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Topic change apology
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• I decided to give a talk which isn’t about the lattice, 
different from what I advertised originally. 

• My apologies!

• This talk does fit “formal developments” and “hadron 
interactions”, but I won’t say anything about the lattice. 

• However, there are lattice applications of some things 
I’ll discuss - keep an eye on the arXiv in the spring…



Theta terms
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• Many QFTs — including QCD — have continuous             
-periodic couplings , appearing as coefficients of 

topological terms . 

• Are there other ways for periodic couplings to appear? 

• Part I: bottom-up construction of a new type of  term, the 
Cheshire  term.  

• Might have observable consequences when considering 
the Standard Model with axions. 

• Part II: reexamine Witten effect in QED, and use it to 
inspire the general construction in part III. 

• Part III of this talk: explain a general way to construct  
terms, which leads to the usual  terms + new ones.

2π θ

∫ dDx q(x) ∈ ℤ

θ
θ

θ
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Part I: Cheshire  termθ

4



Terminology

5

• “Alice in Wonderland” is a somewhat famous British 
children’s book from 1865.  The book tells a story about 
Alice falling through a rabbit hole into a magical land full of 
amazing and sometimes creepy creatures.



The Cheshire Cat
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• One of them is the Cheshire Cat. It likes to turn invisible.  
But not completely:  the cat’s grin remains.

• I’ll now introduce a “Cheshire  term”.  It’s also almost 
invisible… except for its grin!

θ



Cheshire  termθ
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• One of them is the Cheshire Cat. It likes to turn invisible.  
But not completely:  the cat’s grin remains.

• I’ll now introduce a “Cheshire  term”.  It’s also almost 
invisible… except for its grin!
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Setup
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• Consider a D-dimensional QFT with 

A. -periodic compact scalar , with a  2-form 
symmetry that counts  vortices. 

B.  symmetry not involved in any ’t Hooft anomalies, 
with a background gauge field   

• Not assuming a  shift symmetry .  

• The path integral involves  and other fields acted on by 
.  Schematically, it looks like

2π φ U(1)[D−2]

φ

U(1)[0]

A[0]

φ U(1)[0]
shift

φ
U(1)[0]

• No ’t Hooft anomaly ⇔

Chen, AC, Choi, 
Neuzil, 

2410.23355

<latexit sha1_base64="/YU4Wgv8yrUAOaxhsy5tjq+1VFY="></latexit>

Z(A[0] + d�) = Z(A[0]),� ' �+ 2⇡

<latexit sha1_base64="srqOsXtIBuKTJT/Pyj7zXLRwffo="></latexit>

Z(A[0]) =

Z
D' exp

h
� S'(', A

[0])
i



Cheshire  term̂θ
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• Let’s set Sum over  means that  

just got gauged, but only a tiny bit. 

•  is flat: no propagating degrees of freedom. 

•  is a non-generic flat gauge field: tied to . 

• If , , so the path integral doesn’t 
change, and  is  periodic. It is the Cheshire  parameter.  

• Let’s make this more concrete!

A[0] → a =
̂θ

2π
dφ . φ U(1)[0]

da

a φ
̂θ → ̂θ + 2π a → a + dφ

̂θ 2π θ



Cheshire  term̂θ
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•  could be e.g. the  symmetry of a free Dirac 
fermion .  Then the Cheshire  term is
U(1)[0] U(1)V

ψ θ
<latexit sha1_base64="xGD52KPZeFuLKBA+sWzQxFxFkP8="></latexit>

i✓̂

Z
dDx

@µ'

2⇡
 ̄�µ 

• Clearly different from standard  terms: dimension-5 
operator when  in . 

• Vanishes after (naive) integration by parts and use of EoM. 

• Textbooks say that when building EFTs, we should discard 
terms that vanish after integrations by parts and/or use of 
EoMs because they cannot contribute to scattering. 

• It is true that  doesn’t change particle-particle scattering 
amplitudes. Like the Cheshire Cat, it’s almost invisible.

θ
[φ] = 1 D = 4

̂θ
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Aharonov-Bohm effect

• Consider the integral of :a =
̂θ

2π
dφ

<latexit sha1_base64="FqdfKfwDloehvs1FFsivKDV7cKo="></latexit>Z

C
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2⇡
d' =

✓̂

2⇡
2⇡n = n✓̂

assuming C goes around a winding-n vortex

•  is flat, but it has non-trivial holonomies around vortices! 

• Particles with  charge q get an AB-like phase  ! 

• For experts: this is not an operator-operator braiding phase. Point and 
vortex operators are both in the vacuum sector of the theory at any .

a

U(1)[0] eiqn ̂θ

̂θ
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More on AB phases
• The AB effect induced by  is quite robust.   

• Shift symmetry for  isn’t required. 

• If we impose a symmetry like , it quantizes but 
does not kill the  term:  both allowed. 

• If we break  ,  should be a  gauge 
field, so that it satisfies .   

• Comparing to , we learn that   gets 

quantized:    

• Soon: will show that  induces a Witten effect. 

• First I want to address the “who cares?” question, so let’s 
talk about axions.

̂θ

φ

φ → − φ
̂θ ̂θ = 0, π

U(1)[0] → ℤK A[0] ℤK
KA = dα, α ≃ α + 2π

a =
̂θ

2π
dφ ̂θ

̂θ = 0, 2π/K, 4π/K, …
̂θ



Axions and the Standard Model
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• One of the most popular approaches to the Standard Model  
and the strong CP problem is to couple QCD to a P and CP 
odd  periodic `axion’ scalar , which is the (pseudo) NG 
boson of a spontaneously broken   `Peccei-Quinn’ 
symmetry:

2π φ
U(1)PQ

<latexit sha1_base64="vPwbuZ5Z0oa3HEgoc/1rs/Mh1cA="></latexit>

i
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Z
d4x' trfµ⌫ f̃

µ⌫ +

Z
d4x

f2
PQ

2
(@µ')

2

• The QCD  term can be absorbed by a shift of , and  is 
replaced by , the value of  at minimum of  

• If QCD is only source of explicit  breaking (to a high-
enough accuracy), minimum of  is at 0, solving the 
strong CP problem.

θ φ θ
φmin φ V(φ)

U(1)PQ
V(φ)
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• Now for a little bit of (hopefully productive) trolling.   The 
point of coupling QCD to an axion is to get rid of a  
periodic continuous periodic coupling…

2π

Cheshire  term̂θ
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• Now for a little bit of (hopefully productive) trolling.   The 
point of coupling QCD to an axion is to get rid of a  
periodic continuous periodic coupling…

2π

<latexit sha1_base64="kzx/5i14RNa9I5ewkyy2Viw6Pco="></latexit>
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Z
d4x

@µ'

2⇡
jµB�L ,

• C or P symmetry  . But C and P are violated in 
SM. Any value of  is allowed. 

• Take  as free parameters, to be constrained by data. 

• Can also add  coupling for  symmetry

⇒ ̂θ = 0 or π
̂θ

fPQ, ̂θ
̂θB+L ∈ ℤ3 (ℤ3)B+L

Cheshire  term̂θ

• But as soon as you do this, you can write another  
periodic continuous coupling:

2π
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• The Cheshire  terms induces AB phases for leptons and 
quarks around axion strings:

̂θ

Effect of Cheshire  term̂θ

leptons: ei ̂θ, quarks: ei ̂θ/3

• Aharonov-Bohm phases imply Aharonov-Bohm scattering! 

• If you have e.g. a straight Abrikosov-Nielsen-Olesen string 
carrying gauge flux  (in units of the flux quantum), then 
particles with gauge charge q have a cross-section 

Φ
σ

scattering 
angle and momentum

α, p =
<latexit sha1_base64="XhfbNHBwQ+qyCv2STCygoVC2G/s="></latexit>
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• The Cheshire  terms induces AB phases for leptons and 
quarks around axion strings:

̂θ

Effect of Cheshire  term̂θ

leptons: ei ̂θ, quarks: ei ̂θ/3
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• The AB phase is present even if axion strings are attached 
to domain walls, since breaking of  is irrelevant.U(1)[0]
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• The Cheshire  terms induces AB phases for leptons and 
quarks around axion strings:

̂θ

Effect of Cheshire  term̂θ

leptons: ei ̂θ, quarks: ei ̂θ/3

• Aharonov-Bohm phases imply Aharonov-Bohm scattering! 

• If you have e.g. a straight axion string in a model with , 
then B-L charge q particles scatter on it with cross-section

̂θ ≠ 0

scattering 
angle and momentum

α, p =
<latexit sha1_base64="wkuyvM1OXMQiAxqNCl7P+MZsW4I="></latexit>

d�

d↵
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• Suppose that PQ symmetry is restored after inflation ends. 
(True in many models.) Then as universe expands, T drops, 
and  breaks, producing axion strings. 

• As universe expands and cools, strings move around and 
merge to form loops.   

• Loops wiggle and emit axions and gravity waves. 

• Eventually they collapse completely. 

• For ANO-type local strings, it has long been known that AB 
scattering on SM plasma suppresses high-frequency GW 
emission. (Vilenkin 1991.)  Cheshire  terms produce the 
same effect for axion strings! 

• Value of  in axion-SM EFT might be constrained by future 
GW observation experiments.

U(1)PQ

̂θ

̂θ

Axion strings in cosmology
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Axion string stochastic GW background

• Solid lines = curves for  not affected by .  Curves should 
be suppressed to lie somewhere in colored regions due to . 

• “Resonant cavities” refers to sensitivity of a proposed GW 
experiment by Herman, Lehoucq, and Fuzfa, 2021 and 2023.

T < Tfric
̂θ

θ

fPQ=1013GeV
fPQ=1014GeV

104 107

10-19

10-15

fGW/Hz

Ω
G

W
h

2

Res. Cavities
Chen, AC, Choi, 

Neuzil, 2024



Part II: Reexamining the Witten effect
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Chen, AC, 
Neuzil,  

coming soon
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Witten effect

• Back to more formal matters. 

• Standard Witten Effect (1979): Suppose we add a  term 
to Maxwell  gauge theory:

θ
U(1)

• Witten noticed this gives magnetic monopoles with 

magnetic charge  an electric charge of .   

• Monopoles become dyons.

qm qe = −
θqm

2π

<latexit sha1_base64="wMPFuT30hFEB/yVC2vgIuOgQpe4="></latexit>
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Cheshire Witten effect

• Suppose there’s a  shift symmetry for  with a 

background field 

U(1)[0]
shift φ

A[0]
shift

• So particles with charge  under  get a  

charge .  This is a Witten effect! 

• If  is broken, this Witten effect disappears, but the 
AB effect persists as Witten effect’s Cheshire grin. 

• What about the ``Witten effect’’ in U(1) gauge theory? 

• As defined by Witten, it requires a  symmetry.  
Does part of it somehow survive if  is broken?

q U(1)[0] U(1)[0]
shift

qshift = −
θ

2π
q

U(1)[0]
shift

U(1)[1]
e

U(1)[1]
e

<latexit sha1_base64="Io242ZNuUK7agMLTe9TN9I+v0mc="></latexit>
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Twisted sector shuffle

<latexit sha1_base64="xTZYD+KJqWUJMZTznrjQK46Prp8="></latexit>
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• If we also turn on an  holonomy  for , we push the 
system into a `twisted sector’.   

• Twisted sector operators  = operators attached to 
topological lines/surfaces/etc.

S2 χ Am

• 4d U(1) Maxwell theory has 1-form  and  
symmetries. Call their 2-form background fields  . 

• If we place the model on  with  
holonomies  on , the partition function is

U(1)[1]
e U(1)[1]

m
Ae, Am

X = S2 × T2 Ae, Am
αe, αm T2
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Twisted sector shuffle
• 4d U(1) Maxwell theory has 1-form  and  

symmetries. Suppose  is 2-form background gauge 
field for  

• Let’s put this QFT on , and turn on an  

holonomy for :  .  This defines a 

``twisted partition function”:

U(1)[1]
e U(1)[1]

m
Am

U(1)[1]
m

M = S2 × T2 S2

Am exp(i∫S2

Am) = eiχ

<latexit sha1_base64="zlw53DfnKILXz90F1R3DAiSWMOQ="></latexit>
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◆2
#)

.

• Fractionalization of  charge is induced by mixed ’t 
Hooft anomaly of  and .

U(1)e
U(1)[1]

e U(1)[1]
m



25

Twisted sector shuffle
• Staring at the twisted partition function for a while, we 

discover that twist-  charge-q sector Hilbert spaces satisfyχ

•  shuffles twisted and vacuum sectors with fixed  charge. 

• Example:  vacuum sector ( )   twist-  sector. 

• Therefore  has two effects: 

1. Reshuffle of  twisted and vacuum sectors 

• Not discussed much… 

2. Charge fractionalization 

• Discussed all the time

θ U(1)[1]
m

θ > 0 χ = 0 ⇔ θ = 0 θm

θ

U(1)[1]
m
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Primary and secondary Witten effects

• The twisted-vacuum sector shuffle driven by  only cares 
about .  

• Similar shuffle with our Cheshire  term from Part I. 

• Usually charge fractionalization is taken as the definition 
of the Witten effect.  But it requires the twisted-sector-
shuffle along with an  symmetry with the right ’t 
Hooft anomaly. 

• Twisted-sector-shuffle =  “primary Witten effect”. 

• Charge fractionalization = “secondary Witten effect”. 

• The primary Witten effect involves fewer assumptions.  It 
is the right starting point for generalizations.

θ
U(1)[1]

m

̂θ

U(1)e
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Monopoles and magnetic holonomy
• Primary Witten effect has a physical implication:  it leads 

to generalized AB effects. Suppose we insert a static 
monopole into U(1) gauge theory:

<latexit sha1_base64="7kUKkwZVEOFrCu6glUDYZK7L9Uk="></latexit>
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<latexit sha1_base64="ETnxKAr2e2irzsN3qdrnCo8zb+c="></latexit>

da ! (da)monopole + da0

•  couples as , so a monopole produces an 

effective  , so  . 

• So excitations created by ’t Hooft lines should experience an 
AB effect.  Subtlety:  is spontaneously broken in 
Maxwell theory, makes this hard to see.

Am i∫ Am ∧
da
2π

Am =
θ

2π
(da)monopole exp i∫S2

Am = eiθm

U(1)[1]
m
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The U(1) Higgs phase

• Let’s add a charge-1 Higgs scalar field . This breaks . 

• But 1-form symmetries are a bit like zombies: hard to kill. 
When  has a large positive ,  re-emerges in IR. 

• Once  ``condenses’’, several things happen.   is no 
longer spontaneously broken, and hence the photon gets a 
mass. Also,  is completely destroyed, and so is the 
standard Witten effect. 

• But the primary Witten effect remains! 

• In the Higgs phase there are ANO local vortex strings with a 
finite tension and magnetic flux .  They are created by 
hitting the vacuum with an ’t Hooft line operator.   

• The  term affects the Higgs phase physics via an AB effect.

Φ U(1)[1]
e

Φ m2 U(1)[1]
e

Φ U(1)[1]
m

U(1)[1]
e

2πm

θ
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String AB effect

Minimal vortex-string excitations moving around a unit 
magnetic monopole pick up a phase shift eiθ

• Monopoles are confined, so there are complicated string-string 
interactions in this process.  But the AB phase is universal.



Part III: The general Witten effect
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Generalizing the Witten Effect
• We want to describe the most general consistent “shuffle 

of fixed-charge twisted sectors”. 

• Random shuffles would violate locality, so here 
consistent = locality-preserving. 

• To see how to do this, let’s arrange the charge and twist 
sectors associated to a symmetry G in a table:

We first treat discrete G and then generalize the result to continuous G. Hence for
the moment, both G and bG are non-anomalous finite invertible symmetries. Consider the
spacetime to be X ' M ⇥ S

1
L, where M is a closed manifold and S

1
L is a circle with length

L. We can decompose a G gauge field into a spatial part ↵ and a time part �. Between
them ↵ gives a G-twist. Similarly, we can decompose a bG gauge field into a spatial part a

and a time part b. Between them a gives a G-charge. Namely there is a correspondence,

G-charge = bG-twist , G-twist = bG-charge . (2.23)

Let H↵(M) denote the twisted-sector Hamiltonian of theory Z with the G-twist ↵ on space
M . We can further decompose it into subsectors with different G-charges, i.e.,

H
↵(M) =

M

a

H
↵
a (M) . (2.24)

In the presence of a background G gauge field ↵+ �, the partition function is given by

Z
↵
� (X) =

X

a

exp
h
�LH

↵
a (M) + i h�, aiX

i
, (2.25)

where h�,�iX 2
R

2⇡Z is the natural inner product between a G gauge field and a bG gauge
field on X. Let us arrange all the subsectors of theory Z into a table, i.e.,

Z G-charges a

G
-t

w
is

ts
↵ H

↵0
a0 H

↵0
a1 H

↵0
a2 · · ·

H
↵1
a0 H

↵1
a1 H

↵1
a2 · · ·

H
↵2
a0 H

↵2
a1 H

↵2
a2 · · ·

...
...

... . . .

, (2.26)

which we call the spectrum table of theory Z on M . A Witten effect then corresponds to
a vertical reshuffle of the spectrum table that preserves locality. Our goal is to find out all
such vertical reshuffles. This is not hard for particular G and M . We just need to solve a
generalized Dirac-Schwinger-Zwanziger quantization condition. We already see how to do
this for G = U(1)[1] and M = S

2
M⇥S

1
Ls

around Eq. (2.16). However, it is indeed difficult
to find the general solutions for unfixed G and M .

Fortunately, we can circumvent this difficulty by a roundabout tactic based on the
following two facts. First, all the horizontal reshuffles that preserve locality are already
known. Second, transposing the table is also known to preserve locality. Hence our strategy
is (i) transposing the table, (ii) doing a horizontal reshuffle, and (iii) transposing the table
back. This composite manipulation is usually called S

†
T S, where S stands for transposing

the table and T stands for a horizontal reshuffle that preserves locality. In other words,
S
†
T S provides a universal construction to all the Witten effects. Let us explain the details

of these elementary manipulations.
The manipulation S is dynamically gauging symmetry G. We then obtain the dual

theory bZ with the dual symmetry bG. The partition function of theory bZ in the presence of

– 11 –

• Witten effect = consistent shuffles of entries within each column.
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 and the Witten effectS†TS

• We assemble three well-known results: 

1. Gauging G with flat gauge fields, “ ”, transposes the 
table and produces a new model with a dual symmetry 

. 

2. Gauging  with flat gauge fields, “ ”, transposes 
table again, and takes us back to the original theory. 

3. Consistent reshuffles of rows of table, “T” for a           
-symmetric QFT = “stacking” a -symmetric QFT 

with a -symmetric invertible topological QFT. 

• Consistent column reshuffles of G-symmetric QFT are 
generated by  !

S

Ĝ = Rep(G)

Ĝ S†

Ĝ Ĝ
Ĝ

S†TS
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Most complicated way to get Maxwell  termθ
• This constructions is a way to think about generalized  

terms. For example, consider  Maxwell theory 
without a  term.   

• Gauge  with flat gauge fields. 

• Stack with any one of a family -symmetric 
invertible theories labeled by an angle . 

• Gauge  with flat gauge fields. 

• Result: 

θ
U(1)

θ

U(1)[1]
m

Ĝ = ℤ[1]

θ

Ĝ = ℤ[1]

<latexit sha1_base64="d63wOC5emx8GIjvBnpeQdTYMjiE="></latexit>

i✓

8⇡2

Z
da ^ da
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Generalized  termsθ

• So  terms of QFTs with symmetry G can be defined to 
arise from non-trivial -symmetric invertible TQFTs 
through the  map. 

• Applying the techniques to “-1-form symmetries” gives 
(in a rather trivial way) e.g. SU(N) YM  term.  

• More generally, we seem to reproduce all known (to us) 
 terms and Witten effects, and get lots of new ones. 

• Finally, we can try to say something about confining 
strings in 4d YM theory.

θ
Ĝ

S†TS

θ

θ
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New discrete  parameter in YMθ
• 4d SU(N) YM theory has an `electric’  symmetry 

• Gauge  with gauge field , getting dual symmetry 

. 

• Stack a -invariant TQFT, labeled by  .  

• Gauge  with a gauge field . 

• Tempting to view  as a new-ish discrete  parameter in 
YM theory.  (NB: not equivalent to  in PSU(N).) 

• Unfortunately the simplest expression we found is

ℤ[1]
N

ℤ[1]
N σ

Ĝ = ℤ[1]
N

Ĝ ̂θ ∈ ℤN

Ĝ α
̂θ θ

θ = 2πk

<latexit sha1_base64="2/0xoNjLV0wve7BxfZw9D1EQnOY="></latexit>

ZYM (✓̂;�0) ⇠
X

↵,�2H2(M,ZN )

ZYM (✓̂ = 0;�0) exp

⇢
i
2⇡

N

Z h
↵ [ (�0 � �) + ✓̂Q(↵)

i�
, Q(↵) ⇠ ↵ [ ↵.

• Good news: the physical effect same as in Abelian Higgs!
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String AB effect

x

y

z

Minimal confining-string excitation moving around a heavy static 
fundamental-representation quark picks up a phase shift eiθ

• The quark is confined, so there are complicated string-string 
interactions in this process.  But the AB phase is universal.
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• There are peculiar `Cheshire’  parameters of models with 
compact scalars. 

• Witten effect is all about AB effects, and Witten and  
terms can be generalized a lot. Many new examples from 
our general  construction! 

• When are these exotic  terms induced via RG flows? 

• Which UV axion models induce Cheshire  in the axion-
SM EFT? 

• Can there be implications for phase structure of QFTs from 
these  terms? 

• One can write an ``  - baryon’’  term in the large N QCD 
chiral EFT.  Is  or  ?

θ

θ

S†TS

θ
̂θ′ s

θ

η′ 
̂θ

̂θlarge N = 0 ̂θlarge N = π

Conclusions
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Thank you
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Optional: derivation of  from θMaxwell S†TS

<latexit sha1_base64="vsS0UQEqRnKGNk47aFqwsCMirKM="></latexit>

ZMaxwell(�) =

Z
Da YMaxwell(a) exp

✓
i

Z
� [ [da]

2⇡

◆

<latexit sha1_base64="dYZv9MCid/RHqaLPd2Eb15QSewU="></latexit>

ZMaxwell(�
0 = 0, ✓) =

X

↵2H2(M,Z)

Z
D�ZMaxwell(�) exp

⇢
�i

Z
↵ [ � + i

✓

2

Z
↵ [ ↵

�

=

Z
Da

X

↵2H2(M,Z)

Z
D�Y(a) exp

⇢
i

Z
� [

✓
[da]

2⇡
� ↵

◆
+ i

✓

2

Z
↵ [ ↵

�

=

Z
Da

X

↵2H2(M,Z)
Y(a) �

✓
[da]

2⇡
� ↵

◆
exp

⇢
i
✓

2

Z
↵ [ ↵

�

=

Z
Da Y(a) exp

⇢
i
✓

2

Z
[da]

2⇡
[ [da]

2⇡

�
=

Z
Da Y(a) exp

✓
i
✓

8⇡2

Z
da ^ da
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