dz

dt e

z

e z

dz z

dt e dz

d

d

e x
x

e e

e

e

t dz e

t

e

dz e

e

−−

−−

−

−

−

−

−

−

−

−

ΣΣ

Σ Σ

Σ

Σ

〈 〉 ≡ =

=

=

∫∫
∫ ∫

∫ ∫

∫ ∫
∫
∫











 path integral over the worldvolume ⇐ 

[17/33]

Statistical analysis method
for the WV-TLTM is established in
[MF-Matsumoto-Namekawa  2107.06858]

ζ− ζ +
+

iy


x

−
TΣ

0
N= Σ

N


[MF-Matsumoto 2012.08468]



Expected computational cost of WV-HMC
[MF-Matsumoto 2012.08468]
[MF-Matsumoto-Namekawa, Lattice2022]
[MF 2311.10663]

[18/33]

The whole problem comes down to integrating the flow eqs:

1. Configuration flow

( ) Niz z= ∈ (  : DOF)VN ∝

( )i iz S z∂= ( )O N⇒

2. Vector flow ( )i i j jS z∂ ∂=v v ( )O N⇒ ( )
 

w
l

hen  is sparse
  ( ocal field case)

i jS z 
 

∂



∂

x

z

u

v


flow

2 3( )
( ) no fermion determinants : 

 fermion determinants :    O N
O N

−∃

expected computational cost :

( )
(

w
o

hen  is known
   l cal field case)

iS z∂ 
  
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TLT/WV-HMC have been successfully applied to ...

ー (0+1)dim massive Thirring model

ー 2dim Hubbard model

ー chiral random matrix model (a toy model of finite-density QCD)

ー anti-ferro Ising on triangular lattice

[MF-Umeda 1703.00861]

[MF-Matsumoto-Umeda 1906.04243, 1912.13303]

[MF-Matsumoto 2020, JPS meeting]

[MF-Matsumoto 2012.08468]

410
 ,
 though the system sizes are not yet very large (DOF ) 
So far always successful for any models when applied

N 

ー complex scalar field at finite density [MF-Namekawa 2024, in preparation]

(TLT)

(WV-HMC)

(WV-HMC)

(WV-HMC)

(TLT⇒WV-HMC)

[19/33]
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Finite-density complex scalar (1/3)

Continuum action

([1( ) ( ) )]
2

 : -dim complex scalar fieldx x i x dϕ ξ η= +

2 2
0 0

2 2 4
,0 ,0

) ( ) ( )

( )( ) | | |

(

|

d

d

S d x m

d x m

ν ν

ν ν ν ν

ϕ ϕ ϕ ϕ ϕ λ ϕ ϕ µ ϕ ϕ ϕ ϕ

ϕ µδ ϕ ϕ µδ ϕ ϕ λ ϕ

∗ ∗ ∗ ∗ ∗

∗ ∗

 = ∂ ∂ + + ∂ − ∂ 

 ∂ ∂ + 

+

+ − +

∫
∫

Lattice action
,0 ,02 2 4

1

0
( (2 ) | ||) | ( )n n n n n n

n

d
S d m e eν νµ δ µ δ

ν ν
ν

ϕ ϕ λ ϕ ϕ ϕ ϕ ϕ−∗ ∗
+ +

−

=

 
+ + − + 

 
= ∑ ∑

1( , ) ( ),
2

 with  we haveIntroducing  n n n n niξ η ϕ ξ η= +

2
2 2 2 2 2

0 0 0 0

1

1
( ) ( )

, ) 2 4
cosh ( ) sin

2 ( )

h )
(

(

n n n n n i n n i n

n
n

n n n n n n n

d

i

d m
S

i

λξ η ξ η ξ ξ η η
ξ η

µ ξ ξ η η µ ξ η η ξ

+ +

+ + + +

−

=

 +
+ − + 

 
 −

+

+ − 

+
=

−

∑∑

2 2

[
( , ) (

(,
, )

( , ) / ] , ) / ][
We complexify  to  with the flow equation
     

V V

n n n n

z w
z S z w z w S z w w

ξ η
∗ ∗

∈ ∈

∂ ∂ ∂= = ∂

 



0(  : Euclidean time)x

2
:  lattice volumeV

N V
 
 ⇒ = 

[Aarts 0810.2089]

[20/33]



Finite-density complex scalar (2/3)

( ) ( )s )(caling: as expectedO N O V=

1.25

1/4

( )NB:  The scaling will become 

   
       if we reduce the MD stepsize as 

to keep the e    same amount of acceptanc  for increasing volume 

O V

s V −

 
 

∆ ∝ 
  
 

■Computational cost scaling for d=4
[MF-Namekawa, in preparation]

( )2N V=

[21/33]

(GT-HMC)



Finite-density complex scalar (3/3)

■Comparison with TRG and CL

Silver Blaze

saturate for TRG

4D 4D

[TRG (4D): Akiyama et al. 2005.04645 (Dcut=45)]

[22/33]

NB: CL works without suffering from wrong convergence problem
(satisfies a reliability condition)

WV-HMC = CL WV-HMC = CL

[MF-Namekawa, in preparation]
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Chiral random matrix model (1/2)
■finite density QCD

[MF-Matsumoto 2012.08468]

2

2

2 †

2

( )

†

(1/2 )

(1/2 )

[ ( ) ]
[ ][ ]

( )
[ ]

( )

QCD
tr

tr

tr

Det

H N

g

g

F

F

D m
Z

dA d e

dA e

e

d
m A

A m

µ

µ µ µ
µ

µ µ µ

µµ

µν

µν

β µ

ψ γ ψ µψ ψ
ψ ψ

σ µ

σ µ

+

− −

+ +

∂ + 
  ∂

=

=

=
++ 

+∫

∫∫∫
∫

†
†

0
{ , } 2 ,

0
µ

µ ν µν µ µ
µ

σ
γ γ δ γ γ

σ

  
= = =      

■chiral random matrix model [Stephanov 1996, Halasz et al. 1998]

2 †
†Steph

tr detWWn iW
Z

m
e

m
W

W
d

i
µ

µ
−  

 +

+
=


∫

( ) ( ) :  complex matrixiij ij jW nX iYW n×= = +

 
 
 
quantum field replaced by
a matrix incl spacetime DOF

( )2 4 22 1)(  4 cLN n N⇔= −DOF : 

- complex Langevin suffers from wrong convergence [Bloch et al. 2018]

■role of an important benchmark model
- well approximates the qualitative behavior of QCD at large n

toy model

)( 10, fT N= =

[23/33]



Chiral random matrix model (2/2)

chiral condensate

baryon # density

10 200 (DOF )n N= =matrix siz ：e : 
1
2 StephlnZ

n m
ψψ ∂
〈 〉 ≡

∂

† 1
2 StephlnZ

n
ψ ψ

µ
∂

〈 〉 ≡
∂

[ ]0.004 0, m T= =

[MF-Matsumoto 2012.08468]

reweighting

reweighting

complex Langevin

complex Langevin

WV-HMC

WV-HMC

[24/33]

(sign problem)

(sign problem)

(wrong convergence)

(wrong convergence)

sample size
reweighting : 10k
complex Langevin :10k
WV-TLTM : 4k-17k
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Hubbard model revisited (1/2)

[25/33]

†
, ,( 1),particle-hole transformation : a c b c↑ ↓• ≡ ≡ − x

x xx x

( ) ( ) ( )2† †

, 2
a ba bH n n

Ua a b b n nκ µ
〈 〉

= − + − −+ −∑ ∑ ∑ x xx y x y x x
x xx y

[MF-Namekawa, ongoing]

1 22 tN L L× ×=

elapsed time for 1 MD trajectory with a single core (GT-HMC)

(1) direct method

(2) real pseudofermions
w/ iterative solvers

3N∝

2N∝



Hubbard model revisited (2/2)

[26/33]

reference method : ALF package (Algorithms for Lattice Fermions)
- established algorithm in cond-mat (Fortran/Python)
- using discrete HS variables
- polynomial cost (and fast) when sign problem is NOT severe
- exponential cost when sign problem is severe

[Assaad et al.]

)6 6 3.2 ( 10 spatial lattice with  tNβ× = = )6 6 6.4 ( 20 spatial lattice with  tNβ× = =

ALF works
WV agrees with ALF

ALF fails
WV gives a prediction?

[MF-Namekawa, ongoing]
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Path integral over group manifold (1/2)
[MF, in preparation]

1
0 0
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sign problem significantly reducedsevere sign problem
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Path integral over group manifold (2/2)
[MF, in preparation]
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Constrained molecular dynamics (RATTLE) on 
can be defined in a similar way to the flat case



( )2 †
0 0Re tr a b

abds θ θ γ θ θΣ = =

2( ) p

- exact reversibility
- exact volume preservation
- approximate energy conservation t   at on Do e M  steO s∆

-independentt

-independentt

[28/33]

| |  :
 inv vol element of 
dU 
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E.g. 1-site with a pure imaginary coupling

[29/33]
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analytic result: 121 ( ) / ( )e I Iβ β〈 〉 = −

numerical result (WV-HMC):



/ iβ

/ iβRe e〈 〉 Im e〈 〉

[MF, in preparation]
(2)G SU=



E.g. 1-site with a topological term

[30/33]
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result (WV-HMC):
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[MF, in preparation]
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Case 1: Thermal equilibrium

[31/33]

[MF+, ongoing]
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[Alexandru et al. 2017]

( )ˆ ˆ( ) (0) )( ,iP x iP x xx e e t⋅ ⋅= = x 

First target : Transport coefficients
directly calculate from real-time correlators (w/o using Kubo relation)

[MF+, ongoing]

T

ˆiHTe−
ˆiHTe

ˆiHTe−ˆiHTe

( ) 4  encounters the ergodicity problemLarge time separations t β∆  WV-HMC
[Alexandru et al. 2017]
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Case 2: Nonequilibrium processes

[32/33]

[MF+, ongoing]
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The computation is essentially the same as before.
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Summary and outlook

[33/33]

▼Roadmap to finite-density QCD with WV-HMC :

▼ Developing the algorithm itself [MF, ongoing]

- incorporation of other algorithm(s)
(e.g.) path optimization and/or tensor RG (non-MC)

first-principles calculations of nonequilibrium processes
(such as the early universe, heavy-ion collision experiments, new devices, ... )

cf) TRG for 2D YM: 
  [MF-Kadoh-Matsumoto 2107.14149, ...]

local fields
(e.g. complex scalars)
group manifolds
(e.g. 1-site model)

fermions
(e.g. Thirring, Stephanov, Hubbard)

pure YM
(e.g. w/ finite θ)

finite-density QCD
(w/ or w/o θ)

■Outlook

[MF, MF-Kuwahara-
-Namekawa-…, ongoing]

[MF-Kanamori-Kuwahara-
-Namekawa-..., ongoing]

- incorporation of machine learning techniques

■Summary：WV-HMC algorithm has been extended to various cases successfully

2( ) p

- exact reversibility
- exact volume preservation
- approximate energy conservation t   at on Do e M  steO s∆

[MF+, ongoing]
▼ Important in the near future : MC for real-time dyn of quant many-body systems



Thank you.
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