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A fermion from the mind of Al
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Monte Carlo Sampling
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Monte Carlo Sampling
Seit ~ O(V3)

A fermion from the mind of Al
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Monte Carlo Sampling
Seit ~ O(V3)

— pseudofermion method

A fermion from the mind of Al
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Monte Carlo Sampling
Sett ~ O(V?)

— pseudofermion method
Improved cost

A fermion from the mind of Al

Judah (Fermilab) Fermion determinants November 15, 2024



Monte Carlo Sampling
Sett ~ O(V?)

— pseudofermion method
Improved cost

— matrix inversion (with tricks)

A fermion from the mind of Al
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Monte Carlo Sampling
Sett ~ O(V?)

— pseudofermion method
Improved cost

— matrix inversion (with tricks)

Severe sign problem

A fermion from the mind of Al
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Quantum Fourier transform from the mind of Al
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Fourier transform (Quantum fourier
transform)

Quantum Fourier transform from the mind of Al
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Fourier transform (Quantum fourier
transform)

Matrix arithmetic
(Qubitization/Quantum signal
processing)

Quantum Fourier transform from the mind of Al
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Fourier transform (Quantum fourier
transform)

Matrix arithmetic
(Qubitization/Quantum signal
processing)

Sums/means (Quantum phase
estimation)

Real-time dynamics (Hamiltonian

simulation) ‘
il

Quantum Fourier transform from the mind of Al
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Fourier transform (Quantum fourier
transform)

Matrix arithmetic
(Qubitization/Quantum signal
processing)

Sums/means (Quantum phase
estimation)

Real-time dynamics (Hamiltonian
simulation)

O(Vlog(V)) < O(V?)

Quantum Fourier transform from the mind of Al
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How are we going to do it?

—QET—

Block-encoding

— QME—> Tr[log(W)]
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Block encoding

Judah (Fermilab) Fermion determinants November 15, 2024 7/54



Some nonunitary matrix, W. Some larger unitary matrix, U

{Oanc| (1| U |0anc) |m) = Wi,
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Some nonunitary matrix, W. Some larger unitary matrix, U

{Oanc| (1| U |0anc) |m) = Wi,
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Block encoding visualized

Block
sub-space

Unitary
matrix

Fermion
matrix
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[Camps et al., 2023]
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Yes.

[Camps et al., 2023]
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Yes.

Fermion matrix is sparse: O(V)
entries.

[Camps et al., 2023]
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Yes.

Fermion matrix is sparse: O(V) K
entries. Mumn = 2 Z Nu(m)Uu(m)dnmp
"

— Nu(m) U;(m — (1) Onm=p
= moén’m.

[Camps et al., 2023]
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Yes.

Fermion matrix is sparse: O(V) K
entries. Mumn = 2 Z Nu(m)Uu(m)dnmp
%
Small number of interactions. " A
= nu(m)UM(m — 1)0n,m-p

= mo(S,,,m.

[Camps et al., 2023]
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Yes.

Fermion matrix is sparse: O(V) K
entries. Mumn = 2 Z Nu(m)Uu(m)dnmp
%
Small number of interactions. " A
= nu(m)UM(m — 1)0n,m-p

Parameterize with locality. P
0Y%n,m-

[Camps et al., 2023]
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Yes.

Fermion matrix is sparse: O(V) K
entries. M, = B Z Nu(m) U (m)dn,mp
"
Small ber of interactions. . A
mall number of interac (M) UM — )

Parameterize with locality. P
0Y%n,m-

Insert matrix elements one-by-one.
[Camps et al., 2023]
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|n) < [n+ i)
~—

neighbors
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|n) < [n+ i)
~—

neighbors

Enumerate neighbors (nonzero row entries), ¢
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|n) < [n+ i)
~—

neighbors

Enumerate neighbors (nonzero row entries), ¢

In+%) £=0
In—1£t) (=7
|n) (=38
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eg.:
[+ 9) = [1) |n)
[n— ) v [7) )

Nonzero entries in column n
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eg.:
[+ 9) = [1) |n)
|n—1t) = [7)|n)

Nonzero entries in column n

Set-up:
nonzero elements
=~
0) 1£) |n)
~— ~—
projects block location
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0 16) In)
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0 16) In)

Equal super-position:
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0 16) In)

Equal super-position:

HI0/1) = +/-) = 7(|0> +1)
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0 16) In)

Equal super-position:

HI0/1) = +/-) = (|0> +1)

1
2k/2

%I

O8I0 = ) = g (0 4 11--)
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0 16) In)

Equal super-position:

HIO/) = 1+/=) = —=(10) £ 1)
B8 BHIQ 0 = [+ = g (0 4 1)
Di=H®---@H
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Design a unitary matrix O,

Oc [0) [€) [n) = [0) |€) |n + A(€))

Judah (Fermilab) Fermion determinants November 15, 2024 14 /54



Judah (Fermilab) Fermion determinants November 15, 2024



Design a unitary matrix Oa

0 10) 16) I} = (Wegnn [0) + /1 = [Wetngal? 1)) 1€) )
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Ds 0} 10) |n)
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D; |0} 0) [n) = 0) )+ -+ [N =1)][n)

1
TN [0
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D; |0} 0) [n) = 0) o+ [N =1)][n)

1
TN [10) +

1
7wl 0104+ 0N =Dlln)
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D, [0) 0} |n) = \O>ﬁuo>+---+w—1>1|n>
= ﬁ[ 0}]0) + -+ [0) [N — 1)]|n)
- =[( o o+ o )10y +-] In)
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D, |0) |0) |n) = \0>ﬁ[|0>+---+w—1>]ln>
_ ﬁ[ 0)[0) + -+ [0) [N —1)]|n)
- ﬁ[( o [0+ o )10y 4] In)
= L[( 0 o+ o ID)I0}n 0)+--]
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((0[ (0| (m| D{) (O-0aDs [0) |0) n))
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((0[ (0| (m| D{) (O-0aDs [0) |0) n))

= (401 (0] {m| DY) == [ (Weto.n [0) + /1 = [Weignl2 1)) 10} [+ 2(0)) + -+ +]

3~
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((0[ (0| (m| D{) (O-0aDs [0) |0) n))

= (401 (0] {m| DY) == [ (Weto.n [0) + /1 = [Weignl2 1)) 10} [+ 2(0)) + -+ +]

3~

B = DSOCOADS
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Example: scalar Laplacian
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Example: scalar Laplacian
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Example: scalar Laplacian
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Example: scalar Laplacian
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c(ml)=<1=2: ln— %

(4<(0<8: [n)
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(=0 |n+ X)
(=1: ln+y)
c(ntl)y=0=2: |n— %)
=g n—y)
(4<0<8: |n)
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onl0y 6y — | (/=10 + VISTIEPID) 8 1o 0<r<3
A » (4—|—m(2,)/s|0)+\/1—|(4+mg)/5|2|1>)|£>|n> 4<0<8
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onl0y 6y — | (/=10 + VISTIEPID) 8 1o 0<r<3
A » (4—|—m(2,)/s|0)+\/1—|(4+mg)/5|2|1>)|£>|n> 4<0<8

10) —— R, (6o) [ R, (61) —

|€o)
|€1)
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Oa
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Matrix log
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Matrix logarithm

— QET—> — QME—> Tr[log(W)]

Block-encoding
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[Low and Chuang, 2019, Gilyén et al., 2019, Martyn et al., 2021]
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A unitary transformation

[Low and Chuang, 2019, Gilyén et al., 2019, Martyn et al., 2021]
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A unitary transformation
Coherent

[Low and Chuang, 2019, Gilyén et al., 2019, Martyn et al., 2021]
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A unitary transformation
Coherent
A polynomial transform of the eigenvalues

[Low and Chuang, 2019, Gilyén et al., 2019, Martyn et al., 2021]
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A unitary transformation
Coherent

A polynomial transform of the eigenvalues
No knowlege of the eigenvalues is necessary

[Low and Chuang, 2019, Gilyén et al., 2019, Martyn et al., 2021]
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A unitary transformation
Coherent

A polynomial transform of the eigenvalues
No knowlege of the eigenvalues is necessary

()= ()

[Low and Chuang, 2019, Gilyén et al., 2019, Martyn et al., 2021]
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A unitary transformation
Coherent

A polynomial transform of the eigenvalues
No knowlege of the eigenvalues is necessary

()= ()

[Low and Chuang, 2019, Gilyén et al., 2019, Martyn et al., 2021]

How does it do it?
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R( W) _ ei arccos(w)X
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w iv1— w2
iv/1— w? w

R(W) _ eiarccos(w)X _
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__ aiarccos(w)X __ w iv1-— w?
R(w) = (fm w )

This is a block-encoding of w € [—1,1].
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__ aiarccos(w)X _ w iv1-— w?
R(w) = (fm w )

This is a block-encoding of w € [—1,1].

[IRw)
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__ aiarccos(w)X _ w iv1-— w?
R(w) = (im w )

This is a block-encoding of w € [—1,1].

[Tk = (™))

n=1
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d
Uo = e [] R(w)e**
n=1
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d
n=1

_ ( P(w) fo(wwm)
iQ(w)v1— w? P(w) ;
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deg(P) < d, deg(Q) < (d — 1),
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deg(P) < d, deg(Q) < (d — 1),
P has parity d mod 2, and Q has parity (d — 1) mod 2,

Judah (Fermilab) Fermion determinants November 15, 2024 28 /54



deg(P) < d, deg(Q) < (d — 1),
P has parity d mod 2, and Q has parity (d — 1) mod 2,
IP(X)]?+ (1 — x®)|Q(x)]? =1, ¥x € [-1,1].

Judah (Fermilab) Fermion determinants November 15, 2024



deg(P) < d, deg(Q) < (d — 1),
P has parity d mod 2, and Q has parity (d — 1) mod 2,
IP(X)]?+ (1 — x®)|Q(x)]? =1, ¥x € [-1,1].

How does this help us?
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R(W) _ eiarccos(w)X _ w iv1— w?
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R(6)=e%?  Z=2]0)(0 - L
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R(6)=e%?  Z=2]0)(0 - L

U|'| = ei¢n Mn=2 |Oanc> <OanC| & 1-1
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QET = Un(¢o) H B Un(¢i)

1=
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QET = Un(¢o) H B Un(¢i)

i=1

(™)
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QET = Un(¢o) H B Un(¢i)

i=1

()

Uﬂ(¢n)

B Un(¢n-1) |-+ | B

Un(¢o)
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f(x) = log(x)
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Un(éo) ] B Un(6:) = (P(EW) '.j,')

f(x) = log(x)

there are caveats here so that QSP works
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Un(éo) ] B Un(6:) = (P(EW) '.j,')

f(x) = log(x)

there are caveats here so that QSP works

want P(x) = f(x)
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Un(éo) ] B Un(6:) = (P(EW) '.j_')

f(x) = log(x)

there are caveats here so that QSP works

want P(x) = f(x)

P(x) = Z a, Ti(x) =~ f(x)
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We used least-squares [Dong et al., 2021]
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We used least-squares [Dong et al., 2021]

d
> | WHR " [0) — P(x)

J:]- n=1

2

L({e}) =

Qz| =
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We used least-squares [Dong et al., 2021]

d
> | 'WHR " [0) — P(x)

J:]- n=1

2

L({e}) =

Qz| =

Minimize L w.r.t. {¢}.
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Polynomial approximation

34 /54

November 15, 2024
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Matrix trace
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Workflow

— QET—> — QME—> Tr[log(W)]

Block-encoding
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[Shyamsundar, 2021, Gustafson et al., 2023, Montanaro, 2015, Hamoudi, 2021]
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Compute normalized sums (means)

[Shyamsundar, 2021, Gustafson et al., 2023, Montanaro, 2015, Hamoudi, 2021]
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Compute normalized sums (means)
Quadradically faster

[Shyamsundar, 2021, Gustafson et al., 2023, Montanaro, 2015, Hamoudi, 2021]
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Compute normalized sums (means)
Quadradically faster
Uses quantum phase estimation (QPE)

[Shyamsundar, 2021, Gustafson et al., 2023, Montanaro, 2015, Hamoudi, 2021]
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What is QPE?

Quantum phase estimation

Given a unitary matrix Q, and an eigenvector of Q, |q), QPE returns the corre-
sponding eigenvalue of |q): e/%.

Qlq) = e|q)
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Step 1) Build Fourier series

M-1
ﬁ Zm:O |m>

Judah (Fermilab) Fermion determinants November 15, 2024 39/54



Step 1) Build Fourier series

M—-1
07 Someg 1M = a7z ([10) + 1) +12) +..)
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Step 1) Build Fourier series

a7z (10) + (1) +12) +...)
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Step 1) Build Fourier series

a7z (10) + 1) +12) +...) = 57 (27 OXM o) +]1) +..)

Judah (Fermilab) Fermion determinants November 15, 2024 39/54



Step 1) Build Fourier series

sz (10) + 1) + [2) +..) = gz (€37OX/M o) 1 2mIWF/M 1) 1)
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Step 1) Build Fourier series

575 (10) + 1) +[2) +...) = 57 (€2 OX/M |0y 4 @2mi(WIX/M 1) 4 @27i(2)X/M |2) 4 )
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Step 1) Build Fourier series

ﬁ Zf\n/l;é e2mimx/M |m)
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Step 2) Inverse Fourier transform

QFT™ |k SoMZg €27m%/M m)]| = %)
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QFT !

T

Al0) = |q), Qlq) = e%|q)
!
Q20 Q21 . er—2 || 27‘—1

Judah (Fermilab)

Fermion determinants

November 15, 2024
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How does mean estimation enter?

0y —{#]
0), —{H]
g QFT ' -
0),_5 —{H]
0),, —{H] ?
10) o*HoF - g Hor
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How does mean estimation enter?

QFT !

-2

Judah (Fermilab)

LQ = AS AU,

Fermion determinants
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How does mean estimation enter?

|O>O _@
|O>1 _@
0),_, —{]
0),_, —{&] :
|O> Q20 — Q21 L oo Q2’"—2 | er—1
LQ — ./45()./4]L UL)(J
Qlq) ~ e*|q)
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How does mean estimation enter?

|O>O _@
|O>1 _@
0),_, —{]
0),_, —{&] :
|O> Q20 — Q21 L oo Q2’"—2 | er—1
LQ — ./45()./4]L UL)(J

- x ~ (0| ATU,A|0) = (q| U, |q
Qlq) ~ e%|q) (0] ATU,A |0) = (q] U, |q)
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With block-encoding
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With block-encoding

T
.
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With block-encoding
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With block-encoding

1 1v-1 1V1
At =V U~=V,_o< | (i|'V [0} ] /)
1 V-1V-1
= 65 (0] G |V |0) | i)
i=0 j=0

Fermion determinants November 15, 2024
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With block-encoding

1 1v-1 1V1
FEVTI’[U] :V,-:o Uiizvz_;< [ IV [0) [ 7)
] Vv
= 0 (01 |V [0} | )
i=0 j=0
] vo1vel
= Gl O[TV |0)]i)
i=0 j=0

Judah (Fermilab)
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With block-encoding
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Determinant
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Putting it all together

— QET—> — QME—>  Tr[log(W)]

Block-encoding
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Need U, = 1 ® V for QME
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Need U, = 1 ® V for QME
V = log(W)

V = QET (block-encode)
= QET(Ds0.0aDy)
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Cost of block-encoding 4+ matrix log:
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Cost of block-encoding 4+ matrix log:
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Cost of block-encoding 4+ matrix log:

d
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V= Un(¢o) H(DSOCOADS) Un(¢,)

=l 0(Vieg V)

V cost is O(dV log V)
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Cost of quantum mean estimation
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Cost of quantum mean estimation
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Cost of quantum mean estimation

QPE runtime: O(1/¢)
€ is error on the trace
estimation
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Cost of quantum mean estimation

QPE runtime: O(1/¢)
€ is error on the trace
estimation

QFT*

E;
BIG)- DI

Note: classically O(1/€2)
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Total cost
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Total cost
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Total cost

block-encode + matrix log: O(dV log V)
trace: O(1/¢)

Judah (Fermilab) Fermion determinants November 15, 2024 49 /54



Total cost

block-encode + matrix log: O(dV log V)
trace: O(1/¢)
total: O(dV log V /¢)
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Conclusions
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Quantum algorithm for log det
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Quantum algorithm for log det
Scales O(V log V). Compare O(V?) classically.
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Quantum algorithm for log det
Scales O(V log V). Compare O(V?) classically.
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Quantum algorithm for log det

Scales O(V log V). Compare O(V?) classically.

For sparse matrices
Uses log det ~ Trlog
2407.13080
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Quantum algorithm for log det

Scales O(V log V). Compare O(V?) classically.
For sparse matrices

Uses log det ~ Trlog

2407.13080

Thank you!
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B

Explicit quantum circuits for block encodings of certain sparse matrices.

B

Efficient phase-factor evaluation in quantum signal processing.

B

Quantum singular value transformation and beyond: exponential improvements for
quantum matrix arithmetics.
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B

Quantum mean estimation for lattice field theory.

B

Quantum algorithms for the monte carlo method.

B

Hamiltonian simulation by qubitization.

B

Grand unification of quantum algorithms.
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B

Quantum speedup of monte carlo methods.

B

Non-boolean quantum amplitude amplification and quantum mean estimation.
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