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Introduction
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rint scattering near threshold

Scattering property dominated by scattering length alg

Can be determined both experimentally and on lattice

**All plotted here are from unphysical mnr simulations & chiral extrapolation
g FLAG 2021 — See backup slides for our physical mn calculation
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nrt scattering above threshold
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Luscher’s FV method

Finite volume — discrete energy spectrum of multi-hadron states
> Eo, E4, ...

FV interacting momentum:

E2
E, = 2\/m121 +k2 = Ky = 4n m2 (for rest frame)

LUscher’s formula (valid in elastic region)

2 2 knL
kncotO(E,) = Zoo(1; — N
n (En) \/ﬁl_ 0o(1;qn) Un T
1
Zoo(s39°) = s od -
001S;9 N ﬁEZZ3 (712 - ¢2) (for periodic boundaries)

By calculating finite-volume energy levels, we can determine phase shifts and discuss scattering properties

Alternative approach — HAL QCD method [Doi’s Lecture Fri Oct 18 and many other talks]
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Application 1 — Weak decays

K — mrm 1 l l
— 0.8 _
> Direct CP violation measure €’ provides a (VI\/\j;‘/n _os | _
: «—— M 04 -
great test of SM & constraint on CKM %}< O == o

parameters - \\ 0 NN ALY
TT -1 -0.5 9 0.5 1
| P

> Long-time challenge of lattice QCD AM, / AM

€k + IVCbci

FIAG 2023 | sin 2|3|
| Vip/Vep!
€

B — p(—rnum)lv

» Resonance-contained variant of B — 1tfv

> Can give us a hint about the Vupb-Veb
anomaly (tension b/w inclusive & exclusive
determinations)

It iIs important to well control two-pion states on the lattice in order to accomplish these calculations
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Application 2 - Muon g-2
HVP contribution to gu-2

> Dominant error source of lattice prediction of g-2

> Key to understanding the well-known tension b/w
exp & SM

H H

HVP at LD dominated by 1ttt (where g-2 calculation on lattice is the noisiest)

]!

long distances
em em
i O 2 — jem
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Contents

RBC/UKQCD 2+1 MDWF ensembles with physical mn
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Introduction (V) 7 ’ .
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K — T & 4l _
- 3l K- nn
. . " 2 - .
Long-distance HVP contribution to muon g-2 | o PEC/Wasaki -
GPBC/lwasaki+DSDR
- GPBC/Iwasaki+DSDR (to be generated)
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Summary & Outlook

a2 [fm?]
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K = rirt & CP violation

CP odd CP even

K> = |IKo> + elKi> F(KL_’HOHO)/F(KL—’H+7T_)

g ¢ indirect ['(Ks — 919/ T(Kg —n*n)
direct CPV

—1-06Re(e’/¢)
CPV TS

CP even

Discovered In 1964

g| = 2.228(11) x 10-3 from “odd” mixing b/w KO & Ko [V g ’ é

e’ only found in decays  Discovered in 1999 @ W d o aer s

> Re(SI/S)exp = 1.66(23) x 10-3 ) MH
K
» Consistent with SM? > %<
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Sensitivity of € to BSM

Ly d S b
s — d: most suppressed within SM | \ A3\
Re(e'/€) o< Im (Vg Vi) Vekm ~ | =A 1 A% e
A=\ 1 ¢
A~ 0.23

‘thst‘ ~ 5 X 10_4 << ‘th\/;kb‘ i ]. X 10_2, |VtSVfb‘ A 4 X 10_2

s > d b—d b—s

e’ highly sensitive to BSM & highly demanded by pheno
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Isospin decay modes & Al = 1/2 rule

(7m)i=o| = V/1/3(x%7°| + /2/3(x 7|, ((7m)iZa] = —v/2/3(n%7°| + /1/3(x 7|

|Isospin-definite amplitudes

|=0—-> Al=1/2
Al = <(7T7T)I|HW‘K> | =2 = Al =3/2

Al = 1/2 rule (experimental fact)

Re Ao
Re A2

= 22.45(6) : large suppression of Al = 3/2 (A2) mode

> Factor 2 can be responsible for Wilson coefs from pQCD
> Remaining factor 10 comes from QCD or BSM?

> A lot of discussions happening already in 1970s

> Firm understanding not established until lattice calculation of matrix elements wad done
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Approach to weak decays

Two typical scales

» Electroweak scale: mw = 80 GeV, mz = 91 GeV
» QCD scale: Aacp ~ 300 MeV

Low-energy effective interactions @ QCD scale

E{ > ><
> Hw = Z|C|

Wilson coefficients Effective operators
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AS =1 effective operators

4

Current-current operators
QT = (5acg)v_a(Csda)v_a & Q5 = (5¢)v_a(cd)y_

enter when ni > 4

QCD penguin operators

sum over g runs for all active quarks

EW penguin operators

A

14



nirt phase shifts at mg

. e
iwe'@=%) [ImAs  ImAg ]
E =
\/§ LRGAQ RerJ
P
\/5 i,j

A2 already reached sufficient precision
* Re Az = 1.50(4)stat(14)sys X 107 GeV, Im Az = -6.99(20)stat(84)sys X 107'° GeV

cf: (Re A2)exp = 1.479(4) x 10-8 GeV
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K = itm Amplitude and €’

(w = ReAs/ReAp)

Renormalization matrix

'
ViV X[z (0 + Tyi (0] Zij () ( o0y Q)"

LQCD
(+pQCD)

Wilson coefs.
pQCD

LQCD

Ao still challenging because of many difficulties

K)

15
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Challenges confronted for past few decades

Charm-loop effects
¢ expected significant

Computational cost/Statistics
¢ disconnected diagrams

¢ challenge enhanced due to the
other difficulties

¢ directly on lattice? = am¢ not small on current lattices
1 window problem
¢ absorb into WCs? — NLO pQCD at p = m¢ not ideal

Today’s focus

Chiral symmetry
¢ 10 four-quark operators
¢ strongly desired to prevent mixing

Two-pion final state on the euclidean lattice

e.g. in the rest frame

with other operators

¢ domain wall fermions preferable
and used by RBC/UKQCD

¢ only E = 2mn = 280 MeV state extracted in a
straightforward manner

¢ E =mk =500 MeV state needed
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Realizing on-shell kinematics

The lightest it state with “2 stationary pions” in Euclidean rest frame
> Enno = 280 MeV — off-shell
> need | Enn = mk = 500 MeV ) state

Possible approaches

Finite volume — two-pion spectrum not continuous
> Moving frame (Ishizuka et al )

e'g' \/m% _|_ p’%ot — My _|_ \/m72r _I_ p’%ot

> Analyze correlation functions taking multiple states into account (GEVP, led by MT)

> Manipulate boundary conditions — pions anti-periodic = must move — 500 MeV
ground state possible [G-parity BC (GPBC) led by C. Kelly]

* For A2 imposing anti-periodic BC on d quark was enough to make relevant pion
moving
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First physical my result w GPBC

PRL 115,212001

Re(E,/8)2015 = 1.33(5.15)(4.59) x 1074

I 2.10 tension

Re(e'/e)exp - 16.6(2.3) x 10~*

Physics or just stat/sys error?

Needed to make lattice calculation more accurate
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The “mtrt puzzle”

Large discrepancy b/w lattice & exp

0411 O Kaon I 2015 paper
B 216 Configs
1l

®

0.39}
® ®
®

0.371 1l CI) %
I @ i
m ¥ @O @

0351 Prediction from dispn theory + expt |

0 > A 6 3 10

Eeff

0.33

disp. theory Lischer”
exp data > O(E) > Ern(L)
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The “mtrt puzzle”

Large discrepancy b/w lattice & exp

- T T r T [
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041t [] Kaon 22()1165Cpafer _ 1438 CfgS ¢
ontigs 0.39 | .
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0.30} 0.38 1 1
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= £k -
) _> o & 0.37
S| n ¢ c}> o T ® | Ty ; ot 1 ¢ %
. Q -
o “ ® 0.36 - . Discrepancy
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0.33— l ' 1 ' 1 . - - . ' ' ! -
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¢ t

disp. theory Lischer”
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The “mtrt puzzle”

Large discrepancy b/w lattice & exp

OI (] = O)II | | 0.40
041t [] Kaon 22()1165Cpafer _ 1438 CfgS ¢
ontigs 0.39 - .
% J s  (unpublished)
0.39} 0.38 - !
® : 7x statistics :
= £k -
) _> o & 0.37
= 37| m%% o T o | i ++ ? A
’ o -
1 i __ ® 0.36 - 6 Discrepancy
mp ¥ @ m more resolved
U-351 Prediction from dispn theory + expt | 371 (From dispersion theory + exp}. data) v
i \ 0.34 1 T
0.33— 1 1 1 ' 1 . . . . . . . |
0 2 .. 6 8 10 0 2 4 6 8 10 12 14
t t
. . -1
disp. theory LUscher
exp data > O(E) > Ern(L)

Let’s see what ES is



HHIQCD 2024 Masaaki Tomii (UConn/RBRC) 20

S/N problem of Euclidean 2pt functions

How to extract the lowest energy from Euclidean 2pt functions

Grr(t) :/d3x<OmT(t,>_<’)O7m(O,)7)T>= Z<0|OW7T|7T7T,n><7T7T,n\OjW|O>e_E”’“t

N__ all possible zero-(totallmomentum states that
have the same quantum numbers as Omnn

. (01O |7t7T, 0) (77, 0| OF \O)e_E’”"Ot
S/N prObIem nn i ~ mk (GPBC w tuned volume)

> Signal ~e MK at large t

zero-momentum projection ( e'P™*

1)

large t

> Noise: \/<@>@>T>_<@>><@>T> ~ e 2Mxt even with GPBC

> S/N declines by ~ e~ (Mk=2mMn)t
G (t
() = In o e e

o (t+ 1)
> Noisy at large t

> NOT always a reliable indicator of ground-state saturation
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Resolving the mtrt puzzle

Introduce multiple it operators / p=(1,1,1) (x r/L}

> In 2015 (1|

Orr =7mmw(1,1,1) =0, ‘/G
p=('1!'1!'1)

»  Additions in 2020 .
mm(3,1,1) = Op O = —Q(Uu—l—ad) = Oc¢

2pt functions
Gi(t) = (0i(t)0;(0)T) = > AinAl e &

> better way to isolate excited-state contamination
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Effect of multi operators on Tt

0.41
4 1lop(O,) — 1state
o 4+ 20ps(0,, Op) — 2state
0.39 - . + 20ps(0,, O.) — 2state
<4 3o0ps — 2states
= 0.38 ' 4- 3ops — 3states
E : ? —
LL] 37 -
U 037 ; + + + i
»30 + + | t Inclusion of ¢ operator plays a crucial
0.35 e Yo . { role in controling excited states
. 7 N '¢ '+
0.34] €XP+ disp
fit result for lightest  0.33 . . . . . .
(on-shell) it energy 3 4 5 6 7 5
tmin Of fit

In lattice units

This it state realizing near on-shell kinematics of K = nirt overlaps with the o resonance
We learned that states near a resonance energy should be isolated by introducing the corresponding composite operator
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e’ with GPBC

Re(e'/e) x10*

RBC/UKQCD 2015 —m—
RBC/UKQCD 2020 —e—

\ Experiment —>¢—

3+ times more confs C | Re(8,/8)2020 — 21-7(2-6)stat (6.2)5y5 (5'O)E|\/|/|B X 10_4

Better control of Ty - PRD 102,054509 (2020)

excited-state
contaminations S Re(e'/€)exp = 16.6(2.3) x 107*

Step scaling in NPR

1IO 1|5 éO é5 3|O 35
Desire

> Independent calculations
> Smaller error of lattice prediction
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Systematic errors in 2020

Systematic errors on Im Ao

Finite lattice spacing
Wilson coefficients/charm-loop effects

Lelloch-Luscher FV correction

Residual FV correction
Parametric error
Off-shellness
Renormalization
Missing G1 operator
TOTAL

12%
12%
1.5%
7%
6%
5%
4%
3%
21%

24
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Systematic errors in 2020

Systematic errors on Im Ao

Finite lattice spacing 12% ) > Improvement desired
Wilson coefficients/charm-loop effects 12% ) = > Improvement desired

Lelloch-LUscher FV correction 1.5%
Residual FV correction 7%
Parametric error 6%
Off-shellness 5%
Renormalization 4%
Missing G1 operator 3%

TOTAL 21%
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Systematic errors in 2020

Systematic errors on Im Ao

—» Improvement desired
— Improvement desired
Lelloch-LUscher FV correction 1.5%
Residual FV correction 7%
Parametric error 6%
Off-shellness 5%
Renormalization 4%
Missing G1 operator 3%
TOTAL 21%
In addition Hope to compute near future

> ¢’ could be significantly affected by|EM/IB effects (Al = 1/2 rule — 25%)
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Finite lattice spacing error

Can be resolved by taking continuum limit

8
> Results with different lattice spacings needed .|
. 6 L
G-parity BC sl

=

» 323x64, al=1.4 GeV: Done (2020) =4
> GPBC ensemble generation speed-up algorithm z
1t

> 403 x 64, al = 1.7 GeV: Calculation on-going 5

> 483 x ??, a1 = 2.1 GeV: in the future as needed

Fine ensembles already generated for PBC

25

RBC/UKQCD 2+1 MDWF ensembles with physical mn

]
o .
IR
(almost) Done
PBC/lwasaki M |
PBC/lwasaki+DSDR @
GPBC/lwasaki+DSDR |
- GPBC/lwasaki+DSDR (to be generated)
0 0.01 0.02 0.03 0.04
a2 [fm?]
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Finite lattice spacing error

Can be resolved by taking continuum limit RBC/UKQCD 2+1 MDWF ensembles with physical mx
8 . , . , . , .
> Results with different lattice spacings needed 1 m n
" 6 L
hery = el "0 O
» 323x64, al=1.4 GeV: Done (2020) =4y
- a (almost) Done
> GPBC ensemble generation speed-up algorithm | ”"der""ay |
11 PBC/IwaPSBa?(i/LVI\II)aSSSiIg = _
_ _ GPBC/lwasaki+DSDR
> 403 x 64, a' = 1.7 GeV: Calculation on-going oL GPBC/Iwasaki+DSDR (to be generated)
0 0.01 0.02 0.03 0.04
» 483 x ??, a1 =2.1 GeV: in the future as needed a2 [fm?]

Fine ensembles already generated for PBC
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Finite lattice spacing error

Can be resolved by taking continuum limit RBC/UKQCD 2+1 MDWF ensembles with physical mx
8 . , . , . , .
> Results with different lattice spacings needed 1 m - _
Beainm:
| 5l eglnnlng\b@
G-parity BC oo
E O O
» 323x64, al=1.4 GeV: Done (2020) =4y
- a (almost) Done
> GPBC ensemble generation speed-up algorithm | ”"der""ay |
11 PBC/IwaPSBa?(i/LVI\II)aSSSiIg = _
_ _ GPBC/lwasaki+DSDR
> 403 x 64, a' = 1.7 GeV: Calculation on-going oL GPBC/Iwasaki+DSDR (to be generated)
0 0.01 0.02 0.03 0.04

> 483 x ??, a1 = 2.1 GeV: in the future as needed

Fine ensembles already generated for PBC

a2 [fm?]
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Finite lattice spacing error

Can be resolved by taking continuum Iimit RBC/UKQCD 2+1 MDWF ensembles with physical mx
8 . , . , . , .
> Results with different lattice spacings needed 1 m n
B
| 5l eglnnlng\b@
G-parity BO £ % S—
» 323x64, al=1.4 GeV: Done (2020) =4y
- a (almost) Done
> GPBC ensemble generation speed-up algorithm | ”"der""ay |
11 PBC/IwaPSz%/LVI\II)aSSSEI = _
_ _ GPBC/lwasaki+DSDR
> 403 x 64, a' = 1.7 GeV: Calculation on-going oL GPBC/Iwasaki+DSDR (to be generated)
0 0.01 0.02 0.03 0.04
» 483 x ??, a1 =2.1 GeV: in the future as needed a2 [fm?]

Fine ensembles already generated for PBC
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Finite lattice spacing error

Can be resolved by taking continuum Iimit RBC/UKQCD 2+1 MDWF ensembles with phy3|cal Mn
8 . . . Y . T
> Results with different lattice spacings needed - (; _
B
| 5l eglnnlng\b@
orparity BC £ % S—
» 323x 64, al = 1.4 GeV: Done (2020) =4y
- 3l (almost) Done
» GPBC ensemble generation speed-up algorithm U"der""ay
2 Future PBC/lwasaki W
1l PBC/lwasaki+DSDR o
_ _ GPBC/lwasaki+DSDR
> 403 x 64, a' = 1.7 GeV: Calculation on-going oL GPBC/Iwasaki+DSDR (to be generated)
0 0.01 0.02 0.03 0.04
> 483 x ??, al = 2.1 GeV: in the future as needed a2 [fm2]

Fine ensembles already generated for PBC
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EM/IB effects

Usually O(1%) but ...

e iwe'®7%) [ImAy; ImAg]  iwe'®7%) ImAy [, 1 ImAy
— = — 1 (w = ReA>/ReAp)
€ V2¢ 'ReA> ReAg | vV2¢e ReAg| wImAg.
Even small correction to this
Ciligriano et al, JHEP 02, 032 (2020) can amplified for €’
* NLO ChPT + large Ne (1/w R 22.5: Al = 1/2 rule)
(example estimation)
El iw+ei(52_50) ' ImA;mp ImAéO) . | _|_91
: V2e | ReAY)  ReAj ‘

Developing approaches to introduce QED/IB effects on the lattice

> Extension of LUscher’s formalism for treatment of rirt state in a finite box

> Coulomb correction to i+ scattering [Christ et al, PRD106 (2022), 014508]
> (Contribution of transverse radiation getting understood

> PBC appear necessary to introduce these effects
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With PBC & rest frame, mirt excited state is necessary to
realize on-shell kinematics of K = mirt
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Variational method

Solving GEVP (Generalized Eigenvalue Problem)

C(t)vn (t, t()) — An (t, tO)C(tO)Vn (t, tO) C(t): N x N correlator matrix C,(t) = (O, (t)Op(0)T)

> O, = 2.V, .0, couples mostly with n-th state

> An(t,tg) = e St

Tint operators used In this work:

> Tlp=(0,0,0)TTp=(0,0,0)
> Tlp=(0,0,1)TTp=(0,0,-1) 1
|=2
> Tlp=(0,1,1)TTp=(0,-1,-1) J
> r[p:(1,1,1)r[p:(-1,-1,-1)
> 0~ Qu <+ dd
» KK ~ KK + KTK™ : turned out insignificant for K = mr




Overlap b/w GEVP signals

Energies from GEVP unresolved with
insufficient statistics (107confs, 323)

Plateau not well seen for excited states

Possible problem of traditional GEVP
Av, = \,Bv,

S 2

B—l/ZAB—l/Z(Bl/ZVn) _ )\n(Bl/ZVn)

small statistics

1.0

0.8

06

04r

0.2

0.0

1.0

0.8

0.6

04r

0.2
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Rebased GEVP

Re-based GEVP

> Large size GEVP at short time separations

> Switch to smaller-size GEVP at larger time any eigenvalue is becoming zero-consistent

Example:
O (000) O5=2 - couples well with the ground st.
O 001) 5x5 GEVP at t = 2 =2 _ couples well with the 1st excited st.
Oy | —m—> =2 - ...
O(lll) 05:2
Ve ‘=2 - incorporating 5th op and hence 5th state can spoil the

signal of lower states at larger time separations
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Rebased GEVP

Re-based GEVP

> Large size GEVP at short time separations

> Switch to smaller-size GEVP at larger time any eigenvalue is becoming zero-consistent

Example:
O5=2 | - couples well with the ground st.

O (000) | |
O 001) 5x5 GEVP at t = 2 =21 - couples well with the 1st excited st.
O(011) -_— =21 -
O(lll) 1 05:2

oo )%{ - Incorporating 5th op and hence 5th state can spoil the
OF=2 signal of lower states at larger time separations

t=2

t=2
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Rebased GEVP

Re-based GEVP

> Large size GEVP at short time separations

> Switch to smaller-size GEVP at larger time any eigenvalue is becoming zero-consistent

Example:
O5=2 | - couples well with the ground st.
O (000 - | |
O (001) 5x5 GEVP at t = 2 I ] - couples well with the 1st excited st.
O — t=2 | _
(011) 2
O 1 052
oo )%{ - Incorporating 5th op and hence 5th state can spoil the
OF=2 signal of lower states at larger time separations
=2 | 4x4GEVPatt=3, ... * 3 operators to form next basis
_ —
5= e 1 operator to be excluded from next basis
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Rebased GEVP si |
ebase signals .|
0
0.6 } ;
Effective T energies, | =0, Rebased GEVP, 323 - © i ]
1.0 oal  ° o %ﬂ iﬂ Lo
) D q
X
0.2} X X X X X X >
0.8 |
00— "3 4 5 6 7 8
0.6
_ i QP
@ 08F & P
0.4 @ o 3 ¢ 0 (I) %) . 0o o g
i
- 1 - 0.6} ‘} A %l %x ‘} A
0.2 X X X X x X x X X ( '@q]i? | il
ground st. i 3rd excited st. —&— 04} ® g%? f} i
1st excited st. | 4th excited st. —&— | It d
0.0 2nd excited st. | L v Q@
. L X X (
1 2 3 4 5 6 7 8 9 10 11 12 13 02 A S
to 00 W
Plateau seen for the first two states! 1 2 3 4 5 6 7

Increasing statistics to
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aES" with more statistics

All preliminary with new data set

243 x64,1=0
A A A A 4}; -
S ® ® ® 5 0
] ] =] ] g i
X X X X X X X
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© ® ® ® ® ®
[=] [=] [=] [=] [=] [=]
X X X X X X X
ground st. —X—  1st-excited st. ——— 2nd-excited st. —O— 3rd-excited st. 'TA—l
1 2 3 4 5 6 /
to
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aES" with more statistics

All preliminary with new data set
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Current status of €'/¢

RBC/UKQCD vs Experiment G'parity Boundary Conditions (GPBC)
¢ -1 ~1.
@ Published —@— a 1.38 GeV

2015 1 ™ Preliminary —ili— | L PRL 115,212001 * efforts started by early 2000s

g’;ft';erigﬁzﬁed . Experiment —a— ¢ continuing calculation on finer
2020 —+@+— PRD 102,054509 : ; :

a1 ~ 1.38 GeV lattice(s) C. Kelly’s talk at Lattice24
2023 ra’=~1.02 GeV PRD 102,094517 Periodic Boundary Conditions (PBC)

a1=1.02 GeV
2024 Fal=1.38 GeV
a—-0

— ¢ newer project
preliminary results ¢ important for introducing EM/IB
with multiple

lattice spacings effects
¢ Led by MT (see backup slides for

more details)

2012-24

-10 0 10 20 30 40 50

Re(eVe) [x 1074 a-1 = 1.38 GeV almost done, wrapping up

starting calculation at a-1 = 1.73 GeV

* Result from another group, Ishizuka et al 2018: Re(e'/e) = (19 = 57) x 104 (calculated at unphysical mn, m)
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The Al =1/2 rule

Experimental fact

Re Ao

Re A2

Significant suppression of ReAz (2012/2015)

> C4, G2 contributions of different color structure to

K — nrt correlation function most significant to ReA:
> Naively C+ = -3C2 based on color counting
> Significant cancellation at physical mn observed

Numerical confirmation of the Al = 1/2 rule with the lattice result for Ag (2020)

ReA

ReA

(2) =19.9(2.3)stat (4.4)sys

= 22.45(6) : large suppression of Al = 3/2 (A2) mode

B!

FHHH*HHH“”H%; C1;§
H“““

significant
cancellation

5533553888883 38000000 anaannnnnrt

q —e—

2 .
2#—‘-—4

A
A‘ p

OO_*—ll\)Q)‘-bU'ICD\ICD

5 10 15 20 25 30 35

t
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Long-distance HVP
contribution to muon g-2
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Muon anomalous magnetic moment

€

Magnetic moment Hy = 8u (ﬁ) S
L

Y Vg

Classically gy =2

s

Actually gy # 2

_8u—?

Anomalous magnetic moment |y 5
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Experiment vs theory

Experiment (2023): 1010 g, = 11659205.9(2.2)

Theory white paper (2020): 1010 g, = 11659181.0(4.3)

> QED: 11658471.893(10)

> EW: 15.36(10)

» QCD 2,20
e LO HVP: 693.1(4.0). datajdriven—> BMW (2020): 707.5(5.5)
* NLO HVP: -98.3(7) . dominant uncertainty
« NNLO HVP: 12.4(1)

+ HLbL: 9.0(1.7)
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LO HVP contribution to a,

1
a0 VP = [ dtt>G(t)K(t) Gt) = 3 Z (Jmmim o)

known function =1
~t att« 1/my,

~tTatt>1/m,

_—»Iattlce Z G(t)Wt

() + (0 O

Practically convenient to treat separately
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What parts cause significant error?

LO-HVP _ LO-HVP LO-HVP LO-HVP LO-HVP
all o Z ap,conn (9) +ap,disc +ap,SIB +ap,EM
g=(ud),s,c,b

from 2020 WP [10-19]

alI;IVP, LO () a/I;IVP, LO(g) aEVP, LO () ai;/ils,c LO @
650.2(11.6) 53.2(0.3) 14.6(0.1) -13.7(2.9) 7.2(3.4)

** final precision goal: ~1.5x10-10 error

** arcom (ud) : Dominant error source of lattice calculation (focus of this work)
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LO HVP contribution to a,

2 OO ~ — '
aLO-HVP _ (3) [ dt3GHRE —at, 3 G(t)wy
TU 0 t

1l

known function
~t atmpt« 1
~tltatmyt » 1

Window method

G(H) we LO-HVP _ .SD , _\W , _LD
E a; —a>" +a)’ +a
° —2myt a~=0.073 fm M M ul L
o T€ 4SD
s Large statistical noise at LD ! 1-0(t,t1,At)

¢

aXV —ZG(t)Wt( O(t,t1,At) — O(t, to, At)
t O(t, tyr, At)

aLD
step function with width At

u

> Calculate G(t) with a way suitable for the
respective region

{[fm] ' > (t1,t2,At) = (0.4 fm, 1.0 fm, 0.15 fm)

discretization error at SD

0 1 2




Precision goal: ~ 1.5 x 10-10
SD & W reaching the goal

LD desired to be as precise on lattice
to achieve full first-principle prediction

Challenges

> Large error of long talil

>

Finite-volume effects
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Status after WP

ETMC 2021

ETMC 2022
RBC/UKQCD 2023
Mainz 2024

BMW 2024
Spiegel/Lehner 2024

BMW 2020

LM 2020

Aubin et al. 2022
ChiQCD 2022/DWF
ChiQCD 2022/HISQ
Mainz 2022

ETMC 2022
RBC/UKQCD 2023
FHM 2023

BMW 2024

195

45 46 47 48 49 50 51

ap,con n,SD

I I I I I [ I [ [ I

I I I I I I I I I I

}._H
——
H+H
| 1 1

200 205 210 215

LO-HVP (ud)xlolo

ap,conn,W
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A __

. 4 .

New paper by RBC/UKQCD 2410.20590

CERN-TH-2024-182

The long-distance window of the hadronic vacuum polarization for the muon g — 2

T. Blum,! P. A. Boyle,>3 M. Bruno,*° B. Chakraborty,® F. Erben,” V. Giilpers,?
A. Hackl® N. Hermansson-Truedsson,® R. C. Hill,® T. Izubuchi,>® L. Jin,! C. Jung,?
C. Lehner,® * J. McKeon,® A. S. Meyer,!® M. Tomii,»»? J. T. Tsang,” and X.-Y. Tuo?

(RBC and UKQCD Collaborations)

! Physics Department, University of Connecticut, Storrs, CT 06269-3046, USA
2 Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA

3School of Physics and Astronomy, The University of Edinburgh, Edinburgh EH9 3FD, UK

% Dipartimento di Fisica, Universita di Milano-Bicocca, Piazza della Scienza 3, 1-20126 Milano, Italy

°INFN, Sezione di Milano-Bicocca, Piazza della Scienza 3, I-20126 Milano, Italy

®School of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, UK

"CERN, Theoretical Physics Department, Geneva, Switzerland
S Fakultdt fiir Physik, Universitit Regensburg, Universititsstrafie 31, 93040 Regensburg, Germany
"RIKEN-BNL Research Center, Brookhaven National Laboratory, Upton, NY 11973, USA

10 Nuclear and Chemical Sciences Division, Lawrence Livermore National Laboratory, Livermore, CA 94550, USA
(Dated: October 29, 2024)

We provide the first ab-initio calculation of the Euclidean long-distance window of the isospin

symmetric light-quark connected contribution to the hadronic vacuum polarization for the muon
g — 2 and find a5 = 411.4(4.3)(2.4) x 10~'°. We also provide the currently most pre-

iso,conn,ud __

cise calculation of the total isospin symmetric light-quark connected contribution, a,
666.2(4.3)(2.5) x 107'° which is more than 40 larger compared to the data—drlven estlmates of
Boito et al. 2022 and 1.70 larger compared to the lattice QCD result of BMW20.

2’7 Oct 2024
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Reconstruction of G(t) at LD

EPJWC175,06031 (2018)
PoSLat2019,239 (2019)

G(®) = (Vu@Vu(OT) =Y (0IVyuIn)(n|V]|0ye =n"

n

If we know<0|V,|n>and Exforn=0, 1, 2, ..., N, we can approximate
G(t) as a finite sum

> Contribution from n > N suppressed exponentially at LD

> The long-tail noise will be small enough if < 0| Vu(t) | n > and E, are determined
with a sufficient precision

This work is focused on light-quark connected contribution = | = 1

GEVP method capable of determining < 0 |V, | n > and E;
> Tin-like operators: Tp=(0,0,1)Tp=(0,0,-1), Mp=(0,1,1)TTp=(0,-1,-1); ---
» quark currents: V, (local & smeared), ...
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Reconstruction of G(t) at LD

a=0.073 fm
L=7.0fm
20 . .
‘ G (t)w;O(t, t1, At) x 1019
3%; e Integrand for LD window
157 S - Blinded '
¢

B
HO O DA WN = O

1

hpzzzz2z222Z2




a=0.073 fm
L=7.0fm
20 . .
‘ G (t)wiO(t, t1, At) x 1010
3%; e Integrand for LD window
157 S - Blinded '
¢

B
HO O DA WN = O

1T

PEzzzzzzz2Z
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20

15T

10t

-5

Reconstruction of G(t) at LD

N = 9 vs Inclusive

reconstructed ——<—
Inclusive ——e—

x®
[ S

reconstructed one with
% small long-tail error

*mwiﬁﬁﬁmﬂf

R

R

O g@g@@@g@@@a 4— —> j 2O XX XM M XK XK K X
n > 9 states n > 9 states invisibl ﬂHH H
significant , . . M

0 1 2 3 4 5

t [fm]

Use inclusive G(t) | Use reconstructed G(t)

x®
--------------)é_'@-'------l
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Unblind and result

Relative unblinding

BMW20 world ~—+—

RBC/UKQCD18 world ——<—

Comparison with other results

RBC/UKQCD24 |- LD S

Benton et al. 24 |- H—+— =
I I I I I I I

380 385 390 395 400 405 410 415 420
Ay, LD,iso,conn,ud X 1010

RBC/UKQCD18 K + 4 _
ETMC18 - + | _

SK19 —_—
FNAL/HPQCD/MILC19 - e — _
Mainz19 - - + " _|

ETMC19 - | + | i

BMW20 - —— |

LM20 - - + P

Aubin et al. 22 - — i
RBC/uUKQCD24 ==

Boito et al. 22/KNT | HH _
Boito et al. 22/DHMZ -

Hl_' total of ud-conn’
600 620 640 660 680 700

10
ay, iso,conn,ud X 10
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Unblind and result

Relative unblinding

I I I I I
- - .
RBC/UK%I\éI)V[\)qu VVISHS VS 4 different scale setting

gt

< & « O '9@

Blind groups participated in 4‘0
relative unblinding OO‘o

1’4

Comparison with other results

RBC/UKQCD24 |- LD S

Benton et al. 24 |- H—+— .
I I I I I I I

380 385 390 395 400 405 410 415 420
Ay, LD,iso,conn,ud X 1010

RBC/UKQCD18 - K + 4 _
ETMC18 + | _

SK19 — -
FNAL/HPQCD/MILC19 - ——— _
Mainz19 - + H |

ETMC19 | + | _

BMW20 - _

LM20 | H + - -

Aubin et al. 22 - et _
RBC/uUKQCD24 == -

Boito et al. 22/KNT | HH _
Boito et al. 22/DHMZ - — total of ud-conn™
| | | |

600 620 640 660 680 700

10
ay, iso,conn,ud X 10
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Unblind and result

Relative unblinding Comparison with other results
850 I I IBMW I I I i i
840 I RBC/UKQCD%) \,VIISHS VI I different scale setting RBC/UKQCD24 | LD ——
830 — Benton et al. 24 - i -
0O T | | | | | | |
= 820 f -
3 810 - —_— I 380 385 390 395 400 405 410 415 420
1 T _ 10
D>< 800 J L] 9| ) _ a,, 1D,iso,conn,ud X 10
_Iu:‘ 790 |- >|'< i -
780 - I [+ . RBC/UKQCD18 - ——— -
770 ) - ETMC18 | +——+—— .
760 | | | | | SK19 —— -
24 ¢ e O By FNAL/HPQCD/MILC19 | N -
— == —— e Mainz19 | — -
Blind groups participated in 4;
- - 08 ETMC19 - — -
relative unblinding O<3 BMW20 L s |
¥ LM20 |- H + - -
" . Aubin et al. 22 - H——+—H -
Absolute unblinding (BMW20 World) RecuUKacD24 - e
D 10 Boito et al. 22/KNT + :
a1 conn (Ud) = 411.4(4.3)stat (2.4)systx10 Boito et al. 22/DHMZ -  ~'total of ud-conn’
600 620 640 660 680 700
—_ — _ 10
a:],(c)orI]_I]VP (ud) =666.2(4.3)stat (2.5)systx10 10 inclusion of SD & W results 3iso,conn,ud X 10
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Unblind and result

Relative unblinding Comparison with other results
850 I I IBMW I I I i i
840 I RBC/UKQCD%) \,VIISHS VI I different scale setting RBC/UKQCD24 | LD ——
830 — Benton et al. 24 - i -
0O T | | | | | | |
= 820 f -
3 810 - —_— I 380 385 390 395 400 405 410 415 420
1 T _ 10
D>< 800 J L] 9| ) _ a,, 1D,iso,conn,ud X 10
_Iu:‘ 790 |- >|'< i -
780 - I [+ . RBC/UKQCD18 - ——— -
770 ) - ETMC18 | +——+—— .
760 | | | | | SK19 —— -
24 ¢ e O By FNAL/HPQCD/MILC19 | N -
— == —— e Mainz19 | — -
Blind groups participated in 4;
- - 08 ETMC19 - — -
relative unblinding O<3 BMW20 L s |
¥ LM20 |- H + - -
" . Aubin et al. 22 - H——+—H -
Absolute unblinding (BMW20 World) RecuUKacD24 - e
D 10 Boito et al. 22/KNT + :
a1 conn (Ud) = 411.4(4.3)stat (2.4)systx10 Boito et al. 22/DHMZ -  ~'total of ud-conn’
600 620 640 660 680 700
—_ — _ 10
a:],(c)orI]_I]VP (ud) =666.2(4.3)stat (2.5)systx10 10 inclusion of SD & W results 3iso,conn,ud X 10
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Summary

nit system related to various remarkable topics

Scattering lengths (see backup slides for our physical mr calculation)

Resonance (p & 0)
K — mrt
> Long-standing challenge for LQCD

> SM prediction for € 4x larger error than experiment
>  Working on main error sources: 1. O(a?2) 2. charm-loop, 3. EM/IB correction

LD HVP contribution to g-2

> Necessary for LQCD to improve to achieve the precision similar to Fermilab exp
> EXclusive reconstruction method significantly improves lattice calculation

> Next steps: 1. increase statistics, 2. disconnected contribution, 3. IB & EM corrections,
4. strange & charm contributions

45



Backup slides
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Phase shifts 6

Lischer 1991 (valid in 2mn < Enn < 4mi)

X —3/2 q 00
ran o= Zoo(1;9°)
®
o= L B _ 0 °
Dt 4 d attractive force! . repulsive force

forl=0 ‘= fori=2
—

‘ g
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Phase shifts 6

Lischer 1991 (valid in 2mn < Enn < 4mi)

. —3/2 q 00
dn o) =
Zoo(1;9°)
L [,
_— — m .
X DT 4 n attractive forceé repulsive force

forl=0 ‘= fori=2
.—>

S
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Phase shifts 6

Lischer 1991 (valid in 2mn < Enn < 4mi)

3/2 — Roy Eaq.
tan 5| p— n q 801 —— four pion threshold
o 2 + 243
Zoo(l, X ) —~ 60 - 323
®) ¢
S
& 40 -
L E72T7T 2 C
1= o0 M o 20-
27T 4 ® | | |
© old set of configurations [ce
s ol & PRD107,094512
1 — ]
C N2\ > | ) 2\ —S =
Zoo(s; %) = ——= D (> — %) *20- —
477 >

300 400 500 600 700 800 900 1000
Vs (MeV)
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Scattering lengths

1 1 |
k cot 0p () :l 2r})k2 +O(k") wp ol ~ tan 9 (k)

k

scattering length ( =
FIAG2021 aN: | () FIAG 2021 a5M,, | 2
—HilkH FLAG estimate for Ny=2+1+1
Nf — 2+1 {1 Fu 17 :_: HilH ETM 15E
I
(1 Ful3 - H—{ HH PACS-CS 13
HH{_HH Fu1l3
b — ’ NPLQCD 11A
H NPLQCD 07
= —F H— NPLQCD 05
Nf — 2 N ETM 16C CE
. e FLAG estimate for Ns=2
(1 = Culver 19
e Caprini 11 ) '_i ‘E(:_Q:/: ;;G
ChPT @ = Colangelo 01 I PA Caprini 11
o = Colangelo 01
gl 015 000 001 00 —0.048 —0.044 —0.040

for k of the ground state

Ni = 2+1+1

Nf = 2+1
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Scattering lengths

|
| 11y 4 - tandg(k)
K cot 50(k) _' 2r0k T O(k ) » dpg =~ " for k of the ground state
E2
scattering length k = Z” m?2
FLAG 2021
FLAG2021 aoMz | =0 FIAG 2021 a5M,, =~
—HlH FLAG estimate for Ne=2+1+1
: f Nf=2+1+1
Nf p— 2+1 u Fu 17 2’ HElH ETM 15E
P Fu 13 - . T chi-cs 13
**All lattice results here are from unphysical mn simulations & chiral extrapolation N =241
Nf -2 — 0 — - iL NPLQCD 05
—HIlH FLAG estimate for Ny=2
u : Culver 19 Nf — 2
——@—+— Caprini 11 ‘,\'L '——i Yagi ;;G
C h PT @ = Colangelo 01 :
. it ChPT

0.18 0.19 020 021 0.22 _0.048 —0.044 —0.040
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Chiral extrapolation of aOmW

160_um| uuuuu LAMALN LALLLY LALLLY LALLL! LALARN LALAAN AAALL LLLLLY AL [T [T
Fit functions (in earlier works using ChPT) .

-— Tree level
— One loop

<> Lattice data

1.50
1.30

1.20
1.10

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

o Tmz | m> [ . m? IR 100

__ 4y 10 % 5090 E€TON automatically
Tyl R T r 2l e A
T \ T L 7 d ) =" 0.70
2 2 ) 2 ) 0.60
™ ™ T
Mg 5 4 L > |3In— — 1 — 2 -
3 f = 1674 f = f i

L

IIIIlIIlIIIIIIIIIIIIIIIIIIIIIIIIIII

Y Fu 2013

() ()() 111 l| lllll | lllll I lllll | lllll | lllll I lllll | lllll I lllll l lllll I lllll I lllll | lllll ‘ lllll Il |-

> W|th Only Z7IT7T as the free parameter Lidl 1203 14 15 16 17 18 719 7 91 95 9304 55

§la s SRR Raa [ [ [ Eazes [ [T [ =
-0.04 B
> input m./f gives precise LO o
0.10F

> |attice data only contribute to NLO o2k

0.14 £

— One loop

-— Tree Level
<> Lattice data

2
i A )

0.16 F
0.18F

020F
022
024

Ambitious for physical mn simulations to try to

-0.28

m aI

Result from physical mr simulations meaningful

== 2
surpass the precision o [Fu 2013

- t | N\
_034: 11111 Looo e | ||||| | |||||||||| | ||||| | ||||| I ||||| ||1}\||:

IIIIllI|IIlllllllIIIllllllllllllllllllllllllllllllllllI|IIIIII1|IIllllllllllllllllllllllll

[—
[y
\®)
[—
n
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a0M~ with physical my from 2023

| | | | . . o
Colangelo 01 N _ ChPT / Dispersive —
Caprini 11 = o | Lattice Ny = 2 —
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a0M~ with physical my from 2023

| | | | . . o
Colangelo 01 N _ ChPT / Dispersive —
Caprini 11 = o | Lattice Ny = 2 —
PH Lattice Ny =2+ 1
ETM 09G + - Lattice Ny =24+ 1+1
Yagi 11 | H il
Culver 19 —— - | | |
NPLQCD 05 - | Colangelo 01 |- o _
NPLQCD 07 _ Caprini 11 |- —o— —
NPLQCD 11A -~ ETM 16C F _
Fu 13 |- - -
Fu 13 |- _
PACS-CS 13 |- - -
This work [ _ Fu 17 = ]
This work - =
ETM 15E — I | |
| | | |
—0.08 —0.07 —0.06 —0.05 —004 —0.03 0.12 0.16 0.2 0.24
My Q mﬁag
I = 2 I — O

Improving the signal of the ground state crucial
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Extra contributions to it 2pt functions

More precise evaluation of 2pt functions on the lattice

Cab(t) =D, An,aAﬁ:’be_E“t

_ vacuum effect + <Oa> <Ob> — needs to be subtracted for | = 0

— thermal effect —|—<7T‘Oa |7T> <7T|Ob ‘7T>G_E7TT + ... — single pion propagating backward
A A* —En(T—t) . .

— thermal effect 2 + Zn n,a\n b€ — two pions propagating backward

— taken into account after GEVP

+ ...

Subtraction of vacuum & 1st thermal effects
Cab(t) — Cap(t) — Cap(t + dt) = >, AnaAL (1 - e~Endt)—Ent
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Non-interacting mrt 2pt func

Interacting nimt correlators

=) (=) ]|
DT OC ]

Non-interacting ones

=0 @ ~ e_Eﬂ'ﬂ',nt

same value, but statistical correlation not maximized
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Non-interacting mrt 2pt func

Interacting nimt correlators

similar values
significant correlation

_E(O) t

% Ne T, N

<n'©'ﬂ> 2‘E‘W,n —2y/m2 + (27/L)n

same value, but statistical correlation not maximized
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Non-interacting mrt 2pt func

Interacting nimt correlators

=) (=) -

similar values
_gO) significant correlation

X M\ e TT7T , N — ratio -~ e_AE'Tr'Tr,nt

| .
<n-©-n> OF, = 2/m2 + (27/L)2r more precise

same value, but statistical correlation not maximized
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0.225
0.220
0.215
0.210
0.205

0.200 |

Ermn=0 VS AEnmn=0

E —a—
EO) —c—
D" ) IZII“
x T [ difference
12 14 16
| = 2, 323x64

Error drastically decreased
107 configurations (data in 2023)
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Translation average

Average can be taken diagram by diagram with different Ntsrc
No cost to increase Ntsc for D but C is pretty expensive

D is dominant for | = 2 signhal & noise

Increasing Nisrc for D is interesting

24
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Nisrc-dependence

236 confs | = 2 Effective energy, N, ) =
S SR
Very small error for Nisc(D) = 64 e | el 08T
g .
> Effective energy ~ In ) 0.220 ¥
> Correlation b/w numerator & denominatgr. % ii’ % '
enhanced when average is taken every ' Jﬂa " '

time translation 0.210; J% 1&‘ J%) } %* J&‘ %F % |

Now error from C diagram significant 0205 == 8 10 12 14 16

> Ntsrc(C) — 64 for rtrt(000) & rirt(001) oprs to
(from next slides)




236 confs

Very small error for Nisrc(D) = 64

C(t)
C(t+1)

> Effective energy ~ In

0.220 | E& increasing trend?/' __
> Correlation b/w numerator & denominatgr, | % ii’ e
enhanced when average Is taken every Jﬂ*

time translation

Now error from C diagram significant

Nisrc-dependence
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95

0.230 ——————————— ————

0.225}

w R

o5 L —4— o v .. L

> Ntsrc(C) — 64 for rtrt(000) & rirt(001) oprs to

(from next slides)
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Two-pion backward propagating effect

Subtraction of constant artifacts (vacuum & thermal effects)

Cab(t) = Cab(t) — Cap(t + 0c) = 3, AnaAx p(1 — e Endt)eEnt

GEVP eigenvalue
—Ent . _En(T/_t)
- e
)\n (tv to) ’ e—Ento _ e—En(T’—to)

(T/:T—2A—5t)

Effective energy definitions

> deft: In(A(t,to)/An(t+ 1,t0))
» def2: —In(An(t, t0))/(t — to)

> def3: solution for (%)

()

0.230

0.225

0.220

0.215

0.210

0.205

0.200 *

Eeff, 323x64,1=2,n=0

0 > 4 5 8 10 12 14 16
t (defl) || to (def2,3)
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AEnmn=0 VS Enm,n=0

Eef L=32, =2, n=0, 2x2 GEVP, t-t5=3 & = 1 AE®T =32, 1=2, n=0, 2x2 GEVP, t-{,=3
0.0022
6 | 0.0021
HHHHH 0.0020
% difference
% 0.0019
I strongly correlated 0.0018
0.0017
0'20802 4 6 8 10t 12 14 16 18 20 0.00162 4 6 8 10t 12 14 16 18 20
0 0

Error drastically decreased

Plateau from to = 16 (see also next slide)
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Preliminary result for aomw

AEST | =32, |=2, n=0, 2x2 GEVP, t-to=1

0.0024 | %%
AEo fit 0.001668(30
(30) 0.0022 | %%
%3
0.0020 | %%%
N
Eo = 2mp + AEo 0.21025(19) | o0otey R TS SR
0.0016 F 5" . -y
phase shift & LUscher formalism % = ~0.3315(89)" | ooora 525 .
scattering length 22m, = —0.04566(81) 2 4 6 8 10 12 14 16 18

| = 0 needs more investigation (signal loses before to = 16)
| = 2 reaching the FLAG precision of 2%
need investigation of systematic error

may need scaling correction wrt (mr / fr)?



ag M,

this'work —@—
earlier works ——><—
241D O
321Dfine | O
Ful7f X
0.18 0.2 0.22 0.24

Reaching the FLAG precision (5% for | =0, 2% for | = 2)
again, all other works are done at unphysical mr and input LO as (mn/fr)?

need investigation of systematic error (expecting not significant though)

241D
32IDfine

PACS-CS 13 |
Fui13 |
NPLQCD 11 F

NPLQCD 07 F
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Preliminary result

aj M

I this wor'k —@—
earlier works ——>¢—

v

X

-0.046 -0.044 -0.042 -0.04 -0.038

99
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MEs from correlation functions

Euclidean correlation function (0O-momentum case)

/ d3X7T7Td3XK<O7T7T (tww,%ww)Qi(tv G)OK(tKa%K)w

zero-momentum projection ( elPX— 1 )
— Z(O\O,W\WT, m)(mm, m|Q;|K, n) (K, n\OL\O}e_E”’m(t”_t)e_mK’“(t_tK)
m,n

all possible zero-(totallmomentum states that have the same quantum numbers as Onn/Ok

* |f we were interested in the lightest (lowest-energy) states ...
look at large tin-t & t - tk:

— <O\OW7T\7T7T,O><7T7T,O\Q;\K,O><K,O\OI(|O>e_E”’°(t”_t)e_mK’O(t_tK)
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MEs from correlation functions

Euclidean correlation function (0O-momentum case)

/ d3X7T7Td3XK<O7T7T (tww,%ww)Qi(tv G)OK(tKa%K)w

zero-momentum projection ( elPX— 1 )
— Z(O\O,W\WT, m)(mm, m|Q;|K, n) (K, n\OL\O}e_E”’m(t”_t)e_mK’“(t_tK)
m,n

all possible zero-(totallmomentum states that have the same quantum numbers as Onn/Ok

* |f we were interested in the lightest (lowest-energy) states ...
look at large tin-t & t - tk:

— <O\O7W\7T7T,O><7T7T,O\Q;\K,O><K,O\OI(|O>e_E”’°(t”_t)e_mK’O(t_tK)

ME of ground states
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Matrix elements

For extraction of ground-state ME

B 71/2
ETT EK
€ t2e 'L large t1 & to

MeF(t,. ;) = CP (1. t
(27 1) (27 1) _wa(tz)CK(t1>_

> M

Excited (n-th) rirt state needed for on-shell kinematics with PBC

large t1 & to

> M,

C." : 2-pt function of it operators diagonalized by GEVP

C§,3) . K = nirt 3-pt function with riit operator used in C©"



MET (to, t1) = C(to, t1)

n: state index
I operator index

eEaﬂth eEKtl

large t1 & to

CAm(t2)CF (1)

1/2

> Mn,i

Weighted average over t1 = top - tk taken

RGEVP (5—4—3 operator basis) plateauing

fromto =3 or4
» smaller error than 4x4

» potential excited-state contamination in 3x3

> GEVP statistically near singular for 5x5

HHIQCD 2024 Masaaki Tomii (UConn/RBRC)

Effective matrix elements

0.007

wif g R 1

| 3x3 GEVP —v—
0.002 |

0.004

0.001

62

0 006 | |\/|1ef£ 1.4 GeV Iattlce [

i

4x4 GEVP +——x—
5x5 GEVP —&—
RGEVP1 —e—
RGEVP2 —o—

| -

} 3-operator basis

t

i

0 — 4 6 8 10
3x3 GEVP —v— eﬁ
| 5xa GEVP 1.4 GeV lattice |M15|.
RGEVP1 —e— T T
-0.03 F RGEVP2 l—e—}‘j} i ][ - ;% | ) i ) ;i>
-0.04 . T % % ﬂﬂ; %ﬂ ][ ﬂ J[%} e X[
\74 “ “'H }

-0.05 F )([]()0
-0.06 =— 5 " . - -




HHIQCD 2024 Masaaki Tomii (UConn/RBRC) 63

Translating to more physical ME

Renormalization (RI/SMOM scheme)

12 2 2 2
P1 P1 P1 P1 U = P1 = P = (Pl _ p2)
RI/SMOM (/) \Q_/ _
" J ——
] N Qi
NP free
P2 P2 % P P2 P2
Amputated vertex functions
] 1 SMOM(g1,4) G 3 / SMOM(g,q) G 3
Interpolation T — S L — osp N
Examples of interpolation of ol |
renormalized ME O __ | 1or
> Linear & quadratic in Enn/mk | " | 12}
» Systematic error estimated as lin vs ! * 1 Ll
quad is small as 1st excited st. | / : .
close to on-shell 0.00 | o 1 O
| at lattice rmt energies —@— : 1.8 ,-at lattice rut energies —@—

0095 06 07 08 09 1 11 12 13 14 15 °%5 06 07 08 09 1 141 12 13 14 15

Err/ Mk Erm/ Mk
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Result for Ao

ReAqy [1077 GeV] ImAg [1017 GeV]

RBC/UKQCD 24, preliminary —ill— RBC/UKQCD 24, preliminary ~—ill—
Extrapolated, preliminary 3¢ Extrapolated, preliminary ¢
experiment —&— :

0.02 0.03 0.04 0 0.01 0.02 0.03 0.04

a2 [fm?] a [fm?]

O(a?) scaling violation potentially significant

> Extrapolation with co + c2 a2 + ¢4 a4 with a constraint |c2 a2| =2 |c4 a4| at a1 = 1.0 GeV

corresponding to the coarser lattice did not change the result beyond statistical error



Wilson coefs
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<f|Hw|i> = % wi' (1) <f|Oi ()|i>

perturbative
matching done below
charm threshold
(NLO known)

pQCD LQCD

wi’ (W): large uncertainty

12% uncertainty on A,

» Relevant for (5d)_(cc)/r: Al =1/2
* Does not happen for Al = 3/2

Mc v wi'(n): precise at HEs

Possible resolutions

> NNLO matching only partially done
> Nonperturbative matching underway

65
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NP matching of WCs

Basic idea
Hy = S wHOH =S wHM;; 03

O4f Z MO3f | [ | I,J I U J
N j Vi 3f

W;

l.e. <Eout|0i4f\Ein> — Zj Mij<Eout\Oj3f|Ein> for small Eout & Ein compared to mc

Strategy

> Consider many 3pt functions on fine lattice (w unphysical mn)

Co (bouts £ i) = (Oa(tou) O] (1) Op (tin))

> Perform fit with many pairs of Oa & Op at large tout —t & t - tin Gty = M;CH

],ab

> Trying with ~ 200 relevant pairs of Oa & Op

»  Automatic Wick contractor in use
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Energy spectrum (for HVP)

Good signal observed for En < 1 GeV

67

X

n=0 —>X— n=1 'I—E|—' n=2 '—@T n=3 —A— n=4 ——

X

a=0.087 fm

L=5.6fm
A4
\V4
\V4
A A N
S ®
X X X

b ® B o«

X

=]

X

H ® B <

X

4

6

38

to/a

10

S InAn(t, to)
t—1p
a=0.073 fm T
L=7.0fm A
A A
L, i
% % X X 1
% o ” % £
' ° & & g & & s
S % X I I 3 I ¥
S, C) © C) C) S, @
[=] (-] [=] (=] [=] = -] =]
)% W %% X X X X X X X
N=0 —X— n=2 —O— n=4 —~/— n=6 —&— n=8 <
. . - n=1 |—EII—| n=3 '—IA—I n=5l'—®—I n=7 —K— n=9 '—A—l'
12 14 8 10 12 14 16 18 20
to/a



