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The XYZ states represent a revolution in particle physics:
besides quarkonium we have for the first time tetraquarks, pentaquarks, hybrids

They have the potential to give us information on the fundamental strong force if studied in QCD

They represent a big challenge for theory



The XYZ states represent a revolution in particle physics:
besides quarkonium we have for the first time tetraquarks, pentaquarks, hybrids

They have the potential to give us information on the fundamental strong force if studied in QCD

They represent a big challenge for theory

Focus of the talk

We introduce a. QCD derived nonrelativistic effective field theory the Born Oppenheimer EFT (BOEFT) that can
address in the same framework quarkonium, tetraquarks, pentaquarks, hybrids and doubly heavy baryons

The BOEFT is based on symmetries and factorization
It allows for QCD perturbative calculations at short distance

It factorizes long distance in few flavour independent correlators to be calculated on the lattice

Factorization allows for model independent predictions

Examples of application includes:
Quarkonium, tetraquarks

the X(3872 )and the Tcc with insight in their nature
hybrids

Novel tools to bridge perturbative methods with lattice QCD are key to this program, as well as the combination
between different EFTs




Based on:

N.B. , A Mohapatra, T. Scirpa, A. Vairo, ‘The nature of X(3827) and Tcc’ in preparation

_—-> obtains equations for all cases
M. Berwein, N.B. , A. Mohapatra, A. Vairo, 2408.04719, in press on PRD, Editor’s suggestion

M. Berwein, N.B. , J. Tarrus, A. Vairo, 1510.04299 -> establishes BOEFT

N.B., G. Krein, J. Tarrus, A. Vairo, 1707.09647 -> generalizes to all cases

N.B., W.K. Lai, J. Segovia, J. Tarrus, A. Vairo, 1805.07713
N.B. , W.K. Lai, J. Segovia, J. Tarrus 1908.11699 -> spin corrections (hybrids)

N.B., W.K. Lai, A. Mohapatra, A.Vairo 2212.09187 -> semi-inclusive decays (hybrids)

N.B., J. Soto, A. Pineda, A. Vairo hep-ph/9907240 |
NLB. . J. Soto, A. Pineda, A.Vairo hep-ph/0410047 ~> duarkonium strongly coupled pNRQCD
N.B. , J. Soto, A. Pineda, A. Vairo hep-ph/0410047



the XYZ are a revolution in particle physics
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Beyond the standard

quark model

With the XYZ exotic states discovery,
states observed in the sector with two heavy quarks
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The present XYZ Revolution: Discoveries of Exotic States in the Sector With Two

revolutions Heavy Quarks: Beyond the Standard Quark Model!
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Some surprisingly narrow states even if

» XYZ REVOLUTION: A New Spectroscopy Is Born! X(3872) aka Xc1 (3872)

above/at strong decay thresholds

Events / 5 MeV/c?

70

60

50

40

ete”™ - vX(3872); X(3872) - wntn—J/v¢

JPC:1—|-—|— I =0

[PRL 122, 232002 (2019)]

|TT1I|TT

*

TTTTIITITITTTTITTTTITTTT

(a) 4.15< ECM < 4.30 GeV X(3872)

--------- J—*W+#+ﬁ+§+i+——ﬁ+
e g T iy P\ T . D PR, = . LA

Observed in e+e-, B decays,
hadroproduction (large cross section 30nb)

Compositeness, radiative decays,
production suggest the presence of a
+ compact component
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» XYZ REVOLUTION: A New Spectroscopy Is Born!

Some surprisingly narrow states even if
above/at strong decay thresholds

ete™ — vX(3872); X(3872) — nta—J/v
[PRL 122, 232002 (2019)]
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New perspectives for XYZ studies!
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The present revolutions: nuclear matter phase diagram
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Matsui Satz 1986
idea of color
screening
In medium

Experimental measurements:
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Matsui Satz 1986

The present revolutions: nuclear matter phase diagram _

Idea of color
screening
In medium

Color Screening

Experimental measurements:
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R 4 4 is the nuclear modification factor : yield of quarkonium in PobPb / yield in pp.
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Today a new paradigm emerged beyond screening relating
the R_AAto the nonequilibrium evolution of the heavy
% T pair in medium: medium induced dissociation and color
L singlet/octet recombination. Quantum phenomenon to be
addressed with quantum master equations
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idea of color
screening
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The present revolutions: nuclear matter phase diagram

Color Screening

Experimental measurements:

o ALICE - Y'(18; 5 ALICE - \'((23') o CMS - Y'(3S)'
1k } B ATLAS - Y(1S) O ATLAS - Y(2S)
* i A CMS-Y(1S) 2 CMS - Y(2S)
0.50_' % §T i g é
12
0.10¢ % po % %l T
| T % |
0.05-' ¢
0.01 g .
0 7100 200 300 400

R 4 4 is the nuclear modification factor : yield of quarkonium in PobPb / yield in pp.

: 4 Sequential
Debye charge screening mp ~ g1’ 2 -] YAS)  Melting at
e—mD’l“ _ different
V(T‘) ~ — . 1 Bouind - | %UP)  Temperature
r mn state
dissolve 2 || I/¥(5)
<1 %c(1P)

oCMS PLB 790 (2019) 270
ALICE PLB 822 (2021) 136579
ATLAS PRC 107 (2023) 054912

Today a new paradigm emerged beyond screening relating
the R_AAto the nonequilibrium evolution of the heavy
pair in medium: medium induced dissociation and color

singlet/octet recombination. Quantum phenomenon to be
addressed with quantum master equations

XYZ states are also produced and evolve
In heavy ion collisions and should be studied with
similar methods
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XYZs not merely composite particles, have unique properties —>Novel strongly correlated exotics systems

can give us information about the strong force



The present revolution: XYZ a great theoretical challenge

Close/above threshold new degrees of freedom like glue and light quarks are nonperturbative part in the binding.
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The present revolution: XYZ a great theoretical challenge

Close/above threshold new degrees of freedom like glue and light quarks are nonperturbative part in the binding.

*Models assume some special degrees of

freedom and a model interaction .II ( ) @@

adjoint tetraquark

dlquark diquark

heavy meson molecule Ompact tetraquark

* On the nature of the X(3872) two models in particular compete: molecule versus tetraquark
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The present revolution: XYZ a great theoretical challenge

Close/above threshold new degrees of freedom like glue and light quarks are nonperturbative part in the binding.

the blind men

. “wsa . and the elephant
*Models assume some special degrees of Fan! |, P

freedom and a model interaction @ - %

adjoint tetraquark

diquark-diquark

“from E.
Braaten

heavy meson molecule Ompact tetraquark

eLattice calculation of exotics masses are limited by the large number of open decay modes and they are not
Immediately suited for production and in medium studies

A flexible approach rooted in QCD that can address all properties of XYZ, spectra,
transitions, production, propagation in medium is needed allowing also to study
the nature of the QCD force



Nonrelativistic EFTs simplify the problem for a multiscale system,

-> make the expansion in the scales explicit at the Lagrangian level
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A nonperturbative problem: construct a pNREFT description on the basis of scale separations and symmetries

Two heavy quarks with large mass m > Aqcp and residual scale separation Aqcp > E

QQbar 7 K| =%,ILA...
case

produce a hierarchy of NRQCD static energies identified by the
quantum number of Deon

Irreducible representations of Dy,

@ K: angular momentum of light d.o.f.
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Nonperturbative light degrees of freedom r — QQ distance R = center of mass

glue and light quarks



Strongly coupled pNRQCD and Born Oppenheimer EFT

A nonperturbative problem: construct a pNREFT description on the basis of scale separations and symmetries

Two heavy quarks with large mass m > Aqcp and residual scale separation Aqcp > E

QQbar 7 K| =%,ILA...
case

produce a hierarchy of NRQCD static energies identified by the
quantum number of Deon

Irreducible representations of Dy,

@ K: angular momentum of light d.o.f.

A A=7r-K=0,4+1,4+2, £3,...
A=[N=01,23.. (51,4 . . )A?
CP @ Eigenvalue of CP: n = +1(g), —1 (u) T
@ o: eigenvalue of relfection about a plane containing 7 (only for ¥ states)
Y
P
+/— . PC
we label the Light Degrees of Freedom (LDF) by ~ =1{k" ", f}  where
1T k(k+1) is the eigenvalue of the KA2 and we add the flavour quantum number
(_) Notice that for r->0 the cylindrical symmetric becomes spherical (O(3) X C)
Nonperturbative light degrees of freedom r — QQ distance R = center of mass

glue and light quarks



Strongly coupled pNRQCD and Born Oppenheimer EFT

A nonperturbative problem: construct a pNREFT description on the basis of scale separations and symmetries

Two heavy quarks with large mass m > Aqcp and residual scale separation Aqcp > E

produce a hierarchy of NRQCD static energies identified by the
quantum number of Dooh

Irreducible representations of D,

@ K: angular momentum of light d.o.f.
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@ o: eigenvalue of relfection about a plane containing 7 (only for 3 states)




Strongly coupled pNRQCD and Born Oppenheimer EFT

A nonperturbative problem: construct a pNREFT description on the basis of scale separations and symmetries

Two heavy quarks with large mass m > Aqcp and residual scale separation Aqcp > E

produce a hierarchy of NRQCD static energies identified by the
quantum number of Dooh

Irreducible representations of D,

@ K: angular momentum of light d.o.f.
A=7 -K=0,%+1,£2, £3,... Ao'
P A=|\=0,1,2,3,... (3,11, A, &, ...) M

@ Eigenvalue of CP: n=+41(g), —1 (u)

@ o: eigenvalue of relfection about a plane containing 7 (only for 3 states)

9

These two cases contain quarkonium, hybrids,
tetraquarks, pentaquarks and doubly heavy
baryons



Strongly coupled pNRQCD and Born Oppenheimer EFT

A nonperturbative problem: construct a pNREFT description on the basis of scale separations and symmetries

Two heavy quarks with large mass m > Aqcp and residual scale separation Aqcp > E

QQ

2 -

produce a hierarchy of NRQCD static energies identified by the
quantum number of Dooh

@ K: angular momentum of light d.o.f.

case Irreducible representations of D,
)\ =7 - K =0, %1,
P = [\l =0,1,2,3,.

T3, ... O
(2, IO, A, D, ) A

Y|

o Elgenvalue of CP: n=+41(g), —1(u)

@ o: eigenvalue of relfection about a plane containing 7 (only for 3 states)

9

‘Ea X1, X2>(0) — wt (XI)X(XQ) Inq X1, X2>

nf

1
(0) 3 aTya apa =T .
H —/dx—z(HH +BB)—E qg:D -~q

HMIEQXl,X2>(O) _ E! ”'(Xl,XQ ‘n Xl,Xg>(O)

(0)xy,-1/2) (x1,T/2)

Ef,(zo)( ) = lim T 10g<Xn, T/21X,, =T/2) H(0,~T/2) H(0,T/2)

T'— 00

These two cases contain quarkonium, hybrids,
tetraquarks, pentaquarks and doubly heavy

(x2,—T/2) (b) (x2,T/2)

baryons Phi =Wilson lines and H= gluonic and light quarks



Strongly coupled pNRQCD and Born Oppenheimer EFT

A nonperturbative problem: construct a pNREFT description on the basis of scale separations and symmetries

Two heavy quarks with large mass m > Aqcp and residual scale separation Aqcp > E

V(r)|GeV]

1.5

0.5

-0.5

Excited static

energies

Quarkonium

static energy

0.2

0.4

0.8 1

1.2

produce a hierarchy of NRQCD static energies identified by the
quantum number of Deon

Irreducible representations of D

@ K: angular momentum of light d.o.f.
A=7r-K=0,£1,£2, £3,... O
A=Al=01,23 ... (3147, @ .. .) A

@ Eigenvalue of CP: n =41 (g), —1 (u) 7]

@ o: eigenvalue of relfection about a plane containing 7 (only for X states)

1
(0) 3 ayTo apa =T .
H —/dx—Q(HH +BB)—E qg:D -~q

'H':["vj'ln_fQXl,X2>(O) _ E/.:zn:. (X1, Xs) ‘E;X1,X2>(O)

1 x1, %)@ = o (x1) X (xa) |5 X1, X5) (Ot

E?(lO) (T) = lim %10g<){n7 T/2|Xn7 _T/2> H(0,-T/2) H(0,T/2)

T'— 00

(x2,—T/2) (b) (x2,T/2)

Phi =Wilson lines and H= gluonic and light quarks



2
A QED — A > Mmu E
E ' Qe 4 QCD
fast (gluons, light quarks) and slow (heavy quarks) Aocn
like in molecular physics (fast-electrons, slow nuclei)

Born Oppenheimer
Description

Braaten PRL 111 (2013) 162003
Braaten Langmack Smith PRD 90 (2014) 014044 >

Higher excitations
develop a gap of order Lambda_QCD

Introducing a finite mass m:
» The spectrum of the mvA2 fluctuations around the lowest static energy is the quarkonium spectrum

» The spectrum of the mvA2 fluctuations around the higher excitations is the exotic spectrum (hybrids and tetraquarks)
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A QED — A > Mmu E
E ' Qe 4 QCD
fast (gluons, light quarks) and slow (heavy quarks) Aocn
like in molecular physics (fast-electrons, slow nuclei)

Born Oppenheimer
Description

Braaten PRL 111 (2013) 162003
Braaten Langmack Smith PRD 90 (2014) 014044 >

>

r

Higher excitations
develop a gap of order Lambda_QCD

Introducing a finite mass m:
» The spectrum of the mvA2 fluctuations around the lowest static energy is the quarkonium spectrum

» The spectrum of the mvA2 fluctuations around the higher excitations is the exotic spectrum (hybrids and tetraquarks)

Nonperturbative matching to the pNREFT

|Q; X1X2>— > I(QQ)1> — Quarkonium Singlet

t ticall
systematically g . Eo(r)— > Vu(r) pNRQCD
(HIH|H) = {nljs| —+ )  — |nljs)

m

n > 0;x1X2)— > |(QQ)g"™) — Higher Gluonic Excitations
expand quantomechanically NRQCD states and N =
energies in 1/m around the ‘QQQCD

zero order and identify the QCD potentials 12(0) (r)— > 1/(0) (r) BOEFT

Tetraquarks
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Strongly coupled pNRQCD for quarkonium Z;_ KAPC=0"N++

the potentials come from integrating out all scales up to va

: » gluonic excitations develop a gap AQCD and are integrated out

— The singlet quarkonium field S of energy muv?
Is the only the degree of freedom of pPNRQCD
(up to ultrasoft light quarks, e.g. pions).

quenched Brambilla Pineda Soto Vairo 00
-2+ .

K =0.1575 —e—
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r/rg

Bali et al. 98



Strongly coupled pNRQCD for quarkonium Z;_ KAPC=0"N++

the potentials come from integrating out all scales up to va

: » gluonic excitations develop a gap AQCD and are integrated out

— The singlet quarkonium field S of energy muv?
Is the only the degree of freedom of pPNRQCD
(up to ultrasoft light quarks, e.g. pions).

[E(r)-E(rolrg
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Strongly coupled pNRQCD for quarkonium Z;_ KAPC=0"N++

the potentials come from integrating out all scales up to va
3| i
N | * gluonic excitations develop a gap AQCD and are integrated out
=
m} ; — The singlet quarkonium field S of energy muv?
= | Is the only the degree of freedom of pNRQCD
-1 (up to ultrasoft light quarks, e.g. pions).
senched s Brambilla Pineda Soto Vairo 00
=T K 04575 —o | p2
sk =Ty {ST (i(% _ K) S} +AL(US light quarks)
05 1 15 2 25 3 m "
r/rg
Bali et al. 98

e A pure potential description emerges from the EFT however this is not the constituent
quark model, alphas and masses are the QCD fundamental parameters

e The potentials V = ReV + ImV from QCD in the matching: get spectra and decays

e \We obtain the form of the nonperturbative potentials V in terms of generalized Wilson loops (stat
that are low energy pure gluonic correlators: all the flavour dependence is pulled out



Strongly coupled pNRQCD for quarkonium Z;_ KAPC=0"N++

[E(r)-E(rglrg

the potentials come from integrating out all scales up to va
3t i
, | | * gluonic excitations develop a gap AQCD and are integrated out
1
0 — The singlet quarkonium field S of energy mu?
_ Is the only the degree of freedom of pPNRQCD

- (up to ultrasoft light quarks, e.g. pions).

uenched —s=— Brambilla Pineda Soto Vairo 00
< K=01575 — = . | p2
sk =Ty {ST (i(% _ K) S} +AL(US light quarks)

0.5 1 1.5 2 2.5 3 m "
r/rg
Bali et al. 98

e A pure potential description emerges from the EFT however this is not the constituent
quark model, alphas and masses are the QCD fundamental parameters

e The potentials V = ReV + ImV from QCD in the matching: get spectra and decays

e \We obtain the form of the nonperturbative potentials V in terms of generalized Wilson loops (stat
that are low energy pure gluonic correlators: all the flavour dependence is pulled out

Applications regard: Spectrum, decays, production at LHC, studies of confinement



The singlet potential has the general structure 1 1

V =V, Vi A (VSD—|—VVD)

the fact that spin dependent corrections appear m m2
at order 1/m”2 is called Heavy Quark Spin Symmetry / . / Tvelooity dependent

static spin"denendent

S (0) 2 0
W = <exp{i97{z4“dx“}> E_O(r)= V; = lim — 1I1<W(7° X T)> — lim — In< )
- 1

T—>ooT T'— o0




The singlet potential has the general structure

the fact that spin dependent corrections appear
at order 1/m”2 is called Heavy Quark Spin Symmetry

- (0)
W = <exp{i97{14“dxu}> E_O(r)= Vs
\

State of the art:

2+1+1
quarkonium

static energy E_O(r)
Z—I—
g

0.5 -

0.0 -

—0.9 1

EO [GGV]

—1.57

—2.0 1

—2.9 7

—1.0 1

= lim —In(W(r xT)) = lim — In< >

T'— o0

1 1
Vo mVl -3 (Vsp + Vv p)
é[ic / T velocity dependent

2

spin"dependent

[/

T'— o0

44 5 7.28 M iii
44 B 7.00Mi
<44 3 7.00 M iii
44 p672Mi
44 56.72 M ii
44 36.72 M iii

44 3630 Mi
<44 5 6.30 M ii

£ 6.30 M iii
44 36.00 M i
<44 5 6.00 M ii
44 5580 Mi

\ confinement

TUMQCD
N.B., Delgado, Kronfeld, Leino, Petreczky,
Steinbeisser, Vairo, Weber Phys.Rev.D

0.0

0.2

0.4

0.6
r [fm)]

0.8

107 (2023) 7. 074503 -



Behaviour of the static energy at short distance EEEASS A(SéD

Multipole expansion in r is possible: color singlet and color octet degrees of freedom:;

theory IS Weakly Coupled pNRQCD The gauge fields are multipole expanded:
A(R,r,t) = A(R,t)+1r- VA(R,t) + ...
2

2 .
LPNRRED :/d?’rTr{S‘L(iao = Vg +---)S + Of(iDg fn Vo +---)0+ LO InT
T
v
T Ty . Bt T .
+VA(S'r- gEO + O'r - gES) A 2(01’ gEO +O'Or-gE)} + ... NLO in
"
—iFﬁyFW“—k;@qui
Feynman rules — E %

—iTV, —iTV, (,—i [ dt A> = =
Q(T)e H(T) e’ (6 Zf ) O'r - gES OT{r - gE, O}



Behaviour of the static energy at short distance RS AééD

Multipole expansion in r is possible: color singlet and color octet degrees of freedom:;

theory IS Weakly Coupled pNRQCD The gauge fields are multipole expanded:
A(R,r,t) = A(R,t)+1r- VA(R,t) + ...
2

2 .
LPNRQED /dgr Tr {ST(i0, D Vg +---)S + O'(iDy P Vo+---)O LO inr
m m
V
+V4(STr - gEO + O'r - gES) A QB(OH- .gEO+O"Or - gE)} + . .. NLO in T
ny
—iFﬁyF“’/a + Z:l(?z' 1Pq;
Feynman rules - E E
. i i ad] X X
0(T') e t1Vs H(T) € Vo <€ Jdt A J) Otr. gES Ot {r - gE, O}
The NRQCD static energy E .0 /(0)(,. /) — Tli—>moo%ln ( y M L

IS calculable in perturbation
theory in pNRQCD

|
T
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S
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QQbar singlet static energy at NNNLL in pNRQCD in comparison with
Full control unquenched (n_f=2+1) laftice data (red points,blue poinfs)

Bazanov, N. B., Garcia, Petfreczky, Soto, Vairo , 2012, 2014, with Weber 2019

at short distance!
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The singlet potential has the general structure 1 1

the fact that spin dependent corrections appear V=" mV1 | = (Vsp + Vv p)
at order 1/m”2 is called Heavy Quark Spin Symmetry A

static spin”dependent

T velocity dependent



The singlet potential has the general structure

the fact that spin dependent corrections appear
at order 1/m”2 is called Heavy Quark Spin Symmetry

gauge invariant wilson
loops can be calculated also In
QCD vacuum model and large N

» Pineda Vairo PRD 63 (2001) 054007
'Brambilla Pineda Soto Vairo PRD 63 (2001) 014023

2
Vsp

= ——¢

rk

72

2/\/\

—chr‘Z-frjz'

2
%‘(iE;C%p

.

Fe’“jz'/ dt t<
0
—:—2<cFekiji/O dtt<‘i j\>
[ra(
0

@)

dt<

. 0ij
J —_
’ 3

2651—-1

1

Vi (Vsp + Vvp)

2
T

i3> Li-Sa4(142) |V,

; V’“V(O)>L1 81+ (1 2) [VY

>> <51 .S2 — 3(S1 - #)(S2 - f-)) IV




The singlet potential has the general structure 1 1

e | |
the fact that spin dependent corrections appear Vo= Vo mV1 ST (Vsp +Vvp)
at order 1/m”2 is called Heavy Quark Spin Symmetry éic \,\\med/epv ondent Tvelocity dependent

VS(IQD):—T—CFGk”i/ dttd[s 3]> Li-Sa4(1+2) |V
0

72

1 O
V(l):——/ dtt k oo _
2 Jo < / —T—<CF6k”i/ dtt (i 3| ZCFZ 1V’“V(0)>L1.Sl—|—(1<—>2) vy
0

auge invariant wilson
gaug = 8i .

loops can be calculated also in _C%,f,az.f,aji/ dt(( iy - 24 >> <S1 . So —3(S; - £)(Sa - f.)> \Z
QCD vacuum model and large N 0 - 3 o

» Pineda Vairo PRD 63 (2001) 054007 9 0O 7 4
Brambilla Pineda Soto Vairo PRD 63 (2001) 014023 —|—<§c%1z/ dt< >—4 (dsv + gdw> 5(3)(1-))81 - So |VS
0 ]

(

e the potentials contain the contribution of the scale m inherited from NRQCD matching coefficients—> they cancel
any QM divergences, good UV behaviour

e the flavour dependent part is extracted in the NRQCD matching coefficients

e the nonperturbative part is factorized and depends only on the glue —> only one lattice calculation to get the
dynamics and the observables instead of an ab initio calculation of multiple Green functions



Also the generalised Wilson Loops have been calculated on the latiice

Ny =
é VLs E
spin N I 2
dependent .
potentials o

Vi) [GeV]

Vi [GeV ]
¥
¥}

iy |
==
i
.
(P

I

.d .4 D.= b.E L.7 D.C .1 b. 2 .3 L. 4
r [fm] r [fm]

Koma Koma Wittig 05, EKoma Koma 06

Terrific advance in the data precision with Lischer multivel algorithm!
Such data can distinguish different models for the dynamics

of low energy QCD e.qg. effective string model

N. B., Martinez, Vairo 2014



In the EFT it has been possible to calculate
quarkonium production and in nonequilibrium evolution In

medium which makes this treatment promising for XYZ



In the EFT it has been possible to calculate
quarkonium production and in nonequilibrium evolution In

medium which makes this treatment promising for XYZ

This can be extended to the XYZ that are however a much more interesting case



*\We consider all the NRQCD static energies in presence of glue and light quarks:
QQbarg, QQbar ggbar, QQ gbar gbar, QQbar qgg, QQ gggbar, QQq

*\We define the NRQCD static energies via gauge-invariant correlator of appropriate interpolating operators

*\We calculate the short distance behaviour: gluelumps, adjoint meson, triplet mesons, sextet mesons ....

*BO guantum number is conserved: BO static energies evolve in heavy-light static
energies with the same quantum numbers: allows to understand the form of the fundamental strong force

- We consider separately NRQCD static energies separated by a gap Lambda_QCD

*We match the NRQCD static energies to the corresponding potentials in BOEFT

Mixing appears: at short distance between static energies with same k—> coupled Schr. Egs.

at large distance between static energies with same BO numbers that get
close in energy (avoided level crossing)—> couples Schr. Egs.

» Use it to understand the X and the Tcc, the hybrids...



Exotic hadrons and corresponding NRQCD static energies

QQX QQX
Total angular momentum
of QQX or QQX :

[coor ] 3693 =1 68 [cior ] 363 =36(6
Xg,=gluon - Hybrid X=q — Double heavy baryon
X,=qq > Tetraquark X=qq — Tetraquark
X, = qqq - Pentaquark X=qgqgq - Pentaquark and soon

BOEFT potentials E:(c(,)|)/1|(r): LDF (light quarks, gluons) static energies.
Potential between 2 heavy quarks

BOEFT can address all these states with inputs from Lattice QCD on E,(:’)l)/u



NRQCD static energies and lattice operators Berwein, N.B.,

Mohapatra, Vairo

NRQCD operator (gauge invariant) for exotic hadron QQX or QQX 2408.04719

Ou (t,7) = X (t,7/2) ¢ (t;7/2,0) PLLHZ (£,0) ¢ (80, —1/2) ¢ (t, —7/2)

H,(: . LDF (gluon or light-quarks) operator characterizing X based on quantum # k (isospin, color etc..)

P,fi)\ . Projection vectors for projecting onto cyclindrical symmetry D, representations.

(vac|Ox A (T/2, r, R) OLA(—T/Q, r, R)|vac)

(x1,—T/2) (x1,T/2) (x1,—T/2) (x1,T/2)

H(0,—T/2) H(0,T/2)

(x5, —T/2) (a) (x2,T/2) (x2,—T/2) (b) (x2,T/2)

Quarkonium Wilson loop for exotics



Lattice NRQCD static energies for the QQgbargbar case

already calculated with other interpolators

Liu Aoki Doi Hatsuda |lkea and Meng Hal QCD method 2401.13917 heavy-light

O

% 0 —
E —
:".an: —2501 If’= 0, EJ | — ?Etﬂ15 result)
H—EDU' I' | | ‘ F5,+ Yo¥s |
> 0 e R S
 —230° 1=1, 7| — fit BlCUdO, MarlnkOV|C,
”::"_ | “ ! ¢t YatYoYs
=l — Muller Wagner 2409.10786
E _250. e BO heavy-light operators
-} _500- | — t  Yiz* YoYiz

0.0 0.2 04 0.6
ll'irn|:|nr[1:|"r"|:|

0.8 1.0 1.2

Mueller et al, PoS LATTICE2023, 64 (2024)

Bicudo, Cichy, Peters, Wagner, Phys. Rev. D. 93, (2016)

4w = u a =



Berwein, N.B.,

QQQqqQ : Operator Overlap Mohapatra, Vairo.l.u."

2408.04719
NRQCD operator (gauge invariant) for exotic hadron: QQ pair in octet color

Ok (t, 1, 0) = X'(t, r/2)¢(t, r/2,0)Hk(t, 0)¢(t, 0, —1/2)¢(t, —1/2)

I': Dirac matrices based
on quantum #'s

_—

Hy(t, x) = [q(t, 2)TT(t, m)] T

Quarkonium + Pions Meson-antimeson

Quarkonium state: Meson-antimeson state:

MM) = |N [ d°z ¥ (x)
Q) —N/d?"f‘ W) (r) ) (8, —1/2) Bre (=7 /2,7/2) xc (t,7/2) ) [ /

X /d3y YJ1 (y + :1’3/2) ?Pi (ta —33/2) (fbcd (t; —:13/2, Y-+ .’13/2) [P+ Fl dd (ta Y+ 33/2)]

X /d3z o1, (z—x/2) |gp (t,z —x/2) Ta P_| ppe (t; 2 — /2,2 /2) e (t?m/Q)] vac,
Overlap of our operator on quarkonium + pion: Overlap of our operator on meson-antimeson:
QQ - ) v
(QIO%™ (t,r)|Q) =0 (MM|OZ? (t,7) |MM) #0

Adjoint operators are good operators for lattice computation for QQqq potentials !!!



Tetraquark static energies

2, channe S, =S, + 5,

Eigen-energies E, (r) : channel 5,=1, CP=-1, £=-1

Difficulties in QQbarggbar
Lattice calculation
quarkonium plus pions

Sadl, Prevlosek, 211014568

the BOEFT operators can solve this

== Mtmg, (== V_ ()+m_
18 == Vi @Omy | == Vi (DHE _
[ A o VipD+Eg A
1.6 I, i -
1.4 ‘/'E". i ’-i B
- ’!-',/
% =7 e _
ﬂ __‘./; ........... -— ’—_.—-—'!’——.——%.—’--{'5 | mB'I'mB*
= 1 /'/ : ’i e h
= i & e & gt -
0.8 */ ‘ - ” /”’ o
./’ L~ /.‘ e ] O=B§* 7]
0.6 2," o T A  0=Ym0) —
g o 4 O=Yx(l)
i ‘/.* b O=Y n(2) | |
e o ¢ O=Yb (0)
‘ /// . O_:BE*
0.2 e A
e | | | | | |
1 2 3 4 5 6 7 8



Short distance behaviour of the NRQCD static energies

LDF-quantum #: x = {KTC f}

Short-distance (r — 0)

O
=)
<
Ry
23
&
|
<
&
_|_
—
T
&
_|_
S
>
39
=
)
_|_

Ap

i 4oy g (g
i VS(T) — 2 VO(T) — @i
i 200 Odsi
Vr(r) = - 3 Va(r) = 3,



Short distance behaviour of the NRQCD static energies
LDF-quantum # k = {K*“, f}

Ag. = lim i<VaC‘Hg(T/2, R) P (T/2, —T/Q)HZT(—T/Q, R)|vac)

T — 00

 Gluelump / adjoint meson or baryon mass for QQX states

* Triplet meson or baryon / Sextet meson or baryon mass for QQX states

Short-distance (r — 0) . AH,Q depends onlyon K ->degeneration

Z; i 4033 CESE

_ (0) 5 i Vs (T) — 3. VO(T) — 6_i
QQx: E\-(r)=Vo(r)+Am, +bagr™+-- ! r T
Ui 7 E 20&3 OJSE

Vr(r) = ———, Va(r) = .



Short distance behaviour of the NRQCD static energies

+—.
Lowest gluelump 17 ™ » 1.150 GeV Most recent results on gluelump spectrum:

Herr, Schlosser, Wagner Phys. Rev. D 109 (2024)

m(177) —m (177) =~ 300 MeV | o
Gluelump spectrum with 2+1 dynamical light quarks

m, (2——) —m (1+—) ~ 700 MeV Marsh, Lewis Phys. Rev. D 89 (2014):

— +-y _
ma (177) —me (177) = —10(103) MeV Adjoint meson spectrum (17~ & 0~ *):

ma (0—+) - (1+—) = 34(161) MeV Foster, Michael (UKQCD) Phys. Rev. D 59 (1999)

No results available on adjoint baryon, triplet meson or baryon / sextet meson or baryon masses

Our operator for triplet meson (lowest state) coincide with the operator of the good
diquark but it Is directly gauge invariant



Behaviour of NRQCD BO static energies

1.BO quantum numbers Ag are conserved at all r

2. Different BO quantum numbers
can Intersect each other

3. Static energies with the same BO
quantum number that are close
at some distance r show avoided level crossing

—

e—————————
I

Large-distance (r — o)

» String behavior (pure SU(3) gauge)
En(r) = v/02r2 + 210 (N — 1/12)

K. Juge, J. Kuti, C. Morningstar, Phys. Rev. Lett. 90 (2003)

» Mixing with pair of heavy-light states

based on BO-quantum number A7
representations



Quarkonium and Tetraquarks evolve in heavy-light at large distance

LDF

Q T o Q Q

AS 1r — oo
2- meson state
Consider QQqq system:
BO-quantum # A7 for adjoint meson: BO-quantum # A7 for meson-antimeson
QC_) Light Spin o , . Static energies
(color) KPC A% (Doop) Kg ® Ky K Do
. — (1/2) & 1,."rf*-3-]'+ (1—+ S s-wav_e+s-wave
0—+ 5" [2)” @ o “L l}l' \ } Ex. DD threshold
Octet — n o
1 (=F,1,)

Meson-antimeson have same BO-quantum # A7
as of adjoint meson !!!



(Va(r) — EEQI}\""E

Avoided level crossing between quarkonium 12, and tetraquark 22,

04 Bulava, Hoerz, Knechtli, Koch, Moir, Morningstar, Peardon, Phys. Lett. B. 79:
. | | | I | | I N
J Bulava, Knechtli, Koch, Morningstar, Peardon, Phys. Lett. B. 854 (2024)

0.2 | / _

0.0

Ground state + Pions .-~ —

0.2 { avoided level crossing

0.4 In adiabatic repr

06 |

-0.8

_1[] | | | I | | I I |

In the diabatic reps gives mixing
Model Hamiltonian for determining parameters:
V(r) V2a g5\
H(r) = “

ﬂg; Ey () ) Vir) = ff’n +ar 4+ v/r
s U' EE

String breaking radius = 1.22 fm
a~ 0.063 fm

m. ~ 200 — 340 MeV mx = 440 — 480 MeV



Behaviour static energies quarkonium and tetraquarks

Behavior of tetraquark static energy:

0-
Isospin=1
d Adjoint meson behavior at small r (r — 0)
1 Heavy meson pair threshold at large r (r —» )
d Avoided crossing with quarkonium static energy (Isopsin=0)
2++ | @
| Isospin=0
(Adiabatic)
1~ 1=~ |® i —
Isospin=1 % \2llg S-wave+ P-wave
(o . ——
- Swave rSwave K*‘/
)
_|_
Eg q
137




BOEFT: mixing between static energies with same kappa

Berwein, N.B.,
Mohapatra, Vairo

el * BOEFT Lagrangian: e D LD L
ELBOEFT :/d3R/d3fr Z Tl“{\ljl)\(r, R, t) [Z@t O — Vi (?")
E KA
: - i
T P:g\ (9? gb) - ::)\’ (99 Cb) Wn (I‘, R, t)}
mQ . .
LDF-quantum #: x = {KPC, f} BO-quantum #: Ag A= +A

Projection vectors : Py (6,¢) = Dy (0,6, ¢) Wigner D matrices



BOEFT: mixing between static energies with same kappa

Berwein, N.B.,
Mohapatra, Vairo

........... -0 BORE L Lagrangian: e ,,2408.04719
L — [ &R | &° ZT al 0, Ox\r —
LporrT = T rqe W (r, R, )10 0ax — Viexx (1)
5 KA
i & 1
+ P\ (0,0) — P\ (0,0) | Ve (r, R, 1)
............................................................................. me )
LDF-quantum #: x = {KPC,f} BO-quantum #: Ag A= +A

Projection vectors : Py (6,¢) = Dy (0,6, ¢) Wigner D matrices

- BO potentials: Potential between Q & Q due to LDF (light quarks, gluons).

(1)
Born-Oppenheimer (BO) V. (r) _‘E,E;O)A(T)\Cs)w | Vi (1) I

potential:

Static Energy Spin-dependent potentials

Brambilla, Lai, Segovia, Castella, Brambilla, Lai, Segovia, Castella, Soto, Valls, Castella , Soto

Phys. Rev. D. 101, (2020) Vairo Phys. Rev. D. 99, (2019) Phys. Rev. D 108 (2023) Phys. Rev. D. 102, (2020)



BOEFT coupled Schrodinger equations Berwein, N.B.,

Mohapatra, Vairo

Wave-function for Exotic State: 2408.04719

Xy =Y / Brir) @ [k, oD (r)
A

|7): Heavy quark pair state separated by position r

|k, A): Light quark or gluon state: Parametrically depends on r

[otal orbital momentum for Exotic State:

K: lar-momentum of light d.o.f
L — LQ _I_ K angl.J dr-mo u g ) |
Lg: orbital-angular momentum of QQ or QQ pair

df
\/ 27T

Angular wave-function: 1,m;k, \) = 0,0) |k, \) Dy (1,0, )




BOEFT coupled Schrodinger equations Berwein, N.B.,

Mohapatra, Vairo

) | 2408.04719
» Adiabatic Radial Schrodinger equation:

Mixing different static energies with same LDF-quantum #: Kk = {KPOa /1

1 2q0 (0) (N) (N)
3 |zt + M B o [0 () = £w 0 0

A -

Mixing term from angular momentum piece:
Coupling static energies with different BO-quantum numbers A7

* General expression of M;r; (matrix in A" — A basis) : )\, N =4+A

Mos = (I, m; k, N |LE|L,m; b, \) :
=+ 1) =2+ k(k+ 1)) = VEE D) - AC+ DVIT+ 1) — A+ 1)(5""‘“5
— VEE+ 1) = A — DT+ 1) = XA — 1)oM ! '




Coupled Equations for lowest Hybrids (QQg) and Tetraquarks (QQqqg or QQQqQq):

Berwein, N.B.,

Mohapatra, Vairo
2408.04719

LDF quantum # K="

1 5120, 1 1 (z(z+1)+2 —2\/l(l—|-l))_|_<Eg 0):

;N) 77bé}N)
Nogs — £ ,O P
mqQr? mqr? \—2v/1(l + 1) [(1+ 1) 0 En wﬁ@p : ?’DI(TJ?QP
1 [(1+1 ]
mqQr? Or re Or ?(?IQ?“Q) - b 1(;??013 = &N djg?r—)JP

Berwein, Brambilla, Castella , Vairo Phys. Rev. D. 92 (2015)

LDF quantum # K=2

I ) 1 [(I+1)+6 —2,/31(1 + 1) 0 Es 0 0
— > 0,120, - > (2\/36(l+ 1) [(l+1)+4 —2+/(1 — 1)(l+2)) + ( 0 FEng O )
et et 0 2 /=Dl +2) (I-1)(1+2)

1 20n , 1 (l+1)+4  —2/0—-1)(1+2) En  0N\(v5lo.\ o (o5,
{_WQ?"Q Or1”0p mqQr? (2\/(ll)(l+2) (I—1)(1+2) )_I_ ( OH EA)}( I(TN) ) _SN( ?N)



Coupled Equations for Doubly Heavy Baryons (QQq) and Pentaquarks (QQgqq or QQqqq):

LDF quantum # K=1/2

LDF quantum # K=3/2

1

mqr?

1
mqQr?

O, 1 0,

1
- mQr?
1
0,120, A 5
maor
0,120, ! (
mer

(1—1/2)(1+1/2)

[(1—-1)—13

maQr?

/310 + 1)

(\/31(l+1) — 2

[(1+3) + 4

V3l+1) -3

[(1+1) —

_3
4

3

4

—\/3U0+1) = 3
[(I+1)—2

)

E(1/2) 0 )
_|_ L
( E(3/2),

L1y2),
0

N N
wJ(Kn)aUP - gN wg{n)ﬂp

0

Berwein, N.B.,
Mohapatra, Vairo
2408.04719

] (N) (V)
a wS/?,G‘p wS/Q,O‘p

] (N) (N)
0 ) w]_{\?’_gp 8 wl/Q —Oop
E (r) ] wé/g)?_gp

N
w()

3/2,—op

Castella , Soto Phys. Rev. D. 104, 074027 (2021)

Castella , Soto Phys. Rev. D. 102, 014013 (2020)



X(3872) & T}, (3875)



QQ

color state

Light spin

Static

energles

Multiplets

Octet

o+ | (=)

| (52.11,)
| e
1

{11y}

(£, 1L,)

Isospin-0 channel:
X(3872)

Brambilla, AM, Scirpa, Vairo 2411.xxxx

Berwein, N.B.,
Mohapatra, Vairo
2408.04719

Isospin-1 channel:
v Ze (3900),Z,.(4200),Z,(10610),
Z,(10610)states:

Mixing between KP€¢= (0~ * and
KPC= 1"~

Light-quark spin-symmetry !!
Voloshin, Phys. Rev. D. 93, 074011 (2016)

Braaten, Bruschini arXiv 2409.08002

Until when we introduce
spin all states in the X multiplet
are degenerate



V (GeV)

Berwein, N.B.,Mohapatra, Vairo 2408.04719
N.B. Mohapatra, Scirpa, Vairo 2411.xxxx

X(3872)

0] 1 Coupled-channel Equations:
0.75 0
050 I(I+1)+2 =23/l +1)
| =2 /1(l+1)  I(l+1)
0.25 g(r) iy Uy
[ EZE’[—:(?”) wzf =& wzf
—0.25¢}
—-0.50}
| Critical adjoint :
—0.75¢ meson: AL ~ 950 MeV -
~1-%900 7025 050 075 1.00 125 1.50 175 2.00
| r (fm)
0.05 \
004 Bulava et al Phys. Lett. B. 854 (2024)
9 0.03
> f
& i
E; 0.02 -
0.01 Mixing potential g(r)
0.00f~—— 05 10 15 20 25 30




V (GeV)

X(3872)

1.00 ———

Critical adjoint

—0.75¢ meson: A}  ~ 950 MeV -
050 0.75 1.00 1.25 1.50 1.75 2.00
| r(fm)
0.05 \
004 Bulava et al Phys. Lett. B. 854 (2024)
9 0.03 -
> 003
& i
E; 0.02 -

0.01-

Mixing potential g(r)

0.00/

0.5 1.0 1.5 2.0 25 3.0

Berwein, N.B.,Mohapatra, Vairo 2408.04719

N.B. Mohapatra, Scirpa, Vairo 2411.xxxx
Coupled-channel Equations:

[(1+1) 0 0
= 0,120, 0 (1+1)+2 =210+ 1))
mQr mQr ( 0 —2/i(+1) I(l+1)
EEJ(T) g(r) 0 1/ s Uy,
+1 9(r)  Ege(r) 0 Vs | =& | Yy
— 0 0 En (?“) i wH 2/)H
[=1 g
1) Quarkonium percentage: |[Yx|*~ 6 %
2) Tetraquark percentage: |s|%~ 35 %, |ygl?~ 59 %
3) Radius ~ 14 fm. (and a)
4) Deeper bound state in bottom sector: 5 MeV below

spin-isospin averaged BB threshold.
clear prediction of BOEFT-> the adjoint

does not depend on the flavor
5) we found also a deeper bound state 400 MeV below

DDbar_> spin average 1P quarkonium (3529 MeV)

Critical adjoint meson: 4>, =~ 950 MeV:
No other bound states in higher
multiplets T4, T3, T ....



Berwein, N.B.,Mohapatra, Vairo 2408.04719

X(3872) N.B. Mohapatra, Scirpa, Vairo 24171.xxxx
Radiative decays -
D\ (5572) soi(os ‘ o In agreement within errors
Ryp=—F————= Wefind: R,y =2.9542.28°  with LHCb
Xc1(3872)—=~JY

This is thanks to the quarkonium component-> may work also for production, gives the correct order
of magnitude for compositeness



Berwein, N.B.,Mohapatra, Vairo 2408.04719

X(3872) N.B. Mohapatra, Scirpa, Vairo 24171.xxxx
Radiative decays -
L (3872) m(2e ‘ - In agreement within errors
Ry = 5= = Wefind: Reyp = 2.9542.28  with LHCb
Xcl(3872)—>’yg]¢

This is thanks to the quarkonium component-> may work also for production, gives the correct order
of magnitude for compositeness

_ 0.2 F Spin avg. Spin splitting
Multiplet 7: {17 ~,(0,1,2)" *} | 1r0
o 0.1} D*D*
17 state: Identified with y.,(3872) , | - -
17~ state: Mass around 3.956 (11) GeV. 3 ol - ™
D : (1*=, (0.1,2)*) *
27 T state: Mass around 3.996 (11) GeV. : - v (3872) = 1+
—-0.1F 0*

0" * state: Mass around 3.838 (11) GeV. /

| DD
Identified with X(3940) ? —0.2t

Also indicated in the lattice calculations: Prelovsek et al JHEP 06 (2021) 035.




BOEFT: Q Qﬁﬁ multiplets Berwein, Brambilla, AM, Vairo

arXiv 2408.04719 | m
doubly heavy core light antiquarks
Defines the Born-Oppenheimer

spiN: 1/2 X 1/2 :m {aq) 1 faq’], 0 static potentials £}, {Z,, 1}

: z #@ oubly heavy tetraquarks
3 ® 3 — 6 69 QQ Light spin Static Isospin If|] JF
So =10

color state KFe ENergies )

flavor: J© for TS

- -
0 (=) 0

anti-triplet

3

1+ (- 1,} | 1




T (3875)

Berwein, N.B.,Mohapatra, Vairo 2408.04719
N.B. Mohapatra, Scirpa, Vairo 2411.xxxx

oLl——mm————————— ————]
ol DD Schrodinger equation
~0.1F 3 . i 1 [(l+ 1)
Z X 2
i 4 arr a’rl IV+ 'l,bJr:gNer-
! A 2 2 EQ EQ ZQ
G 0.2 £ —— Our parametrization - - mQr maor i
b « latt. datat=21, Lyu &al.
al ¥ latt. datat=22, Lyu &al. [ = (0
i _*?' . latt. datat=23, Lyu & al. |
o Ens. A5,Bicudo & al. ]
—0.4f ¢ . ] - _
| Ens. G8,Bicudo &al. Preliminary results:
; Ens. N6, Bicudo & al. ]
030 05 1o 15 20 25

r (fm)
Critical triplet meson: 4" ~ 650 MeV

Lyu, Aoki, Doi, Hatsuda, Ikeda, Meng, Phys. Rev. Lett. 131, 161901 (2023)

Bicudo, Marinkovic, Mueller, Wagner, arXiv 2409.10786

1) T, state : 320 keV below DD threshold
2) Radius ~ 8 fm or larger.

3) Deeper bound state in bb sector: T, 110 MeV below
DD threshold.  F=0.29 tTm

4) Deeper bound state in bc sector: Ty, 20 MeV below DD
threshold. Both 0+ 1+ degenerate _ 79 fm

a = h/\/m.E, = 7.95 fm,

< - T923+2
HALQCD collaboration: pion mass 146 MeV: T, a virtual state. £pole = =99, keV

physical pion mass 135 MeV: T.. a bound state

Lyu et al, Phys. Rev. Lett. 131, 161901 (2023)
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Exotics: Hybrids



Exotics: Hybrids

Lattice Spectrum of NRQCD
hybrid static energies E*0 n

0-9 1 1 | | I I

atEr B=25 N=4
ag~0.2 fm
.5 L Gluon excitations N=3

u .
short distance
degeneracies

0.3 L ' ' ' ' ' '
= [ X1 — X9
Juge Kuti Mornigstar 98-06

Schlosser, Wagner 2111.00741, Bali Pineda 2004

0 Capitani Philipsen Reisinger Riehl Wagner PRD 99 (2019) 034502



Lattice Spectrum of NRQCD
hybrid static energies E*0 n

0-9 1 1 | | | | |
atEr B=25 N=4
ag~0.2 fm
.5 | Gluon excitations N=3

— *
ag/a; =25

2=0.976(21)

u .
short distance
degeneracies

0.3 L~ | |
= [ X1 — X9

Juge Kuti Mornigstar 98-06

Schlosser, Wagner 2111.00741, Bali Pineda 2004

0 Capitani Philipsen Reisinger Riehl Wagner PRD 99

Exotics: Hybrids

| |

~Degeneracy

IGround state

igluon: Quarkonium

(2019) 034502

0.2 0.4

Schlosser and Wagner Phys. Rev. D. 105, (2022)

r [fm]




Hybrids static energies at

short distances

The BOEFT characterises the hybrids static energy for short distance

In the short-range hybrids become gluelumps, i.e., quark-antiquark octets, O2, in
the presence of a gluonic field, H*: H(R,r,t) = H*(R,t)O%(R, r,t).

:
the hybrid ) static energy can be written as a (multipole) expansion in r:
o 5F :
& octet potentla\IT, s non perturbative coefficient
m 4 E _— | A _|_ CLM
. g | g coe
S or
EI I . 2 o} ad]
] A, isthe gluelump mass: Ay = T11_>moo - In(H (T/2)¢a2~‘ (T/2,—T/2)H"(~T/2))
> | | calculated on the lattice Foster Michael PRD 59 (1999) 094509
0 0.5 1 1.5 2 25 Bali Pineda PRD 69 (2004) 094001
"fo Lewis Marsh PRD 89 (2014) 014502

ay can be expressed as field correlators (single line = singlet, double line = octet), e.g.,

Ha

Gluonic excitation operators up to dim 3
NG
ty | 17 r-B.r-(D xE)

KFPC
Iy {lrey
T |1

In the limit r — 0 more symmetry: D, — O(3) x C Ng | 1
2, | 277
» Several A7 representations contained in one JPC representation: Mg 27"
» Static energies in these multiplets have same r — 0 limit. éf §+_

u

. | . o n, | 2+-
The gluelump multiplets >, 11,,; 377, T1,; >, 110, A, 3, 1T, A, are Al | 2+-

degenerate.

rxB,rx (D xE)
r-E,r- (D xB)
rx E,rx (D xB)
(r-D)(r - B)
rx ((r-D)B + D(r-B))
(r x D)/(r x BY + (r x DY(r x B)'
(r-D)(r-E)
rx ((r-D)E+ D(r-E))
(r x D)/ (r x EY 4 (r x DY(r x E)’



The first hYbrld static energy excitation 0 Berwein Brambilla Tarrus Vairo PRD 92 (2015) 114019
Oncala Soto PRD 96 (2017) 014004

BOEFT f()I’ EHu and EE_ hybrlds Brambilla Krein Tarrus Vairo PRD 97 (2018) 016016

i+ V2
LBOEFT for 1+— = /dg"“ ZT“ \I’L A (Za@ — Vit—w(r) +7 T TA’> ‘I’1+—A'}

PLO%r, R, t)H(R,t) = Z, V5 (r, R, 1) Y \ m
o A=£1,0; 7 =7and ik, =F (0 £idt) /V2.
o) (i) (i)
° V1—|——)\>\/ —V e / 1 AN/ 1 AN/ o . . |
14— A (O)m m<(2)> o o o fitted from the lattice hybrids
o Forthe static potential: V', '” | |, =0 xx/ V11 |, with V" = E — Vi = By static energies



The first hYbrld static energy excitation 0 Berwein Brambilla Tarrus Vairo PRD 92 (2015) 114019
Oncala Soto PRD 96 (2017) 014004

BOEFT f()I’ EHu and EE_ hybrlds Brambilla Krein Tarrus Vairo PRD 97 (2018) 016016

r | v V2 v
LBOEFT for 1+— = /dg"“ ZT” \IJJ{-I-—)\ (Za@ — Vit—an (1) +7°ZAT_T"“ZA/> ‘I’1+—Af}

T Ma ta _
P O*(r,R,\))H(R,t) = Z,V.A\(r, R, 1) W L m

e A==+£1,0; 7 =¢iandsi, =F (é"ﬁ + ng) /2.
(1) (2)
v v
o Vigoyn =V 4 A IERAN . . .
m m - fitted from the lattice hybrids
» For the static potential: V. | |, =6, VY with v =B, v | =En,. static energies

The LO e.o.m. for the fields ¥’

| +— are a set of coupled Schrodinger equations:

: V72~ 0 § : n
L A/ .

The eigenvalues £x give the masses M of the states as My = 2m + En.

’ V2 . V2
(2 o T vy
m

m
'VZ
/'f'i

7%, | called the nonadiabatic coupling.
T

: nad AT




0 Berweln Brambilla Tarrus Vairo PRD 92 (2015) 114019

BOEFT for EHu and EZ; hYbI’ldS Oncala Soto PRD 96 (2017) 014004

Brambilla Krein Tarrus Vairo PRD 97 (2018) 016016

3
LBOEFT for 14— = /d ZT“ ‘I’L A\

AN/ N

i TVQ
(Zao — Vit—(r) +7 7“>\/> ‘I’1+—>\/}

™m

fitted from the lattice hybrids

(V) “»D(N )

>, _ gN >

N N
) )

Mixing remove the degeneration

A1) L(2)
V1+_>\)\’ — Vl(—E)_)\A’ | L2 AN | 1+_2>\A/ o : :
m m - static energies
For the static potential: V.Y, =6, VY. with v = Ey - v =En,.
N 1+ 1) +2 211+ 1) N EY 0
T
m?“2 o 2 /I1+1) 1(l+1) 0 EY
1 9 125 [(l+1) EO | 4™ _ g ™)
Comr2 T o2 T A i

@ /(I +1) is the eigenvalue of angular momentum L° = (LQQ -+ Lg)é

@ the two solutions correspond to opposite parity states: (—1)' and (—

@ corresponding eigenvalues under charge conjugation: (—1)'™* and (—

among opposite parity states:
->Lambda doubling
existing also in molecular physics

1)l—|—1
1)l—|—3—|—1



Hybrid multiplets as predicted by BOEFT (coloured rectangles) compared to the neutral isoscalar states observed in

charmonium/bottomonium sector (crosses)

5.0 -

4.6 -

.
S
L N B

;n

Mass (GeV)

4.0 - _
D¢ D threshold

3.8

3.6 -

Y(4230)  X(4160)  x.1(4140) x.(4274) P(4360)

1] 7] 1] P s Y(4390) Y (4500) P(4660)  X(4630) Xc0(4500) x(4700)  X(4350) x.,(4685) Y(4710)

[177] [17] [177] [77+] [07] [0+7] [(0/2)™]  [1%F] [177]

Note: Band in the mass value for each multiplet
Is due to the error (150 Mev) on the gluelump mass measured on the lattice

Widths of the semi inclusive decays to quarkonium have also been calculated

N. B. A- Mohapatra, A. Vairo 2212.09187

Mass (GeV)

11.2

11.0 -

10.8 -

10.6 -

104 -

H;
ele—
Hl """""""""""""""""""""
el
BB threshold
Y(10753) Y(10860) Y(11020)
[177] [177] [177]
Multiplet | 7 | JP¢(S=0) | JFCY(S=1) Er
H, 1 1—— (0,1,2)~* | E_—, En,
Ho 1 1++ (0,1,2)F~ En,
Hj 0 o+t 1+~ EZ_
H, 2 21T (1,2,3)*~ | Ey—, Emn,




The BOEFT gives a prescription to calculate the hybrids spin dependent potentials at
order 1/m and 1/m*2

o v o () = Vs (r) (r T g9 pd ) S
+ Vsk o(7) [(’P - ri) (riKijfi,) . S + (riKiijg\T) .S (r- ﬁA,)] S=S;+8S,
L o Sio = 12(Sy - #)(Ss - ) — 4(S; - S1)
1/mA2 Vl(i)—AA’ sp () = Vida(r) (fiTLf'gg\/> S+ Vi, (A (LIS + ST Gy
+VE (182850 + VE) (181205 + VED (il 7, (8185 + 8557

A4

(Kij)"“ — i¢'kJ s the angular momentum of the spin one gluons L IS the orbital angular momentum of the heavy-quark-antiquark pair.



The BOEFT gives a prescription to calculate the hybrids spin dependent potentials at
order 1/m and 1/m*2

o v o () = Vs (r) (r T i pd ) S
+ Vsk o(7) [(’P - ri) (riKijfi,) . S + (riKiijg\T) .S (r- ﬁA,)] S=S;+8S,
B o \ Sio = 12(Sy - #)(Ss - ) — 4(S; - S1)
1/mA2 Vl(i)—AA’ sp () = Vida(r) ( 7“3/) S + VL(Qs)b(T) T (LRSI 4+ STLI) 7
+ VD (1)8%63x + V) (181205 + VED ()il 7, (5185 + $557)

A4

(Kij)"“ — i¢'kJ s the angular momentum of the spin one gluons L is the orbital angular momentum of the heavy-quark-antiquark pair.

Features:

* New spin structures with respect to the quarkonium case: all terms at order 1/m and two terms at
order 1/m”2

Differently from the quarkonium case, the hybrid potential gets a first contribution already
at order AéCD /mp,. The corresponding operator does not contribute at LO to matrix
elements of quarkonium states as its projection on quark-antiquark color singlet states
vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.



Hybrid spin dependent potentials at order 1/m and 1/m#2

1/m V1(i)—>\,\/ sp(T) = Vs (r) (fi\TKijfj’) S

+Vsrco(r) [(r-7]) (MK, ) S+ (FKIRT) S| S s,
Si = 12(S1 - )(S2 - F) —4(S: - S

L. \

2 2 2 ) i 1 i 71\ A
V& v en ™ =Vid, () (L) s+v,fs>b(r) T (LisT + STLI)

+ V& (1) S25, 0 + Véf; (7)S120 17 + Vs(f; b(?“)?’f Ai/ (Sng ™ S%S{)

A4

(Kij)"“ — i¢'kJ s the angular momentum of the spin one gluons L IS the orbital angular momentum of the heavy-quark-antiquark pair.

Features. . The nonperturbative part in V_i (r) depend on nonperturbative
gluonic correlators non local in time not yet calculated on the lattice: six unknowns,
the octet perturbative part can be calculated in perturbation theory

* The only flavor dependence is carried by the perturbative NRQCD matching coefficients



Hybrid spin dependent potentials at order 1/m and 1/m#2

+ Vi o (r) [(r - ﬂ) (r’iK@'J i) S+ (PEIH) S| S
S1o = 12(S1 - 1T)(So - 1) — 4(S1 - So)
v (1) = Vg, () (FTL7,) - S+ v,f?b(r) (L1974 5717 7,
2 2 2 ~LT A Y] i QJ
+ VD (1)8%63x + V) (181205 + VED ()il 7, (5185 + $557)

A4

(Kij)"C — i¢'kJ s the angular momentum of the spin one gluons L IS the orbital angular momentum of the heavy-quark-antiquark pair.

Features. . The nonperturbative part in V_i (r) depend on nonperturbative
gluonic correlators non local in time not yet calculated on the lattice: six unknowns,
the octet perturbative part can be calculated in perturbation theory

* The only flavor dependence is carried by the perturbative NRQCD matching coefficients

USE LATTICE CALCULATION OF THE CHARMONIUM
SPIN MULTIPLETS TO EXTRACT the 6 UNKNOWNs and PREDICT THE BOTTOMONIUM
SPIN MULTIPLETS, learn also about the DYNAMICS



Charmonium Hyobrids Multiplets H_1 |attice data from (violet) from

G. K. C. Cheung, C. O'Hara, GG. Moir, M. Peardon, S. M.
Ryan, C. E. Thomas, and D. Tims (Hadron Spectrum),
JHEP 12, 089 (2016), arXiv:1610.01073 [hep-lat).

455 with a pion of about 240 MeV
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Charmonium Hybrids Multiplets H_1
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latice Exm==a

0 Brambilla Lai Segovia Tarrus Vailiro PRD 99 (2019)

|attice data from violet) from
G. K. C. Cheung, C. O'Hara, G. Moir, M. Peardon, S. M.
Ryan, C. E. Thomas, and D. Tims (Hadron Spectrum),
JHEP 12, 089 (2016), arXiv:1610.01073 [hep-lat].

with a pion of about 240 MeV

height of the boxes is an estimate of the
uncertainty:
estimated by the parametric size of higher
order corrections, m alpha_s”5 for the
perturbative part, powers of Lambda qcd/m for
the nonperturbative part, plus the statistical
error on the fit
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Charmonium Hybrids Multiplets H_1 |attice data from (violet) from

G. K. C. Cheung, C. O'Hara, G. Moir, M. Peardon, S. M.
Ryan, C. E. Thomas, and D. Tims (Hadron Spectrum),
JHEP 12, 089 (2016), arXiv:1610.01073 [hep-lat].

58 with a pion of about 240 MeV
height of the boxes is an estimate of the
uncertainty:
estimated by the parametric size of higher
order corrections, m alpha_s”5 for the
perturbative part, powers of Lambda qcd/m for
the nonperturbative part, plus the statistical
error on the fit

4.80

4.45

4.40

the perturbative part produces a pattern opposite
to the lattice and to ordinary quarkonia —>
discrepancy can be reconciled thanks to the
nonperturbative parts, especially the one at order 1/
m which goes like Lambda”*2/m and is

4.35

Mass (GeV )

4.30

4.25 H"mumpm parametrically larger than the perturbative
| | gpin average (4.303 GeV) - ——- contribution at order m v*4

4.20 P which is interesting as
s e some models

4.15 are taking

the spin interaction

from perturbation theory
o Brambilla Lai Segovia Tarrus Vairo PRD 99 (2019) 014017 with a constituent g|u0n



Charmonium Hybrids Multiplets H_1 and H_2

455
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L445

total eooroy
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440 ]
-~ | -~
3 i :
= 435 I 2
: | :
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|
|
425 :
| in average (4.393 GoV) —-- - in avorage (4.472 GoV) —-—-
420 : h portubatve T2 | P  rabatve EZT3
i

£.15

* .- .- .-
1 0o 1 2

H_1 and H_2 corresponds to I=1 and are negative and positive
parity resp. The mass splitting between H_1 and H_2 is a result of lambda-doubling

H_3 and H_4 are also calculated
* here you find predictions for all H multiplets

o Brambilla Lai Segovia Tarrus Vairo PRD 99 (2019) 014017



Bottomonium hybrid spin splittings

thanks to the BOEFT factorizatio we can fix the nonperturbative unknowns
from a charmonium hybrid calculationthe nonperturbative low energy
unknownsdo not depend on the flavor: we can predict the bottomonium
hybrids splin splittings

10.86 ! ! !
\
\
10.84 fommm--- T Pl e
3 Y
@ s
@ &\
= :
10.82 |- |
H, multiplet
gspin average (10.840 GeV) - - - -
: perturbative EZZ2A
total ESSSSSSSY
10.80 | | | i | |

1++ o 1+ o+

and also the other H multiplets
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Bottomonium hybrid spin splittings

thanks to the BOEFT factorizatio we can fix the nonperturbative unknowns

Comparison of our prediction to the

from a charmonium hybrid calculationthe nonperturbative low energy

unknownsdo not depend on the flavor: we can predict the bottomonium

10.86 ! ;
\
1084 | -— - - m=—__ _FEE_______ L. —  ___________

10.82

10.80

hybrids splin splittings

_

H, multiplet

spln average (10.840 GeV) -
perturbative m
total BN

0" 17 2%

and also the other H multiplets

0 Brambilla Lail Segovia Tarrus Vairo PRD 99

(2019)

014017

existing lattice data on H1

Bottomonium £/ hybrid spin splittings
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= g \ 20208
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; Q‘%&
10.72 5 . .
H, multiplet
spln average (10.790 GeV) - ---
10.70 - : perturbative E=Z2Z4 -
g total SN
: lattice EX=X=Z3
10 68 | l | l | |
17 ('Py) 0" (°Py) 17 (°Py) 27 (°P,)

blue BOEFT predictions (more precise),
violet actual lattice calculation

o0 Ryan et al arXiv:2008.02656
unpublished plot by J.

[2+1 flavors,

m,. = 400 MeV]

Segovia and J. Tarrus



BOEFT calculation of semi inclusive hybrids decays to quarkonium: H —> Quarkonium (S) plus X (anything light)

_ we calculated spin conserving and spin flipping decays
1—‘H—>S = —2 <H‘III1AV‘H> they are same size

Decay to open threshold states not accounted



BOEFT calculation of semi inclusive hybrids decays to quarkonium: H —> Quarkonium (S) plus X (anything light)

_ we calculated spin conserving and spin flipping decays
1—‘H—>S = —2 <H‘ImAV‘H> they are same size

Decay to open threshold states not accounted

* Comparison: bottom exotic states with corresponding bottomonium hybrid state:

50 -

O PDG

B H:(10786)

40 A H,(10976)
- - B T
. : spin-conserving + spin-flipping decays !
% 30 - I = [
— : lower bound on the total decay widths of :
g o 4 1 hybrids which 1s compared with inclusive :
20 - : rate of physical states in PDG. i

SRR

Y(10753) Y(10860) Y(11020)
[177] [177] [177]




I' (MeV)

BOEFT calculation of semi inclusive hybrids decays to quarkonium

Comparison: charm exotic states with corresponding charmonium hybrid state:

320 -
O PDG W H3(43590)
280 L B H,(4155) W Hy(4367)
B H,(4286) M H>(4667) S
240 - B H,(4507) W H4(4812) N - : H,—-Q,+X
[
200 I : spin-conserving + spin-
: flipping decays
I —
160 - : lower bound on the total
% N M I decay widths of hybrids
120 - : which 1s compared with
a : inclusive rate of physical
states in PDG.
80 - § ghiytivifesplefi N
40 - i
u B | | | | | 1 1 I l | | | | |

¥(4230) .::(4}50) Xc1(4140)  x.,(4274) ¢(4360) (4390) Y(4500) (4660) X(4630) X0(4500) x.(4700) X(4350) y.,(4685) ¥(4710)
[177] [77+] [1++] [17F] [177] [177] [17-] 1] [(1/2)~*]  [0%F] [077] [(0/2)""] [177] [177]



Hybrid: Summary Brambilla, Lai, AM, Vairo arXiv:2212.09187

Hybrids (QOg): Color singlet state of color octet QO + gluon. (Q = ¢, b)

v' Isoscalar neutral mesons (Isospin=0)

v' Candidates for hybrids based on mass, quantum numbers, and decays to quarkonium:

Charm sector:

> X(4160) : could be charm hybrid H,[27+](4155). » P(4710) : could be charm hybrid H{[(1™ 7)](4812).
» X(4630) : could be charm hybrid H{[(1/2” 7)](4507). » X(4630) : could be charm hybrid H{[(1/2” 7)](4507).

» P(4390) : could be charm hybrid H,[177](4507). >  xc1(4685) : could be charm hybrid H,[(1*+)](4667).
Bottom sector:

» Y(10753) : could be bottom hybrid H,[(1~ ~)](10786).

: DISCLAIMER!!!
i All the above interpretation can differ accounting for decays to



Hybrid: Mixing with heavy-light
 Hybrid decays to s-wave + s-wave meson pairs: TI'ITI

Conventional Wisdom: Hybrid decays to two S-wave mesons forbidden!

Kou & Pene, Phys Lett B 631 (2005)  Page, Phys Lett B 407 (1997) Farina, Tecocoatzi, Giachino, Santopinto & Swanson, Phys Rev D 102 (2020)

Decay allowed based on BO-quantum # Bruschini Phys. Rev. D 109 L031501 (2024)
J. Castella JHEP 06, 107 (2024)

Hybrid / BO-quantum # A7 for threshold

Light spin | Static energies

KPC D M/f/ , , = Static energies
_ K; & K, Kt
[Ty e
. (L}~ A1 | {174.(0,1,2)7} | H, (1/2)- ®(1/2)"] ot | s-wavets-wave
1+ i B
0 (ot 1+ H, 1—— ) Ex. DD threshold
++ (1.9 3y . . . _ .
2 eyt H >~ component in hybrids couple with £, component in
{11, } 2 | {277,(L,2,3)77} H;

s-wave+s-wave !l

Recent lattice computation for cc hybrid 1~ " decay to

Dy D : 258(133) MeV D™D - 88(18) MeV

Shi et al. Phys. Rev. D 109, 094513 (2024)
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Outlook

« BOEFT aims at describing all exotics containing two heavy quarks in a QCD derived controlled
framework

BOEFT is based on symmetry and scales factorization
at the short distance scale we have control of the perturbative calculation

at the large distance scale we need lattice calculations of few gauge invariant universal correlators

still the structure of the EF T allows for model independent predictions

* Once the lattice input is there the BOEF allows applications to domain in general not directly
accessible to a lattice calculation (decay, production, medium propagation)

*|It is Important to develop techniques for the calculation of the low energy correlators (gradient flow)
and the interface between perturbation theory and lattice

* The results obtained on the X and the Tcc gives is an idea of their nature beyond the models and
redefine our knowledge of the strong force
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redefine our knowledge of the strong force

This picture has the possibility to give a unified description to exotics and to leave the dynamics
decide which configuration used by models will dominate in a given range



Outlook

« BOEFT aims at describing all exotics containing two heavy quarks in a QCD derived controlled
framework

BOEFT is based on symmetry and scales factorization
at the short distance scale we have control of the perturbative calculation

at the large distance scale we need lattice calculations of few gauge invariant universal correlators

still the structure of the EF T allows for model independent predictions

* Once the lattice input is there the BOEF allows applications to domain in general not directly
accessible to a lattice calculation (decay, production, medium propagation)

*|It is Important to develop techniques for the calculation of the low energy correlators (gradient flow)
and the interface between perturbation theory and lattice

* The results obtained on the X and the Tcc gives is an idea of their nature beyond the models and
redefine our knowledge of the strong force

This picture has the possibility to give a unified description to exotics and to leave the dynamics
decide which configuration used by models will dominate in a given range

Combining BOEFT + open quantum systems one can attempt to study the XY Z in heavy ion collisions
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Stron%IF;/Qcczgupled pNRQCD: quantum mechanical matching  the matching conditions are :

2 (1) . T
P Vs . 0;x1x2)— > ST (x1x9)|vac)

H|H|H) = (nl | E [

(H|H|H) = (nljs| - o nljs)

T

expand quantomechanically NRQCD states and energies in 1/m around the
zero order and identify the QCD potentials

NRQCD (1) (2) (3) (4) |
H =7 OoH™Y OHY™ oHY  OHW |H> R \Q; X17X2> 2 |nlj8>
| m I m2 I m3 I m4 e
1 il ‘Q, X1, X2> — |Q; X1 X2>(O) - Z /d3Z1 dSZQm; 71, z2>(0)
H©) :/d3x 5 (IT*TI* + B*B*) — Z q:D -~vq n£0

y (0) <E§ Z1, Z2|5H(1) |Q, X1, X2>(0) |

2
SH® = — / dBx )t (]3 L crgS - B) W + antip. By (z) — BV (@)




Stron%IFQ/Qcoupled pNRQCD: quantum mechanical matching  the matching conditions are :

CD
2 (1) . +
. P Vs . ‘Q, X1X2>— > S (X1X2)|Va(?>
H H) = (nl | [
(M) = (atgs] B+ 30 Y putjis

T

expand quantomechanically NRQCD states and energies in 1/m around the
zero order and identify the QCD potentials

NRQCD 1 2 3 4 .
OV S s S Vi iy H) — |05 %1, X2) ® |nljs)
(e (e T (e
1 d 0531, 3x3) = [0:3x1,32) 0+ 3 [y el )
H©) :/d3x 5 (IT*TI* + B*B*) — Z q:D -~vq n£0
2 O, 2 HO]0: 31, x)
D -
SH® = — / dBx )t ( - +ergS- B)  + antip. By (z) — BV (@)
(1) (2)
m m?
| given in terms of
VO = lim — In¢ S gauge invariant — exp {ig}lé dz“AM}
T—oo T’ rXT

generalised Wilson loops



Hybrids QQg

BOEFT: Lattice Operators

Berwein, Brambilla, AM, Vairo,

Tt

arXiv 2408.04719

Quarkonium tetraquarks QQqq (I=0) -

Operator Examples Projectors
A7 kFC | Representation L
H 8. 4 ) Poy
E;,' 0F scalar 1 1
I 0F— scalar D-E 1
¥, 07~ | pseudoscalar E-, B] 1
¥ 0~F | psendoscalar {E-, B} 1
{E;,_ Al } 1= vector Ei {.,"-'!' _. f-*_i
{7,101} 1=+ vector ([Ex, B])’ {7,
{E;,ﬂg} 17+ |  pseundovector (D x [Ex,B])’ {rt, 7
{E; : l_[”,} 17~ pseudovector B {7, 7

Hg 1172, (1/2)+

(t,x) =

T Operator Examples | Projectors
A7 kf'¢ | Representation .
T, x
Hg' (I =0) Py

E;’ 0F+ scalar qgl™q 1

- 0+ pseudoscalar gy 1T 1
{ E;._ [} 17 vector g~ T% {7, 7"
{EET._ [,}| 17+ | pseudovector g v T {7, 7.}
{¥,.1L,}| 177 | pseundovector g (v x~)" +° T {7, 7}

I=1 operator: Insert e;, - T between light quarks

2 2 2 2 2 2
(6aﬁ105253 + 5‘15205153 + 5‘15305152) (513f17_f2f3 + 513f27—f1f3 + 513f37—f1f2) (Tg)i,lg,lg

2 2 2 2 2 2
T (6‘15105253 T 6@5205351 + 5‘15305251) (513f17_f2f3 + 5I3f2Tf3f1 + é;JEF?J*JCSTJﬁfl) (T3)?1,52353

2 2 2 2 2 2
T (50‘5510‘5352 + 5‘5’5520—53131 T 5‘“5303152) (613f17f3f2 T 5I3f27-f3f1 + 5I3f37-f1f2) (Tl)?hizala

(Pyai, (8, 2)™ (Praqiop, ()7 (Praiy 1, ()™

Castella , Soto Phys. Rev. D. 102, 014012 (2020)



BOEFT: Lattice Operators

Doubly heavy baryons QQq

arXiv 2408.04719

Berwein, Brambilla, AM, Vairo,

Tutl

BO quantum # (k—1/2) Operator Examples Projectors
k¥ .
D Representation H ? : PY
{L;E]g {1fr2]+ sealar [P+'?ﬂ]& Pﬁfg 1o Castella , Soto
, B - . Phys. Rev. D. 102, 014012 (2020)
(1/2),, (1/2) pseudoscalar Poyq*]” Pl 1170
—_ 3/2a I L
{{1;"{2]11{3!;2}11} {HJ'JE] vector 1lm1/23 {'Em D]{P-l-q }ﬂ“ { -]i..J'.E +1/2 L”E :I:‘IJ.IE}
Doubly heavy tetraquarks QQqq (I=0) Doubly heavy tetraquarks QQqq (I=1)
Operator Examples Projectors Operator Examples Projectors
ﬂf; k¥ Representation iy o A7 EY | Representation e | L
H:_-J;:;L. (I =10) . (I =0) P Hyl (1=1) H (I =1) B2\
i+ 0+ scalar 7 ,rE 2 pa GI'* B 1 E_{} 0t scalar — f:I":r'ﬁ"";r'EEfﬁ : [:TZT} ¥ q* 1
q s 4
y- 0- psendoscalar B i 2,2 ya g ! ¥ 0 pseudoscalar Jyer, - {TZT} T g" — 1
| - - = T . . 2 e e — i 0,2 . 2 a % “1'*.:
{E"‘_H } - cector @.-;rﬂ: .r.f‘-'nlr. Y T g {?‘T_ nr'f'_. 2 2 ya g {?-1 i {ET“IIu 1 vector Tl e e e =T A {T T]I T q" gy v’ v el {T 'r:l Y {7
we | {E.r.r ,ll_q} 11 psendovector qv ey, - {TE‘T} T ¢g* — {7, ¢
{E;, I1,}| 1¥ | pseudovector - gy V22t ¢t {ri, 7.}
Doubly heavy pentaquark QQqqq
a, £ _ 2 2 2 ) ( 2 2 2 0
H'y i1 0.1y (68) = | (00, 08,8, + 002088, + 0ass08,5,) (011 Tho sy + 01 faThipo + Ok fsThogs ) Tty 1oLt

(Pran, f,(t, )" (Praiy g, (t,2)) 7 (G g, (t, ) P-)




Tcc

For illustration purpose, we model Vz:; considering short-

distance behavior from [75| and long-distance behavior
with a two-pion exchange potential [76]

K;? ! E()—l- _I_ AE_'_ TQ r << Rz—l-
VEQI — I —r/d /,.2 ’ ’ (7)
s+ € /r r o> sz-
where k3 = —0.120 and Agy = 0.197GeV® [75], the

parameters sz and sz are determined by imposing

continuity up to first derivatives. We treat 0T triplet
meson energy Fy+ as free parameter to obtain T, (3875)
state.




X

We use the lattice parametrization (where energy lev-
els are normalized with respect to twice the energy of
the static heavy-light pair Eg7) in [71] for Vs, across
all ». For VE;/ and Vi, , we model the short-distance

behavior using the quenched BO-potential parametriza-
tion from |[75| due to lack of lattice computation, long-
distance behavior with a two-pion exchange potential
76|, and the asymptotic limit (r — oco) with a constant

F1 =0.005 GeV as in |71]:

Vs (r) =Vo+ = + o, (2)

r

Va(r) = %+E1———|—AAT2—|—BA7“4 r < R
A FAG_T/d/Tz—FEl r > Rj.

(3)

where A = {1, TI;}, v = —0.434, 0 = 0.198 GeV?, kg =
0.037, Ayt = 0.0065 GeV*”, Byv = 0.0018 GeV?, Ap, =

0.0726 GeV?, B n, = —0.0051 GeVS, d ~ 1/(2my) ~

1/0.3 GeV™! ~ 0.65fm and parameters Fy and R are
determined by imposing continuity up to first derivatives.
The constant Vo = —1.142 GeV is interpreted as —2F ;.
For sz—zj’v it must vanish as » — 0 based on pN-

RQCD [77], and approach zero asymptotically as r — 00,
with a peak near the string-breaking region*. Hence, we
parametrize sz—zj’ as

where the parameters ¢ = 0.05 GeV, r1 = 0.95 tm, and:
ro = 1.51 fm are fixed considering the lattice data in |71],:

ro = 0.5 fm is the Sommer scale, A = 1.02 GeV has been:
fixed by demanding the continuity of the potential at r5.:



BOEFT: Pentaquark multiplets TUM

Qaqqq Berwein, Brambilla, AM, Vairo,
arXiv 2408.04719
QQ Light spin Static J¥ “
{
| color state K" | energies | 15 =0,5¢=1} No lattice inputs available on Born-Oppenheimer
- (1/2)* (1/2), /2| {1/2-,(1/2.3/2)7) static potentials for pentaquarks
CLE
(3/2)" (3/2), {3/27,(1/2,3/2,5/2)" }
QQqqq
Light spin heavy spin
(J() color state
K* Sp = So =1
(1/2)" {(1/2)7} {(1/2,3/2)",(1/2,3/2,5/2)"}
sextet 1/2,3/2)7},{(1/2,3/2,5/2)},
(3/2)- (3/2)) {(1/2,3/2)7},{(1/2,3/2,5/2)7} .
((3/2,5/2,7/2)*)
N (1/2)~ {(1/2)7,(3/2)7} {(1/2,3/2)7}
antitriple
(3/2)~ {(1/2)7},{(3/2)7},{(5/2)"} {(1/2,3/2,5/2)"}




bali, Neil, Duessel, Llppert, bcmlllng

(SESAM collaboration) Static Energies: Avoided crossing TI.ITI

Phys. Rev. D. 71, (2005)

STRING BREAKING
Figure from Pedro Gonzalez T30f seminar o
"o
Qe (@) E
s
Qmm*@é;j =
| M) QW/I)
Meson-antimeson threshold
Static energies
KFP & KF Ko
" K -D':-'_nle
(1/2)" @(1/2)7 O~ Yu }
|| q=hmy)
(1/2)- @ (1/2)~| ott {=5}
1+— {Ew, Iy}
(1/2)” @ (3/2)” 17— {Es, u}
2++ {E5, g, Ag}

D.E | | | | I

state |[1> —e—

state |2 —— |

T/a

m. ~ 650 MeV

_ s-wave+s-wave
Ex. DD threshold

BO-quantum # Zg mix: avoided crossing between QQ & MM
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Qe & &
-0.05 .
-0.1 -
state [1> —e
-0.15 ¢ state |2> —e—
_':LE | 1 1 1 1 | 1 1 1
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T/a
String breaking radius =~ 1.25 fm
a ~ 0.083 fm
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Hybrid static energies: (2., 11,,)

1) Avoided crossing with s-wave + p-wave threshold. No lattice results available on this till now !!

Z2) X, component mixing with s-wave + s-wave threshold (significant effects only if the energy gap

less than Aqgcp scale).
Bruschini Phys. Rev. D 109 L031501 (2024)  J. Castella JHEP 06, 107 (2024) 22



