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Characterizing the nuclear models 
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48Ca Radius EXperiment − CREX
208Pb Radius EXperiment − PREX

• arXiv.2406.05267

https://arxiv.org/abs/2406.05267
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• Nuclear models 

• Symmetry energy & Neutron skin experiments (PREX & CREX)  

• Tensions between PREX+CREX and mean field models 

• Constraints on bulk properties (symmetry energy) 

• Constraints on surface properties (spin-orbit coupling) 

• Takeaways



Chiral Effective Field Theory ( EFT)χ

• Low-energy-constant uncertainty: 
nucleon contact vortex is fitted to 
light-bound states, e.g. Deuteron. 

• Regulator uncertainty for EFT: 
Cut-off  
tested. 

• Manybody uncertainty: 
tested to be subdominant, 
controlled by model mixing. 

• Truncation uncertainty for EFT: 
modeled with Gaussian Process.

Λ = 450 MeV, 500 MeV

χ

Piarulli and Tews 2021

Entem and Machleidt 2003

Hu et al. 2022

Drischler et al. 

Credit: R. Machleid

state-of-the-art
𝒪([p, mπ]4)

https://arxiv.org/2002.00032
https://arxiv.org/abs/nucl-th/0304018
https://www.nature.com/articles/s41567-022-01715-8
https://arxiv.org/abs/2004.07232


Hartree-Fork Approximation
• Nucleon Green’s function: 

 

• Two body interactions: 
 

• Hartree potential: 
 

• Fork potential: 
 

Gj(x, x′￼) = < ψj(x)ψ†
j (x′￼) >

V(x, x′￼)

VHartree(x) = − ∑
j

∫ V(x, x′￼)Gj(x′￼, x′￼)dx′￼

VFock(x)ψi(x) = ∑
j

∫ V(x, x′￼)Gj(x, x′￼)ψi(x′￼)dx′￼

+

x

x′￼

j

i
jx x′￼

i

• Schrödinger equation: 
 

• Skyrme model: 
 (spin, momentum)

(Hkinetic + VHartree + VFork)ψi = ϵiψi

V(x, x′￼) ∝ δ(r − r′￼)×

ix′￼x

x x′￼

j



Relativistic mean-field model (RMF)

• 1. Nucleon interactions:  e.g. vector isoscalar  
Yukawa interactions mediated by scalar(vector)-isoscalar(isovector) mesons 

• 2. Relativistic Hartree potential : 
from classical meson fields  

• 3. Klein–Gordon equation: e. g.  
nucleons source meson fields 

• 4. Dirac equation:  
eigenvalue problem determines nucleon levels. 
spin is included automatically in the spinor.

gωψ†γμωμψ

VHartree(x)
σ(500), δ(980), ω(783), ρ(776)

( □ + m2 + Vself)ω = np + nn

(iγμ∂μ − m + VHartree)ψ = 0

Relativistic Hartree Approximation

r (fm)

n 
(fm

)
−
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Infinite Nuclear Matter E(u = nB/ns, x = np/nB)

7

C. Drischler et. al. 2020

Neutron star matter  Pure neutron matter = Symmetric nuclear matter + Symmetry  energy≈

BE +
K
18

(u − 1)2 + …

Sv +
L
3

(u − 1) +
KSYM

18
(u − 1)2 + …

E(nB, x) ≈
ESNM(u) ESYM(u)+ (1 − 2x)2 + …

Neutron Skin   
is “perpendicular” to others

ΔR = Rn − Rp

 

 

Symmetry Energy SV
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L = 30 − 90 MeV
ΔR208Pb = 0.11 − 0.25 fm

Neu
tro

n s
kin

 in
cr

ea
se

s



Credit: Michaela Thiel
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Neutron skin 
experiments

https://www.physics.umass.edu/acfi/sites/acfi/files/slides/mthiel_overview_exp.pdf
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Parity violating

Fch FW− = ΔF

The parity violating asymmetry :

APV =
σR − σL

σR + σL

The form factors

Jμ
Z = −

1
2

ψ̄LγμψL − sin2(Θ)ψ̄γμψ

The weak interaction violates parity :

CREX PREX

(N,Z) (28,20) Ca (126,82) Pb

q (fm-1) 0.8733 0.3977

Fch, Rch(fm) 0.1581, 3.481 0.409, 5.503

Apv 2668±106(stat)
±40(syst)

550±16(stat)
±8(syst)

Fw 0.1304±0.0052(sta
t)±0.002(syst)

0.368±0.013(exp)
±0.001(theo)

Fch-Fw 0.0277±0.0052(sta
t)±0.002(syst)

0.041±0.013(exp)
±0.001(theo)

Rw 3.64±0.026(exp)
±0.023(theo) 5.8±0.075(tot)

Rw-Rch 0.159±0.026(exp)
±0.023(theo) 0.297±0.075(tot)

Rn-Rp 0.121±0.026(exp)
±0.024(theo) 0.283±0.071(tot)

PREX II 2021PREX I 2012CREX 2022
MREX: 208Pb at different momentum q (expected 2030)

electron scattering

long.  
polarized

Bohn approx. 
“back-up slide”

https://arxiv.org/pdf/1201.2568.pdf
https://arxiv.org/pdf/2205.11593.pdf
https://arxiv.org/pdf/2102.10767.pdf
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Post PREX-CREX era

Pre PREX-CREX era models
ψ̄ ( gδ

2
τ ⋅ δ) ψ

UNDEF1 90 % C . I .

Pre PREX-CREX era



Post PREX-CREX era

+Post PREX-CREX era models with delta-meson interaction
ψ̄ ( gδ

2
τ ⋅ δ) ψ

RMF models 2 − σ C . R .

RMF models reaches 1 − σ C . R .

Pre PREX-CREX era



• What nuclear properties can we learn from the experiment?


• Why are Skyrme models more compatible than RMF models?


• How may the mean-field model improve in the future?

Post PREX-CREX era
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Skyrme and RMF samples

Skyrme models



Skyrme and RMF samples

RMF models



Symmetry energy SV

                      Linear correlation of form factor difference

S(n) = SV

+
L
3

(
n
nS

− 1) + ⋯

•  and  are 
positively correlated for 
nuclear models with fixed  

• The correlation is linear:
 

• Fitting parameter for RMF 
(Skyrme) models:

ΔFCa48 ΔFPb208

SV

Sv = aΔFCa48 + bΔFPb208 + c



Symmetry energy slope L

                                  Linear correlation of form factor difference

S(n) = SV

+
L
3

(
n
nS

− 1) + ⋯

• A similar correlation for  
has an opposite slope! 

• The correlation is linear:
 

• Fitting parameter for RMF 
(Skyrme) models:

L

L = a′￼ΔFCa48 + b′￼ΔFPb208 + c′￼



Constraints on (  , ) from ( , )SV L ΔFCa48 ΔFPb208

                                   Compare with prior knowledge of Sv and L

•  and  can be fixed by 
 and(or) :

  

• PREX: 
=0.041 

±0.013(exp)±0.001(theo) 

• CREX: 
=0.0277 

±0.0052(stat)±0.002(syst)  

• PREX+CREX:

SV L
ΔFCa48 ΔFPb208

SV = aΔFCa48 + bΔFPb208 + c
L = a′￼ΔFCa48 + b′￼ΔFPb208 + c′￼

ΔFPb208

ΔFCa48

Reed et al. 2021
Tews et al. 2017
Kortelainen et al. 2010

Piekarewicz et al. 2012



Bayesian posterior
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Isovector spin-orbit force

Linear correlation of form factor difference

• Isovector spin-orbit force is 
independent of  and  
in Skyrme (not in RMF) model.


• Spin-orbit force in Skyrme model: 
 

 
The freedom  improves the 
Skyrme model performance.


•  limit of RMF model: 

 

large -meson coupling improves 
the RMF models.

SV L

HSO = b4J ⋅ ▿n
+b′￼4(Jn ⋅ ▿nn + Jp ⋅ ▿np)

b′￼4

v ≪ c

b′￼4 ≈
1

8m2 ( g2
δ

m2
δ

+
g2

ρ

m2
ρ )

δ



Isovector spin-orbit force

Linear correlation of form factor difference

• Isovector spin-orbit force is 
independent of  and  
in Skyrme (not in RMF) model.


• Spin-orbit force in Skyrme model: 
 

 
The freedom  improves the 
Skyrme model performance.


•  limit of RMF model: 

 

large -meson coupling improves 
the RMF models.

SV L

HSO = b4J ⋅ ▿n
+b′￼4(Jn ⋅ ▿nn + Jp ⋅ ▿np)

b′￼4

v ≪ c

b′￼4 ≈
1

8m2 ( g2
δ

m2
δ

+
g2

ρ

m2
ρ )

δ



Impact of  on neutron skin b′￼4 ΔRnp

                     Radial density profile of proton and neutron for 208Pb

•  of Pb increases with 


•  of Ca decreases with 


• Large  reduces the tension 
between PREX and CREX.


• 90% lower bound of :
 




• The large density fluctuation 
inside nuclei may be reduced by 
introducing addition tensor interactions, 
see M. Salinas and J. Piekarewicz 2024 
(arXiv:2312.13474) 

ΔRnp
208 b′￼4

ΔRnp
48 b′￼4

b′￼4

b′￼4
b′￼4 ≳ 0.74 fm4 (Skyrme)
b′￼4 ≳ 0.54 fm4 (RMF)

https://arxiv.org/abs/2312.13474


Impact of  on neutron skin b′￼4 ΔRnp

                     Radial density profile of proton and neutron for 48Ca

•  of Pb increases with 


•  of Ca decreases with 


• Large  reduces the tension 
between PREX and CREX.


• 90% lower bound of :
 




• The large density fluctuation 
inside nuclei may be reduced by 
introducing addition tensor interactions, 
see M. Salinas and J. Piekarewicz 2024 
(arXiv:2312.13474) 

ΔRnp
208 b′￼4

ΔRnp
48 b′￼4

b′￼4

b′￼4
b′￼4 ≳ 0.74 fm4 (Skyrme)
b′￼4 ≳ 0.54 fm4 (RMF)

https://arxiv.org/abs/2312.13474


Impact of  on neutron skin b′￼4 ΔRnp

       Linear correlation of form factor difference with fixed b’4

•  of Pb increases with 


•  of Ca decreases with 


• Large  reduces the tension 
between PREX and CREX.


• 90% lower bound of :
 




• The large density fluctuation 
inside nuclei may be reduced by 
introducing addition tensor interactions, 
see M. Salinas and J. Piekarewicz 2024 
(arXiv:2312.13474) 

ΔRnp
208 b′￼4

ΔRnp
48 b′￼4

b′￼4

b′￼4
b′￼4 ≳ 0.74 fm4 (Skyrme)
b′￼4 ≳ 0.54 fm4 (RMF)

https://arxiv.org/abs/2312.13474


Impact of  on neutron skin b′￼4 ΔRnp

                    Bayesian posterior prefers large density fluctuation

•  of Pb increases with 


•  of Ca decreases with 


• Large  reduces the tension 
between PREX and CREX.


• 90% lower bound of :
 




• The large density fluctuation 
inside nuclei may be reduced by 
introducing addition tensor interactions, 
see M. Salinas and J. Piekarewicz 2024 
(arXiv:2312.13474) 

ΔRnp
208 b′￼4

ΔRnp
48 b′￼4

b′￼4

b′￼4
b′￼4 ≳ 0.74 fm4 (Skyrme)
b′￼4 ≳ 0.54 fm4 (RMF)

https://arxiv.org/abs/2312.13474


Free Tensor Interaction
• Spin-orbit force in Skyrme model: 

 
 

Tensor force in Skyrme model: 
 

The freedom ,  and improve 
the Skyrme model performance, 
see arXiv.2406.03844: 
S240 and eS240:  fm  
S500 and eS500:  fm 


• which is consistent with our analysis: 
 fm  

and 90% lower bound:
 

HSO = b4J ⋅ ▿n
+b′￼4(Jn ⋅ ▿nn + Jp ⋅ ▿np)

HT = bJJ2 + b′￼J(J2
n + J2

p)
b′￼4 b′￼4 b′￼4

b′￼4 = 0.6 −4

b′￼4 = 1.3 −4

b′￼4 = 1.37 ± 0.49 −4

b′￼4 ≳ 0.74 fm4 (Skyrme)
b′￼4 ≳ 0.54 fm4 (RMF)

T.G. Yue, Z. Zhang, L.W. Chen arXiv.2406.03844

https://arxiv.org/abs/2406.03844
https://arxiv.org/abs/2406.03844


• What nuclear properties can we learn from the experiment? 
PREX+CREX prefers much Larger  than expected.


• Why are Skyrme models more compatible than RMF models? 
The freedom in isovector spin-orbit interaction .


• How may the mean-field model improve in the future? 
Increase the degree of freedom on surface-related isovector 
interactions, e.g. isovector spin-orbit interaction, isovector 
tensor interaction.

SV

b′￼4

Take away

see arXiv.2406.05267 
Tianqi Zhao, Zidu Lin, Bharat Kumar, Andrew Steiner, Madappa Prakash

https://arxiv.org/abs/2406.05267
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Neutral current 
interaction 

Coulomb interaction 

Unified description 
Coulomb distortion

Electric form factor

Weak form factor

Parity violation 
asymmetry

Born approximation

Neutron skin of 
closed shell nucleus

Neutron(weak) radius

Bulk nuclear matter 
propertiesNeutron star radius

Static field Dirac EQ

Reinhard 2021 Horowitz 2000 Lin 2015Horowitz 1998 Steiner 2005 PREX II 2021

PREX I 2012Chen 2010
CREX 2022

Reed 2021

https://arxiv.org/pdf/2105.15050.pdf
https://arxiv.org/pdf/nucl-th/9912038.pdf
https://arxiv.org/pdf/1505.06358.pdf
https://arxiv.org/pdf/nucl-th/9801011.pdf
https://arxiv.org/pdf/nucl-th/0410066.pdf
https://arxiv.org/pdf/2102.10767.pdf
https://arxiv.org/pdf/1201.2568.pdf
https://arxiv.org/pdf/1004.4672.pdf
https://arxiv.org/pdf/2205.11593.pdf
https://arxiv.org/pdf/2101.03193.pdf


QED and Weak interaction

• Lagrange involving electron: 

 

 is electron 4-current, 
and  

Weak mixing angle:  

 GeV,    GeV,    

• Z boson propagator:    

• 4-Fermi effective interaction at zero momentum : 

ℒ = iψ̄γμ∂μψ − mψ̄ψ + eJμAμ +
gW

cos(ΘW)
Jμ

ZZμ −
M2

Z

2
ZμZμ + …

Jμ = (ρE, j) = ψ̄γμψ
Jμ

Z = −
1
2

ψ̄LγμψL − sin2(Θ)ψ̄γμψ = −
1
4

ψ̄ [1 − 4 sin2(ΘW) − γ5] ψ

cos(ΘW) =
MW

MZ
= 0.882

MW = 80.4 MZ = 91.2 sin2(ΘW) = 0.223
gμν

M2
Z − q2

GF =
g2

W

4 2M2
W

Back



Maxwell Equations of E.M. and Weak fields
• Lagrange involving photon and Z boson: 

 

where ,  
,  are gauge boson fields, 

and  is E.M. 4-current of an electron. 

• E.M. field follows Maxwell Equations:  + (  for massive Z boson) 

 Static electric potential:   

 Static Z-boson potential:  

ℒ = [−
1
4

FμνFμν + eJμAμ] + [−
1
4

ZμνZμν +
gW

cos(ΘW)
Jμ

ZZμ −
1
2

M2
ZZμZμ]

Fμν = ∂μAν − ∂νAμ Zμν = ∂μZν − ∂νZμ

Aμ = (Φ, A) Zμ = (ΦZ, Z)
Jμ = (ρE, j) = ψ̄γμψ

∇2Φ −
∂2Φ
∂2

t
= ρE M2Φ

Φ(r) = ∫
ρE(r′￼)

4π |r − r′￼|
dr′￼3

ΦZ(r) = ∫
ρZ(r′￼)e−MZ|r−r′￼|

4π |r − r′￼|
dr′￼3 ≈ ρZ(r′￼)∫

e−MZ|r−r′￼|

4π |r − r′￼|
dr′￼3 =

ρZ(r′￼)
M2

Z

Weak interaction is approximately zero-range, since MZ ≈ 500 fm−1

Back



Dirac equation in E.M. and weak field
V-A theory

• Lagrange involving electron: 

 

• Electron weak 4-current: 
 

• Dirac equation:  

where ,   ,    

• In the massless limit(Weyl basis): where 

ℒ = iψ̄γμ∂μψ − mψ̄ψ + eJμAμ +
gW

cos(ΘW)
Jμ

ZZμ −
M2

Z

2
ZμZμ + …

Jμ
Z = −

1
2

ψ̄LγμψL + sin2(Θ)ψ̄γμψ = −
1
4

ψ̄γμ [1 − 4 sin2(ΘW) − γ5] ψ ≈
1
4

ψ̄γμγ5ψ

[αp + βm + ̂V(r)] Ψ = Eψ

̂V(r) = V(r) + γ5A(r) V(r) = ∫ d3r′￼

ρp(r)
|r′￼− r |

A(r) =
GF

23/2
ρW(r)

[αp + VL,R(r)] ΨL,R = EψL,R, VL,R(r) = V(r) ± A(r)

Back



Parity violating asymmetry APV

• Parity violating asymmetry:  

where  are crossection of the scattering problem: 
where , 

,    

which is called “Coulomb distortion” in this context: 
Coulomb distortion stands for repeated electromagnetic interactions with the 
nucleus remaining in its ground state. This is of order Zα/π, 20 % for 208Pb.

APV =
σR − σL

σR + σL
σR, σL

[αp + VL,R(r)] ΨL,R = EψL,R, VL,R(r) = V(r) ± A(r)

V(r) = ∫ d3r′￼

ρp(r)
|r′￼− r |

A(r) =
GF

23/2
ρW(r)

The observable in PREX and CREX

Back



Form Factor

• Point charge Coulomb (Mott) scattering:  

• Extended  Coulomb scattering:    

 

 

                                                       assuming spherical symmetry 

• At small q, 

[ dσ
dΩ ]

Mott
=

Z2e4(1 − β2 sin2 θ
2 )

64π2ε2
0 p2β2 sin2 θ

2

−
Ze2

r
⟶ e2 ∫

ρ(r′￼)d3r′￼

|r − r′￼|
dσ
dΩ

= [ dσ
dΩ ]

Mott
|F(q) |2

F(q) =
1
Q ∫ eiq⋅rρ(r)d3r =

1
Q ∫ (1 + iq ⋅ r −

1
2

(q ⋅ r)2 + …) ρ(r)d3r

= 1 −
1
6

q2 < r2 > + …

lim
q<< < r2 >

< r2 > =
6[1 − F(q)]

q2

Back



Born approximation

• Axial weak potential,  

• Scattering amplitude: 

 

•  

where ,  and   is spherical Bessel function

A(r) =
GF

23/2
ρW(r)

∫ < ψin |A(r) |ψout > d3r =
GF

23/2 ∫ eiq⋅rρW(r)d3r =
GFQW

23/2q2
FW(q)

APV =
σR − σL

σR + σL
≈

GFq2 |QW |

4 2παZ

FW(q)
FE(q)

∝
(FE + FW)2 − (FE − FW)2

(FE + FW)2 + (FE − FW)2

F(q) =
∫ j0(qr)ρ(r)d3r

∫ ρ(r)d3r
j0(qr) =

sin(qr)
qr

Back



Weak Charge of Nuclei
• Weak charge:  

where weak isospin  for electron, up quark and neutron,  for neutrino, down quark and proton 

• Neutron weak charge:  (−0.9878 with radiative correction) 
Proton weak charge  (0.0721 with radiative correction) 

• Neutron form factor:  
Proton form factor:    

• Weak charge distribution:  

• Electric charge distribution:  

• Additional complicity: many-body correction, center-of-mass correction, the magnetic contribution from 
spin-orbital current(SHF) or tensor density (RMF)

QW = 2T3 − 4QE sin2(ΘW)
T3 = −

1
2

1
2

Qn = − 1
Qp = 1 − 4 sin2(ΘW)

GW
n = QnGE

p + QpGE
n + QnGE

s

GW
p = QpGE

p + QnGE
n + QnGE

s

ρW(r) = ∫ d3r′￼[GW
n (r − r′￼)ρn(r) + GW

p (r − r′￼)ρp(r)]
ρE(r) = ∫ d3r′￼[GE

n (r − r′￼)ρn(r) + GE
p (r − r′￼)ρp(r)]

Back







Neutron star EOS



RMF





RMF


