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○ Equation of state of QCD is relevant to astrophysics

Dense QCD and Neutron stars
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○ Understand the dynamics of quark-gluon-plasma 
(QGP) created in heavy-ion collision experiments

Nonequilibrium QCD and Little bang

Ab initio calculations of real-time QCD
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Two directions
○ Implementing QCD on quantum devices is never trivial

Develop quantum algorithms and wait fault-tolerant QCs

Simulating toy models of LGTs on NISQ devices

e.g., Schwinger model (QED in 1+1 dimensions )
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SU(N)k and graph representation
○Wilson line (generates computational basis)

○ 2d square lattice to state (2+1d Yang-Mills)
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FIG. 1. (a) In a 2+1D Kogut-Susskind LGT [see Eq. (1)]
gauge fields live on links of a spatial 2D square lattice, which
contains elementary plaquettes (blue) and four-vertices (red).
(b) For the gauge-invariant SN basis (see main text) every
four-vertex is split into two three-vertices, resulting in an ad-
ditional link (dashed). (c) The elementary plaquette operator
on the point-split lattice acts on elementary hexagons accord-
ing to Eq. (2). (d) A key feature preserved by our proposed
q-deformed regularization are local unitary transformations
(“F -moves”) that effect a basis transformation between in-
equivalent ways of point-splitting [see Eq. (6)].

Model and truncation.– To be specific, we consider a
SU(2) LGT in two spatial dimensions, but our approach
applies to all SU(N) LGTs in arbitrary dimensions. In
preparation for the q-deformed theory, we start with the
KS Hamiltonian [48, 51]
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where g
2 is the dimensionless bare coupling constant and

a denotes the spatial lattice spacing. Here, E
2
`

is the
electric energy operator acting on every link ` of a 2D
square lattice, while U⇤ acts on the four links forming an
elementary plaquette (see Fig. 1a). In the Hamiltonian
formulation, gauge invariance is expressed by Gauss’ law
operators G+, associated to every vertex + of the lattice,
such that [HKS, G+] = 0 8+, and the gauge-invariant
Hilbert space is spanned by all states | i which fulfill
Gauss’ law G+| i = 0 (in the absence of static charges).

Since we will define the qKS theory in a gauge-invariant
basis formed by spin network (SN) states, we first recall
this construction for the standard KS model [51]. These
states are obtained by solving Gauss’ law in terms of spin
singlets at every four-vertex. To keep track of inequiva-
lent singlets, it is convenient to work on a tri-valent lat-
tice obtained by “point-splitting” every four-vertex into
two three-vertices as indicated in Fig. 1b, a construction
which is also heavily used in the LSH formulation [39, 52].
The fact that this procedure is fundamentally non-unique

implies the existence of local basis changes [see Fig. 1d]
which will become essential for SNAQs. A general SU(2)
SN state has the form |ji = ⌦

0
`
|j`i with one SU(2) rep-

resentation label j` 2 {0, 1
2 , 1, . . . } assigned to every link

of the resulting lattice. The rules of angular momen-
tum addition lead to an additional “triangle” constraint
|j1 � j2|  j3  j1 + j2, together with j1 + j2 + j3 2 N,
which has to be satisfied by all triples of spins (j1, j2, j3)
that meet at a vertex, which we indicate by the primed
product. One can show that the collection of all such SN
states forms an orthonormal basis of the gauge-invariant
Hilbert space (see [51] and SM).

We propose to regularize the KS model by deforming
the corresponding defining Lie algebra. In the present
example, we proceed by replacing the data arising from
the representation theory of SU(2) with analogous ex-
pression for the quantum group SU(2)k (see, e.g., [49]
and the SM). More precisely, we define generalized SN
states with j` 2 {0, 1

2 , 1, . . . ,
k

2}, which truncates the lo-
cal Hilbert space dimension that physically corresponds
to a maximum electric flux jmax = k

2 . Additionally, the
triangle constraint for triples (j1, j2, j3) is replaced by the
SU(2)k fusion rule: j1 + j2 � j3 and j1 + j2 + j3  k.
To remain close to the original KS model, we define the
electric energy operator E

2
`

analogously and only trun-
cate it to admissible states. That is, E2

`
is diagonal and

acts only on the links ` that are also present in the origi-
nal square lattice (the additional links introduced in the
point-splitting do not carry electric energy), where we
have E

2
`
|j`i = E(j`)|j`i with E(j) = j(j + 1).

To complete our construction, recall that in the SN
basis of the KS model, the plaquette operator acts non-
trivially on the six inner links of a plaquette, depend-
ing on the six outer links (see Fig. 1c) [53]. The non-
vanishing matrix elements are most conveniently ex-
pressed in terms of F -matrices (see SM for an explicit
formula in terms of Wigner’s 6j-symbols) as
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, (2)

where a trivial action for other links ` not touching the
plaquette ⇤ is implicit. For the q-deformed theory, we
define the action of plaquette operators in the SU(2)k
SN basis by Eq. (2) with F -matrices replaced by their
corresponding counterparts for SU(2)k (see [49] and the
SM).

The resulting theory, which we call the q-deformed

Kogut-Susskind model (HqKS), can be interpreted as a
particular perturbation of the stringnet models intro-
duced in [3]. A related q-deformed truncation of the
partition function of 3D SU(2) lattice Yang-Mills theory
was studied with tensor network methods in [42]. While
the present discussion builds on gauge-covariant bases in
the Hamiltonian formulation as introduced in [51], note
that similar constructions have been used for the LSH
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○ SU(2)k, SU(3)k,…
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SU(N)k and graph representation
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○Wilson line (generates computational basis)
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○ Three important things
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c0

<latexit sha1_base64="ZKGwORx7wpDK6soXNfc2lcAisZM="></latexit>

ā

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ

<latexit sha1_base64="zaXb7Ega9o4VHDFymhY6qCKXhgo="></latexit>

µ0

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ

<latexit sha1_base64="Myt1QttoLAeXNlXiu9PuMwtsWpQ="></latexit>

=
X

f,⇢,�

[F abc
d ](e,µ,⌫)(d,⇢,�)

[Fabc
d ]ef = (−1) ja+jb+jc+jd (2je + 1)(2jf + 1) {ja jb je

jc jd jf}

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b <latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d

<latexit sha1_base64="J2AtWaG7Koy//bxldUiKJWQv1gU="></latexit>e
<latexit sha1_base64="PA5qyUZCXyruPlyUOTemv9XOfCQ="></latexit>

f

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b <latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

= ∑
f

[Fabc
d ]ef

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c
<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ
<latexit sha1_base64="Gj2dYTN8rPxxrCrdsKEIRHOqEZM="></latexit>⌫

<latexit sha1_base64="KpZk8o4gAqYWZC1IiYF02pVJQAc="></latexit>⇢
<latexit sha1_base64="saoMcFald+R/hP+heEV11ciJips="></latexit>�

[Fabc
d ]ef = (−1) ja+jb+jc+jd (2je + 1)(2jf + 1) {ja jb je

jc jd jf}

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b <latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d

<latexit sha1_base64="J2AtWaG7Koy//bxldUiKJWQv1gU="></latexit>e
<latexit sha1_base64="PA5qyUZCXyruPlyUOTemv9XOfCQ="></latexit>

f

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b <latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

= ∑
f

[Fabc
d ]ef

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c
<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="9hE+WkLS+rDqXz8PhZvMywJZbwM="></latexit>µ
<latexit sha1_base64="Gj2dYTN8rPxxrCrdsKEIRHOqEZM="></latexit>⌫

<latexit sha1_base64="KpZk8o4gAqYWZC1IiYF02pVJQAc="></latexit>⇢
<latexit sha1_base64="saoMcFald+R/hP+heEV11ciJips="></latexit>�

<latexit sha1_base64="WSGk7SJHHpn2wrJeLH6upgBVhIo="></latexit>

a⇥ b =
X

c

N c
abc

Fusion rules

SU(N)k and graph representation

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="rV72XRgremWFiGzCZ/1S3+/ZTEE="></latexit>

c0

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c <latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a

<latexit sha1_base64="ClZ5CIgKid7B59kjfxJphEF1Zdk="></latexit>

da quantum dimension

<latexit sha1_base64="naKRkbkVpWRP9rM5WChQ0gTqt3c="></latexit>

a = (pa, qa, · · · ) Dynkin index

<latexit sha1_base64="76A0afOO3q1tmyZcDcJiO4udfvU="></latexit>p
daUa =

○Wilson line (generates computational basis)
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q-deformed Yang-Mills theory

○ Kogut-Susskind Hamiltonian

H =
X

x,µ

1

2
E

a2(x, µ)� K

2

X

p2P

(trUp + trU†
p)

<latexit sha1_base64="hqATi1YTAudXydZYhrAiWqtAK1g="></latexit>

○ q-deformed representation

<latexit sha1_base64="IFA5DHzIUNUYIt90FhliWhLniTw="></latexit>

(Ea(x, µ))2<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="rV72XRgremWFiGzCZ/1S3+/ZTEE="></latexit>

c0

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c <latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a <latexit sha1_base64="AIeWdx2dFzJyRCqm+lm4gjMdk1Y="></latexit>=<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="71+j3Bl8C6hB4k6eN2M4nHKlmVk="></latexit>

b

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c

<latexit sha1_base64="rV72XRgremWFiGzCZ/1S3+/ZTEE="></latexit>

c0

<latexit sha1_base64="1o+Ss9Bkic02d/GZE+68eflPRYo="></latexit>c <latexit sha1_base64="IjxlY4nZadXdoUaSiSPRKJ75jfQ="></latexit>a
<latexit sha1_base64="9Xq4G1qpNNKXix1uOXP9xaEU/6s="></latexit>

C2(a)

<latexit sha1_base64="+UgVfOKnbH3AICG2N04IG2I367s="></latexit>

trUd
<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5

<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="+QzK9qgyZKm1j68C6cMCc/RIh5U="></latexit>

µ2

<latexit sha1_base64="vNzQd/d0NWVDqztq7ucahmAZZ4k="></latexit>

µ3

<latexit sha1_base64="4x6plDqKG7diLAYIxwvg4GzBEyM="></latexit>

µ4
<latexit sha1_base64="NO9u0pxLPc4Gyw2q7oYjQx2a9Cc="></latexit>

µ5

<latexit sha1_base64="hxHoypZLY3Cvxw0RqEjMykR01ig="></latexit>

µ6
<latexit sha1_base64="4xu6+JF/EZp20W8RNrBQcyuzEbY="></latexit>

µ1
<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="r0zhND+ncKFmkMZHn/2ccrHgOqo="></latexit>

a01

<latexit sha1_base64="GemouZqbIpgT1LEHWibrgr+Eips="></latexit>

a02

<latexit sha1_base64="uwZqy0Hldgzi22XGp/Q5fBq+dDY="></latexit>

a03
<latexit sha1_base64="mCHYBKJTXfN1o7Xo3dCU3tq9NxI="></latexit>

a04

<latexit sha1_base64="BlIBZdfOIi5Qe21pEXcfaTjQp+A="></latexit>

a05

<latexit sha1_base64="ThH6zaoNvZ+pIGB8hAoW1lQcgtY="></latexit>

a06

<latexit sha1_base64="cp4DJf4XuLklZDIU9Ow3LDQCtz8="></latexit>

µ0
1

<latexit sha1_base64="nhS2xL9bX4Ee0ReHqL57S04dvP4="></latexit>

µ0
2

<latexit sha1_base64="XOBmgW0IZhSHIH+CaAslc0nqyi8="></latexit>

µ0
3

<latexit sha1_base64="q58jpCJiTeQO2/vN/DCK4TaFds8="></latexit>

µ0
4

<latexit sha1_base64="/YQ91s5xJpkgQuiQL5F2d6s1YTo="></latexit>

µ0
5

<latexit sha1_base64="ef/425wNFuovoMlfFpwz1rrM8sg="></latexit>

µ0
6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="n3hItctFg8gGd3/eMGXRBs1mWhw="></latexit>

=
X

{a0
i,µ

0
i}

6Y

i=1

[F ciai�1d
a0
i

](ai,µi,µ0
i+1),(a

0
i�1,µ0

i�1,µ
0
i)

<latexit sha1_base64="1IH9QGg4LCHKBiA+LaX7c1B1KAQ="></latexit>a2

<latexit sha1_base64="mp9v4bNvroJRxXqZUT9jPBdCa94="></latexit>

a3
<latexit sha1_base64="wIJD8XauBxu6CO6Fmky0hX9/+Lc="></latexit>a4

<latexit sha1_base64="D5WkC7sHw8K/nogD4EuXx3LydTs="></latexit>

a5

<latexit sha1_base64="kNNjGocpWgLwtJWMLRTVhvXvJZY="></latexit>

a6<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="+QzK9qgyZKm1j68C6cMCc/RIh5U="></latexit>

µ2

<latexit sha1_base64="vNzQd/d0NWVDqztq7ucahmAZZ4k="></latexit>

µ3

<latexit sha1_base64="4x6plDqKG7diLAYIxwvg4GzBEyM="></latexit>

µ4
<latexit sha1_base64="NO9u0pxLPc4Gyw2q7oYjQx2a9Cc="></latexit>

µ5

<latexit sha1_base64="hxHoypZLY3Cvxw0RqEjMykR01ig="></latexit>

µ6
<latexit sha1_base64="4xu6+JF/EZp20W8RNrBQcyuzEbY="></latexit>

µ1
<latexit sha1_base64="mlenJY4+gxmfIa8qlICqQ/dH9EU="></latexit>a1

<latexit sha1_base64="r0zhND+ncKFmkMZHn/2ccrHgOqo="></latexit>

a01

<latexit sha1_base64="GemouZqbIpgT1LEHWibrgr+Eips="></latexit>

a02

<latexit sha1_base64="uwZqy0Hldgzi22XGp/Q5fBq+dDY="></latexit>

a03
<latexit sha1_base64="mCHYBKJTXfN1o7Xo3dCU3tq9NxI="></latexit>

a04

<latexit sha1_base64="BlIBZdfOIi5Qe21pEXcfaTjQp+A="></latexit>

a05

<latexit sha1_base64="ThH6zaoNvZ+pIGB8hAoW1lQcgtY="></latexit>

a06

<latexit sha1_base64="cp4DJf4XuLklZDIU9Ow3LDQCtz8="></latexit>

µ0
1

<latexit sha1_base64="nhS2xL9bX4Ee0ReHqL57S04dvP4="></latexit>

µ0
2

<latexit sha1_base64="XOBmgW0IZhSHIH+CaAslc0nqyi8="></latexit>

µ0
3

<latexit sha1_base64="q58jpCJiTeQO2/vN/DCK4TaFds8="></latexit>

µ0
4

<latexit sha1_base64="/YQ91s5xJpkgQuiQL5F2d6s1YTo="></latexit>

µ0
5

<latexit sha1_base64="ef/425wNFuovoMlfFpwz1rrM8sg="></latexit>

µ0
6

<latexit sha1_base64="6zAsdiEfALesqw0+FU0VhFbeB64="></latexit>

c6

<latexit sha1_base64="GshLbhy5tbPZ2saWD77V+4wnUsI="></latexit>

c5

<latexit sha1_base64="0sPxWgQ8pYtt22mInrn0UH/Tfn8="></latexit>c4
<latexit sha1_base64="StseTYhaTyd7nRugK2UpaTXfGho="></latexit>

c3

<latexit sha1_base64="EEKD67W8LgvmTJaH6rVjCHp/J/g="></latexit>c2

<latexit sha1_base64="WXg5Hb3q++/GekQ6YR94c5iffZ8="></latexit>c1

<latexit sha1_base64="wa4mH0gjtjXAJGmklxrpEpxL2jc="></latexit>

K = 1/g4

Zache, González-Cuadra, Zoller, PRL 131, 171902 (2023)
TH, Hidaka, JHEP 2023, 126 (2023); JHEP 2023, 123 (2023)
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The graphical calculaus enable us to evaluate the action of Wilson loop tr Ud on a physical
state

�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1
<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1 �

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

<latexit sha1_base64="KtCc9WpeWDEOAxPZ1Z3lkaVbhM4="></latexit>

b3

<latexit sha1_base64="rIiwHkXtP9ukmIVWi0VURBXHb5c="></latexit>

b2

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1
�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

<latexit sha1_base64="Ft7kVHo+8Yr0W4bUh+OgN8+4vvs="></latexit>

b5

<latexit sha1_base64="KtCc9WpeWDEOAxPZ1Z3lkaVbhM4="></latexit>

b3

<latexit sha1_base64="rIiwHkXtP9ukmIVWi0VURBXHb5c="></latexit>

b2

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1 �

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

(1.53)

as the topological deformation of lines:

�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1
<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1 �

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

<latexit sha1_base64="KtCc9WpeWDEOAxPZ1Z3lkaVbhM4="></latexit>

b3

<latexit sha1_base64="rIiwHkXtP9ukmIVWi0VURBXHb5c="></latexit>

b2

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1
�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

<latexit sha1_base64="Ft7kVHo+8Yr0W4bUh+OgN8+4vvs="></latexit>

b5

<latexit sha1_base64="KtCc9WpeWDEOAxPZ1Z3lkaVbhM4="></latexit>

b3

<latexit sha1_base64="rIiwHkXtP9ukmIVWi0VURBXHb5c="></latexit>

b2

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1 �

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

=
X

b1

s
db1

da1dd

�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1
<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1 �

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

<latexit sha1_base64="KtCc9WpeWDEOAxPZ1Z3lkaVbhM4="></latexit>

b3

<latexit sha1_base64="rIiwHkXtP9ukmIVWi0VURBXHb5c="></latexit>

b2

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1
�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

<latexit sha1_base64="Ft7kVHo+8Yr0W4bUh+OgN8+4vvs="></latexit>

b5

<latexit sha1_base64="KtCc9WpeWDEOAxPZ1Z3lkaVbhM4="></latexit>

b3

<latexit sha1_base64="rIiwHkXtP9ukmIVWi0VURBXHb5c="></latexit>

b2

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1 �

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4
=

X

b1,b4

s
db1

da1dd
[F c1a4d

b1
]a1b4�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1
<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1 �

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

<latexit sha1_base64="KtCc9WpeWDEOAxPZ1Z3lkaVbhM4="></latexit>

b3

<latexit sha1_base64="rIiwHkXtP9ukmIVWi0VURBXHb5c="></latexit>

b2

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1
�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4

<latexit sha1_base64="Ft7kVHo+8Yr0W4bUh+OgN8+4vvs="></latexit>

b5

<latexit sha1_base64="KtCc9WpeWDEOAxPZ1Z3lkaVbhM4="></latexit>

b3

<latexit sha1_base64="rIiwHkXtP9ukmIVWi0VURBXHb5c="></latexit>

b2

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1 �

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4

<latexit sha1_base64="86ju5PxTq4cw191/y0LR3jeeUI8="></latexit>

b4
=

X

b1,b2,b3,b4,b5

s
db1

da1dd
[F c1a4d

b1
]a1b4 [F

c4a3d
b4

]a4b3 [F
c3a2d
b3

]a3b2 [F
c2a1d
b2

]a2b5

�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>

a3

<latexit sha1_base64="RIhhuZGDVaIecmdLpbtde5oVo8U="></latexit>

a4

<latexit sha1_base64="+RrdwLYDUVx8tLxrBR2dEqbRdOg="></latexit>

b1
<latexit sha1_base64="JogyQT0S+T8n1jD8Ssq/FFWgmYY="></latexit>

d�

c1

<latexit sha1_base64="TxRg75wzgH76V9zIqPbcnc+m3aE="></latexit>

c2

<latexit sha1_base64="OuOyLvro+8LMW/xTrIOlHTPHqic="></latexit>

c3

<latexit sha1_base64="yk4/LegRpnxBH8POpz5ggGXriyA="></latexit>

c4
<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>

a1

<latexit sha1_base64="KOOYVRhIQwgPLCwWEKv7NseTmhQ="></latexit>

a2

<latexit sha1_base64="H9V5OMWtsYsMqCt3PlZShT0ZIU8="></latexit>
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Here, a0 and b0 are identified to a4 and b4. In this sense ,the action of Wilson loop can
be expressed by F -symbol. The ⇥ is a defect introduced to prevent the Wilson loop from
collapsing into an obvious action in a topological deformation.

1.5 Cutoff of repsentation

The label of representation j runs to the infinity, we need to introduce the cutoff for the
numerical calculation on a computer. We introduce the cutoff j  jmax = k/2, i.e., j is
0, 1/2, 1, · · · , k/2. The number of state on the link is k + 1. The naive cutoff violate the
relations (1.47) and (1.48). We employ the cutoff that satisfy the relations. This corresponds
to the quantum group SU(2)k. Here, we list the property of SU(2)k.

The cutoff modify �abc in Eq. (??) to

N
c
ab = �abc :=

(
1 ja + jb � jc, jb + jc � ja, jc + ja � jb, ja + jb + jc 2 Z, andja + jb + jc  k

0 else
.

(1.55)
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Wilson loop (matrix elements)

The dimension of representation da becomes the quantum dimension (Frobenius-Perron di-
mension), which is given by the maximum eigenvalue of a matrix Na where the component of
the matrix is given by

[Na]
c
b = N

c
ab. (1.56)

Introducing
q = exp i

2⇡

k + 2
(1.57)

and defining

[n] :=
q

n
2 � q

�n
2

q
1
2 � q

� 1
2

=
sin

⇣
⇡

k+2n

⌘

sin
⇣

⇡
k+2

⌘ (1.58)

we have da = [2ja + 1]. In the limit k ! 1, da ! 2ja + 1

The total quantum dimension is defined by

D :=

sX

a

d2a =

r
k + 2

2

1

sin
⇣

⇡
k+2

⌘ . (1.59)

For a large k, it behaves like D ⇠ (k+2)3/2. The second Casimir operator becomes [ja][ja+1].
For the calculation of the action of Wilson loop, we needed F -symbols. This can be

expressed as in Eq. (??),

[F abc
d ]ef = (�1)ja+jb+jc+jd

p
dedf

(
ja jb je

jc jd jf

)
. (1.60)

The Wigner 6-j symbol becomes
(

a b c

d e f

)
:= �(a, b, c)�(a, e, f)�(d, b, f)�(d, e, c)

X

z

(�1)z[z + 1]!

⇥
([a + b + d + e � z]![a + d + c + f � z]![b + e + c + f � z]!)�1

[z � a � b � c]![z � a � e � f ]![z � d � b � f ]![z � d � e � c]!

(1.61)

Here,

�(a, b, c) = �abc

s
[a + b � c]![a � b + c]![�a + b + c]!

[a + b + c + 1]!
, (1.62)

and [n]! = [n][n � 1] · · · [2][1]. z stasifies

max(a+b+c, a+e+f, d+b+f, d+e+c)  z  min(a+b+d+e, a+d+c+f, b+e+c+f). (1.63)

– 9 –

Wigner 6j symbol

Robson, Webber, Z. Phys. C 15, 199 (1982)
Levin,  Wen, PRB 71 045110 (2005)
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In the same way, we can show the action of the conjugate plaquette is the same, that is,
tr(UiUjUkU

†
l U

†
mU

†
n)|ji = tr(UnUmUlU

†
kU

†
j U

†
i )|ji. Eventually, the plaquette Hamiltonian is

written as
hk|HM |ji = �K

X

(i,j,k,l,m,n)2P

X

si,sj ,sk,sl,sm,sn=±1

⇤(s, j)�k,j+ s
2
, (2.35)

where

⇤(s, j) := ��si,sj (ji, jj , ja)�sj ,sk(jj , jk, jb)�sk,sl(jk, jl, jc)�sl,sm(jl, jm, jd)

⇥ �sm,sn(jm, jn, je)�sn,si(jn, ji, jf ).
(2.36)

2.4 jmax = 1/2 model

When the maximal value of spins is restricted to 1/2, our model is significantly simplified
and reduces to a spin chain model. We call the reduced model Yang-Mills-Ising model
because it is converted to the Ising spin chain. In this case, the local Hilbert space on a
vertex is four dimensional, whose basis is graphically expressed as
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The U(1) constraints imply that a physical state is expressed as cycles on the ladder lattice.
For example,
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represent a physical state. As is in the case of the two-dimensional Ising model, a state
represented by loops can be expressed by using a state of spins on the plaquettes (dual
lattice). We also express the Ising state in Eq. (2.39).

Let us now map the Hamiltonian of jmax = 1/2 to a spin model on the plaquettes. Let
P , L, and V are the set of plaquettes, links, and vertices, respectively. We express links by
a pair of plaquettes, i.e., (i, j) 2 L with i, j 2 P . The link (i, j) 2 L can be replaced by

j(i,j) ! 1

4
(1 � ZiZj). (2.40)

– 7 –

SU(2)1 Yang-Mills model on a two-leg ladder
expressed as
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The U(1) constraints imply that a physical state is expressed as cycles on the ladder lattice. For example,
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represent a physical state. As is in the case of the two-dimensional Ising model, a state represented by loops
can be expressed by using a state of spins on the dual lattice, and the basis of physical state is the same as
Ising ones, |�1, �2, · · · �N , i, with �i 2 {", #}. The above state in the SU(2) basis (E.31) can be expressed in
the Ising basis as
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Let us now map the Hamiltonian of jmax = 1/2 to a spin chain on the dual lattice. The spin of the horizontal
link can be replaced by

ji ! 1

4
(1 � Zi), (E.33)

and
j0
i
! 1

4
(1 � Zi). (E.34)

On the other hand, the vertical link is replaced by

j00
i

! 1

4
(1 � Zi�1Zi). (E.35)

The electric part of the Hamiltonian reduces to

HE =
NX

i=0

1

2

h
2
1

4
(1 � Zi)

⇣
1 +

1

4
(1 � Zi)

⌘
+

1

4
(1 � Zi�1Zi)

⇣
1 +

1

4
(1 � Zi�1Zi)

⌘i

=
NX

i=0

3

16
(3 � 2Zi � Zi�1Zi),

(E.36)

where Z�1 = ZN = 1 follow from the open boundary condition. This Hamiltonian is equivalent to that of
the Ising model (3.1) with the vanishing transverse magnetic field.
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In the same way, we can show the action of the conjugate plaquette is the same, that is,
tr(UiUjUkU

†
l U

†
mU

†
n)|ji = tr(UnUmUlU

†
kU

†
j U

†
i )|ji. Eventually, the plaquette Hamiltonian is

written as
hk|HM |ji = �K

X

(i,j,k,l,m,n)2P

X

si,sj ,sk,sl,sm,sn=±1

⇤(s, j)�k,j+ s
2
, (2.35)

where

⇤(s, j) := ��si,sj (ji, jj , ja)�sj ,sk(jj , jk, jb)�sk,sl(jk, jl, jc)�sl,sm(jl, jm, jd)

⇥ �sm,sn(jm, jn, je)�sn,si(jn, ji, jf ).
(2.36)

2.4 jmax = 1/2 model

When the maximal value of spins is restricted to 1/2, our model is significantly simplified
and reduces to a spin chain model. We call the reduced model Yang-Mills-Ising model
because it is converted to the Ising spin chain. In this case, the local Hilbert space on a
vertex is four dimensional, whose basis is graphically expressed as
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The U(1) constraints imply that a physical state is expressed as cycles on the ladder lattice.
For example,
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represent a physical state. As is in the case of the two-dimensional Ising model, a state
represented by loops can be expressed by using a state of spins on the plaquettes (dual
lattice). We also express the Ising state in Eq. (2.39).

Let us now map the Hamiltonian of jmax = 1/2 to a spin model on the plaquettes. Let
P , L, and V are the set of plaquettes, links, and vertices, respectively. We express links by
a pair of plaquettes, i.e., (i, j) 2 L with i, j 2 P . The link (i, j) 2 L can be replaced by

j(i,j) ! 1

4
(1 � ZiZj). (2.40)

– 7 –

Fusion rules

F moves
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The U(1) constraints imply that a physical state is expressed as cycles on the ladder lattice. For example,
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represent a physical state. As is in the case of the two-dimensional Ising model, a state represented by loops
can be expressed by using a state of spins on the dual lattice, and the basis of physical state is the same as
Ising ones, |�1, �2, · · · �N , i, with �i 2 {", #}. The above state in the SU(2) basis (E.31) can be expressed in
the Ising basis as
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Let us now map the Hamiltonian of jmax = 1/2 to a spin chain on the dual lattice. The spin of the horizontal
link can be replaced by

ji ! 1

4
(1 � Zi), (E.33)

and
j0
i
! 1

4
(1 � Zi). (E.34)

On the other hand, the vertical link is replaced by

j00
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4
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The electric part of the Hamiltonian reduces to
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16
(3 � 2Zi � Zi�1Zi),

(E.36)

where Z�1 = ZN = 1 follow from the open boundary condition. This Hamiltonian is equivalent to that of
the Ising model (3.1) with the vanishing transverse magnetic field.
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The U(1) constraints imply that a physical state is expressed as cycles on the ladder lattice. For example,
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represent a physical state. As is in the case of the two-dimensional Ising model, a state represented by loops
can be expressed by using a state of spins on the dual lattice, and the basis of physical state is the same as
Ising ones, |�1, �2, · · · �N , i, with �i 2 {", #}. The above state in the SU(2) basis (E.31) can be expressed in
the Ising basis as
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Let us now map the Hamiltonian of jmax = 1/2 to a spin chain on the dual lattice. The spin of the horizontal
link can be replaced by

ji ! 1

4
(1 � Zi), (E.33)

and
j0
i
! 1

4
(1 � Zi). (E.34)

On the other hand, the vertical link is replaced by

j00
i

! 1

4
(1 � Zi�1Zi). (E.35)

The electric part of the Hamiltonian reduces to

HE =
NX

i=0

1

2

h
2
1

4
(1 � Zi)

⇣
1 +

1

4
(1 � Zi)

⌘
+

1

4
(1 � Zi�1Zi)

⇣
1 +

1

4
(1 � Zi�1Zi)

⌘i

=
NX

i=0

3

16
(3 � 2Zi � Zi�1Zi),

(E.36)

where Z�1 = ZN = 1 follow from the open boundary condition. This Hamiltonian is equivalent to that of
the Ising model (3.1) with the vanishing transverse magnetic field.
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SU(2)1 Yang-Mills model on a two-leg ladder

This model is unitary equivalent to the transverse-field Ising (TFI) model
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In the same way, we can show the action of the conjugate plaquette is the same, that is,
tr(UiUjUkU

†
l U

†
mU

†
n)|ji = tr(UnUmUlU

†
kU

†
j U

†
i )|ji. Eventually, the plaquette Hamiltonian is

written as
hk|HM |ji = �K

X

(i,j,k,l,m,n)2P

X

si,sj ,sk,sl,sm,sn=±1

⇤(s, j)�k,j+ s
2
, (2.35)

where

⇤(s, j) := ��si,sj (ji, jj , ja)�sj ,sk(jj , jk, jb)�sk,sl(jk, jl, jc)�sl,sm(jl, jm, jd)

⇥ �sm,sn(jm, jn, je)�sn,si(jn, ji, jf ).
(2.36)

2.4 jmax = 1/2 model

When the maximal value of spins is restricted to 1/2, our model is significantly simplified
and reduces to a spin chain model. We call the reduced model Yang-Mills-Ising model
because it is converted to the Ising spin chain. In this case, the local Hilbert space on a
vertex is four dimensional, whose basis is graphically expressed as
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The U(1) constraints imply that a physical state is expressed as cycles on the ladder lattice.
For example,
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represent a physical state. As is in the case of the two-dimensional Ising model, a state
represented by loops can be expressed by using a state of spins on the plaquettes (dual
lattice). We also express the Ising state in Eq. (2.39).

Let us now map the Hamiltonian of jmax = 1/2 to a spin model on the plaquettes. Let
P , L, and V are the set of plaquettes, links, and vertices, respectively. We express links by
a pair of plaquettes, i.e., (i, j) 2 L with i, j 2 P . The link (i, j) 2 L can be replaced by

j(i,j) ! 1

4
(1 � ZiZj). (2.40)

– 7 –

In the same way, we can show the action of the conjugate plaquette is the same, that is,
tr(UiUjUkU

†
l U

†
mU

†
n)|ji = tr(UnUmUlU

†
kU

†
j U

†
i )|ji. Eventually, the plaquette Hamiltonian is

written as
hk|HM |ji = �K

X

(i,j,k,l,m,n)2P

X

si,sj ,sk,sl,sm,sn=±1

⇤(s, j)�k,j+ s
2
, (2.35)

where

⇤(s, j) := ��si,sj (ji, jj , ja)�sj ,sk(jj , jk, jb)�sk,sl(jk, jl, jc)�sl,sm(jl, jm, jd)

⇥ �sm,sn(jm, jn, je)�sn,si(jn, ji, jf ).
(2.36)

2.4 jmax = 1/2 model

When the maximal value of spins is restricted to 1/2, our model is significantly simplified
and reduces to a spin chain model. We call the reduced model Yang-Mills-Ising model
because it is converted to the Ising spin chain. In this case, the local Hilbert space on a
vertex is four dimensional, whose basis is graphically expressed as
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The U(1) constraints imply that a physical state is expressed as cycles on the ladder lattice.
For example,
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represent a physical state. As is in the case of the two-dimensional Ising model, a state
represented by loops can be expressed by using a state of spins on the plaquettes (dual
lattice). We also express the Ising state in Eq. (2.39).

Let us now map the Hamiltonian of jmax = 1/2 to a spin model on the plaquettes. Let
P , L, and V are the set of plaquettes, links, and vertices, respectively. We express links by
a pair of plaquettes, i.e., (i, j) 2 L with i, j 2 P . The link (i, j) 2 L can be replaced by

j(i,j) ! 1

4
(1 � ZiZj). (2.40)

– 7 –

This model is unitary equivalent to the TFI model

Levin, Gu PRB 86 115109 (2012)

SU(2)1 Yang-Mills model on a honeycomb lattice
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What is the simplest LGT more 
complex than the TFI model?

SU(3)1 on a two-leg ladder
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SU(3)1 Yang-Mills model on a two-leg ladder

Gauss law constraints

Hilbert space
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Qutrit chain
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Fusion rules

F moves

SU(3)1 Yang-Mills model on a two-leg ladder
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SU(3)1 Yang-Mills model on a two-leg ladder

Gauss law constraints

Hilbert space
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SU(3)1 Yang-Mills model on a two-leg ladder
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○ Hamiltonian of a qutrit chain
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SU(3)1 Yang-Mills model on a two-leg ladder
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○Mapping to qubit chain

Equivalent on logical space
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SU(3)1 Yang-Mills model on a two-leg ladder

5

= Qei K
2 dt(⇤+⇤†)Q† = e�i dt

2 M(q)
= e�i dt

2 M̄r(q)

FIG. 1. Circuit diagram of a single Trotter stepU(T ) for N = 9 plaquette system under open boundary conditions. Here, each line represents
a qutrit that is simulated by using two qubits, and the boxes act as two- and four-qubit gates in real devices.

where we identified |00i, |01i, |10i and |11i as (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1), respectively. Since W is a unitary
operator, we can write it as W = Q⇤Q† where
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and

⇤ =
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0 e

2i⇡
3 0 0

0 0 e�
2i⇡
3 0

0 0 0 1

1
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. (24)

Those act as two-qubit operators in real qubit devices. We note that we use Qiskit’s unitary gate to implement Q in the following
experiments.

Using the aforementioned operators that can be expressed by using two-qubit gates, we can define the Hamiltonian evolution
operator based on the Suzuki-Trotter decomposition:

U(T ) =
⇣
e�idtHE e�idtHB

⌘M
, (25)

e�idtHE =
Y

x:odd

e�i 1
2 dtM̄r(q)(x,x+1)

Y

x:even

e�i 1
2 dtM̄r(q)(x,x+1)

Y

x

e�i 1
2 dtM(q)(x), (26)

e�idtHB =
Y

x

Q(x)ei K
2 dt(⇤(x)+⇤†(x))Q†(x). (27)

where T , dt, and M = T/dt are the time interval, time step, and total time step, respectively. We note that we measure the time
scale in units of c, and K is rescaled as K/c ! K. We show the circuit diagram using qutrits for illustration purposes in Fig. 1.
Quantum simulations are performed using qubits as described in this section.

Although the number of two-qubit gates is largely reduced by using M̄r(q) instead of Mr(q), we found that the Hamiltonian
evolution is still challenging in present noisy quantum devices. Thus, to study nonequilibrium physics with shorter Trotter steps,
we consider Floquet evolution generated byU(T ) with a large dt. Furthermore, we follow Ref. [35] and choose dt = 2⇡, which
enables us to reduce the number of the CZ gates used in the RZZ gates in e�idtHE . We note also that we use Eqs. (10), and (18)
as E2 operator acting on plaquettes at the ends of a chain i.e., we neglect the di↵erence between Eqs. (10), and (11), so as the
trick is applicable for all RZZ gates in e�idtHE . We study thermalization dynamics with changing the remaining parameter K in
experiments described in the next section.

IV. EXPERIMENTS

We performed experiments using ibm fez, IBM’s Heron quantum processor consisting of 156 superconducting qubits. The
median CZ, SX, and readout errors were typically 2.96⇥10�3, 2.93⇥10�4, and 1.76⇥10�2, respectively, when we were submitting
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○ 1st  order Suzuki-Trotter decomposition<latexit sha1_base64="If7jY6Io2Og7Uz3lhEwoBq8DT2g="></latexit>
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Artificial tasks
(Random circuits)

Google ‘19
Zuchongzhi ’21
Quantinuum ‘24

Fault-tolerant QC

Time

Important tasks

Prime factoring
Quantum chemistry
Cond-mat physics

⋮
What can we do?

Deal with noises
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physical qubits are more useful than logical qubits

What can we do?
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What can we do?

○ global depolarizing model
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Hamiltonian simulation of LGTs is challenging in the NISQ era
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Floquet dynamics

○ Time evolution with a time-dependent Hamiltonian
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driven system → heat up to infinite temperature
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Trotter dynamics

○ Trotter dynamics can be understood as Floquet dynamics
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Trotter dynamics

Trotter error is under control if dt < dtc

Heyl, Hauke, Zoller ‘18
Varnier, Bertini, Giudici, Piroli ‘23

○ Trotter transition

3

quantum chaotic region from a localized regime, thus
linking the intrinsic accuracy of a DQS with a quantum
many-body phenomenon. For that purpose, we first in-
vestigate the inverse participation ratio

IPR =
X

⌫

p
2
⌫
, p⌫ = |h�⌫ | 0i|2 , (5)

with |�⌫i denoting a full set of eigenstates of the Floquet
Hamiltonian HF . The IPR measures the localization
properties of the state | 0i in the eigenbasis |�⌫i, which
is well studied also in the single-particle context [27].
In a quantum chaotic delocalized regime, | 0i is scram-
bled across the full eigenbasis implying a uniform dis-
tribution p⌫ ! D�1, with D the number of available
states in Hilbert space. Since D grows exponentially with
the number of degrees of freedom N , we introduce the
rate function �D = N

�1 log(D), which exhibits a well-
defined thermodynamic limit. Analogously, we define
�IPR = �N

�1 log(IPR). In Fig. 2a, we show numeri-
cal data for the ratio �IPR/�D for the considered bench-
mark example. For the data in this plot, we take into
account the expected leading-order finite-size corrections
�D = N

�1[log(D) � log(2)] in the delocalized regime,
which can be estimated using random matrix theory [28].
As one can see, there appears a sharp threshold sepa-
rating a quantum chaotic regime at large Trotter steps,
where �IPR tends to �D with increasing system size, from
a regular region with �IPR/�D < 1.

A strong fingerprint of quantum chaos can also
be found in out-of-time ordered (OTO) correlators,
which quantify how fast quantum information scrambles
through a many-body system. A typical OTO correlator
is of the form

F(t) = hV †(t)W †
V (t)W i , (6)

where V (t) denotes the time evolution of the operator
V in the Heisenberg picture. While quantum chaos via
OTO correlators is conventionally diagnosed by consid-
ering a late-time exponential growth for operators V and
W with finite support in real space [29], here we consider
the asymptotic long-time value of the extensive operator
V = W = N

�1
P

l
S
z

l
[30]. We estimate the correspond-

ing long-time limit, F = F(t ! 1), via a stroboscopic
average F = limn!1 n

�1
P

n

l=1 F(l⌧).
In Fig. 2b, we present numerical evidence that this

quantity detects the many-body quantum chaos thresh-
old that we have seen in the IPR. There is a clear thresh-
old that separates a localized region at small Trotter steps
⌧ , where F > 0, from a quantum chaotic region at large
⌧ , where F ! 0. The vanishing OTO correlator in the
many-body quantum chaotic regime can be understood
directly from the results obtained for the IPR. Consider
the spectral decomposition of a local Hermitian opera-
tor V =

P
↵
�↵|↵ih↵|, with �↵ the eigenvalues and |↵i

the eigenvectors of V (for the considered magnetization,
these are equivalent to the set of spin configurations).
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Figure 2: Localization and quantum chaos in the Trot-
terized dynamics of the quantum Ising chain. (a) Rate
function �IPR of the inverse participation ratio, normalized to
the maximally achievable value �D describing uniform delo-
calization over all accessible states. A sharp threshold as a
function of the Trotter step size ⌧ separates a localized regime
at small ⌧ from a quantum chaotic regime at large ⌧ . (b)
The long-time limit F of the out-of-time ordered correlator
also signals a sharp quantum chaos threshold. F is normal-
ized with respect to F0 = 1/8, the theoretical maximum. Full
scrambling is only achieved for large Trotter steps.

The e↵ective Floquet dynamics yields after n periods

V (n⌧) =
X

↵

X

⌫,µ

�↵C⌫↵C
⇤
µ↵

e
�i(E⌫�Eµ)n⌧ |�⌫ih�µ| , (7)

with E⌫ the Floquet quasi-energy corresponding to the
eigenstate |�⌫i and C⌫↵ = h�⌫ |↵i. The behavior of
the IPR suggests that for all spin configurations p⌫↵ ⌘
|C⌫↵|2 = D�1 is uniformly distributed, such that the am-
plitudes C⌫↵ are almost structureless and contain only
a phase information, C⌫↵ = D�1/2

e
i'⌫↵ . After su�-

ciently many Floquet cycles, this phase information is
randomized and scrambled by the unitary evolution, ex-
cept when ⌫ = µ, projecting the operator to the so-called
diagonal ensemble [31]. Thus, for n ! 1 one obtains
V (n⌧) ! D�1

P
↵
�↵1. Here, D�1

P
↵
�↵ = D�1TrV

is equivalent to the infinite-temperature average, which
yields a vanishing value for the considered total magneti-
zation. In other words, the operator becomes completely
scrambled over the full Hilbert space.

Within the localized phase, the amplitudes C⌫↵

contain more structure than only the phase information,
which yields a nonzero value for the OTO correlator.
For small systems, such as for N = 10 in Fig. 2b,
one can observe additional structures in the crossover
region, which vanish for larger N . We attribute these to
individual quantum many-body resonances, which can
be resolved in small systems, but which merge for large
N .

Quantum chaotic

Trotter dynamics

O
TO

C
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prethermalizaion dynamics
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Trotter dynamics as Floquet dynamics

○ Feasibility of information scrambling on the present best 
fidelity hardware

○ Prethermalization dynamics with many qubits

Superconducting qubits: 
1+1d Z2 : Tomoya Hayata, Kazuhiro Seki, Arata Yamamoto, arXiv:2408.10079 [hep-lat]
SU(3)1 : Tomoya Hayata, Yoshimasa Hidaka, 2409.20263 [hep-lat]

Ion traps: Kazuhiro Seki, Yuta Kikuchi, Tomoya Hayata, Seiji Yunoki, 2405.07613 [quant-ph]
Next talk!
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SU(3)1 Yang-Mills model on a two-leg ladder

5

= Qei K
2 dt(⇤+⇤†)Q† = e�i dt

2 M(q)
= e�i dt

2 M̄r(q)

FIG. 1. Circuit diagram of a single Trotter stepU(T ) for N = 9 plaquette system under open boundary conditions. Here, each line represents
a qutrit that is simulated by using two qubits, and the boxes act as two- and four-qubit gates in real devices.

where we identified |00i, |01i, |10i and |11i as (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1), respectively. Since W is a unitary
operator, we can write it as W = Q⇤Q† where
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and

⇤ =

0
BBBBBBBBBBBBB@

1 0 0 0
0 e

2i⇡
3 0 0

0 0 e�
2i⇡
3 0

0 0 0 1

1
CCCCCCCCCCCCCA
. (24)

Those act as two-qubit operators in real qubit devices. We note that we use Qiskit’s unitary gate to implement Q in the following
experiments.

Using the aforementioned operators that can be expressed by using two-qubit gates, we can define the Hamiltonian evolution
operator based on the Suzuki-Trotter decomposition:

U(T ) =
⇣
e�idtHE e�idtHB

⌘M
, (25)

e�idtHE =
Y

x:odd

e�i 1
2 dtM̄r(q)(x,x+1)

Y

x:even

e�i 1
2 dtM̄r(q)(x,x+1)

Y

x

e�i 1
2 dtM(q)(x), (26)

e�idtHB =
Y

x

Q(x)ei K
2 dt(⇤(x)+⇤†(x))Q†(x). (27)

where T , dt, and M = T/dt are the time interval, time step, and total time step, respectively. We note that we measure the time
scale in units of c, and K is rescaled as K/c ! K. We show the circuit diagram using qutrits for illustration purposes in Fig. 1.
Quantum simulations are performed using qubits as described in this section.

Although the number of two-qubit gates is largely reduced by using M̄r(q) instead of Mr(q), we found that the Hamiltonian
evolution is still challenging in present noisy quantum devices. Thus, to study nonequilibrium physics with shorter Trotter steps,
we consider Floquet evolution generated byU(T ) with a large dt. Furthermore, we follow Ref. [35] and choose dt = 2⇡, which
enables us to reduce the number of the CZ gates used in the RZZ gates in e�idtHE . We note also that we use Eqs. (10), and (18)
as E2 operator acting on plaquettes at the ends of a chain i.e., we neglect the di↵erence between Eqs. (10), and (11), so as the
trick is applicable for all RZZ gates in e�idtHE . We study thermalization dynamics with changing the remaining parameter K in
experiments described in the next section.

IV. EXPERIMENTS

We performed experiments using ibm fez, IBM’s Heron quantum processor consisting of 156 superconducting qubits. The
median CZ, SX, and readout errors were typically 2.96⇥10�3, 2.93⇥10�4, and 1.76⇥10�2, respectively, when we were submitting

<latexit sha1_base64="T3bX6xbx2tS8K29aq+sc1Q7aiHk="></latexit>
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�
e�idtHEe�idtHB

�M
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○ 1st  order Suzuki-Trotter decomposition<latexit sha1_base64="If7jY6Io2Og7Uz3lhEwoBq8DT2g="></latexit>
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W (q) = Q⇤Q†
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QC summary
○ (We can reduce 2Q gates)/ Change K

○ ibm_fez is used

○ 10,000 shot is used

○ Pauli twirling is enabled/ DD is disabled

○ Unnecessary gates outside of the causal cone are removed

<latexit sha1_base64="XDbmada5pyLGYB2WU4LqqaqkfZ8="></latexit>

dt = 2⇡
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Experimental results (raw data)
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ibm fez: N = 31, dt = 2º

K = 0.1 MPS

K = 0.5 MPS

K = 0.7 MPS

K = 2.0 MPS

K = 0.1 raw

K = 0.5 raw

K = 0.7 raw

K = 2.0 raw

Error mitigation is necessary 
to do quantitative analysis 

prethermal plateau
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○ estimate f by measuring

○ rescale observables by

<latexit sha1_base64="78u/AsYU3lpbDDTiDKwTAiDk/Gw="></latexit>

M� = |11ih11|
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hO(x)imit =
hO(x)iraw

1� 4hM�(x)iraw
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hM�iraw =
1� f

4

Quantum error mitigation (“Gauss’ laws”)

○ global depolarizing channel
<latexit sha1_base64="QuPF/V0A6ilNUDz6VOo6yUcAjHo="></latexit>
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hM�iideal = 0
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Experimental results (“Gauss’s law”)
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K = 0.7 MPS

K = 2.0 MPS

K = 0.1 mitigation

K = 0.5 mitigation

K = 0.7 mitigation

K = 2.0 mitigation

Improved but not 
better than we expected
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Quantum error mitigation (ODR)

○ global depolarizing channel

○ run the same circuit with the “solvable” parameter

○ rescale observables by

<latexit sha1_base64="QuPF/V0A6ilNUDz6VOo6yUcAjHo="></latexit>

hÔiraw = fhÔiideal +
1� f

23N�1
TrÔ
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hÔiraw

f
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Experimental results (ODR)

ODR may be the first choice 
if ZNE is not applicable
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ibm fez: N = 31, dt = 2º

K = 0.1 MPS

K = 0.5 MPS

K = 0.7 MPS

K = 2.0

K = 0.1 mitigation

K = 0.5 mitigation

K = 0.7 mitigation

Successful in running 
Floquet circuit with Nt > 10
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Fidelity and circuit volume
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Estimate 2Q gate involved to compute the expectation value from the fidelity decay
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Summary
○ QC for QCD is anticipated but challenging

○ Quantum simulation of Floquet circuits in near future devices is 
interesting and may be useful for showing quantum advantage

○ Lattice gauge theories have complex Hamiltonians and may 
provide good playgrounds for testing the capability of QCs
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Thank you!


