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Introduction



Sign problem

A large system with a complex action: e.g. scalar field
; . x' < ¢(t,X)
x=(x")eR" : dynamical variable (N : #DOF) 1
. . S > S[g1= [ dtdgx{—(atqﬁ)z + }
1S(x) =ReS(x)+iImS(x) € C : complex action | 2
O(x) : observable de=]Jox' e [dg]=] | dg(t. %)

" dx e‘S(X)O(X) J’RN dx e—ReS(x)e—iImS(x)O(X)
(O) = =

highly oscillatory

J‘ X dx e~ S™ N I N dx e~ReS(x)g-imS(x)
R R
IRN dx e—Res(x)e—nms(x)O(X)/IRN dx e~ReS(x) €M O(x)) e oM
— _ . B = — 5 = )
jRN dx e ReS(x)e iImS(x) /J‘RN dx e ReS(x) <e im (x)> e (N)

rewt (: O (1))
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- - i _ - ~ilmS —__O(N
jRN dx e ReS(x)e iImS(x) /J‘RN dx e ReS(x) (e ilm (x)> e (N)

rewt (: O(l))

In MC calculations, the above estimates are accompanied by statistical errors:

<O> e_O(N) i()(1/\/ Nconf) (N
e_O(N) i()(:I-/\/ Nconf)

neccesary sample size : N__ . > e°™)  sign problem!

conf - SAMPle size)
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thimble method : reduces the coefficient of O(N) : g ON) _, o—¢O(N) [1/33]




S(x)=§

O(X) = x°

(X*) =

Nece

1Ny SOE7?) &

[Essence]

Example : Gaussian

ReS(x)zg(xz—l)

ImS(X) =—/X

p>1 withN =1
large S mimics large DOF

(x—i)2 =Re S(x) +i ImS(x) [

<e—i|m8(x) 2

(ﬂ—l _1) e A2

—B12

e
(B7=1)e* £/ YN oy )
e ”2+0(/N_ )

> o0(5)

conf ~v

>rewt _

<e—|ImS(x)>

rewt

numerically =

ssary sample size:

N

_ A2
e ReS(x) o e Pxc12

d

e—i Im S () o eiﬁx

"

In the limit f — o (.'.1/,8<<1/\/E),

P10 N - S |
0.1 0e

the integration becomes highly oscillatory

i
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Various approaches

A major obstacle for first-principles calculations in various fields
examples: - finite-density QCD
- Quantum Monte Carlo of statistical systems
- real-time dynamics of quantum many-body systems

Various algorithms have been proposed:

+ Complex Langevin (CL) method [Parisi 1983, Klauder 1983]

- Lefschetz thimble method
Original (LT) [witten 2010] [Cristoforetti et al. 2012, Fujii et al. 2013]
Generalized thimble (GT) [Alexandru et al. 2015]

Tempered Lefschetz thimble (TLT) [MF-Umeda 2017, Alexandru et al. 2017]
Worldvolume HMC (WV-HMC) [MF-Matsumoto 2020]
. Path/sign optimization [Mori-Kashiwa-Ohnishi 2017, Alexandru et al. 2018]

« Tensor network [Levin-Nave 2007, Xie et al. 2014, Adachi et al. 2019, ...]
[Gu et al. 2010, Shimizu-Kuramashi 2014, Akiyama-Kadoh 2020]
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Today'’s talk:

- Basics of the TLT and WV-HMC methods
- Application to various lattice field theories [3/33]
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Plan

Introduction (done)

. [Witten 2010, Cristoforetti et al. 2012,
Lefschetz thimble (LT) method Ft:jii et al. 2013]

/ Generalized thimble (GT) method [Alexandru et al 2017]
Tempered Lefschetz thimble (TLT) method [MF-Umeda 2017]

Worldvolume Hybrid Monte Carlo (WV-HMC) method

[MF-Matsumoto 2020]
Application to various models

5-1. Complex scalar at finite density [MF-Namekawa, in preparation]
5-2. Chiral random matrix model [MF-Matsumoto 2020]

5-3. Hubbard model iMF-Namekawa, in preparation]

5-4. Group manifolds [MF, in preparation]

5-5. Real-time dynamics [MF+, ongoing]

Summary and outlook
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. [Witten 2010, Cristoforetti et al. 2012,
2. Lefschetz thimble (LT) method Ft:jii ot al. 201;]' e

/ Generalized thimble (GT) method [Alexandru et al 2017]



Warm-up: Gaussian (revisited)

S(x):g(x—i)2 (8>1) i}/A z
O(X) = x° - >

/ [ aze @ o)

j dx e >® O(x)

(O = ~S(X) (000 = | dze™>®
_[ dxe change of path Y
0 2
[ dx e B2 42 | dxe X2 (x+iy?
— JOO NPT X—>Z=X+Ii B J‘OO dx e P12
o : Due to Cauchy's thm, oscillating factor
highly oscillatory (O = (O()),, disappears

: saddle pt (critical pt)

J : steepest descent (Lefschetz thimble)

ImS(z) : const (=0) on J (4/33]



Basic idea of the thimble method (1/2)

m Complexification of dyn variable: x=(x')eR" = z=(z' =x' +iy') eC"

assumption (satisfied for most cases) (S(x) :action, O(X) : observable)

e e3@O(z) : entire fcns over CN (can have zeros) \
iy 1 C" ={z}

Cauchy’s theorem /,}

- —-——

‘—
’f

Integrals do not change under continuous deformation
of integration surface : =, =R" — X (< C")
(boundary at | x|—> « kept fixed)

ou 1m0 a0
- j dx e S™) jdz g5
% >

severe sign problem |sign problem will be significantly reduced
if ImS(z) is almost constant on X

[5/33]



Basic idea of the thimble method (2/2)

N

Z (X

JC (anti-thimble)

&K (Lefschetz thimble)

ImS(z) constant

W Prescription for deformation

anti-holomorphic gradient flow

=0S(z,) with z,_, =X
Zt (deformed surface)

I - :Zo — RN
. . 2 [ReS(Zt)]. 20
S =05(z;)-2; =|0S(z;)| 20
[ (zt)] (z)- | (Zt)| = {[Ims(zt)]. =0

ReS(z;) : always increases except at crit pt £ (¢ : crit pt
ImS(z,) : always constant & 85(5)=0

Def | J (Lefschetz thimble) = union of flows out of crit pt{
ImS(z) : const over J (=ImS(¢))

If %4 12 5 7, then the oscillatory behavior of integral over Zt

must be reduced significantly by taking t to be sufficiently large
[6/33]



How the sign problem disappears

e Integration on the original surface =, = R" (flow time t =0)

—ilm S(x) _
<(9(x)>—<e Oz, rewy . € °MN) 0/ N ) (N : DOF j
T aiImS(x) ¥ O . -
(e7!'M>1X >20(rewt) e~ O )iO(ll IN..) Ny :sample size
need ahuge size of sample : N__ =e°") sign problem
flow
e Integration on a deformed surface X; (flow time t) e,k
g t
i _at
<O(X»_<e"9(z)<9(2)>zt et M Lo/ N ) &
= i A
<e|¢9(2)>Zt o ® ALO(N) +0(L/ /Nco_nf) s J
[, ldz e g 2) (e =O(N) < t=0(logN)]| A 5,
97 J |dz |eReS®) O +£0(/N_,) {/1: (typical) singular value}
o = .
0 imso & o)+ 01/ liNconf) of Hessian 9;0,;5(¢)
B |dz |

Sign problem should be alleviated at flow timet =O(logN)

[7/33]




Example: Gaussian (re-revisited)

: B 2 on : 'y
gradient flow | S(2) = (8/2)(z-i)* = S'(2) = (z-1) | Y 2
2,=S'(z) = B(T+i) with z,_, =X, —— 7,
z, =%, e" +i(l-e ) ,' 7 %
| //
> ={zeC|Imz=1-¢"%} : / t
T X >y

change of integration path z=x+i(l-e”")eZ,

o-S(D) o g-BRI2gie {width of distribution : 1//s

—Re S(2)
width of oscillation : €™/ 4 | .y, Ejztldzle 96)
%t J; | dZ | e—Re S(Z)
. t t
By taking t to be large (s.t. eI p>11p ) 0 _ ims () 02
the integral is not oscillatory any more! |dz |
(e 0i0(2) 2> e—(ﬂ/Z)e‘zﬁ’t (IB—l _1) o) oM +0(/ JN_)
In fact, (x°) = e — — _ ~ v Neon
7Dy, e (F12)¢ On) ~ 0101/ Nyy)

B: logarithm increase is sufficient:
t~O(logf) (< t~O(logN))

[8/33]
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Introduction

. [Witten 2010, Cristoforetti et al. 2012,
Lefschetz thimble (LT) method Ft:jii et al. 2013]

/ Generalized thimble (GT) method [Alexandru et al 2017]
Tempered Lefschetz thimble (TLT) method [MF-Umeda 2017]

Worldvolume Hybrid Monte Carlo (WV-HMC) method
[MF-Matsumoto 2020]

Application to various models

5-1. Complex scalar at finite density [MF-Namekawa, in preparation]
5-2. Chiral random matrix model [MF-Matsumoto 2020]

5-3. Hubbard model [MF-Namekawa, in preparation]

5-4. Group manifolds [MF. in preparation]

5-5. Real-time dynamics [MF+, ongoing]

Summary and outlook



Ergodicity problem in thimble methods

relaxation of

, ) Sign problem resolved?
oscillatory integral

NO!

large flow time t
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Ergodicity problem in thimble methods

relaxation of

, ) Sign problem resolved?
oscillatory integral

NO!
Actually, there comes out another problem at large t : Ergodicity problem

Eg. e 30 — g BX2(x _j)7 (B>1, yely) finite-density QCD : m
e S(A) — g5 et D(A)

large flow time t

IyA zeroofe”
e2 critpts: .

/j/ I / e 2 thimbles : 7.
> é& ®
\ 3( / s x *1 zeroofe

move of config

-S(2) .

zeroatz, =i < ReS(z)=+w atz, =i
& [0 potential barrier on X; | < configs cannot move
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Ergodicity problem in thimble methods

relaxation of

, , Sign problem resolved?
oscillatory integral

NO!
Actually, there comes out another problem at large t : Ergodicity problem

—LQL e~ S _ e—ﬂXZ/Z(X_i)V (,3 >1 e Z>o) (ﬁnite—density QCD : ] -

large flow time t

_ e S(A) — g5 et D(A)
IYyA zeroofe
o2 critpts: .

I ¢ -
/j/ \/ - 2 thimbles : 7,
- - -

D

1 zero of e

-S(2) .

|| ‘ r\l X
move of config

zeroatz, =i < ReS(z) =+ atz, =i
& [0 potential barrier on X; | < configs cannot move

(parallelly) tempering w.r.t. flow time

solution :| Tempered Lefschetz thimble method
[MF-Umeda 2017] [9/33]




Tempered Lefschetz thimble method

[Fukuma-Umeda 1703.00861]
BTLT method

(1) Introducereplicasinbetween the initialinteg surface 2, = RN

and the target deformed surface X, as {Ztozo, Tty Ty oo ztA:T}

(2) Setup a Markov chain for the extended config space {(t,, x)}
(3) After thermalization, estimate observables with a subsample on X

Sign and ergodicity problems are solved simultaneously !
[10/33]



Hubbard model (1/4)

B Hubbard model toy model for electrons in a solid [Hubbard 1963]

T
X,o0!

® C, . Cy, :Creation/annihilation of an electron (site X, Spin a(:T,i))

e Hamiltonian
1
;
H=—x Z Zcx,acyya +UZ(”X,T ——j(nx’i
X,y) o X 2
( _ At
nx,a = CX,GCX,G

x(>0) : hopping parameter

U (>0) : on-site repulsive potential
|1 : chemical potential (N : # of sites)

e Quantum Monte Carlo (discretized imaginary time : = Ni¢)

Trotter decomposition + bosonization (HS transformation)

/Z = tre M \

N _
1 i €2y, %'deetMa[gb] detM,[¢]

ii@%x]j

B.u
~ [1dgle "

M, [#]=1, + eiﬂ/"l_[(e“‘K diagle
- S :

: Ng x Ng matrix
/[1 1/33]




Br=3 pU=13

(n)

[ers, Ng =2x2

1.0f |
 [tir] e W/ tempering (T =0.5) . &
08l [er] * w/o tempering (T =0.5), JRE
reweighting (T =0) '?/g
0.6 -- exact value ¥
I -
deviate from exact values ‘i* -% I T
due to ergodicity problem At )
0.4F (but with very small errors) ,#w/ temp agree with exaqt values
(with small errors)
- w/o temp |y ,‘g T|_T
" v PN
0.2 __ GT X y
i ‘f/
-
0.0p-#-"f | l
0 10 reweighting

Hubbard model (2/4)

[MF-Matsumoto-Umeda 1906.04243]

| - <NiZ(nx,¢ o, —1)>

s X

maximal flow time
1 L} I 1 1

large errors
due to sign problem

[12/33]



Hubbard model (3/4)

[MF-Matsumoto-Umeda 1906.04243]

scattered plot of flowed configs at T =0.5 (fu =5)

0.5

0.4}

(projected on a plane Z = (1/ N)Zzi)
i

GT

w/o temp

0.3}
0.2}

0.1f

0.0
-1.0 -05

00

stuck to a small # of thimbles

TLT | | w/ temp
0.5
1 [ Imz
- 0.4} 1
Co03f -
- 0.2} 1
©o0.1} —
0.5 1.0 -1.0 -05 0.0 0.5 1.0
distributed widely
over many thimbles
(cf. dominant-thimble approach : [Ulybyshev-Valgushev 1712.02188, 1906.02726]
[Ulybyshev,Assaad 2407.09452]) [13/33]



Hubbard model (4/4)

[MF-Matsumoto-Umeda 1906.04243]
average phase factor

i
G O(Z»ZT
10(z) 00 = .
‘(6 >2T ¢ >2T

op ]
a TLT | + w/tempering (T>0) -

0.8} GT wj/o tempering (T>0) )
| _ + reweighting (T=0) 1

0.6r | _
[ 3 :

* . | GT

0.4} | . _
L y :

0.2} 3 B
[ . 3 P i s ; # ‘@ s * _

0.0} IR IR LA T
0 5 10 15 pu

When only a single (or very few) thimble is sampled by mistake,
the average phase factor can take a larger value

(due to the lack of cancellations among different thimbles)
[14/33]
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4. Worldvolume Hybrid Monte Carlo (WV-HMC) method

[MF-Matsumoto 2020]



Pros and cons of the original TLT method

B TLT method [MF-Umeda 2017]

IntroducereplicasinbetweenX; and Z; : {Ztozo’ T Zpys er Iy }

ly
\4

e

—_—

\zo _gN

Pros: solves the sign and ergodicity problems simultaneously
applicable to any systems once formulated by Pl with cont variables

Cons : large computational cost at large DOF
- necessary # of replicas «c O(N°™)

- need to calculate Jacobian E, (x) = 6z, (X) / &x «c O(N°®)
everytime we exchange configs between adjacent replicas [15/33]



Worldvolume HMC (1/2)

[MF-Matsumoto 2012.08468]
m Worldvolume Hybrid Monte Carlo (WV-HMCQ)

HMC on a continuous accumulation of integ surfaces, R = U 24
ly

0<t<T
“worldvolume”

R : orbit of integration surface
inthe "target space" C" = R*"

orbit of particle — worldline

orbit of string — worldsurface
orbit of surface — worldvolume

> X ( b )
4\ ‘ 4\ F\E _RN membrane
0=

Pros : solves the sign and ergodicity problems simultaneously
applicable to any systems once formulated by Pl with cont variables

@ major reduction of computational cost at large DOF

- No need to introduce replicas explicitly
- No need to calculate Jacobian E; (x) = 0z;(x) / 0x inMD process
- Autocorrelationis reduced due to the use of HMC (16/33]




Worldvolume HMC (2/2)

) [MF-Matsumoto 2012.08468]
B mechanism

jz dx e > O(x) _[2 dz, e O(z,) t-independent
(O(x)) =— =

j e I dz & t-independent
%, o)
T B B .
) jo dte W(t)J’zt dz; e s(zt)@(zt) (W (t) : arbitrary fcn)
T
[, dte™O dz e
0 Zt

) Lz dtdz, e Ve O(z,)

chosen s.t. the appearance prob
at different t are almost the same

< path integral over the worldvolume R

(o
Statistical analysis method
for the WV-TLTM is established in
é/ ZT [MF-Matsumoto-Namekawa 2107.06858]

_l’_

> X
4\ ‘ ’t\ \z - RN
0 [17/33]

_[ dtdz, e Wg=5(2)
o ataz e




Expected computational cost of WV-HMC

[MF-Matsumoto 2012.08468]
[MF-Matsumoto-Namekawa, Lattice2022]
[MF 2311.10663]

The whole problem comes down to integrating the flow egs:

z=(z")eC" (N <V : DOF) 7V
when 0;S(z) is known
(local field case)

1. Configuration flow 7 =6;S(z) = O(N)

2. Vector flow V; =0;0;S(z)v; = O(N) when 0;0;S(z) is sparse
(local field case) X

expected computational cost :

no fermion determinants : O(N)

fermion determinants: O(N*™)

[18/33]
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5. Application to various models

5-1. Complex scalar at finite density [MF-Namekawa, in preparation]
5-2. Chiral random matrix model [MF-Matsumoto 2020]

5-3. Hubbard model iMF-Namekawa, in preparation]

5-4. Group manifolds [MF, in preparation]

5-5. Real-time dynamics [MF+, ongoing]



TLT/WV-HMC have been successfully applied to ...

— (0+1)dim massive Thirring model [MF-Umeda 1703.00861] (TLT)

— 2dim Hubbard model [MF-Matsumoto-Umeda 1906.04243, 1912.13303]
(TLT=WV-HMC)

— chiral random matrix model (a toy model of finite-density QCD)
[MF-Matsumoto 2012.08468] (WV-HMC(Q)

— anti-ferro Ising on triangular lattice [MF-Matsumoto 2020, JPS meeting]
(WV-HMCQ)

— complex scalar field at finite density [MF-Namekawa 2024, in preparation]
(WV-HMC(Q)

So far always successful for any models when applied,

though the system sizes are not yet very large (DOF N <10%)

[19/33]
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5. Application to various models

5-1. Complex scalar at finite density [MF-Namekawa, in preparation]



Finite-density complex scalar (1/3)

i[;f(x) +1in(x)] : d-dim complex scalar field

(D(X) - \/E

Continuum action

(X, : Euclidean time)
S(p) = [d°X[8,0'0,0+M*p'p+ A(e"p) + (" Oop— 050" p) |
= [d*X[(8,9" + 16, 0" )8, — 15, up) + M* |9 +2| 0"

Lattice action [Aarts 0810.2089]

d-1
S(p) = Z{(Zd +m*) @, [ +A 1o, ' =D (" glo,., + “5“’%(0:%)}
n v=0

Introducing (&,,n,) with o =— (& +in,), we have

-
8(5’77) = Z (5 77[‘]) + (5 + nn) o Z (§n+|§ + 77n+|77n)

! __COSh :u (§n+O§n + 77n+077n) - I Slnh /u (é:n+077n o 77n+0§n)

2d+m

We complexify (£,7) e R? to (z,w) e C* with the flow equation

2 =[6S(z,w) /62, ], W, =[6S(z,w)/ow ] [V lattice volume
= N =2V

[20/33]



Finite-density complex scalar (2/3)

[MF-Namekawa, in preparation]

B Computational cost scaling for d=4 (GT-HMC)

10° ¢

Etime(RATTLE)[s]

10!

103 o

10° o

scaling: O(N) =0(V) (as expected)

NB: The scaling will become O(V*%)

if we reduce the MD stepsize as As ocV /4

to keep the same amount of acceptance for increasing volume

| 4
Complex ¢
'm=0.1, A=1.0, u=0.9, T=0.01
96*
Fugaku(Nnode=256) =
S 83x10°N —]
0 10 10" N (N=2V) 10° 10'°

[21/33]



Finite-density complex scalar (3/3)

[MF-Namekawa, in preparation]

B Comparison with TRG and CL  [TRG (4D): Akiyama et al. 2005.04645 (Dcut=45)]

(n)

NB: CL works without suffering from wrong convergence problem

(satisfies a reliability condition)

4D

0.5 - T T
WV-HMC, 4x4x4x4 (Nconf=1000) —e—
WV-HMC, 6x6x6x6 (Nconf=400)
04} WV-HMC, 8x8x8x8 (Nconf=100) —e—
CL, 4x4x4x4 (Nconf=10000) - - - -
CL, 6x6x6x6 (Nconf=10000)
03 CL, 8x8x8x8 (Nconf=10000) - - - -
' TRG [Akiyama et al.(2020)], 4x4x4x4
TRG [Akiyama et al.(2020)], 8x8x8x8
0.2 TRG [Akiyama et al.(2020)], 1024% ——
..| Gomplex ¢
m=0.1, A=1.0 — 7
1 e e lt .....................................................
saturate for TRG
-0.1 . . .
0.0 0.2 04 0.6 0.8

U
Silver Blaze

WV-HMC = CL

1.0

(0]

4D

0.40 : _
WV-HMC, 4x4x4x4 (Nconf=1000) +—e—i
WV-HMC, 6x6x6x6 (Nconf=400)
WV-HMC, 8x8x8x8 (Nconf=100) r—e—i
0.35 CL, dxdxdxd (Nconf=10000) - - - -
CL, 6x6x6x6 (Nconf=10000)
CL, 8x8x8x8 (Nconf=10000) - - - -
0.30 TRG[Akiyama et al.(2020)], 4x4x4x4
’ TRG[Akiyama et al.(2020)], 8x8x8x8
| TRG[Akiyama et al.(2020)], 1024*
0.25 4
0.20
m=0.1, A=1.0
015 | I
L I e T
~—
0.10 ' ' '
0.0 0.2 0.4 “’ 0.6 0.8 1.0

WV-HMC = CL
[22/33]



Plan

5. Application to various models

5-2. Chiral random matrix model [MF-Matsumoto 2020]



Chiral random matrix model (1/2)

.. ) MF-Matsumoto 2012.08468
W finite density QCD [ ]

0 o
=tre_'B(H_”N) ({)/#,]/V}=25W, 7/ﬂ:}/21:£ T O#J]

O
. (W2g)[tr P+ ([ (7uDy+m)y +uy Ty]
:'[[dAﬂ][dt//dr,y]e Jr i+ J7 (7D

B N L RN
s o-z(éﬂ+Aﬂ)+y m

ZQCD

toy model

B chiral random matrix model [Stephanov 1996, Halasz et al. 1998]

B —ntrwiw m IW + ) (quantum field replaced by
Z steph —IdZW € det(iwf ey m j (a matrix incl spacetime DOF
(T=0,N, =1)

W = (W;) = (Xj; +1Y;) i nxn complex matrix
(DOF : N=2n* < 4L*(N?-1))

M role of an important benchmark model

- well approximates the qualitative behavior of QCD atlarge n

- complex Langevin suffers from wrong convergence [Bloch et al. 2018]
[23/33]



Chiral random matrix model (2/2)

o [MF-Matsumoto 2012.08468]
matrix size : n=10 (DOF : N =200)

sample size
1 2 reweighting : 10k
- — complex Langevin :10k
chiral condensate () Ez—a—lnzSteph [m=0.004, T =0] WL At 7
nom )
oo6f 0.06F ' ' ' E
0-05;’ X reweighting ’ 0.05;— WV-TLTM
__6—64_ % T exact ] —0:041 - X complex Langevin -
|/§ 003— . ‘ < 003_ — exact
= .02\ reweighting S
0.01 :§S|gn problem 001t
0.00 0.00f X ek oy
z - complex Langevin
-eorg . o op 4 -001fwrong convergenge) 3
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 10
J7i
. ; 1 0 g
baryon # density (v 'v)=——InZ,_,
o _2nop
Sl 25 WV-HMC ]
! X [ ]
i X reweighting X 20k WV-TLTM 1
L.5 7 exact * X complex Langevin X X )(
SERN ighti ] s F oo x X ]
2  reweighting 1 =z i * 1 .
s L0 (sign problem) i * ] 2 10} "x(complex Langevin
; ; : " wrong convergence)
0.5 ] osp x "
[ ] X
—0:0+ 1 0.0}
02 04 06 08 10 02 04 06 08 10

) ) [24/33]
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5. Application to various models

5-3. Hubbard model iMF-Namekawa, in preparation]



Hubbard model revisited (1/2)

e particle-hole transformation : a, =c,,, b, =(-1)"c! [MF-Namekawa, ongoing]

= 3 (ala, bl ) Bt -n) - X0 -n)

X,y)

elapsed time for 1 MD trajectory with a single core | (GT-HMCQC)

(1+2)-dim Hubbard (1) direct method oc N°

GT-HMC(T=10"): u=8, U=8, a=5x10"", e=10"

{ (2) real pseudofermions
w/ iterative solvers

oc N2

Etime(RATTLE)[s]

CG-type: 6.0 107 N° —

| _ Direct: 6.1 10° N —

w” 10° T 10*
N =2N; x L xL,

volume

[25/33]



Hubbard model revisited (2/2)

[MF-Namekawa, ongoing]

reference method : ALF package (Algorithms for Lattice Fermions) [Assaad et al.]

- established algorithm in cond-mat (Fortran/Python)

- using discrete HS variables

- polynomial cost (and fast) when sign problem is NOT severe
- exponential cost when sign problem is severe

6 x 6 spatial lattice with g =3.2 (N, =10) 6x 6 spatial lattice with g =6.4 (N, = 20)

2.2 _ . . . 3.0 .
o k=1, U=8,p=3.2, NoxNs=px6 | Hubbard

Hubbard . 25| k=1, U=8, B=6.4, N;xN =6x6
18| ! :
s . X3 A | S N S B B Weneene e @ e ]

< - < 1 L
1.4 % sl _ .
.._! ‘*‘{“-! l

1.2 R ' T{:.!j )

P lE oot 3]0 _
10} = % 2 WV-HMCFT1=10'1._Nconf=50—100) —e—i ‘ WV(T;=10", Nconf=10-20) +—e—

Naive reweight(Nconf=100) +—e— ALF(Nconf=100)
_ . . ALF(Nconf=100) - TRG(Dcut=80,5=1668,4096x4096)[Akiyama et al.(2021)] =
0'80 2 4 6 8 10 12 14 0‘50 5 :1 é é 1[0 1'2 14
H = Hpaif ) L= Upalf
ALF works ALF fails

WV agrees with ALF WV gives a prediction? [26/33]
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5. Application to various models

5-4. Group manifolds [MF, in preparation]



Path integral over group manifold (1/2)

[MF, in preparation]

Deformation of the integration surface: T
________________ -
Cauchy’s thm IG_
o [_1dug [ePP0oU,) ¥ | (du), e o)
= _S — _
Joldug e J,(@u), e

severe sign problem  sign problem significantly reduced Uo &

Define DS(U) by

Maurer Cartan forms
5S(U) = —tr(SUU DS (U)

0, =dU, U, =>'T, 62 on %, =G
) a . T n
H=duU"=>T,6°onZx U=l S(U.)]U
” [S(U)] =-trUU DS ()
=+tr[DS(U)]'DS(U) >0

6% is linearin 65 : 6' =) E.6;

(dU), =G A AO" =0, AN O,

=|dU, | [27/33]



Path integral over group manifold (2/2)

[, (du), eV o) t-independent [MF. in preparation]
(0) == ~S(U)
J;t (dU), e t-independent
. j dte™W® jzt (du), eV o)
N W (1) ~S(U)
[dte jzt (du), e
-V (U)
) [JaU e e FU)OU) 4y,
I |dU |, e V) F) inv vol element of R
R R t
V(U)=ReSU)+W (tU)) / U+adu,
/ " “t+dt
dt (dU . _
F(U) = ( )Zt e i IMSU) _ -1 detE o1 ImSU) Lt 0
|dU |, \/; (height) | |73
Constrained molecular dynamics (RATTLE) on R J/1dU, =r1du, | t

(base area)

can be defined in a similar way to the flat case (ds? =Retr0'0 = 7,626

- exact reversibility
- exact volume preservation

- approximate energy conservation to O(As®) at one MD step [28/33]



E.g. 1-site with a pure imaginary coupling

[MF, in preparation]
G =5SU(2)

au)zﬂau)sgwdz—U—u*ﬁ(ﬂeiR)

analytic result: (e)=1-1,(8)/1,(B)

numerical result (WV-HMCQ):

Re(e)

2.0
1.5

1.0

Fod

H

4
'_

0.5

0.5 1.0 1.5 2.0

[29/33]



E.g. 1-site with a topological term

[MF, in preparation]
G=U(2) (NB:U(2)=SU(2)xU(1)/Z, = SU(2)xU())

S(U)=pelU)-16qU)
s—ﬁtr(u +U—1)—itr(u —U‘l)
A

A
(,B,QE]R)

result (WV-HMC):  [B=05, 8=nz(n=1...,5)]

Im(q)

0.15
0.10

0.05

0l
[30/33]
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5. Application to various models

5-5. Real-time dynamics [MF+, ongoing]



Case 1: Thermal equilibrium

[MF+, ongoing]

iHT AT | X
Target trz\‘/ﬂH\ef’)(t O x) ,4I\|m'[ lx = (t,X)
PR = 1 1 - n’ n i
<O(t1,xl) O(tmxn))ﬂ = tre‘ﬂH €, = tle t2 ’[1 T Ret

where

O(x) = e“s'X@(O) eilf’-x (X _(t, X)) oiHT  oifT

Path-integral representation

lattice Schwinger-Keldysh path
parameter-dependent temporal lattice spacing [Alexandru et al. 2017]

1 (o, —o o)2
~ V(¢x)+v(¢x+0) + - 2X+

S((D):Zexad_l 2[1 i ] 2 2€X - (X:(t,X))
X +4_a2 4 |:(¢x _¢x+i) + ((Dx+0 _¢x+0+i)

(Pt %) 0t X)), = [ (d@)e* Doty x,) -+ o(t,. X, )/ :_(d 0)e S

Large time separations (At) 2 443 encounters the ergodicity problem WV-HMC
[Alexandru et al. 2017]

First target : Transport coefficients [MF+, ongoing]

directly calculate from real-time correlators (w/o using Kubo relation) (31/33]



Case 2: Nonequilibrium processes

[MF+, ongoing]

Initial density matrix 0,

e|HTe—|HT

Vv
(Ot %) O(t, X, )) = tr py C’)(tl,ttl)-..(’)(tn,xn)
)

e|HTe—|HT

(Pt %)@t X)), = [ [de) e *Po(t,, x,) -+ o(t, x,) / [ (dg)e >

The computation is essentially the same as before.

[32/33]



1.
2.

Introduction

. [Witten 2010, Cristoforetti et al. 2012,
Lefschetz thimble (LT) method Ft:jii ot al. 2013]'

/ Generalized thimble (GT) method [Alexandru et al 2017]
Tempered Lefschetz thimble (TLT) method [MF-Umeda 2017]

Worldvolume Hybrid Monte Carlo (WV-HMC) method
[MF-Matsumoto 2020]

Application to various models

5-1. Complex scalar at finite density [MF-Namekawa, in preparation]
5-2. Chiral random matrix model [MF-Matsumoto 2020]

5-3. Hubbard model [MF-Namekawa, in preparation]

5-4. Group manifolds [MF. in preparation]

5-5. Real-time dynamics [MF+, ongoing]

Summary and outlook



Summary and outlook

B Summary : WV-HMC algorithm has been extended to various cases successfully

- exact reversibility
- exact volume preservation
- approximate energy conservation to O(As?) at one MD step

® Outlook
¥ Roadmap to finite-density QCD with WV-HMC :
local fields
(e.g. complex scalars) 5 pure YM ———
(e.g. w/ finite 0)

roup manifolds  —- - :
(ge 1p—site model) [MF, MF-Kuwahara- — flnlte-den5|ty QCD
-9 -Namekawa-..., ongoing] (w/ or w/o 6)

[MF-Kanamori-Kuwahara-
-Namekawa-..., ongoing]

fermions
(e.g. Thirring, Stephanov, Hubbard)

¥ Developing the algorithm itself (MF, ongoing]
- incorporation of machine learning techniques

- incorporation of other algorithm(s)

(e.g.) path optimization and/or tensor RG (non-MC) «¢f) TRG for 2D YM:
[MF-Kadoh-Matsumoto 2107.14149, ...]

V¥ Important in the near future : MC for real-time dyn of quant many-body systems
[MF+, ongoing]

first-principles calculations of nonequilibrium processes
(such as the early universe, heavy-ion collision experiments, new devices, ...) [33/33]



Thank you.
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