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Long term problem: 
               Define instanton on lattice in a natural manner.

Conclusion:  
                 Must refine Wilson’s lattice gauge field at a definition level. 
                 This can be—and has to be—done by higher category theory.  
This leads to a systematic rethinking of what “lattice QFT” really is. 

motivation, principle & math: [2406.06673]
explicitly: with Peng Zhang  [2411.07195]



I will NOT: introduce category theory itself
in fact, lattice theory helped me learn higher category theory

The story can be highly formal, but it can also be very physically intuitive.
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The Big Picture

Refined Lattice Yang-Mills Path Integral

Plaquette d.o.f. and weight

Further Remarks

Cube d.o.f. and weight; Chern-Simons saddle

Hypercube d.o.f. and weight; instanton
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Wilson’s lattice gauge theory: G d.o.f. on each link

Problem: continuum

either single-valued  
or discontinuous map

same issue for group cohomology lattice models for 
topological order, when the group becomes continuous

config space 
connected

instanton number 
discrete

any two configs can 
continuously deform 
to each other



topological operators lost 
      when putting continuous-valued d.o.f. on lattice

connected discrete

Very general problem:

either single-valued  
or discontinuous



topological operators lost 
      when putting continuous-valued d.o.f. on lattice
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π1   physics 
solved by Villainization
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π3  (or higher)   physics 
groups/fibre bundles fail 
higher category theory 
necessary

π2   physics 
solved by 
spinon-decomposition

  nlsm:  WZW, skyrmion, hedgehogS3

topological operators lost 
      when putting continuous-valued d.o.f. on lattice
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becomes finite dimensional
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but not in the naive way

conceptually refine to capture
homotopy / interpolation
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 nlsm (XY):  VillainizationS1

Continuous deformable to each other! 
(only on lattice, not in continuum)

w=1 w=0we feel:



If link embedded in continuum,  
how does θ interpolate?

 nlsm (XY):  VillainizationS1
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 nlsm (XY):  VillainizationS1

but Villain model allows us to do more:

vortex fugacity 
or even a delta function

invented by Berezinsky!

(manifests dual symm)



U(1) lattice gauge theory:  Villainization

real field on link — now real gauge flux F on plaquette
 field on vertex — now U(1) gauge field A on linkS1



U(1) lattice gauge theory:  Villainization

real field on link — now real gauge flux F on plaquette

highest weight F

lower weight F

 field on vertex — now U(1) gauge field A on linkS1



winding in 1d — now Dirac quantized flux in 2d

U(1) lattice gauge theory:  Villainization

vortex in 2d — now monopole in 3d

 field on vertex — now U(1) gauge field A on linkS1

real field on link — now real gauge flux F on plaquette

“delooping of cat”



winding in 1d — now Dirac quantized flux in 2d

U(1) lattice gauge theory:  Villainization

vortex in 2d — now monopole in 3d

lattice U(1) chiral Chern-Simons-Maxwell    Ze-An Xu, JYChen [2410.11034]

lattice abelian instanton  Tin Sulejmanpasic, Christof Gattringer [1901.02637]

 field on vertex — now U(1) gauge field A on linkS1

real field on link — now real gauge flux F on plaquette

lattice fractional Hall conductivity   JYChen [1902.06756]



×





π1  and π2  physics on lattice (known): 
form principal bundles
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 nlsm (XY):  VillainizationS1  nlsm:  spinon-decompositionS2
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seems now we want

⇡2

⇡1

⇡0

⇠=

⇠=

⇡3

⇠= SU(N)

The “??” is on link (nlsm) or plaquette (YM), should compose. 
But finite dimensional Lie group always has trivial π2 !  

skrymion / instanton

WZW density / instanton density

WZW curving / CS



More general cases: 
Mathematically impossible for  
group theory / fibre bundles to fulfill goal 

need more flexible “rules of the game”

π1  and π2  physics on lattice (known): 
form principal bundles

anafunctor in cat theory



much like some kind of board game:

woodsroad

river
river

Which types of castle 
are allowed to play here? 



continuum gauge field: 
looks simple, 
but infinite dim. path int.

lattice gauge field: 
looks complicated, 
but finite dim. path int.



continuum gauge field: 
looks simple, 
but infinite dim. path int.

lattice gauge field: 
looks complicated, 
but finite dim. path int.

Wilson’s theory



continuum gauge field: 
looks simple, 
but infinite dim. path int.

lattice gauge field: 
looks complicated, 
but finite dim. path int.

A grand picture is unfolding, where
Wilson’s dream
and

Grothendieck’s dream
come into splice.

use lattice QFT to make sense of QFT

use weak higher categories as foundation of homotopy theory
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Wilson’s traditional lattice gauge theory (we focus on SU(2) now)
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refined version — categorical generalization of Villainization

with Peng Zhang 
   [2411.07195]
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refined version — categorical generalization of Villainization

cube d.o.f. — dynamical CS phase

cube weight — CS saddle & CS sensitivity (technical part)



refined version — categorical generalization of Villainization

hypercube d.o.f. — Villainization

hypercube weight 
over instanton density

topological theta term
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plaquette d.o.f. — NOT group or fibre bundle

plaquette weight

refined version — categorical generalization of Villainization



traditionally:

traditional link weight:

<latexit sha1_base64="UWcJjpdmEL1j3ty2RCg07EJCk9s=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDKjUt0IRV24rGAf0JkOmUxmGprMDElGKEM/wo2/4saFIm5duPNvTB8Lbb2QcHLOPdzc46eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3mjLJBCYNnLBEtH0kCaMxaSiqGGmngiDuM9Ly+9cjvfVAhKRJfK8GKXE5imIaUoyUpjzz6CbyUngJG/om3Zw6THsDpF+OpBFH3dPhSOvmx/bQM8tWxRoXnAf2FJTBtOqe+eUECc44iRVmSMqObaXKzZFQFDMyLDmZJCnCfRSRjoYx4kS6+XipITzQTADDROgTKzhmfztyxKUccF93cqR6clYbkf9pnUyFF25O4zRTJMaTQWHGoErgKCEYUEGwYgMNEBZU/xXiHhIIK51jSYdgz648D5onFbtaqd6dlWtX0ziKYA/sg0Ngg3NQA7egDhoAg0fwDF7Bm/FkvBjvxsektWBMPbvgTxmfP7ffnWU=</latexit>

Dgp = Upe
i�p�

3

U�1
p

W only depends on eigenvalue — gauge invariance



traditionally:

<latexit sha1_base64="UWcJjpdmEL1j3ty2RCg07EJCk9s=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDKjUt0IRV24rGAf0JkOmUxmGprMDElGKEM/wo2/4saFIm5duPNvTB8Lbb2QcHLOPdzc46eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3mjLJBCYNnLBEtH0kCaMxaSiqGGmngiDuM9Ly+9cjvfVAhKRJfK8GKXE5imIaUoyUpjzz6CbyUngJG/om3Zw6THsDpF+OpBFH3dPhSOvmx/bQM8tWxRoXnAf2FJTBtOqe+eUECc44iRVmSMqObaXKzZFQFDMyLDmZJCnCfRSRjoYx4kS6+XipITzQTADDROgTKzhmfztyxKUccF93cqR6clYbkf9pnUyFF25O4zRTJMaTQWHGoErgKCEYUEGwYgMNEBZU/xXiHhIIK51jSYdgz648D5onFbtaqd6dlWtX0ziKYA/sg0Ngg3NQA7egDhoAg0fwDF7Bm/FkvBjvxsektWBMPbvgTxmfP7ffnWU=</latexit>

Dgp = Upe
i�p�

3

U�1
p

think of the interpolation in SU(2) 
pictured as a 3-ball with center=+1, surface=-1



traditionally:

<latexit sha1_base64="UWcJjpdmEL1j3ty2RCg07EJCk9s=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDKjUt0IRV24rGAf0JkOmUxmGprMDElGKEM/wo2/4saFIm5duPNvTB8Lbb2QcHLOPdzc46eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3mjLJBCYNnLBEtH0kCaMxaSiqGGmngiDuM9Ly+9cjvfVAhKRJfK8GKXE5imIaUoyUpjzz6CbyUngJG/om3Zw6THsDpF+OpBFH3dPhSOvmx/bQM8tWxRoXnAf2FJTBtOqe+eUECc44iRVmSMqObaXKzZFQFDMyLDmZJCnCfRSRjoYx4kS6+XipITzQTADDROgTKzhmfztyxKUccF93cqR6clYbkf9pnUyFF25O4zRTJMaTQWHGoErgKCEYUEGwYgMNEBZU/xXiHhIIK51jSYdgz648D5onFbtaqd6dlWtX0ziKYA/sg0Ngg3NQA7egDhoAg0fwDF7Bm/FkvBjvxsektWBMPbvgTxmfP7ffnWU=</latexit>

Dgp = Upe
i�p�

3

U�1
p

think of the interpolation in SU(2) 
pictured as a 3-ball with center=+1, surface=-1

ambiguous when:
<latexit sha1_base64="3QHiBpd3kj79pFhMppQ77i1OlAQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpKIVJdFXbisYB/QhjCZTtKhk5kwM1FCqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5AwqrTjfFulldW19Y3yZmVre2d3z94/6CiRSkzaWDAhewFShFFO2ppqRnqJJCgOGOkG4+up330gUlHB73WWEC9GEachxUgbyberN5GfwIGk0UgjKcUjPHV9u+bUnRngMnELUgMFWr79NRgKnMaEa8yQUn3XSbSXI6kpZmRSGaSKJAiPUUT6hnIUE+Xls+Mn8NgoQxgKaYprOFN/T+QoViqLA9MZIz1Si95U/M/rpzq89HLKk1QTjueLwpRBLeA0CTikkmDNMkMQltTcCvEISYS1yatiQnAXX14mnbO626g37s5rzasijjI4BEfgBLjgAjTBLWiBNsAgA8/gFbxZT9aL9W59zFtLVjFTBX9gff4Au1yUMQ==</latexit>

Dgp ! �1



refined — different ways of interpolation

<latexit sha1_base64="UWcJjpdmEL1j3ty2RCg07EJCk9s=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDKjUt0IRV24rGAf0JkOmUxmGprMDElGKEM/wo2/4saFIm5duPNvTB8Lbb2QcHLOPdzc46eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3mjLJBCYNnLBEtH0kCaMxaSiqGGmngiDuM9Ly+9cjvfVAhKRJfK8GKXE5imIaUoyUpjzz6CbyUngJG/om3Zw6THsDpF+OpBFH3dPhSOvmx/bQM8tWxRoXnAf2FJTBtOqe+eUECc44iRVmSMqObaXKzZFQFDMyLDmZJCnCfRSRjoYx4kS6+XipITzQTADDROgTKzhmfztyxKUccF93cqR6clYbkf9pnUyFF25O4zRTJMaTQWHGoErgKCEYUEGwYgMNEBZU/xXiHhIIK51jSYdgz648D5onFbtaqd6dlWtX0ziKYA/sg0Ngg3NQA7egDhoAg0fwDF7Bm/FkvBjvxsektWBMPbvgTxmfP7ffnWU=</latexit>

Dgp = Upe
i�p�

3

U�1
p

<latexit sha1_base64="3GbE1/QiNHCQ5Z4SVJ3Ev87XhZ4=">AAACCXicbVDLSgMxFM34rPU16tJNsAgVpMyIVDdCURcuK9iHtGXIpJk2NMmEJCOUoVs3/oobF4q49Q/c+Tem7Sy09cC9HM65l+SeUDKqjed9OwuLS8srq7m1/PrG5ta2u7Nb13GiMKnhmMWqGSJNGBWkZqhhpCkVQTxkpBEOrsZ+44EoTWNxZ4aSdDjqCRpRjIyVAhcOA3lRvO4F8hjycWv3kUnFKJBHsE0FvA/cglfyJoDzxM9IAWSoBu5XuxvjhBNhMENat3xPmk6KlKGYkVG+nWgiER6gHmlZKhAnupNOLhnBQ6t0YRQrW8LAifp7I0Vc6yEP7SRHpq9nvbH4n9dKTHTeSamQiSECTx+KEgZNDMexwC5VBBs2tARhRe1fIe4jhbCx4eVtCP7syfOkflLyy6Xy7WmhcpnFkQP74AAUgQ/OQAXcgCqoAQwewTN4BW/Ok/PivDsf09EFJ9vZA3/gfP4AGPCYtA==</latexit>

yp = (Dgp,mp, n̂p) 2 Y



refined — different ways of interpolation

<latexit sha1_base64="UWcJjpdmEL1j3ty2RCg07EJCk9s=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDKjUt0IRV24rGAf0JkOmUxmGprMDElGKEM/wo2/4saFIm5duPNvTB8Lbb2QcHLOPdzc46eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3mjLJBCYNnLBEtH0kCaMxaSiqGGmngiDuM9Ly+9cjvfVAhKRJfK8GKXE5imIaUoyUpjzz6CbyUngJG/om3Zw6THsDpF+OpBFH3dPhSOvmx/bQM8tWxRoXnAf2FJTBtOqe+eUECc44iRVmSMqObaXKzZFQFDMyLDmZJCnCfRSRjoYx4kS6+XipITzQTADDROgTKzhmfztyxKUccF93cqR6clYbkf9pnUyFF25O4zRTJMaTQWHGoErgKCEYUEGwYgMNEBZU/xXiHhIIK51jSYdgz648D5onFbtaqd6dlWtX0ziKYA/sg0Ngg3NQA7egDhoAg0fwDF7Bm/FkvBjvxsektWBMPbvgTxmfP7ffnWU=</latexit>

Dgp = Upe
i�p�

3

U�1
p

<latexit sha1_base64="3GbE1/QiNHCQ5Z4SVJ3Ev87XhZ4=">AAACCXicbVDLSgMxFM34rPU16tJNsAgVpMyIVDdCURcuK9iHtGXIpJk2NMmEJCOUoVs3/oobF4q49Q/c+Tem7Sy09cC9HM65l+SeUDKqjed9OwuLS8srq7m1/PrG5ta2u7Nb13GiMKnhmMWqGSJNGBWkZqhhpCkVQTxkpBEOrsZ+44EoTWNxZ4aSdDjqCRpRjIyVAhcOA3lRvO4F8hjycWv3kUnFKJBHsE0FvA/cglfyJoDzxM9IAWSoBu5XuxvjhBNhMENat3xPmk6KlKGYkVG+nWgiER6gHmlZKhAnupNOLhnBQ6t0YRQrW8LAifp7I0Vc6yEP7SRHpq9nvbH4n9dKTHTeSamQiSECTx+KEgZNDMexwC5VBBs2tARhRe1fIe4jhbCx4eVtCP7syfOkflLyy6Xy7WmhcpnFkQP74AAUgQ/OQAXcgCqoAQwewTN4BW/Ok/PivDsf09EFJ9vZA3/gfP4AGPCYtA==</latexit>

yp = (Dgp,mp, n̂p) 2 Y



refined — different ways of interpolation

<latexit sha1_base64="UWcJjpdmEL1j3ty2RCg07EJCk9s=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDKjUt0IRV24rGAf0JkOmUxmGprMDElGKEM/wo2/4saFIm5duPNvTB8Lbb2QcHLOPdzc46eMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3mjLJBCYNnLBEtH0kCaMxaSiqGGmngiDuM9Ly+9cjvfVAhKRJfK8GKXE5imIaUoyUpjzz6CbyUngJG/om3Zw6THsDpF+OpBFH3dPhSOvmx/bQM8tWxRoXnAf2FJTBtOqe+eUECc44iRVmSMqObaXKzZFQFDMyLDmZJCnCfRSRjoYx4kS6+XipITzQTADDROgTKzhmfztyxKUccF93cqR6clYbkf9pnUyFF25O4zRTJMaTQWHGoErgKCEYUEGwYgMNEBZU/xXiHhIIK51jSYdgz648D5onFbtaqd6dlWtX0ziKYA/sg0Ngg3NQA7egDhoAg0fwDF7Bm/FkvBjvxsektWBMPbvgTxmfP7ffnWU=</latexit>

Dgp = Upe
i�p�

3

U�1
p

<latexit sha1_base64="3GbE1/QiNHCQ5Z4SVJ3Ev87XhZ4=">AAACCXicbVDLSgMxFM34rPU16tJNsAgVpMyIVDdCURcuK9iHtGXIpJk2NMmEJCOUoVs3/oobF4q49Q/c+Tem7Sy09cC9HM65l+SeUDKqjed9OwuLS8srq7m1/PrG5ta2u7Nb13GiMKnhmMWqGSJNGBWkZqhhpCkVQTxkpBEOrsZ+44EoTWNxZ4aSdDjqCRpRjIyVAhcOA3lRvO4F8hjycWv3kUnFKJBHsE0FvA/cglfyJoDzxM9IAWSoBu5XuxvjhBNhMENat3xPmk6KlKGYkVG+nWgiER6gHmlZKhAnupNOLhnBQ6t0YRQrW8LAifp7I0Vc6yEP7SRHpq9nvbH4n9dKTHTeSamQiSECTx+KEgZNDMexwC5VBBs2tARhRe1fIe4jhbCx4eVtCP7syfOkflLyy6Xy7WmhcpnFkQP74AAUgQ/OQAXcgCqoAQwewTN4BW/Ok/PivDsf09EFJ9vZA3/gfP4AGPCYtA==</latexit>

yp = (Dgp,mp, n̂p) 2 Y

The m label does not form a group! And Y not fibre bundle!



much like some kind of board game:

woodsroad

river
river

Which types of castle 
are allowed to play here? 



The Big Picture

Refined Lattice Yang-Mills Path Integral

Plaquette d.o.f. and weight

Further Remarks

Cube d.o.f. and weight; Chern-Simons saddle

Hypercube d.o.f. and weight; instanton



refined version — categorical generalization of Villainization

cube d.o.f. — dynamical CS phase

cube weight — CS saddle & CS sensitivity (technical part)



the dynamical CS phase actually forms a U(1) 
bundle over the space d.o.f. around the cube

dynamical CS phase d.o.f. over the cube

saddle point when
<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

positive, increasing function



CS saddle             constructed by standard interpolation  
of gauge holonomy into cube (~ Lüscher 1982)

<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

dynamical CS phase d.o.f. over the cube

saddle point when
<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

positive, increasing function

so deviation of   from CS saddle  
            ~ deviation from standard interpolation



dynamical CS phase d.o.f. over the cube

saddle point when
<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

positive, increasing function

CS sensitivity        approaches 0 when standard 
interpolation into cube becomes ambiguous

<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

CS saddle             constructed by standard interpolation  
of gauge holonomy into cube (~ Lüscher 1982)

<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

so deviation of   from CS saddle  
            ~ deviation from standard interpolation



To construct CS saddle                            , we need:

— for a given interpolation, an evaluation of the cube’s CS phase
— a standard interpolation of gauge holonomy into cube

<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|



— for a given interpolation, an evaluation of the cube’s CS phase
— a standard interpolation of gauge holonomy into cube

crucial: we only consider interpolation of Wilson loops starting at vertices 
—to avoid worrying about unnecessary gauge choices in the interior of cube

given d.o.f. and interpolations 
on the plaquettes around

construct a standard interpolation 
into the interior of cube

CS sensitivity        approaches 0  
when standard interpolation ambiguous

<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

To construct CS saddle                            , we need:
<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|



— a standard interpolation of gauge holonomy into cube
— for a given interpolation, an evaluation of the cube’s CS phase

To construct CS saddle                            , we need:
<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

in fact we only need the CS phase over all cubes on the boundary of hypercube



— a standard interpolation of gauge holonomy into cube
— for a given interpolation, an evaluation of the cube’s CS phase

To construct CS saddle                            , we need:
<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

in fact we only need the CS phase over all cubes on the boundary of hypercube

in cube weight

instanton density 
over hypercube

only need



Lüscher has an expression for instanton density over a hypercube  
                                    given the interpolation in the cubes around

but now we are using it differently:
—we allow general gauge holonomies, not just those close to 1

—CS phase saddle, not “the CS phase”; the latter fluctuates
—only the phase, not a real number, since integer part depends on gauge

— a standard interpolation of gauge holonomy into cube
— for a given interpolation, an evaluation of the cube’s CS phase

To construct CS saddle                            , we need:
<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

—re-express the phase saddle in a manifestly gauge invariant form
to avoid unnecessary gauge choices ambiguities in the interior of cube



— a standard interpolation of gauge holonomy into cube
— for a given interpolation, an evaluation of the cube’s CS phase

To construct CS saddle                            , we need:
<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

beautiful relation between CS in the space of gauge fields 
and WZW in the space of Wilson lines

CS phase saddle around hypercube manifestly gauge inv



dynamical CS phase d.o.f. over the cube

saddle point when
<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

positive, increasing function

CS sensitivity        approaches 0 when standard 
interpolation into cube becomes ambiguous

<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

CS saddle             constructed by standard interpolation  
of gauge holonomy into cube (~ Lüscher 1982)

<latexit sha1_base64="4BJW34n5VKHEL8WxPSuwS7kZzL0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiYi1Y1Q7MZlBfuAJobJdNoOnUzCzEQoaXZu/BU3LhRx6y+482+ctFlo64EZDufcy733+BGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHR9JwignTUUVI51IEBT4jLT9UT3z2w9ESBryOzWOiBugAad9ipHSkmcekvuEOgFSQ4xYUk89nMIr6PD4dKK/iWeWrYo1BVwkdk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjK9I4XHWunBfij04wpO1d8dCQqkHAe+rsw2lvNeJv7ndWPVv3QTyqNYEY5ng/oxgyqEWSiwRwXBio01QVhQvSvEQyQQVjq6kg7Bnj95kbTOKna1Ur09L9eu8ziK4AAcgRNggwtQAzegAZoAg0fwDF7Bm/FkvBjvxsestGDkPfvgD4zPH+vymVs=</latexit>

eiCc = ⌫/|⌫|

so deviation of   from CS saddle  
            ~ deviation from standard interpolation



The Big Picture

Refined Lattice Yang-Mills Path Integral

Plaquette d.o.f. and weight

Further Remarks

Cube d.o.f. and weight; Chern-Simons saddle

Hypercube d.o.f. and weight; instanton



refined version — categorical generalization of Villainization

hypercube d.o.f. — Villainization

hypercube weight 
over instanton density

topological theta term



Villainize the U(1) dynamical CS field on cube

instanton density 
over hypercube
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W4(Ih)
hypercube weight 
decreases with instanton density

(5d cell Yang monopole        )



“delooped CS bundle 2-gerbe (as a cubicial weak 4-group)” construction



hypercube d.o.f. — Villainization

hypercube weight 
over instanton density

topological theta term

“delooped CS bundle 2-gerbe (as a cubicial weak 4-group)” construction



cube d.o.f. — dynamical CS phase

cube weight — CS saddle & CS sensitivity (technical part)

“delooped CS bundle 2-gerbe (as a cubicial weak 4-group)” construction



plaquette d.o.f. — NOT group or fibre bundle

plaquette weight

“delooped CS bundle 2-gerbe (as a cubicial weak 4-group)” construction



traditional link d.o.f.

“delooped CS bundle 2-gerbe (as a cubicial weak 4-group)” construction



The Big Picture

Refined Lattice Yang-Mills Path Integral

Plaquette d.o.f. and weight

Further Remarks

Cube d.o.f. and weight; Chern-Simons saddle

Hypercube d.o.f. and weight; instanton



— Generalization to SU(N)

Weyl alcove in Cartan subalgebra (space of eigenvalues)
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SU(2) SU(3)
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     beyond-nearest-neighbor coupling for d.o.f. on lower higher dim. cells
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S3— Similar construction for       pion NLsM, get       baryons
but still need 4d WZW term, due to 
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thank you

— Generalization to SU(N)

— Extract physics of instanton density fluctuations

— Integrating out d.o.f. on higher dim. cells generates 
     beyond-nearest-neighbor coupling for d.o.f. on lower higher dim. cells

better control in renormalization
(recall vortex fugacity in BKT)

relation to Symanzik improvement?

— A lot of beautiful, deep themes in cat theory

— Optimization of the weight functions in numerics (not my expertise)
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back up



why cat(egory) necessary
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�l =

Z v0

v
d✓

 nlsm (XY):  VillainizationS1  nlsm:  spinon-decompositionS2

⇡2

⇡1

⇡0

⇡1

⇡0

⇠=

⇠=
⇠=

skrymion
Berry curvature

Berry connection



seems now we want
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seems now we want

⇡1

⇡0

⇠=

⇠=

⇡3

⇠= SU(N)

⇡2

skrymion / instanton

WZW density / instanton density

WZW curving / CS



seems now we want

⇡2

⇡1

⇡0

⇠=

⇠=

⇡3

⇠= SU(N)

The “??” is on link (for nlsm), should be able to compose. 
But finite dimensional Lie group always has trivial π2 !  

skrymion / instanton

WZW density / instanton density

WZW curving / CS



We need:

coverings that are not fibre bundles

d.o.f. that can be composed, but result is non-unique,  
and can talk about relations between different results 
— more flexible “game rules” than groups

=
'

'



much like some kind of board game:

woodsroad

river
river

Which types of castle 
are allowed to play here? 



pion non-linear sigma model



  nlsm:  2d WZW, 3d skyrmion, 4d hedgehogS3

traditional link field:

new link field: which covers SU(2)
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plaquette field: given the vertex fields and link fields, 
want to sample the surface, but not too much details: 
deviation from min surface captured by U(1) — WZW integral
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phase of µ: volume of pyramid

|µ| decreases as loop grows,  
|µ|=0 when min surf ambiguous



  nlsm:  2d WZW, 3d skyrmion, 4d hedgehogS3

plaquette field: given the vertex fields and link fields, 
want to sample the surface, but not too much details: 
deviation from min surface captured by U(1) — WZW integral

phase of µ: volume of pyramid

|µ| decreases as loop grows,  
|µ|=0 when min surf ambiguous

2d lattice WZW:  



  nlsm:  2d WZW, 3d skyrmion, 4d hedgehogS3

cube field: Villainize the U(1) WZW field on plaquette

skrymion density

cube weight can be e.g. 

3d theta term: 



  nlsm:  2d WZW, 3d skyrmion, 4d hedgehogS3

cube field: Villainize the U(1) WZW field on plaquette

skrymion density

cube weight can be e.g. 

3d theta term: 

hypercube defect: baryon non-conservation

if forbid this by Lagrange multiplier
then the U(1) baryon conservation is manifest

(being Gaussian is not crucial)



a general relation between
continuum QFT and lattice QFT
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field in continuum nlsm what we need on lattice
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systematically rethink about lattice QFT

field in continuum nlsm what we need on lattice

still continuum theory, no new info 
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systematically rethink about lattice QFT

field in continuum nlsm what we need on lattice

still continuum theory 
no new info 
but lattice perspective

inf dim



systematically rethink about lattice QFT

field in continuum nlsm what we need on lattice

vague phys problem becomes 
    well-posed math problem !

find finite dim equiv



systematically rethink about lattice QFT

field in continuum nlsm what we need on lattice



systematically rethink about lattice QFT

field in continuum nlsm what we need on lattice

Resonates with development of homotopy theory in math! 
Grothendieck’s dream in his Pursuing Stacks



systematically rethink about lattice QFT

field in continuum Yang-Mills what we need on lattice

Take  and then “deloop” (involves Yang-Baxter equation) to get Yang-MillsT = G

Yang-Baxter automatically resolved by the physically intuitive construction


