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Scattering property dominated by scattering length


Can be determined both experimentally and on lattice


‣ FLAG 2021

ππ scattering near threshold
3
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**All plotted here are from unphysical mπ simulations & chiral extrapolation  
→ See backup slides for our physical mπ calculation
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ππ scattering above threshold
4
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Lüscher’s FV method
Finite volume → discrete energy spectrum of multi-hadron states

‣ E0, E1, …


FV interacting momentum:


Lüscher’s formula (valid in elastic region)

5
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By calculating finite-volume energy levels, we can determine phase shifts and discuss scattering properties 

Alternative approach – HAL QCD method [Doi’s Lecture Fri Oct 18 and many other talks]

(for rest frame)
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Application 1 – Weak decays
K → ππ

‣ Direct CP violation measure ε’ provides a 

great test of SM & constraint on CKM 
parameters


‣ Long-time challenge of lattice QCD


B → ρ(→ππ)ℓν

‣ Resonance-contained variant of B → πℓν

‣ Can give us a hint about the Vub-Vcb 

anomaly (tension b/w inclusive & exclusive 
determinations)

6

2212.08833, 2401.02495 (lattice proceedings)

It is important to well control two-pion states on the lattice in order to accomplish these calculations

K

π

π
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HVP contribution to gμ-2


‣ Dominant error source of lattice prediction of g-2

‣ Key to understanding the well-known tension b/w 

exp & SM


HVP at LD dominated by ππ (where g-2 calculation on lattice is the noisiest)

Application 2 – Muon g-2
7

Had
μ μ
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K → ππ & CP violation

|ε| = 2.228(11) x 10-3 from “odd” mixing b/w K0 & K0


ε’ only found in decays 


‣ Re(ε’/ε)exp = 1.66(23) x 10-3 


‣ Consistent with SM?

|KL> = |K2> + ε|K1>
CP odd CP even

|ππ>
CP even

ε’ ε
direct 
CPV

indirect 
CPV

Discovered in 1964

(KTeV & NA48)

Discovered in 1999
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Sensitivity of ε’ to BSM
s → d: most suppressed within SM


ε’ highly sensitive to BSM & highly demanded by pheno

11

u

c

t

d s b
<latexit sha1_base64="Cc6IbTTmy15QIfupUOqhJEViF0o="></latexit>

VCKM ⇠

0

@
1 � �3

�� 1 �2

�3 ��2 1

1

A

<latexit sha1_base64="hhBI8iu/9+fhyMVT6bw9HZn5tpo=">AAACEnicbVC7TgJBFJ3FF+ILtbSZSEzURLJrEC2JNpaYyCNhgcwOszBh9pGZuyZk2W+w8VdsLDTG1srOv3EWKBQ8yUxOzrk3997jhIIrMM1vI7O0vLK6ll3PbWxube/kd/fqKogkZTUaiEA2HaKY4D6rAQfBmqFkxHMEazjDm9RvPDCpeODfwyhkbY/0fe5ySkBL3fyJrdzcuN6NoZekv0o6p2NsK+7hCxu4x5RlduKzUpLr5gtm0ZwALxJrRgpohmo3/2X3Ahp5zAcqiFItywyhHRMJnAqW5OxIsZDQIemzlqY+0cPa8eSkBB9ppYfdQOrnA56ovzti4ik18hxd6REYqHkvFf/zWhG4V+2Y+2EEzKfTQW4kMAQ4zQf3uGQUxEgTQiXXu2I6IJJQ0CmmIVjzJy+S+nnRKhfLd6VC5XoWRxYdoEN0jCx0iSroFlVRDVH0iJ7RK3oznowX4934mJZmjFnPPvoD4/MHwpWc4g==</latexit>

|VtdV
⇤
ts| ⇠ 5⇥ 10�4

<latexit sha1_base64="HfTNrNZi0fNZHnsFl3NfBMtItPQ="></latexit>

⌧ |VtdV
⇤
tb| ⇠ 1⇥ 10�2, |VtsV

⇤
tb| ⇠ 4⇥ 10�2

s → d b → d b → s

<latexit sha1_base64="2xUNnOJ1q8uDzLODNdI0aTVKf1Q=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCq2GmSnVZdOOygn1AZyiZTKYNzSRDkhHLUDf+ihsXirj1L9z5N6btLLT1QOBwzj3c3BOmjCrtut/W0vLK6tp6aaO8ubW9s2vv7beUyCQmTSyYkJ0QKcIoJ01NNSOdVBKUhIy0w+H1xG/fE6mo4Hd6lJIgQX1OY4qRNlLPPvRVXPaZCUQI+ihNpXiArlM969kV13GngIvEK0gFFGj07C8/EjhLCNeYIaW6npvqIEdSU8zIuOxniqQID1GfdA3lKCEqyKcXjOGJUSIYC2ke13Cq/k7kKFFqlIRmMkF6oOa9ifif1810fBnklKeZJhzPFsUZg1rASR0wopJgzUaGICyp+SvEAyQR1qa0sinBmz95kbSqjldzarfnlfpVUUcJHIFjcAo8cAHq4AY0QBNg8AiewSt4s56sF+vd+piNLllF5gD8gfX5A3DplZs=</latexit>

� ⇡ 0.23

<latexit sha1_base64="TO65TsKdC+0Us+AGLKsOnFT1WCE="></latexit>

Re("0/") / Im
°
VtdV

§
ts

¢



HHIQCD 2024   Masaaki Tomii (UConn/RBRC) 12

Isospin-definite amplitudes


ΔI = 1/2 rule (experimental fact)


‣ A lot of discussions happening already in 1970s


‣ Firm understanding not established until lattice calculation of matrix elements wad done

h(⇡⇡)I=0| =
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p
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{ I = 0 → ΔI = 1/2

I = 2 → ΔI = 3/2

ReA0

ReA2
= 22.45(6)
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: large suppression of  ΔI = 3/2 (A2) mode

‣ Factor 2 can be responsible for Wilson coefs from pQCD [Gaillard & Lee, PRL 33,108 (1974)]

‣ Remaining factor 10 comes from QCD or BSM?

Isospin decay modes & ΔI = 1/2 rule
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Approach to weak decays
Two typical scales

‣ Electroweak scale: mW = 80 GeV, mZ = 91 GeV

‣ QCD scale: ΛQCD ~ 300 MeV 


Low-energy effective interactions @ QCD scale


‣ HW = Σi ci(μ) Oi(μ)

⇠ GF / g2

m2
W
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s d

q q

Wilson coefficients Effective operators
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ΔS = 1 effective operators

  13 / 37

Operators and Wilson Coe0cients

[Rev.Mod.Phys. 68 (1996) 1125-1144]

    [J.Phys.Conf.Ser. 800 (2017) 1, 012008]

● 10 ΔS=1 Weak effective operators:

– Q
1
-Q

2
   “current-current” operators, dominant 

contributions to real parts of K→ππ amplitudes.

– Q
3
-Q

6
  “QCD penguin” operators, dominant 

contributions to imaginary (CP-violating) parts of 
amplitudes.

– Q
7
-Q

10
 “EM penguin” operators.

● Wilson coefficients z
i
, y

i
 capture high-energy 

behavior.

● Involve running from M
W
 down to charm scale 

O(1.2 GeV) in QCD PT with some E&M effects 
(EM penguins). 

● Determined to NLO in MSbar scheme.

● NNLO expected in near-future

● Use of PT near charm threshold significant sys. err.  
 

1m30

Current-current operators

QCD penguin operators

EW penguin operators

(s̄q)V�A(q̄
0q00)V±A = s̄�µ(1� �5)q

0 · q̄0�µ(1± �5)q
00

<latexit sha1_base64="/UdJtzOrX82MUkc3FFGCKeWYaEo="></latexit>

↵,�: color indices

<latexit sha1_base64="Rxc233Y9e57UDATrq9/XR4pVnxY=">AAACCnicbVC5TsNAFFyHK4TLQEmzkCBRoMiOkDiqCBrKIJFDiqPoefOcrLJeW941UhSlpuFXaChAiJYvoONv2BwFJEw1mnlv5+34seBKO863lVlaXlldy67nNja3tnfs3b2aitKEYZVFIkoaPigUXGJVcy2wEScIoS+w7vdvxn79ARPFI3mvBzG2QuhKHnAG2kht+9BTAS14IOIenHo+aihc0cmzlMsOZ6jadt4pOhPQReLOSJ7MUGnbX14nYmmIUjMBSjVdJ9atISSaM4GjnJcqjIH1oYtNQyWEqFrDSeaIHhulQwMTH0RSTy/5vTGEUKlB6JvJEHRPzXtj8T+vmergojXkMk41SjYNClJBdUTHvdAOT5BpMTAEWMLNrZT1IAGmTXs5U4I7/+VFUisV3bPi5V0pX76e1ZElB+SInBCXnJMyuSUVUiWMPJJn8krerCfrxXq3PqajGWu2s0/+wPr8AZm8mZo=</latexit>

Qc
1 = (s̄↵c�)V�A(c̄�d↵)V�A

<latexit sha1_base64="So221FkP+pOvHmBcGiMJKaH8wjE="></latexit>

Qc
2 = (s̄c)V�A(c̄d)V�A

<latexit sha1_base64="A1Dn3qKVSvK84yxLj1B8SVYdHkA=">AAACGnicbZDLSsNAFIYn9VbjLerSzWAR6sKSlIK6EKpuXLZgL9DEMJlM2qGTCzMToYQ+hxtfxY0LRdyJG9/GaZtFbf1h4Oc753Dm/F7CqJCm+aMVVlbX1jeKm/rW9s7unrF/0BZxyjFp4ZjFvOshQRiNSEtSyUg34QSFHiMdb3g7qXceCRc0ju7lKCFOiPoRDShGUiHXsJpu9QHDK1i2PcShgPjUzWwewvbZ9VifQQz9OegaJbNiTgWXjZWbEsjVcI0v249xGpJIYoaE6FlmIp0McUkxI2PdTgVJEB6iPukpG6GQCCebnjaGJ4r4MIi5epGEUzo/kaFQiFHoqc4QyYFYrE3gf7VeKoMLJ6NRkkoS4dmiIGVQxnCSE/QpJ1iykTIIc6r+CvEAcYSlSlNXIViLJy+bdrVi1SqXzVqpfpPHUQRH4BiUgQXOQR3cgQZoAQyewAt4A+/as/aqfWifs9aCls8cgj/Svn8BsvmdmA==</latexit>

&

enter when nf ≥ 4

sum over q runs for all active quarks
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K → ππ Amplitude and ε’

A2 already reached sufficient precision RBC/UKQCD PRD91 (2015) 074502

‣ Re A2 = 1.50(4)stat(14)sys x 10-8 GeV,  Im A2 = -6.99(20)stat(84)sys x 10-13 GeV


A0 still challenging because of many difficulties

ππ phase shifts at mK

Wilson coefs. 
pQCD LQCDLQCD 

(+pQCD)

Renormalization matrix

<latexit sha1_base64="xDSJT1y7OSPDURVFbPAdjLyw+LA="></latexit>

"0 = i!ei(±2°±0)

p
2

∑
ImA2

ReA2
° ImA0

ReA0

∏

cf: (Re A2)exp = 1.479(4) x 10-8 GeV

<latexit sha1_base64="8gt0OK2dWgahkiwrss3hsyUEcEY=">AAACIHicbVDLTgIxFO3gC/E16k43jcQENzhDDLoxQd24RCOPBAjplDtDQ+eRtmNCJiR+iwu3+hnujEv9CX/BDrAQ8CRtTs6597b3OBFnUlnWl5FZWl5ZXcuu5zY2t7Z3zN29ugxjQaFGQx6KpkMkcBZATTHFoRkJIL7DoeEMblK/8QhCsjB4UMMIOj7xAuYySpSWuuZBW7q5Qjv0wSP4Et/DVbd0mt7WSdfMW0VrDLxI7CnJoymqXfOn3Qtp7EOgKCdStmwrUp2ECMUoh1GuHUuICB0QD1qaBsQH2UnGO4zwsVZ62A2FPoHCY/VvR0J8KYe+oyt9ovpy3kvF/7xWrNyLTsKCKFYQ0MlDbsyxCnEaCO4xAVTxoSaECqb/immfCEKVjm12UiSY19cbuTp9BmKkE7Ln81gk9VLRLhfLd2f5yvU0qyw6REeogGx0jiroFlVRDVH0hF7QK3ozno1348P4nJRmjGnPPpqB8f0LJSSiPQ==</latexit>

(!=ReA2/ReA0)

<latexit sha1_base64="6T0ntbWT00D0IEArB6wDVo9u++E="></latexit>

AI =
GFp
2
V§
usVud

X

i,j
[zi(µ)+øyi(µ)]Zij(µ)

D
(ºº)I

ØØØQlat
j

ØØØK
E
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Challenges confronted for past few decades

Computational cost/Statistics 
disconnected diagrams 
challenge enhanced due to the 
other difficulties

Chiral symmetry 
10 four-quark operators 
strongly desired to prevent mixing 
with other operators 
domain wall fermions preferable 
and used by RBC/UKQCD

Charm-loop effects 
expected significant 
directly on lattice? → amc not small on current lattices 

              window problem 
absorb into WCs? → NLO pQCD at µ = mc not ideal

Two-pion final state on the euclidean lattice 
        e.g. in the rest frame 

only E ≈ 2mπ ≈ 280 MeV state extracted in a 
straightforward manner 
E = mK ≈ 500 MeV state needed

Today’s focus
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Realizing on-shell kinematics
The lightest ππ state with “2 stationary pions” in Euclidean rest frame

‣ Eππ,0 ≈ 280 MeV → off-shell

‣ need | Eππ = mK ≈ 500 MeV 〉state 


Possible approaches

💡 Finite volume → two-pion spectrum not continuous 

‣ Moving frame (Ishizuka et al [PRD98,114512(2018)])


        e.g.


‣ Analyze correlation functions taking multiple states into account (GEVP, led by MT)


‣ Manipulate boundary conditions → pions anti-periodic → must move → 500 MeV 
ground state possible [G-parity BC (GPBC) led by C. Kelly]

✴ For A2 imposing anti-periodic BC on d quark was enough to make relevant pion 

moving [PRL108,141601(2012), PRD91,074502(2015)]

<latexit sha1_base64="DaxEGjuJMcLnnuXcTnw8GXu4F7k=">AAACJnicbVDLSgMxFM3UVx1foy7dBIsgCGWm+NoIRTeCmwr2AZ06ZNKMBpOZMbkjlKFf48ZfceOiIuLOTzF9CFY9EDg551ySe8JUcA2u+2EVZmbn5heKi/bS8srqmrO+0dBJpiir00QkqhUSzQSPWR04CNZKFSMyFKwZ3p0N/eYDU5on8RX0UtaR5CbmEacEjBQ4J76ObF/fK8hlcHFd2UuDHBLoX1f69gmWgZ9yvIe/A+Y2FQmcklt2R8B/iTchJTRBLXAGfjehmWQxUEG0bntuCp2cKOBUsL7tZ5qlhN6RG9Y2NCaS6U4+WrOPd4zSxVGizIkBj9SfEzmRWvdkaJKSwK3+7Q3F/7x2BtFxJ+dxmgGL6fihKBMYEjzsDHe5YhREzxBCFTd/xfSWKELBNGubErzfK/8ljUrZOywfXO6XqqeTOopoC22jXeShI1RF56iG6oiiR/SMBujVerJerDfrfRwtWJOZTTQF6/MLpuSlTw==</latexit>q
m2

K + p2tot = m⇡ +
q

m2
⇡ + p2tot
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First physical mπ result w GPBC

Physics or just stat/sys error?


Needed to make lattice calculation more accurate

18

PRL 115,212001

<latexit sha1_base64="pYKMkyDjzJvmY2ptui8wI0YGpVs="></latexit>

Re("0/")2015 = 1.38(5.15)(4.59)£10°4

<latexit sha1_base64="cTetCsxS3TWvpT3IdOUwXM1a3nM="></latexit>

Re("0/")exp = 16.6(2.3)£10°4

2.1σ tension
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The “ππ puzzle”

Large discrepancy b/w lattice & exp
Statistical Improvement

 

Prediction from dispn theory + expt

216 Configs

Increasing the statistics from 216 to 1438 configurations, the ⇡⇡ correlation
function is still well described by a single ⇡⇡ state.

It does not solve the �0 puzzle however:

�0 = (23.8 ± 4.9 ± 2.2)� ! �0 = (19.1 ± 2.5 ± 1.2)� (�2/dof = 1.6)

Chris Sachrajda FPCP2020, June 9th 2020 16

2015 paper

exp data                   δ(E) 
disp. theory Lüscher-1

Eππ(L)
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Statistical Improvement

 

(From dispersion theory + expt. data)

1438 cfgs
(PRELIMINARY)

216 Configs

Increasing the statistics from 216 to 1438 configurations, the ⇡⇡ correlation
function is still well described by a single ⇡⇡ state.

It does not solve the �0 puzzle however:

�0 = (23.8 ± 4.9 ± 2.2)� ! �0 = (19.1 ± 2.5 ± 1.2)� (�2/dof = 1.6)

Chris Sachrajda FPCP2020, June 9th 2020 16

(unpublished)

7x statistics

exp data                   δ(E) 
disp. theory Lüscher-1

Eππ(L)

Discrepancy 
more resolved



HHIQCD 2024   Masaaki Tomii (UConn/RBRC) 19

The “ππ puzzle”

Large discrepancy b/w lattice & exp
Statistical Improvement

 

Prediction from dispn theory + expt

216 Configs

Increasing the statistics from 216 to 1438 configurations, the ⇡⇡ correlation
function is still well described by a single ⇡⇡ state.

It does not solve the �0 puzzle however:

�0 = (23.8 ± 4.9 ± 2.2)� ! �0 = (19.1 ± 2.5 ± 1.2)� (�2/dof = 1.6)

Chris Sachrajda FPCP2020, June 9th 2020 16

2015 paper

Statistical Improvement

 

(From dispersion theory + expt. data)
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function is still well described by a single ⇡⇡ state.
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7x statistics

exp data                   δ(E) 
disp. theory Lüscher-1

Eππ(L)

Discrepancy 
more resolved

Let’s see what         is
<latexit sha1_base64="w7tcJdAbHf1Eu7O4yO04c+PcscU=">AAACJnicbVG7TsMwFHXKq5RXgZHFokViqpIOhbECITEWiT6kJkSOe9NadR6yHaQqysq3MLDCZ7AhxMYf8As4bQfacmVLR+fce33vsRdzJpVpfhmFtfWNza3idmlnd2//oHx41JFRIii0acQj0fOIBM5CaCumOPRiASTwOHS98XWudx9BSBaF92oSgxOQYch8RonSlFvGthfxQUDUCFdt6Zdu3NSOmT7ZQwq+n1XdcsWsmdPAq8CagwqaR8st/9iDiCYBhIpyImXfMmPlpEQoRjlkJTuREBM6JkPoaxiSAKSTTjfJ8JlmBtiPhL6hwlP2b0VKAikngacz85nlspaT/2n9RPmXTsrCOFEQ0tlDfsKxinBuCx4wAVTxiQaECqZnxXREBKFKm7fYKRZsONIb+foPGIhMO2Qt+7EKOvWa1ag17uqV5tXcqyI6QafoHFnoAjXRLWqhNqLoCb2gV/RmPBvvxofxOUstGPOaY7QQxvcvHY6moQ==</latexit>

Ee↵
ºº
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S/N problem of Euclidean 2pt functions
How to extract the lowest energy from Euclidean 2pt functions


S/N problem

‣ Signal               at large t


‣ Noise:                                                even with GPBC [PRD101,014506(2020)]


‣ S/N declines by 


       


‣ Noisy at large t

‣ NOT always a reliable indicator of ground-state saturation

20

Z
d
3
xhO⇡⇡(t,~x)O⇡⇡(0,~y)

†i

<latexit sha1_base64="2MxVmGl5e883KtBQO7epkMYAmhs="></latexit>

=
X

n

h0|O⇡⇡|⇡⇡, ni
1

2E⇡⇡,n
h⇡⇡, n|O†

⇡⇡|0ie�E⇡⇡,nt

<latexit sha1_base64="2NlxW6PcyXwUMSN+ez4wlWsZpzc="></latexit>

G⇡⇡(t) =

<latexit sha1_base64="Rt8zSxFYYWzPJffffeTIuKe7i+A=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRSUBdC0YUuK9gHNCFMppN26OTBzI0QQv0VNy4UceuHuPNvnLZZaOvhXjiccy9z5/iJ4Aos69tYWV1b39gsbZW3d3b39s2Dw46KU0lZm8Yilj2fKCZ4xNrAQbBeIhkJfcG6/vhm6ncfmVQ8jh4gS5gbkmHEA04JaMkzK44K8K2XOwnXNanBKb7yzKpVt2bAy8QuSBUVaHnmlzOIaRqyCKggSvVtKwE3JxI4FWxSdlLFEkLHZMj6mkYkZMrNZ8dP8IlWBjiIpe4I8Ez9vZGTUKks9PVkSGCkFr2p+J/XTyG4cHMeJSmwiM4fClKBIcbTJPCAS0ZBZJoQKrm+FdMRkYSCzqusQ7AXv7xMOmd1u1G/vG9Um9dFHCV0hI5RDdnoHDXRHWqhNqIoQ8/oFb0ZT8aL8W58zEdXjGKngv7A+PwBXQGT9A==</latexit>

=
X

n

h0|O⇡⇡|⇡⇡, ni
1

2E⇡⇡,n
h⇡⇡, n|O†

⇡⇡|0ie�E⇡⇡,nt

<latexit sha1_base64="2NlxW6PcyXwUMSN+ez4wlWsZpzc="></latexit>

zero-momentum projection  (                )ei~p·~x= 1

<latexit sha1_base64="6QioY0PoUC/mvU0hv1VRExJNChk="></latexit>

all possible zero-(total)momentum states that 
have the same quantum numbers as Oππ

<latexit sha1_base64="WEX/EzFdrxnDcf5R5HSdto9GJ0k="></latexit>

large t°°°°°°!h0|Oºº|ºº,0ihºº,0|O†
ºº|0ie°Eºº,0t

≈ mK (GPBC w tuned volume)
<latexit sha1_base64="tTvgbzsbnUeZVEAgxo+kX9Cd/t8=">AAACGXicbZDLSgMxFIYzXmu9Vbt0EyyCG8uMSHVZdCO4qWAv0BmHTHqmDU1mhiQjlKFP4sKtPoY7cevKp/AVzLRd2NYDgZ//Pyc5+YKEM6Vt+9taWV1b39gsbBW3d3b39ksHhy0Vp5JCk8Y8lp2AKOAsgqZmmkMnkUBEwKEdDG/yvP0EUrE4etCjBDxB+hELGSXaWH6p7KoQF13FBIbH7Ez4d3rslyp21Z4UXhbOTFTQrBp+6cftxTQVEGnKiVJdx060lxGpGeUwLrqpgoTQIelD18iICFBeNll+jE+M08NhLM2JNJ64fycyIpQaicB0CqIHajHLzf+ybqrDKy9jUZJqiOj0oTDlWMc4J4F7TALVfGQEoZKZXTEdEEmoNrzmb0ok6w/Mj0KDnYHMCTmLPJZF67zq1Kq1+4tK/XrGqoCO0DE6RQ66RHV0ixqoiSgaoRf0it6sZ+vd+rA+p60r1mymjObK+voFJ2Wg3Q==</latexit>

ª e°mKt
<latexit sha1_base64="6uIa9Yk5eF6ZNktKXWh4fKsJgl4="></latexit>q
hOO

†i°hOihO†i
<latexit sha1_base64="T0RDVTjjTPJ78bhzkZDKvYq2rZE=">AAACInicbZDNSgMxFIUz9a/Wv6pLXQSLUBctMyLqUnQjuKlgbaFTh0x6pw0mM0OSEcrQjc/iwq0+hjtxJfgOvoKZOgvbeiBwOPfeJPfzY86Utu1PqzA3v7C4VFwurayurW+UN7duVZRICk0a8Ui2faKAsxCammkO7VgCET6Hln9/kdVbDyAVi8IbPYyhK0g/ZAGjRJvIK++6KsAlVzGB4S6tVYV3VTsUnhuzAz3yyhW7bo+FZ42TmwrK1fDK324voomAUFNOlOo4dqy7KZGaUQ6jkpsoiAm9J33oGBsSAaqbjrcY4X2T9HAQSXNCjcfp34mUCKWGwjedguiBmq5l4X+1TqKD027KwjjRENLfh4KEYx3hDAnuMQlU86ExhEpm/orpgEhCtQE3eVMsWX9gNgoMfwYyI+RM85g1t4d157h+fH1UOTvPWRXRDtpDVeSgE3SGLlEDNRFFj+gZvaBX68l6s96tj9/WgpXPbKMJWV8/Gvaj6A==</latexit>

ª e°(mK°2mº)t

<latexit sha1_base64="LH+R+H7JAAv09yb8ZmF3rLzrek4=">AAACHXicbZC7TsMwFIYdrqXcCgwMLBYVEgtVUqHCWMHCWCR6kZoQOe5Ja9VOIttBqqI+CwMrPAYbYkU8Ba+A03agLb9k6dd/zrF9viDhTGnb/rZWVtfWNzYLW8Xtnd29/dLBYUvFqaTQpDGPZScgCjiLoKmZ5tBJJBARcGgHw9u83n4CqVgcPehRAp4g/YiFjBJtIr907KoQF13FBIbH7KIqfDdhWI/9Utmu2BPhZePMTBnN1PBLP24vpqmASFNOlOo6dqK9jEjNKIdx0U0VJIQOSR+6xkZEgPKyyQJjfGaSHg5jaU6k8ST9O5ERodRIBKZTED1Qi7U8/K/WTXV47WUsSlINEZ0+FKYc6xjnNHCPSaCaj4whVDLzV0wHRBKqDbP5mxLJ+gOzUWjQM5A5IWeRx7JpVStOrVK7vyzXb2asCugEnaJz5KArVEd3qIGaiKIxekGv6M16tt6tD+tz2rpizWaO0Jysr1/Z/KJB</latexit>

ª e°2mºt

Ee↵
⇡⇡(t) = ln

G⇡⇡(t)

G⇡⇡(t+ 1)

<latexit sha1_base64="K1gwt8qWtvynClFVx2kaUCM3X5Q=">AAACLHicbVDLSgMxFM34rPVVdekmWIQWpcxIQV0IxSK6rGAf0BlLJs20oZnMkGSEMswHufFXBHFhEbd+h2k7iz48JHByzr3c3OOGjEplmiNjZXVtfWMzs5Xd3tnd288dHDZkEAlM6jhggWi5SBJGOakrqhhphYIg32Wk6Q6qY7/5QoSkAX9Sw5A4Pupx6lGMlJY6uaotPXj3HBPPSzqxHVJ9koIqwpss4/a57QmE4/tZJ5l7nlnFpJPLmyVzArhMrJTkQYpaJ/dhdwMc+YQrzJCUbcsMlRMjoShmJMnakSQhwgPUI21NOfKJdOLJsgk81UoXeoHQlys4UWc7YuRLOfRdXekj1ZeL3lj8z2tHyrtyYsrDSBGOp4O8iEEVwHFysEsFwYoNNUFYUP1XiPtI56N0vlkdgrW48jJpXJSscun6sZyv3KZxZMAxOAEFYIFLUAEPoAbqAINX8A6+wMh4Mz6Nb+NnWrpipD1HYA7G7x9FMqej</latexit>

large t����! E⇡⇡,0

<latexit sha1_base64="UpsH6lr4NmljlOOexSFgsIgeJjk=">AAACEHicbVDLSsNAFJ3UV42vqEs3g0V0ISWRgroriuCygn1AE8pkOmmHTh7M3Kgl5BPc+CtuXCji1qU7/8bpY6Gth3vhcM69zNzjJ4IrsO1vo7CwuLS8Ulw119Y3Nres7Z2GilNJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmv7gcuQ375hUPI5uYZgwLyS9iAecEtBSxzp0VYDdB8l7fSBSxveZILLHXAy5edXJ3ITrOrbzjlWyy/YYeJ44U1JCU9Q61pfbjWkasgioIEq1HTsBLyMSOBUsN91UsYTQAemxtqYRCZnysvFBOT7QShcHsdQdAR6rvzcyEio1DH09GRLoq1lvJP7ntVMIzryMR0kKLKKTh4JUYIjxKB3c5ZJREENNCJVc/xXTPpGEgs7Q1CE4syfPk8ZJ2amUz28qperFNI4i2kP76Ag56BRV0TWqoTqi6BE9o1f0ZjwZL8a78TEZLRjTnV30B8bnD8XGnQ4=</latexit>



HHIQCD 2024   Masaaki Tomii (UConn/RBRC) 21

Resolving the ππ puzzle
Introduce multiple ππ operators


‣ In 2015


‣ Additions in 2020


2pt functions


‣ better way to isolate excited-state contamination

O⇡⇡ = ⇡⇡(1, 1, 1)
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π
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Gij(t) = hOi(t)Oj(0)
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X
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Ai,nA
†
j,ne

�Ent

<latexit sha1_base64="4W+DohUwM0/CriFvfelbhZC6+x0="></latexit>

(× π/L)

≡ Oa

≡ Ob ≡ Oc
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Effect of multi operators on ππ

fit result for lightest

(on-shell) ππ energy


in lattice units tmin of fit

Result compatible with ph+exp:
32

FIG. 5: The tmin dependence of fitted ground state energy for the stationary ⇡⇡I=2 channel

(left) with tmax = 25 and the stationary ⇡⇡I=0 channel (right) with tmax = 15. Left: The

circles represent the two-operator, two-state fit and downward pointing triangles the

one-operator, one-state fit. Right: The pentagons represent the one-operator, one-state fit.

The stars and downward pointing triangles show the results from the two two-operator,

two-state fits. Finally the circles show the three-operator, three-state fit for tmin = 3 and 4

while the diamonds show the three-operator, two-state fit for tmin = 5� 8. For the I = 0

channel, including additional operators (especially the �) substantially improves the

determination of the ground state energy.

a total of 9 real fit parameters. Note that, as the lower triangular component of the matrix

is related to the upper triangular component by the time-translational symmetry, we did

not measure these terms in order to reduce the computational cost.

For each case, we perform correlated fits with various choices for tmin and set tmax = 25.

We plot the resulting ground state energy as a function of tmin in the left panel of Figure 5.

As we can see from the plot, the introduction of the second operator does not noticeably

improve the fit result, as the ground state energies given by both fitting strategies are

statistically consistent for all tmin and the statistical errors are also consistent. As we increase

tmin, the ground state energy first decreases, which suggests a non-negligible excited state

contamination for small tmin and then reaches a plateau for tmin ⇡ 10. We adopt the 2-

operator, 2-state fit with the fitting range of 10� 25 for our final result. In Table V we list

the p-values and the final parameters obtained from that approach. We observe an excellent

p-value indicating a strong consistency between the data and our model.

The fact that Baa is 60� resolved from zero suggests the importance of including these

aE
ππ

,0

RBC/UKQCD PRD 104,114506 (2021)

Inclusion of σ operator plays a crucial 
role in controling excited states

This ππ state realizing near on-shell kinematics of K → ππ overlaps with the σ resonance

We learned that states near a resonance energy should be isolated by introducing the corresponding composite operator

exp + disp
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ε’ with GPBC

-10 -5 0 5 10 15 20 25 30 35

RBC/UKQCD 2015
RBC/UKQCD 2020

Experiment

3+ times more confs 
Better control of 
excited-state 
contaminations 
Step scaling in NPR

Re(ε’/ε) x104

• PRD 102,054509 (2020)
<latexit sha1_base64="cTetCsxS3TWvpT3IdOUwXM1a3nM="></latexit>

Re("0/")exp = 16.6(2.3)£10°4

<latexit sha1_base64="3X6O0FIDW+an6Je7bgr3LwMUkYM="></latexit>

Re("0/")2020 = 21.7(2.6)stat(6.2)sys(5.0)EM/IB£10°4

🤝

Desire 
‣ Independent calculations 
‣ Smaller error of lattice prediction
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Systematic errors in 2020
Systematic errors on Im A0

Finite lattice spacing 12%

Wilson coefficients/charm-loop effects 12%

Lelloch-Lüscher FV correction 1.5%

Residual FV correction 7%

Parametric error 6%

Off-shellness 5%

Renormalization 4%

Missing G1 operator 3%

TOTAL 21%
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Lelloch-Lüscher FV correction 1.5%

Residual FV correction 7%

Parametric error 6%

Off-shellness 5%

Renormalization 4%

Missing G1 operator 3%
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Improvement desired

Improvement desired [MT, LATTICE2019]

also see backup slide
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Systematic errors in 2020
Systematic errors on Im A0

Finite lattice spacing 12%

Wilson coefficients/charm-loop effects 12%

Lelloch-Lüscher FV correction 1.5%

Residual FV correction 7%

Parametric error 6%

Off-shellness 5%

Renormalization 4%

Missing G1 operator 3%

TOTAL 21%

In addition

‣ ε’ could be significantly affected by EM/IB effects (ΔI = 1/2 rule → 25%)

Hope to compute near future

Improvement desired

Improvement desired [MT, LATTICE2019]

also see backup slide
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Finite lattice spacing error

Can be resolved by taking continuum limit 
‣ Results with different lattice spacings needed


G-parity BC

‣ 323 x 64, a-1 ≈ 1.4 GeV: Done (2020)

‣ GPBC ensemble generation speed-up algorithm            

[Lat23, C. Kelly]

‣ 403 x 64, a-1 ≈ 1.7 GeV: Calculation on-going

‣ 483 x ??, a-1 ≈ 2.1 GeV: in the future as needed


Fine ensembles already generated for PBC
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6

7

8

0 0.01 0.02 0.03 0.04

PBC/Iwasaki
PBC/Iwasaki+DSDR

GPBC/Iwasaki+DSDR
GPBC/Iwasaki+DSDR (to be generated)

L 
[fm

]

a2 [fm2]

(almost) Done

RBC/UKQCD 2+1 MDWF ensembles with physical mπ
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RBC/UKQCD 2+1 MDWF ensembles with physical mπ
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Finite lattice spacing error

Can be resolved by taking continuum limit 
‣ Results with different lattice spacings needed


G-parity BC

‣ 323 x 64, a-1 ≈ 1.4 GeV: Done (2020)

‣ GPBC ensemble generation speed-up algorithm            

[Lat23, C. Kelly]

‣ 403 x 64, a-1 ≈ 1.7 GeV: Calculation on-going

‣ 483 x ??, a-1 ≈ 2.1 GeV: in the future as needed


Fine ensembles already generated for PBC
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PBC/Iwasaki+DSDR

GPBC/Iwasaki+DSDR
GPBC/Iwasaki+DSDR (to be generated)

L 
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]

a2 [fm2]

(almost) Done

Beginning

Future
Underway

RBC/UKQCD 2+1 MDWF ensembles with physical mπ
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Usually O(1%) but …


Developing approaches to introduce QED/IB effects on the lattice

‣ Extension of Lüscher’s formalism for treatment of ππ state in a finite box

‣ Coulomb correction to π+π+ scattering [Christ et al, PRD106 (2022), 014508]

‣ Contribution of transverse radiation getting understood

‣ PBC appear necessary to introduce these effects

EM/IB effects

Ciligriano et al, JHEP 02, 032 (2020)

NLO ChPT + large Nc


(example estimation)

Even small correction to this 
can amplified for ε’                 
(1/ω     22.5: ΔI = 1/2 rule)<latexit sha1_base64="eiT/Uv9WT9TiIO5GXUnUZa18Shw=">AAAB83icdVDLSgMxFM3UVx1fVZdugkVwNcy0tY9d0Y3LCvYBnaFk0kwbmpmEJCOW0t9w40IRt/6MO//GtB1BRQ9cOJxzL/feEwpGlXbdDyu3tr6xuZXftnd29/YPCodHHcVTiUkbc8ZlL0SKMJqQtqaakZ6QBMUhI91wcrXwu3dEKsqTWz0VJIjRKKERxUgbyfdVBG0fCSH5/aBQdB13Ceg65UrVbdQMqTZKZbcOvcwqggytQeHdH3KcxiTRmCGl+p4rdDBDUlPMyNz2U0UEwhM0In1DExQTFcyWN8/hmVGGMOLSVKLhUv0+MUOxUtM4NJ0x0mP121uIf3n9VEf1YEYTkWqS4NWiKGVQc7gIAA6pJFizqSEIS2puhXiMJMLaxGSbEL4+hf+TTsnxqs7FTaXYvMziyIMTcArOgQdqoAmuQQu0AQYCPIAn8Gyl1qP1Yr2uWnNWNnMMfsB6+wTCWZGK</latexit>⇡
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With PBC & rest frame, ππ excited state is necessary to 
realize on-shell kinematics of K → ππ

27
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Variational method [NPB339,222(1990)]

Solving GEVP (Generalized Eigenvalue Problem)


‣                             couples mostly with n-th state


‣  


ππ operators used in this work:

‣ πp=(0,0,0)πp=(0,0,0)


‣ πp=(0,0,1)πp=(0,0,-1)


‣ πp=(0,1,1)πp=(0,-1,-1)


‣ πp=(1,1,1)πp=(-1,-1,-1) 

‣ σ ~ 

‣ KK ~                       : turned out insignificant for K → ππ
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KK+ K+K�

I = 2
I = 0
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Overlap b/w GEVP signals
Energies from GEVP unresolved with 
insufficient statistics (107confs, 323)


Plateau not well seen for excited states


Possible problem of traditional GEVP


    small statistics


→ B becomes singular (zero-consistent eval(s))

→ GEVP singular
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<latexit sha1_base64="quQ8Jjquu5Ux27YeW6NmHHkFNKU=">AAACAXicbVDNS8MwHE3n16xfVS+Cl+AQPI1WZHoR5rx4nOA+YC0lTdMtLE1Lkg5GmRf/FS8eFPHqf+HN/8Zs60E3HwRe3vs9kt8LUkalsu1vo7Syura+Ud40t7Z3dves/YO2TDKBSQsnLBHdAEnCKCctRRUj3VQQFAeMdILh7dTvjIiQNOEPapwSL0Z9TiOKkdKSbx25MjJvRj6H19BlOhcinzf03bcqdtWeAS4TpyAVUKDpW19umOAsJlxhhqTsOXaqvBwJRTEjE9PNJEkRHqI+6WnKUUykl882mMBTrYQwSoQ+XMGZ+juRo1jKcRzoyRipgVz0puJ/Xi9T0ZWXU55minA8fyjKGFQJnNYBQyoIVmysCcKC6r9CPEACYaVLM3UJzuLKy6R9XnVq1dr9RaXeKOoog2NwAs6AAy5BHdyBJmgBDB7BM3gFb8aT8WK8Gx/z0ZJRZA7BHxifP/KSlfU=</latexit>

Avn = �nBvn

<latexit sha1_base64="eUE+tvkQnw6GgFiAbrVubwBmwLc=">AAACInicbZDLSgMxFIYz9VbH26hLN8Ei1IV1pkjVhVDrxmUFe4G2Dpk004ZmMkOSKZShz+LGV3HjQlFXgg9jehFq64GQj/9ckvN7EaNS2faXkVpaXlldS6+bG5tb2zvW7l5VhrHApIJDFoq6hyRhlJOKooqReiQICjxGal7vZpSv9YmQNOT3ahCRVoA6nPoUI6Ul17psSt8sPSQnzml+eP0LWQ2ju+/yY3gFm0wPbCOXz+qulbFz9jjgIjhTyIBplF3ro9kOcRwQrjBDUjYcO1KtBAlFMSNDsxlLEiHcQx3S0MhRQGQrGa84hEdaaUM/FPpwBcfqbEeCAikHgacrA6S6cj43Ev/LNWLlX7QSyqNYEY4nD/kxgyqEI79gmwqCFRtoQFhQ/VeIu0ggrLSrpjbBmV95Ear5nFPIFe7OMsXS1I40OACHIAsccA6K4BaUQQVg8AiewSt4M56MF+Pd+JyUpoxpzz74E8b3D4J/oKE=</latexit>

B�1/2AB�1/2(B1/2vn) = �n(B
1/2vn)
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Re-based GEVP

‣ Large size GEVP at short time separations


‣ Switch to smaller-size GEVP at larger time any eigenvalue is becoming zero-consistent


Example:
<latexit sha1_base64="EtuWl8ng1WNp3cHwKM9essFH1zU="></latexit>0

BBBB@

O(000)

O(001)

O(011)

O(111)

O�

1

CCCCA

5x5 GEVP at t = 2

<latexit sha1_base64="HrjYu4sWMdyzVrQuq+hNOUQbQE8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2M/H1Zrbt1dAK0TryA1KNAeVr/8UUqyhApDONZ64LnSBDlWhhFOZxU/01RiMsExHVgqcEJ1kC/OnaELq4xQlCpbwqCF+nsix4nW0yS0nQk2Y73qzcX/vEFmotsgZ0JmhgqyXBRlHJkUzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd4c6bw4787HsrXkFDOn8AfO5w8lLY91</latexit>( <latexit sha1_base64="eRg7NPvznN/kw/QcPC5yO6T2Dcw="></latexit>

O
t=2
0

O
t=2
1

O
t=2
2

O
t=2
3

O
t=2
4

- couples well with the ground st.

- couples well with the 1st excited st.

- …

- incorporating 5th op and hence 5th state can spoil the 
signal of lower states at larger time separations
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Re-based GEVP

‣ Large size GEVP at short time separations


‣ Switch to smaller-size GEVP at larger time any eigenvalue is becoming zero-consistent


Example:
<latexit sha1_base64="EtuWl8ng1WNp3cHwKM9essFH1zU="></latexit>0

BBBB@

O(000)

O(001)

O(011)

O(111)

O�

1

CCCCA

5x5 GEVP at t = 2

<latexit sha1_base64="HrjYu4sWMdyzVrQuq+hNOUQbQE8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2M/H1Zrbt1dAK0TryA1KNAeVr/8UUqyhApDONZ64LnSBDlWhhFOZxU/01RiMsExHVgqcEJ1kC/OnaELq4xQlCpbwqCF+nsix4nW0yS0nQk2Y73qzcX/vEFmotsgZ0JmhgqyXBRlHJkUzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd4c6bw4787HsrXkFDOn8AfO5w8lLY91</latexit>( <latexit sha1_base64="eRg7NPvznN/kw/QcPC5yO6T2Dcw="></latexit>

O
t=2
0

O
t=2
1

O
t=2
2

O
t=2
3

O
t=2
4

- couples well with the ground st.

- couples well with the 1st excited st.

- …

- incorporating 5th op and hence 5th state can spoil the 
signal of lower states at larger time separations

<latexit sha1_base64="Rdt0wZDPdwTtUekuo2RzIEOpi5w="></latexit>0

BBB@

O
t=2
0

O
t=2
1

O
t=2
2

O
t=2
3

1

CCCA
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Re-based GEVP

‣ Large size GEVP at short time separations


‣ Switch to smaller-size GEVP at larger time any eigenvalue is becoming zero-consistent


Example:
<latexit sha1_base64="EtuWl8ng1WNp3cHwKM9essFH1zU="></latexit>0

BBBB@

O(000)

O(001)

O(011)

O(111)

O�

1

CCCCA

5x5 GEVP at t = 2

<latexit sha1_base64="HrjYu4sWMdyzVrQuq+hNOUQbQE8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2M/H1Zrbt1dAK0TryA1KNAeVr/8UUqyhApDONZ64LnSBDlWhhFOZxU/01RiMsExHVgqcEJ1kC/OnaELq4xQlCpbwqCF+nsix4nW0yS0nQk2Y73qzcX/vEFmotsgZ0JmhgqyXBRlHJkUzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd4c6bw4787HsrXkFDOn8AfO5w8lLY91</latexit>( <latexit sha1_base64="eRg7NPvznN/kw/QcPC5yO6T2Dcw="></latexit>

O
t=2
0

O
t=2
1

O
t=2
2

O
t=2
3

O
t=2
4

- couples well with the ground st.

- couples well with the 1st excited st.

- …

- incorporating 5th op and hence 5th state can spoil the 
signal of lower states at larger time separations

<latexit sha1_base64="Rdt0wZDPdwTtUekuo2RzIEOpi5w="></latexit>0

BBB@

O
t=2
0

O
t=2
1

O
t=2
2

O
t=2
3

1

CCCA
4x4 GEVP at t = 3, …

<latexit sha1_base64="HrjYu4sWMdyzVrQuq+hNOUQbQE8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nSzWbZ3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5oeRMG9f9dkobm1vbO+Xdyt7+weFR9fikq9NMEdohKU9VP8SaciZoxzDDaV8qipOQ0144uZv7vSeqNEvFo5lKGiQ4FixiBBsr9fwWi2M/H1Zrbt1dAK0TryA1KNAeVr/8UUqyhApDONZ64LnSBDlWhhFOZxU/01RiMsExHVgqcEJ1kC/OnaELq4xQlCpbwqCF+nsix4nW0yS0nQk2Y73qzcX/vEFmotsgZ0JmhgqyXBRlHJkUzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd4c6bw4787HsrXkFDOn8AfO5w8lLY91</latexit>(
• 3 operators to form next basis


• 1 operator to be excluded from next basis
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<latexit sha1_base64="3UormZwTxOUPJh20Q8x4XazAIvU=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6atY92VunFZwT6gM5RMmraxmWRIMkIZ+g9uXCji1v9x59+YPgQVPSFwOOde7r0nSjjTBqEPZ2V1bX1jM7eV397Z3dsvHBy2tEwVoU0iuVSdCGvKmaBNwwynnURRHEectqPx1cxv31OlmRS3ZpLQMMZDwQaMYGOlVlBnwyDrFYrIvaz6vudD5Hpl+84tQeUSQlXouWiOIlii0Su8B31J0pgKQzjWuuuhxIQZVoYRTqf5INU0wWSMh7RrqcAx1WE233YKT63ShwOp7BcGztXvHRmOtZ7Eka2MsRnp395M/MvrpmZQDTMmktRQQRaDBimHRsLZ6bDPFCWGTyzBRDG7KyQjrDAxNqC8DeHrUvg/aZVcz3crN5Virb6MIweOwQk4Ax64ADVwDRqgCQi4Aw/gCTw70nl0XpzXRemKs+w5Aj/gvH0CvdCPQw==</latexit>

n

2x2

<latexit sha1_base64="+70WLn+eZ6AaTKMO6thFk8kVXCM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj2WevFYwX5AdynZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uZ373SeqNJPiwUwTGsR4JFjECDZW6vhNNvKzQbniVt0F0DrxclKBHK1B+csfSpLGVBjCsdZ9z01MkGFlGOF0VvJTTRNMJnhE+5YKHFMdZItrZ+jCKkMUSWVLGLRQf09kONZ6Goe2M8ZmrFe9ufif109NdBNkTCSpoYIsF0UpR0ai+etoyBQlhk8twUQxeysiY6wwMTagkg3BW315nXSuql69WruvVRrNPI4inME5XIIH19CAO2hBGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AFh2I8E</latexit>

n
Plateau seen for the first two states!

Increasing statistics

t0
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aEππ with more statistics

Preliminary

Preliminary

Preliminary

Preliminary
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All preliminary with new data set
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aEππ with more statistics

Preliminary

Preliminary

Preliminary

Preliminary
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Current status of ε’/ε

PRD 102,054509

PRD 102,094517

PRL 115,212001

G-parity Boundary Conditions (GPBC) 
a-1 ≈ 1.38 GeV 
efforts started by early 2000s 
continuing calculation on finer 
lattice(s) C. Kelly’s talk at Lattice24

Periodic Boundary Conditions (PBC) 
newer project 
important for introducing EM/IB 
effects 
Led by MT (see backup slides for 
more details)

a-1 ≈ 1.38 GeV almost done, wrapping up 
starting calculation at a-1 ≈ 1.73 GeV

excited states

better controlled

a-1 ≈ 1.38 GeV

Re(ε'/ε) [x 10-4]

Published
Preliminary
Experiment

GPBC 15, 1.4 GeV

GPBC 20, 1.4 GeV

PBC 23, 1.0 GeV

PBC 24, 1.0 GeV
PBC 24, 1.4 GeV

PBC 24, a→0

PDG 2012-23

-10 0 10 20 30 40 50

RBC/UKQCD vs Experiment

-

a-1 ≈ 1.02 GeV
a-1 ≈ 1.38 GeV
a → 0

preliminary results 
with multiple 

lattice spacings

Result from another group, Ishizuka et al 2018: Re(ε’/ε) = (19 ± 57) x 10-4 (calculated at unphysical mπ, mK)

2015

2020

2023

2012–24

a-1 ≈ 1.02 GeV

2024
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The ΔI = 1/2 rule
ReA0

ReA2
= 22.45(6)

<latexit sha1_base64="1vRiCpDuNfu1Bs41SgiBQDXyR5g="></latexit>

: large suppression of  ΔI = 3/2 (A2) mode

Experimental fact

Significant suppression of ReA2 (2012/2015)
‣ C1, C2 contributions of different color structure to       

K → ππ correlation function most significant to ReA2


‣ Naïvely C1 = -3C2 based on color counting

‣ Significant cancellation at physical mπ observed

RBC/UKQCD, 
PRD91,074502 (2015)

significant 
cancellation

Numerical confirmation of the ΔI = 1/2 rule with the lattice result for A0 (2020)
<latexit sha1_base64="xJSujwSdS25k6zX7f8XbH8uBQeU="></latexit>

ReA0

ReA2
= 19.9(2.3)stat(4.4)sys



Long-distance HVP 
contribution to muon g-2
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Muon anomalous magnetic moment
36

Classically gµ = 2 Actually gµ ≠ 2

Anomalous magnetic moment

<latexit sha1_base64="6miafxNEEgpNemsmaAPBH6AVECw="></latexit>

~µµ = gµ

µ
e

2mµ

∂
~S

<latexit sha1_base64="PHgMvLFnxuot1RTB2+LEOcZl+WY=">AAACI3icbVFNS8MwGE7n15xfVY8iBIfgxdEOmV6EoRePE9wHrKWkWdqFpWlJUmGUnfwtHrzqz/AmXjz4G/wLplsPbvOBwJPned8k7xM/YVQqy/oySiura+sb5c3K1vbO7p65f9CRcSowaeOYxaLnI0kY5aStqGKklwiCIp+Rrj+6zf3uIxGSxvxBjRPiRijkNKAYKS155rEjA4g8J0rhNXQCgXAW5rvz+iSrTzyzatWsKeAysQtSBQVanvnjDGKcRoQrzJCUfdtKlJshoShmZFJxUkkShEcoJH1NOYqIdLPpGBN4qpUBDGKhF1dwqv7tyFAk5TjydWWE1FAuern4n9dPVXDlZpQnqSIczy4KUgZVDPNM4IAKghUba4KwoPqtEA+RzkLp5OZPSgQNh3qiQH8AJSJPyF7MY5l06jW7UWvcX1SbN0VWZXAETsAZsMElaII70AJtgMETeAGv4M14Nt6ND+NzVloyip5DMAfj+xf9NaT3</latexit>

aµ =
gµ°2

2

Magnetic moment

µ µ µ µ

γ γ
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Experiment vs theory
37

Experiment (2023):              1010 aµ = 11659205.9(2.2)


Theory white paper (2020): 1010 aµ = 11659181.0(4.3)

‣ QED:            11658471.893(10)

‣ EW:                          15.36(10)

‣ QCD

• LO HVP:              693.1(4.0)

• NLO HVP:                 -98.3(7)

• NNLO HVP:               12.4(1)

• HLbL:                     9.0(1.7) 

BMW (2020): 707.5(5.5)
2.2σ

• data-driven

• dominant uncertainty

2006.04822

PRL131,161802(2023)

Nature593,51(2021)
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LO HVP contribution to aμ

Practically convenient to treat separately

<latexit sha1_base64="DeKqJs4VRkKVMSnDK8rCh7BE8v0="></latexit>

G(t) = 1

3

3X

µ=1

D
Jemµ (t)Jemµ (0)†

E

known function

~ t   at t ≪ 1/mµ

~ t-1 at t ≫ 1/mµ

<latexit sha1_base64="a5gd6LZjC7r07xYsBxKF52qUCmo="></latexit>

!lattice°°°°°°°!
X

t
G(t)wt

σσ σσG(t) = +<latexit sha1_base64="MhZX2waGM58IxYIjqVlfLCxfb2s=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIrsqMSHVZdOOygr1AZyxn0kwbmmSGJCOUoW/hwq0+hjtx6wv4FL6CaTsL23og8PP/5yQnX5hwpo3rfjuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhOCppxJ2jTMcNpJFAURctoOR7fTvP1ElWaxfDDjhAYCBpJFjICx1qOvo5I/ACGg54u0V664VXdWeFV4uaigvBq98o/fj0kqqDSEg9Zdz01MkIEyjHA6KfmppgmQEQxo10oJguogm209wWfW6eMoVvZIg2fu34kMhNZjEdpOAWaol7Op+V/WTU10HWRMJqmhkswfilKOTYynCHCfKUoMH1sBRDG7KyZDUECMBbV4U6LYYGh/FFnejKqJJeQt81gVrYuqV6vW7i8r9ZucVRGdoFN0jjx0heroDjVQExGk0At6RW/Os/PufDif89aCk88co4Vyvn4BozCfHg==</latexit>∞µ
<latexit sha1_base64="MhZX2waGM58IxYIjqVlfLCxfb2s=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIrsqMSHVZdOOygr1AZyxn0kwbmmSGJCOUoW/hwq0+hjtx6wv4FL6CaTsL23og8PP/5yQnX5hwpo3rfjuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhOCppxJ2jTMcNpJFAURctoOR7fTvP1ElWaxfDDjhAYCBpJFjICx1qOvo5I/ACGg54u0V664VXdWeFV4uaigvBq98o/fj0kqqDSEg9Zdz01MkIEyjHA6KfmppgmQEQxo10oJguogm209wWfW6eMoVvZIg2fu34kMhNZjEdpOAWaol7Op+V/WTU10HWRMJqmhkswfilKOTYynCHCfKUoMH1sBRDG7KyZDUECMBbV4U6LYYGh/FFnejKqJJeQt81gVrYuqV6vW7i8r9ZucVRGdoFN0jjx0heroDjVQExGk0At6RW/Os/PufDif89aCk88co4Vyvn4BozCfHg==</latexit>∞µ

<latexit sha1_base64="MhZX2waGM58IxYIjqVlfLCxfb2s=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIrsqMSHVZdOOygr1AZyxn0kwbmmSGJCOUoW/hwq0+hjtx6wv4FL6CaTsL23og8PP/5yQnX5hwpo3rfjuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhOCppxJ2jTMcNpJFAURctoOR7fTvP1ElWaxfDDjhAYCBpJFjICx1qOvo5I/ACGg54u0V664VXdWeFV4uaigvBq98o/fj0kqqDSEg9Zdz01MkIEyjHA6KfmppgmQEQxo10oJguogm209wWfW6eMoVvZIg2fu34kMhNZjEdpOAWaol7Op+V/WTU10HWRMJqmhkswfilKOTYynCHCfKUoMH1sBRDG7KyZDUECMBbV4U6LYYGh/FFnejKqJJeQt81gVrYuqV6vW7i8r9ZucVRGdoFN0jjx0heroDjVQExGk0At6RW/Os/PufDif89aCk88co4Vyvn4BozCfHg==</latexit>∞µ
<latexit sha1_base64="MhZX2waGM58IxYIjqVlfLCxfb2s=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIrsqMSHVZdOOygr1AZyxn0kwbmmSGJCOUoW/hwq0+hjtx6wv4FL6CaTsL23og8PP/5yQnX5hwpo3rfjuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhOCppxJ2jTMcNpJFAURctoOR7fTvP1ElWaxfDDjhAYCBpJFjICx1qOvo5I/ACGg54u0V664VXdWeFV4uaigvBq98o/fj0kqqDSEg9Zdz01MkIEyjHA6KfmppgmQEQxo10oJguogm209wWfW6eMoVvZIg2fu34kMhNZjEdpOAWaol7Op+V/WTU10HWRMJqmhkswfilKOTYynCHCfKUoMH1sBRDG7KyZDUECMBbV4U6LYYGh/FFnejKqJJeQt81gVrYuqV6vW7i8r9ZucVRGdoFN0jjx0heroDjVQExGk0At6RW/Os/PufDif89aCk88co4Vyvn4BozCfHg==</latexit>∞µ

<latexit sha1_base64="Um5PNpbIfwTpQorsFdF+NOqNXJ0="></latexit>

aLO°HVP
µ =

≥Æ
º

¥2Z1

0
dtt3G(t)eK(t)
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What parts cause significant error?
39

**                 : Dominant error source of lattice calculation (focus of this work)

<latexit sha1_base64="4NpkIufd/IW07kmXCgTskhA7Mi8="></latexit>

aLO°HVP
µ =

X

q=(ud),s,c,b
aLO°HVP
µ,conn (q)+aLO°HVP

µ,disc +aLO°HVP
µ,SIB

from 2020 WP [10-10]

<latexit sha1_base64="kk5w9ema2YJBkRsM+F1b/QJqFeU="></latexit>

aLO°HVP
µ,conn (ud)

** final precision goal:  ~1.5x10-10 error

<latexit sha1_base64="r8PXrDbSxlRbRvkiFx3Ui0KGvdM="></latexit>

aLO°HVP
µ,SIB +aLO°HVP

µ,EM
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Window method [PRL121,022003(2018)]


‣ Calculate G(t) with a way suitable for the 
respective region


‣ (t1,t2,Δt) = (0.4 fm, 1.0 fm, 0.15 fm) 

LO HVP contribution to aμ
<latexit sha1_base64="Um5PNpbIfwTpQorsFdF+NOqNXJ0="></latexit>

aLO°HVP
µ =

≥Æ
º

¥2Z1

0
dtt3G(t)eK(t)

known function

~ t   at mµ t ≪ 1

~ t-1 at mµ t ≫ 1

<latexit sha1_base64="a5gd6LZjC7r07xYsBxKF52qUCmo="></latexit>

!lattice°°°°°°°!
X

t
G(t)wt

0

0 1 2 3 4 5
t [fm]

G(t) wt

a ≈ 0.073 fm~

Large statistical noise at LD

discretization error at SD

<latexit sha1_base64="cJl7ro4AiXLVbd6BrIoTLHeApQ0="></latexit>

aLO°HVP
µ = aSDµ +aWµ +aLDµ

step function with width Δt

<latexit sha1_base64="Z2zScB+xcVopxBvc8T+TTDRVfao="></latexit>

e°2mºt <latexit sha1_base64="wL6ifJPAghM39026JB/qERcuCsU="></latexit>0
BB@

aSDµ
aWµ
aLDµ

1
CCA=

X

t
G(t)wt

0
@

1°£(t,t1,¢t)
£(t,t1,¢t)°£(t,t2,¢t)

£(t,t2,¢t)

1
A
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<latexit sha1_base64="T5RC46m+0LTwAtQxPClOUzYmeI0="></latexit>

aLO°HVP
µ,conn,SD(ud)x1010

<latexit sha1_base64="S1tmFi0xvC2cWV7jfljh1keOmkk="></latexit>

aLO°HVP
µ,conn,W (ud)x1010

SD

W

Status after WP

Precision goal: ~ 1.5 x 10-10


SD & W reaching the goal


LD desired to be as precise on lattice 
to achieve full first-principle prediction


Challenges

‣ Large error of long tail

‣ Finite-volume effects
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<latexit sha1_base64="T5RC46m+0LTwAtQxPClOUzYmeI0="></latexit>

aLO°HVP
µ,conn,SD(ud)x1010

<latexit sha1_base64="S1tmFi0xvC2cWV7jfljh1keOmkk="></latexit>

aLO°HVP
µ,conn,W (ud)x1010

SD

W

Status after WP

Precision goal: ~ 1.5 x 10-10


SD & W reaching the goal


LD desired to be as precise on lattice 
to achieve full first-principle prediction


Challenges

‣ Large error of long tail

‣ Finite-volume effects

New paper by RBC/UKQCD 2410.20590
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Reconstruction of G(t) at LD

If we know < 0 | Vµ | n > and En for n = 0, 1, 2, …, N, we can approximate 
G(t) as a finite sum

‣ Contribution from n > N suppressed exponentially at LD

‣ The long-tail noise will be small enough if < 0 | Vµ(t) | n > and En are determined 

with a sufficient precision


This work is focused on light-quark connected contribution → I = 1


GEVP method capable of determining < 0 | Vµ | n > and En

‣ ππ-like operators: πp=(0,0,1)πp=(0,0,-1), πp=(0,1,1)πp=(0,-1,-1), …

‣ quark currents: Vµ (local & smeared), … 

<latexit sha1_base64="lJn6z8osgExSmKTmnFOLoAJ8x2A="></latexit>

G(t) = hVµ(t)Vµ(0)†i=
X
n
h0|Vµ|nihn|V†

µ|0ie°Ent

EPJWC175,06031 (2018) 
PoSLat2019,239 (2019)
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Reconstruction of G(t) at LD
43

<latexit sha1_base64="EvafC1wtca0z5j2ZKNugsyg+YWQ="></latexit>

Grec(t)wt£(t,t1,¢t)£1010

• Integrand for LD window

• Blinded

0

5

10

15

20

0 1 2 3 4 5
t [fm]

N = 0
N = 1
N = 2
N = 3
N = 4
N = 6
N = 8
N = 9

a = 0.073 fm 
L = 7.0 fm
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Reconstruction of G(t) at LD
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<latexit sha1_base64="EvafC1wtca0z5j2ZKNugsyg+YWQ="></latexit>

Grec(t)wt£(t,t1,¢t)£1010

• Integrand for LD window

• Blinded

0

5

10

15

20

0 1 2 3 4 5
t [fm]
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N = 1
N = 2
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N = 4
N = 6
N = 8
N = 9

a = 0.073 fm 
L = 7.0 fm

-5

0

5

10

15

20

0 1 2 3 4 5
t [fm]

reconstructed
inclusive

n > 9 states 
significant

n > 9 states invisible

reconstructed one with 
small long-tail error

Use inclusive G(t) Use reconstructed G(t)

N = 9 vs Inclusive
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Unblind and result
44
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770
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790
800
810
820
830
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a µ
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x
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Relative unblinding Comparison with other results
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ETMC18
RBC/UKQCD18

600 620 640 660 680 700
aµ,iso,conn,ud × 1010

Benton et al. 24
RBC/UKQCD24

380 385 390 395 400 405 410 415 420
aµ,LD,iso,conn,ud × 1010
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Unblind and result
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<latexit sha1_base64="hKGcR5MFDreDX9OBswQJkaLXAYc="></latexit>

aLO°HVP
µ,conn (ud) = 666.2(4.3)stat(2.5)systx10

°10 ←inclusion of SD & W results

<latexit sha1_base64="CavDuVCCE7Hhiki9mSpBPe2HrTk="></latexit>

aLDµ,conn(ud) = 411.4(4.3)stat(2.4)systx10
°10

Comparison with other results
LD

total of ud-connBoito et al. 22/DHMZ
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<latexit sha1_base64="hKGcR5MFDreDX9OBswQJkaLXAYc="></latexit>

aLO°HVP
µ,conn (ud) = 666.2(4.3)stat(2.5)systx10

°10 ←inclusion of SD & W results

<latexit sha1_base64="CavDuVCCE7Hhiki9mSpBPe2HrTk="></latexit>

aLDµ,conn(ud) = 411.4(4.3)stat(2.4)systx10
°10

Comparison with other results
LD

total of ud-conn

Similar calculation done by Mainz group (see KEK workshop last month)

Boito et al. 22/DHMZ
Boito et al. 22/KNT

RBC/UKQCD24
Aubin et al. 22

LM20
BMW20
ETMC19
Mainz19
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RBC/UKQCD18
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Summary
ππ system related to various remarkable topics

Scattering lengths (see backup slides for our physical mπ calculation)

Resonance (ρ & σ)

K → ππ

‣ Long-standing challenge for LQCD

‣ SM prediction for ε’: 4x larger error than experiment

‣ Working on main error sources: 1. O(a2) 2. charm-loop, 3. EM/IB correction


LD HVP contribution to g-2

‣ Necessary for LQCD to improve to achieve the precision similar to Fermilab exp

‣ Exclusive reconstruction method significantly improves lattice calculation

‣ Next steps: 1. increase statistics, 2. disconnected contribution, 3. IB & EM corrections, 

4. strange & charm contributions

45



Backup slides
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repulsive force 
for I = 2

Phase shifts δl
Lüscher 1991 (valid in 2mπ < Eππ < 4mπ)

47

<latexit sha1_base64="wMtbIKzR9LPa/JlxWPTNbSx1zNs="></latexit>

tan �l = � ⇡3/2q

Z00(1; q2)

<latexit sha1_base64="fUCWIgCdzDUukCR52zWd2/xSM/k="></latexit>

q =
L

2⇡

r
E2
⇡⇡

4
�m2

⇡

q

δ0
<latexit sha1_base64="rVIUB/qmQ+VWNyyqLvDYRVddLSs=">AAAB8XicdVDLSgMxFM34rOOr6tJNsAiuhszY1nZXdOOygn1gZyiZNNOGZjJjkimU0r9w40IRt/6NO//G9CGo6IELh3Pu5d57wpQzpRH6sFZW19Y3NnNb9vbO7t5+/uCwqZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDXzWyMqFUvErR6nNIhxX7CIEayNdOeryPbpfcZG3XwBOdUqKhZLEDkl5HlexRB07lWqLnQdNEcBLFHv5t/9XkKymApNOFaq46JUBxMsNSOcTm0/UzTFZIj7tGOowDFVwWR+8RSeGqUHo0SaEhrO1e8TExwrNY5D0xljPVC/vZn4l9fJdFQJJkykmaaCLBZFGYc6gbP3YY9JSjQfG4KJZOZWSAZYYqJNSLYJ4etT+D9peo5bdso3xULtchlHDhyDE3AGXHABauAa1EEDECDAA3gCz5ayHq0X63XRumItZ47AD1hvn7D5kPc=</latexit>⌘ – φ(q)

– arctan φ(q)

– arctan φ(q) + π – arctan φ(q) + 2π

attractive force 
for I = 0

<latexit sha1_base64="OTst6jryP25rRKXMgbGfUDnERRg="></latexit>

Z00(s; q
2) =

1p
4⇡

X

n

(|n|2 � q2)�s
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<latexit sha1_base64="wMtbIKzR9LPa/JlxWPTNbSx1zNs="></latexit>

tan �l = � ⇡3/2q
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<latexit sha1_base64="fUCWIgCdzDUukCR52zWd2/xSM/k="></latexit>
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L
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r
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⇡⇡

4
�m2

⇡

q

δ0
<latexit sha1_base64="rVIUB/qmQ+VWNyyqLvDYRVddLSs=">AAAB8XicdVDLSgMxFM34rOOr6tJNsAiuhszY1nZXdOOygn1gZyiZNNOGZjJjkimU0r9w40IRt/6NO//G9CGo6IELh3Pu5d57wpQzpRH6sFZW19Y3NnNb9vbO7t5+/uCwqZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDXzWyMqFUvErR6nNIhxX7CIEayNdOeryPbpfcZG3XwBOdUqKhZLEDkl5HlexRB07lWqLnQdNEcBLFHv5t/9XkKymApNOFaq46JUBxMsNSOcTm0/UzTFZIj7tGOowDFVwWR+8RSeGqUHo0SaEhrO1e8TExwrNY5D0xljPVC/vZn4l9fJdFQJJkykmaaCLBZFGYc6gbP3YY9JSjQfG4KJZOZWSAZYYqJNSLYJ4etT+D9peo5bdso3xULtchlHDhyDE3AGXHABauAa1EEDECDAA3gCz5ayHq0X63XRumItZ47AD1hvn7D5kPc=</latexit>⌘ – φ(q)

– arctan φ(q)

– arctan φ(q) + π – arctan φ(q) + 2π
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for I = 0

<latexit sha1_base64="OTst6jryP25rRKXMgbGfUDnERRg="></latexit>

Z00(s; q
2) =

1p
4⇡

X

n

(|n|2 � q2)�s
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<latexit sha1_base64="wMtbIKzR9LPa/JlxWPTNbSx1zNs="></latexit>

tan �l = � ⇡3/2q

Z00(1; q2)

<latexit sha1_base64="fUCWIgCdzDUukCR52zWd2/xSM/k="></latexit>

q =
L
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r
E2
⇡⇡

4
�m2

⇡

q

δ0
<latexit sha1_base64="rVIUB/qmQ+VWNyyqLvDYRVddLSs=">AAAB8XicdVDLSgMxFM34rOOr6tJNsAiuhszY1nZXdOOygn1gZyiZNNOGZjJjkimU0r9w40IRt/6NO//G9CGo6IELh3Pu5d57wpQzpRH6sFZW19Y3NnNb9vbO7t5+/uCwqZJMEtogCU9kO8SKciZoQzPNaTuVFMchp61weDXzWyMqFUvErR6nNIhxX7CIEayNdOeryPbpfcZG3XwBOdUqKhZLEDkl5HlexRB07lWqLnQdNEcBLFHv5t/9XkKymApNOFaq46JUBxMsNSOcTm0/UzTFZIj7tGOowDFVwWR+8RSeGqUHo0SaEhrO1e8TExwrNY5D0xljPVC/vZn4l9fJdFQJJkykmaaCLBZFGYc6gbP3YY9JSjQfG4KJZOZWSAZYYqJNSLYJ4etT+D9peo5bdso3xULtchlHDhyDE3AGXHABauAa1EEDECDAA3gCz5ayHq0X63XRumItZ47AD1hvn7D5kPc=</latexit>⌘ – φ(q)

– arctan φ(q)

– arctan φ(q) + π – arctan φ(q) + 2π

attractive force 
for I = 0

<latexit sha1_base64="OTst6jryP25rRKXMgbGfUDnERRg="></latexit>

Z00(s; q
2) =

1p
4⇡

X

n

(|n|2 � q2)�s

old set of configurations 
PRD107,094512
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Scattering lengths

FLAG 2021 

48

<latexit sha1_base64="WaDInQ1S0g9e1Jp/v0z1eoT+L/U="></latexit>

k cot �I0(k) =
1

aI0

+
1

2
r
I
0k

2 + O(k4)

scattering length

<latexit sha1_base64="ner8Q8yRHNTj0KVt1oMyuybQD+Q=">AAACFnicbVBNS8NAEN34bf2qevSyWIQKWhKR6lH04rGCVaGJZbOd6NLNJu5OhBL6K7z4V7x4UMSrePPfuG1z0OqDgcd7M8zMC1MpDLrulzMxOTU9Mzs3X1pYXFpeKa+uXZgk0xyaPJGJvgqZASkUNFGghKtUA4tDCZdh92TgX96DNiJR59hLIYjZjRKR4Ayt1C7v+iYqsbZ7LalvRAx31I804zky5e/4HZA4NKvd7X7e7bfLFbfmDkH/Eq8gFVKg0S5/+p2EZzEo5JIZ0/LcFIOcaRRcQr/kZwZSxrvsBlqWKhaDCfLhW326ZZUOjRJtSyEdqj8nchYb04tD2xkzvDXj3kD8z2tlGB0GuVBphqD4aFGUSYoJHWREO0IDR9mzhHEt7K2U3zIbC9okSzYEb/zlv+Rir+bVa/Wz/crRcRHHHNkgm6RKPHJAjsgpaZAm4eSBPJEX8uo8Os/Om/M+ap1wipl18gvOxzchxZ7F</latexit>

al0 '
tan �l0(k)

k
for k of the ground state

I = 0 I = 2

Nf = 2+1

Nf = 2

ChPT

Nf = 2+1

Nf = 2+1+1

Nf = 2

ChPT

<latexit sha1_base64="4p6Q3gQ5Msxq47hfEC5pX12vzsU="></latexit> 
k =

r
E2
⇡⇡

4
�m2

⇡

!
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<latexit sha1_base64="ner8Q8yRHNTj0KVt1oMyuybQD+Q=">AAACFnicbVBNS8NAEN34bf2qevSyWIQKWhKR6lH04rGCVaGJZbOd6NLNJu5OhBL6K7z4V7x4UMSrePPfuG1z0OqDgcd7M8zMC1MpDLrulzMxOTU9Mzs3X1pYXFpeKa+uXZgk0xyaPJGJvgqZASkUNFGghKtUA4tDCZdh92TgX96DNiJR59hLIYjZjRKR4Ayt1C7v+iYqsbZ7LalvRAx31I804zky5e/4HZA4NKvd7X7e7bfLFbfmDkH/Eq8gFVKg0S5/+p2EZzEo5JIZ0/LcFIOcaRRcQr/kZwZSxrvsBlqWKhaDCfLhW326ZZUOjRJtSyEdqj8nchYb04tD2xkzvDXj3kD8z2tlGB0GuVBphqD4aFGUSYoJHWREO0IDR9mzhHEt7K2U3zIbC9okSzYEb/zlv+Rir+bVa/Wz/crRcRHHHNkgm6RKPHJAjsgpaZAm4eSBPJEX8uo8Os/Om/M+ap1wipl18gvOxzchxZ7F</latexit>

al0 '
tan �l0(k)

k
for k of the ground state

I = 0 I = 2

Nf = 2+1

Nf = 2

ChPT

Nf = 2+1

Nf = 2+1+1

Nf = 2

ChPT

**All lattice results here are from unphysical mπ simulations & chiral extrapolation

<latexit sha1_base64="4p6Q3gQ5Msxq47hfEC5pX12vzsU="></latexit> 
k =

r
E2
⇡⇡

4
�m2

⇡

!
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Chiral extrapolation of 
Fit functions (in earlier works using ChPT)


‣ with only       as the free parameter

‣ input            gives precise LO

‣ lattice data only contribute to NLO


Result from physical mπ simulations meaningful


Ambitious for physical mπ simulations to try to 
surpass the precision

49
<latexit sha1_base64="+AM1jonp/CzKwcZeLEoGxfJ8BFk=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEInkoiUj0WvXisYD+gjWGz3bRLd5OwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzwpQzpV332yqtrW9sbpW37Z3dvf2Kc3DYVkkmCW2RhCeyG2JFOYtpSzPNaTeVFIuQ0044vpn5nUcqFUviez1JqS/wMGYRI1gbKXAqfRXZOHAfOBJBP2WBU3Vr7hxolXgFqUKBZuB89QcJyQSNNeFYqZ7nptrPsdSMcDq1+5miKSZjPKQ9Q2MsqPLz+eFTdGqUAYoSaSrWaK7+nsixUGoiQtMpsB6pZW8m/uf1Mh1d+TmL00zTmCwWRRlHOkGzFNCASUo0nxiCiWTmVkRGWGKiTVa2CcFbfnmVtM9rXr1Wv7uoNq6LOMpwDCdwBh5cQgNuoQktIJDBM7zCm/VkvVjv1seitWQVM0fwB9bnD481kmY=</latexit>

al0m⇡

<latexit sha1_base64="OOi7G1ZFFPA71RV+RNeuUvdwMZs="></latexit>

m⇡a
0
0 =

7m2
⇡

16⇡f2
⇡

⇢
1� m2

⇡

16⇡2f2
⇡


9 ln

m2
⇡

f2
⇡

� 5� l0⇡⇡

��

m⇡a
2
0 = � m2

⇡

8⇡f2
⇡

⇢
1 +

m2
⇡

16⇡2f2
⇡


3 ln

m2
⇡

f2
⇡

� 1� l2⇡⇡

��

I = 0 
Fu 2013

I = 2 
Fu 2013

<latexit sha1_base64="dwNLEYCSzLEQugk0OwIvCHCILgw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyItC6LbnRXwT6gM5ZMmmlDM5mQZIQy9DfcuFDErT/jzr8xbWehrYd74XDOveTmhJIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh+Gbmd56o0iwRD2YiaRDjoWARI9hYyef9zJfM1vTxrl+uuFV3DrRKvJxUIEezX/7yBwlJYyoM4VjrnudKE2RYGUY4nZb8VFOJyRgPac9SgWOqg2x+8xSdWWWAokTZFgbN1d8bGY61nsShnYyxGellbyb+5/VSE10FGRMyNVSQxUNRypFJ0CwANGCKEsMnlmCimL0VkRFWmBgbU8mG4C1/eZW0L6perVq7v6w0rvM4inACp3AOHtShAbfQhBYQkPAMr/DmpM6L8+58LEYLTr5zDH/gfP4ANy6R0Q==</latexit>

lI⇡⇡
<latexit sha1_base64="XunWhpNT+ulapWN2Ssi5awZfzak=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4qjMi1WXRjcsK9gHToWTSTBuaTIbkjlCGfoYbF4q49Wvc+Tdm2llo64GEwzn3cu89YSK4Adf9dkpr6xubW+Xtys7u3v5B9fCoY1SqKWtTJZTuhcQwwWPWBg6C9RLNiAwF64aTu9zvPjFtuIofYZqwQJJRzCNOCVjJl4N+wi+i/B9Ua27dnQOvEq8gNVSgNah+9YeKppLFQAUxxvfcBIKMaOBUsFmlnxqWEDohI+ZbGhPJTJDNV57hM6sMcaS0fTHgufq7IyPSmKkMbaUkMDbLXi7+5/kpRDdBxuMkBRbTxaAoFRgUzu/HQ64ZBTG1hFDN7a6YjokmFGxKFRuCt3zyKulc1r1GvfFwVWveFnGU0Qk6RefIQ9eoie5RC7URRQo9o1f05oDz4rw7H4vSklP0HKM/cD5/AAoUkR0=</latexit>

m⇡/f⇡

error automatically 
decreases
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 with physical mπ from 2023
<latexit sha1_base64="+AM1jonp/CzKwcZeLEoGxfJ8BFk=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEInkoiUj0WvXisYD+gjWGz3bRLd5OwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzwpQzpV332yqtrW9sbpW37Z3dvf2Kc3DYVkkmCW2RhCeyG2JFOYtpSzPNaTeVFIuQ0044vpn5nUcqFUviez1JqS/wMGYRI1gbKXAqfRXZOHAfOBJBP2WBU3Vr7hxolXgFqUKBZuB89QcJyQSNNeFYqZ7nptrPsdSMcDq1+5miKSZjPKQ9Q2MsqPLz+eFTdGqUAYoSaSrWaK7+nsixUGoiQtMpsB6pZW8m/uf1Mh1d+TmL00zTmCwWRRlHOkGzFNCASUo0nxiCiWTmVkRGWGKiTVa2CcFbfnmVtM9rXr1Wv7uoNq6LOMpwDCdwBh5cQgNuoQktIJDBM7zCm/VkvVjv1seitWQVM0fwB9bnD481kmY=</latexit>

al0m⇡

This work
Fu 17
Fu 13

ETM 16C

Caprini 11
Colangelo 01

0.12 0.16 0.2 0.24

mπa
0
0

ChPT / Dispersive
Lattice Nf = 2
Lattice Nf = 2 + 1

ETM 15E

This work
PACS-CS 13

Fu 13
NPLQCD 11A
NPLQCD 07
NPLQCD 05

Culver 19
Yagi 11

ETM 09G

Caprini 11
Colangelo 01

−0.08 −0.07 −0.06 −0.05 −0.04 −0.03

mπa
2
0

ChPT / Dispersive
Lattice Nf = 2
Lattice Nf = 2 + 1
Lattice Nf = 2 + 1 + 1

ETM 15E

This work
PACS-CS 13

Fu 13
NPLQCD 11A
NPLQCD 07
NPLQCD 05

Culver 19
Yagi 11

ETM 09G

Caprini 11
Colangelo 01

−0.08 −0.07 −0.06 −0.05 −0.04 −0.03

mπa
2
0

ChPT / Dispersive
Lattice Nf = 2
Lattice Nf = 2 + 1
Lattice Nf = 2 + 1 + 1

I = 2 I = 0
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 with physical mπ from 2023
<latexit sha1_base64="+AM1jonp/CzKwcZeLEoGxfJ8BFk=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEInkoiUj0WvXisYD+gjWGz3bRLd5OwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzwpQzpV332yqtrW9sbpW37Z3dvf2Kc3DYVkkmCW2RhCeyG2JFOYtpSzPNaTeVFIuQ0044vpn5nUcqFUviez1JqS/wMGYRI1gbKXAqfRXZOHAfOBJBP2WBU3Vr7hxolXgFqUKBZuB89QcJyQSNNeFYqZ7nptrPsdSMcDq1+5miKSZjPKQ9Q2MsqPLz+eFTdGqUAYoSaSrWaK7+nsixUGoiQtMpsB6pZW8m/uf1Mh1d+TmL00zTmCwWRRlHOkGzFNCASUo0nxiCiWTmVkRGWGKiTVa2CcFbfnmVtM9rXr1Wv7uoNq6LOMpwDCdwBh5cQgNuoQktIJDBM7zCm/VkvVjv1seitWQVM0fwB9bnD481kmY=</latexit>

al0m⇡

This work
Fu 17
Fu 13

ETM 16C

Caprini 11
Colangelo 01

0.12 0.16 0.2 0.24

mπa
0
0

ChPT / Dispersive
Lattice Nf = 2
Lattice Nf = 2 + 1

ETM 15E

This work
PACS-CS 13

Fu 13
NPLQCD 11A
NPLQCD 07
NPLQCD 05

Culver 19
Yagi 11

ETM 09G

Caprini 11
Colangelo 01

−0.08 −0.07 −0.06 −0.05 −0.04 −0.03

mπa
2
0

ChPT / Dispersive
Lattice Nf = 2
Lattice Nf = 2 + 1
Lattice Nf = 2 + 1 + 1

ETM 15E

This work
PACS-CS 13

Fu 13
NPLQCD 11A
NPLQCD 07
NPLQCD 05

Culver 19
Yagi 11

ETM 09G

Caprini 11
Colangelo 01

−0.08 −0.07 −0.06 −0.05 −0.04 −0.03

mπa
2
0

ChPT / Dispersive
Lattice Nf = 2
Lattice Nf = 2 + 1
Lattice Nf = 2 + 1 + 1

I = 2 I = 0

Improving the signal of the ground state crucial
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Extra contributions to ππ 2pt functions
More precise evaluation of 2pt functions on the lattice


Subtraction of vacuum & 1st thermal effects

51

<latexit sha1_base64="2SAFQlC112iMKh0lLb60AIHkVTs="></latexit>

Cab(t) =
P

n An,aA⇤
n,be

�Ent

<latexit sha1_base64="dBFJHalANyU3izDBA+Gkr7ALN5I="></latexit>

+
P

n An,aA⇤
n,be

�En(T�t) – two pions propagating backward

– taken into account after GEVP 

<latexit sha1_base64="C6ig24OyU4vOSZEwVVQwq9xM6io=">AAACFnicdZDLSgMxFIYz9VbHW9Wlm2ArCGKZaUsvu6Ibd1awF+gMJZNm2tBMZkgyQil9Cje+ihsXirgVd76NaTviBT0Q+Pn+czg5vxcxKpVlvRuppeWV1bX0urmxubW9k9nda8kwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG53P/PYNEZKG/FqNI+IGaMCpTzFSGvUypzlH+vAEOgzxASPwsoccMZdfxEuImetlslbemhe08sVS2apVtCjXCkWrCu3EyoKkGr3Mm9MPcRwQrjBDUnZtK1LuBAlFMSNT04kliRAeoQHpaslRQKQ7mZ81hUea9KEfCv24gnP6fWKCAinHgac7A6SG8rc3g3953Vj5VXdCeRQrwvFikR8zqEI4ywj2qSBYsbEWCAuq/wrxEAmElU7S1CF8Xgr/F61C3i7nS1eFbP0siSMNDsAhOAY2qIA6uAAN0AQY3IJ78AiejDvjwXg2XhatKSOZ2Qc/ynj9AFWunkY=</latexit>

+hOaihObi – needs to be subtracted for I = 0

– single pion propagating backward
<latexit sha1_base64="d/Ahy5tl6l4wPCVtVu0m8bzWgJw="></latexit>

+h⇡|Oa|⇡ih⇡|Ob|⇡ie�E⇡T + ...

<latexit sha1_base64="scS0ISgH0HUQDptNfGDFA43Dqog="></latexit>

Cab(t) ! Cab(t)� Cab(t+ �t) =
P

n(An,a � e�En�t/2)(An,b � e�En�t/2)⇤e�Ent
<latexit sha1_base64="OWaM8QAexHryFedk+RnbTcD4TNc="></latexit>P

n An,aA⇤
n,b(1� e�En�t)e�Ent

– thermal effect 2

– vacuum effect

– thermal effect

<latexit sha1_base64="W01BX4DYs2fHXPLU67iqOu4TsYU=">AAACEHicdZDLSgMxFIYzXmu9VV26CRZBEMpMW9u6K7pxWcFeoDOUTCbThmaSIckIZehLuHCrj+FO3PoGPoWvYNqOYEUPBH7+/5zk5PNjRpW27Q9rZXVtfWMzt5Xf3tnd2y8cHHaUSCQmbSyYkD0fKcIoJ21NNSO9WBIU+Yx0/fH1LO/eE6mo4Hd6EhMvQkNOQ4qRNpbrqhDmz10WCK0GhaJdql427EodLsRFORPVCnRK9ryKIKvWoPDpBgInEeEaM6RU37Fj7aVIaooZmebdRJEY4TEakr6RHEVEeel85yk8NU4AQyHN4RrO3Z8TKYqUmkS+6YyQHqnf2cz8K+snOmx4KeVxognHi4fChEEt4AwADKgkWLOJEQhLanaFeIQkwtpgWr4plnQ4Mj8KDW1K5NQQ+sYA/xedcsmplWq31WLzKmOVA8fgBJwBB9RBE9yAFmgDDGLwCJ7As/VgvViv1tuidcXKZo7AUlnvX+c5njI=</latexit>+ . . .
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Non-interacting ππ 2pt func
Interacting ππ correlators


Non-interacting ones

ππ

ππ

ππ

ππ

ππ

ππ

ππ

ππ

I = 2

I = 0

ππ

ππ

ππ

ππ

×

GEVP

<latexit sha1_base64="UDG2lfj7U2DxsmcHlBf86TXNDzI=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZZEpLosiuCygn1AE8NkOmmHTiZhZiKUkI0bf8WNC0Xc+g/u/BunbRbaergXDufcy8w9QcKoVLb9bZQWFpeWV8qr5tr6xuaWtb3TknEqMGnimMWiEyBJGOWkqahipJMIgqKAkXYwvBr77QciJI35nRolxItQn9OQYqS05Fv7rgxNV9IIkvvs5NrP3ITqOuY5VLlvVeyqPQGcJ05BKqBAw7e+3F6M04hwhRmSsuvYifIyJBTFjOSmm0qSIDxEfdLVlKOISC+bXJHDQ630YBgL3VzBifp7I0ORlKMo0JMRUgM5643F/7xuqsILL6M8SRXhePpQmDKoYjiOBPaoIFixkSYIC6r/CvEACYSVDs7UITizJ8+T1mnVqVVrt2eV+mURRxnsgQNwBBxwDurgBjRAE2DwCJ7BK3gznowX4934mI6WjGJnF/yB8fkDcsqX7g==</latexit>

⇠ e�E⇡⇡,nt

<latexit sha1_base64="c8yFULx04qVWRtyAUyAcGdyYV1g=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4tQQUsiUl0WRXBZwT6gScNkOmmHTiZhZiKUkL0bf8WNC0Xc+gPu/Bunj4VWD/fC4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvdaMk4FJk0cs1h0AiQJo5w0FVWMdBJBUBQw0g5GVxO/fU+EpDG/U+OEeBEacBpSjJSWfKvkytB0JY0g6WUn137mJlTXMc97WcU+yqHKfatsV+0p4F/izEkZzNHwrU+3H+M0IlxhhqTsOnaivAwJRTEjuemmkiQIj9CAdDXlKCLSy6a35PBQK30YxkI3V3Cq/tzIUCTlOAr0ZITUUC56E/E/r5uq8MLLKE9SRTiePRSmDKoYToKBfSoIVmysCcKC6r9CPEQCYaXjM3UIzuLJf0nrtOrUqrXbs3L9ch5HERyAEqgAB5yDOrgBDdAEGDyAJ/ACXo1H49l4M95nowVjvrMPfsH4+AZc+JoB</latexit>

⇠ e�E(0)
⇡⇡,nt

<latexit sha1_base64="KnIwLPC0IE0swg5ZWZkLTn0/PCQ="></latexit>

2E⇡,n = 2
p

m2
⇡ + (2⇡/L)2n

same value, but statistical correlation not maximized
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Non-interacting ππ 2pt func
Interacting ππ correlators


Non-interacting ones

ππ

ππ

ππ

ππ

ππ

ππ

ππ

ππ

I = 2

I = 0

ππ

ππ

ππ

ππ

×

GEVP

<latexit sha1_base64="UDG2lfj7U2DxsmcHlBf86TXNDzI=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZZEpLosiuCygn1AE8NkOmmHTiZhZiKUkI0bf8WNC0Xc+g/u/BunbRbaergXDufcy8w9QcKoVLb9bZQWFpeWV8qr5tr6xuaWtb3TknEqMGnimMWiEyBJGOWkqahipJMIgqKAkXYwvBr77QciJI35nRolxItQn9OQYqS05Fv7rgxNV9IIkvvs5NrP3ITqOuY5VLlvVeyqPQGcJ05BKqBAw7e+3F6M04hwhRmSsuvYifIyJBTFjOSmm0qSIDxEfdLVlKOISC+bXJHDQ630YBgL3VzBifp7I0ORlKMo0JMRUgM5643F/7xuqsILL6M8SRXhePpQmDKoYjiOBPaoIFixkSYIC6r/CvEACYSVDs7UITizJ8+T1mnVqVVrt2eV+mURRxnsgQNwBBxwDurgBjRAE2DwCJ7BK3gznowX4934mI6WjGJnF/yB8fkDcsqX7g==</latexit>

⇠ e�E⇡⇡,nt

similar values

significant correlation<latexit sha1_base64="c8yFULx04qVWRtyAUyAcGdyYV1g=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4tQQUsiUl0WRXBZwT6gScNkOmmHTiZhZiKUkL0bf8WNC0Xc+gPu/Bunj4VWD/fC4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvdaMk4FJk0cs1h0AiQJo5w0FVWMdBJBUBQw0g5GVxO/fU+EpDG/U+OEeBEacBpSjJSWfKvkytB0JY0g6WUn137mJlTXMc97WcU+yqHKfatsV+0p4F/izEkZzNHwrU+3H+M0IlxhhqTsOnaivAwJRTEjuemmkiQIj9CAdDXlKCLSy6a35PBQK30YxkI3V3Cq/tzIUCTlOAr0ZITUUC56E/E/r5uq8MLLKE9SRTiePRSmDKoYToKBfSoIVmysCcKC6r9CPEQCYaXjM3UIzuLJf0nrtOrUqrXbs3L9ch5HERyAEqgAB5yDOrgBDdAEGDyAJ/ACXo1H49l4M95nowVjvrMPfsH4+AZc+JoB</latexit>

⇠ e�E(0)
⇡⇡,nt

<latexit sha1_base64="KnIwLPC0IE0swg5ZWZkLTn0/PCQ="></latexit>

2E⇡,n = 2
p

m2
⇡ + (2⇡/L)2n

same value, but statistical correlation not maximized
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Non-interacting ππ 2pt func
Interacting ππ correlators


Non-interacting ones

ππ

ππ

ππ

ππ

ππ

ππ

ππ

ππ

I = 2

I = 0

ππ

ππ

ππ

ππ

×

GEVP

<latexit sha1_base64="UDG2lfj7U2DxsmcHlBf86TXNDzI=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZZEpLosiuCygn1AE8NkOmmHTiZhZiKUkI0bf8WNC0Xc+g/u/BunbRbaergXDufcy8w9QcKoVLb9bZQWFpeWV8qr5tr6xuaWtb3TknEqMGnimMWiEyBJGOWkqahipJMIgqKAkXYwvBr77QciJI35nRolxItQn9OQYqS05Fv7rgxNV9IIkvvs5NrP3ITqOuY5VLlvVeyqPQGcJ05BKqBAw7e+3F6M04hwhRmSsuvYifIyJBTFjOSmm0qSIDxEfdLVlKOISC+bXJHDQ630YBgL3VzBifp7I0ORlKMo0JMRUgM5643F/7xuqsILL6M8SRXhePpQmDKoYjiOBPaoIFixkSYIC6r/CvEACYSVDs7UITizJ8+T1mnVqVVrt2eV+mURRxnsgQNwBBxwDurgBjRAE2DwCJ7BK3gznowX4934mI6WjGJnF/yB8fkDcsqX7g==</latexit>

⇠ e�E⇡⇡,nt

similar values

significant correlation
ratio 
more precise

<latexit sha1_base64="c8yFULx04qVWRtyAUyAcGdyYV1g=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4tQQUsiUl0WRXBZwT6gScNkOmmHTiZhZiKUkL0bf8WNC0Xc+gPu/Bunj4VWD/fC4Zx7mbknSBiVyra/jMLS8srqWnHd3Njc2t6xdvdaMk4FJk0cs1h0AiQJo5w0FVWMdBJBUBQw0g5GVxO/fU+EpDG/U+OEeBEacBpSjJSWfKvkytB0JY0g6WUn137mJlTXMc97WcU+yqHKfatsV+0p4F/izEkZzNHwrU+3H+M0IlxhhqTsOnaivAwJRTEjuemmkiQIj9CAdDXlKCLSy6a35PBQK30YxkI3V3Cq/tzIUCTlOAr0ZITUUC56E/E/r5uq8MLLKE9SRTiePRSmDKoYToKBfSoIVmysCcKC6r9CPEQCYaXjM3UIzuLJf0nrtOrUqrXbs3L9ch5HERyAEqgAB5yDOrgBDdAEGDyAJ/ACXo1H49l4M95nowVjvrMPfsH4+AZc+JoB</latexit>

⇠ e�E(0)
⇡⇡,nt

<latexit sha1_base64="KnIwLPC0IE0swg5ZWZkLTn0/PCQ="></latexit>

2E⇡,n = 2
p

m2
⇡ + (2⇡/L)2n

same value, but statistical correlation not maximized

<latexit sha1_base64="5Ni5XmJwVSXn0MDRdIHk23TUt04="></latexit>

⇠ e��E⇡⇡,nt
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Eππ,n=0 vs ΔEππ,n=0

I = 2, 323x64

Error drastically decreased

107 configurations (data in 2023)

0.200

0.205

0.210

0.215

0.220

0.225

0.230

2 4 6 8 10 12 14 16

E
E(0)

difference

-0.010

-0.005

0.000

0.005

0.010

0.015

0.020

2 4 6 8 10 12 14 16
t0 t0
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Translation average

‣ Average can be taken diagram by diagram with different Ntsrc

‣ No cost to increase Ntsrc for D but C is pretty expensive

‣ D is dominant for I = 2 signal & noise

‣ Increasing Ntsrc for D is interesting

<latexit sha1_base64="w1xF2zBkKScEZs1i/LRJRDEmklE="></latexit>

C(t) =
1

Ntsrc

X

tsrc

hO⇡⇡(t+ tsrc)O⇡⇡(tsrc)
†i

ππ

ππ

ππ

ππ

D C
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Ntsrc-dependence
236 confs


Very small error for Ntsrc(D) = 64


‣ Effective energy 


‣ Correlation b/w numerator & denominator 
enhanced when average is taken every 
time translation


Now error from C diagram significant

‣ Ntsrc(C) → 64 for ππ(000) & ππ(001) oprs 

(from next slides)

0.205

0.210

0.215

0.220

0.225

0.230

2 4 6 8 10 12 14 16

Ntsrc(D) = 5 (2023)Ntsrc(D) = 16Ntsrc(D) = 64

I = 2 Effective energy, <latexit sha1_base64="TWzchdX2b66t4P6Qmu7BeAB0iZs=">AAAB/3icbVDLSsNAFJ3UV42vqODGzWAR6qYkotWNUOzGlVSwD2hDmEwn7dDJJMxMhBKz8FfcuFDErb/hzr9x2mahrQcuHM65l3vv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT9UX3itx+IkDTi92ocEzdEA04DipHSkmcd9GRg3nqp8lIpcFaun2TwCp57Vsmu2FPAReLkpARyNDzrq9ePcBISrjBDUnYdO1ZuioSimJHM7CWSxAiP0IB0NeUoJNJNp/dn8FgrfRhEQhdXcKr+nkhRKOU49HVniNRQznsT8T+vm6jg0k0pjxNFOJ4tChIGVQQnYcA+FQQrNtYEYUH1rRAPkUBY6chMHYIz//IiaZ1WnGqlendWql3ncRTBITgCZeCAC1ADN6ABmgCDR/AMXsGb8WS8GO/Gx6y1YOQz++APjM8fAWOUzw==</latexit>

Ntsrc(C) = 5

<latexit sha1_base64="BevMdOQFIMm0e8ImyP16Q1x94A4=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBFahJKIVJfFblxWsA9oQplMJ+3QySTMTIQSsnPjr7hxoYhbf8Gdf+OkzUJbD9zL4Zx7mbnHjxmVyra/jZXVtfWNzdKWub2zu7dvHRx2ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPmrnffSBC0ojfq2lMvBCNOA0oRkpLA+vElYHpShpCxt1AIJw2K6qa5f3cqWYDq2zX7BngMnEKUgYFWgPryx1GOAkJV5ghKfuOHSsvRUJRzEhmuokkMcITNCJ9TTkKifTS2R0ZPNPKEAaR0MUVnKm/N1IUSjkNfT0ZIjWWi14u/uf1ExVceynlcaIIx/OHgoRBFcE8FDikgmDFppogLKj+K8RjpNNQOjpTh+AsnrxMOhc1p16r312WGzdFHCVwDE5BBTjgCjTALWiBNsDgETyDV/BmPBkvxrvxMR9dMYqdI/AHxucP7PyYFA==</latexit>

⇠ ln
C(t)

C(t+ 1)

t0
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Ntsrc-dependence
236 confs


Very small error for Ntsrc(D) = 64


‣ Effective energy 


‣ Correlation b/w numerator & denominator 
enhanced when average is taken every 
time translation


Now error from C diagram significant

‣ Ntsrc(C) → 64 for ππ(000) & ππ(001) oprs 

(from next slides)

0.205

0.210

0.215

0.220

0.225

0.230

2 4 6 8 10 12 14 16

Ntsrc(D) = 5 (2023)Ntsrc(D) = 16Ntsrc(D) = 64

I = 2 Effective energy, <latexit sha1_base64="TWzchdX2b66t4P6Qmu7BeAB0iZs=">AAAB/3icbVDLSsNAFJ3UV42vqODGzWAR6qYkotWNUOzGlVSwD2hDmEwn7dDJJMxMhBKz8FfcuFDErb/hzr9x2mahrQcuHM65l3vv8WNGpbLtb6OwtLyyulZcNzc2t7Z3rN29lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT9UX3itx+IkDTi92ocEzdEA04DipHSkmcd9GRg3nqp8lIpcFaun2TwCp57Vsmu2FPAReLkpARyNDzrq9ePcBISrjBDUnYdO1ZuioSimJHM7CWSxAiP0IB0NeUoJNJNp/dn8FgrfRhEQhdXcKr+nkhRKOU49HVniNRQznsT8T+vm6jg0k0pjxNFOJ4tChIGVQQnYcA+FQQrNtYEYUH1rRAPkUBY6chMHYIz//IiaZ1WnGqlendWql3ncRTBITgCZeCAC1ADN6ABmgCDR/AMXsGb8WS8GO/Gx6y1YOQz++APjM8fAWOUzw==</latexit>

Ntsrc(C) = 5

<latexit sha1_base64="BevMdOQFIMm0e8ImyP16Q1x94A4=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBFahJKIVJfFblxWsA9oQplMJ+3QySTMTIQSsnPjr7hxoYhbf8Gdf+OkzUJbD9zL4Zx7mbnHjxmVyra/jZXVtfWNzdKWub2zu7dvHRx2ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOtPmrnffSBC0ojfq2lMvBCNOA0oRkpLA+vElYHpShpCxt1AIJw2K6qa5f3cqWYDq2zX7BngMnEKUgYFWgPryx1GOAkJV5ghKfuOHSsvRUJRzEhmuokkMcITNCJ9TTkKifTS2R0ZPNPKEAaR0MUVnKm/N1IUSjkNfT0ZIjWWi14u/uf1ExVceynlcaIIx/OHgoRBFcE8FDikgmDFppogLKj+K8RjpNNQOjpTh+AsnrxMOhc1p16r312WGzdFHCVwDE5BBTjgCjTALWiBNsDgETyDV/BmPBkvxrvxMR9dMYqdI/AHxucP7PyYFA==</latexit>

⇠ ln
C(t)

C(t+ 1)

t0

increasing trend?
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Two-pion backward propagating effect
Subtraction of constant artifacts (vacuum & thermal effects)


GEVP eigenvalue


Effective energy definitions

‣ def1: 


‣ def2: 


‣ def3: solution for (＊)

56

<latexit sha1_base64="lBL3DgXSfYiTADTj1P/mJzAsioI="></latexit>

Cab(t) ! Cab(t)� Cab(t+ �t) =
P

n An,aA⇤
n,b(1� e�En�t)e�Ent

(＊)

<latexit sha1_base64="ypZp4dMCgJNrXGPd1Xgux1qZX6k="></latexit>

�n(t, t0) !
e�Ent � e�En(T

0�t)

e�Ent0 � e�En(T0�t0)

<latexit sha1_base64="xYd4guOADQgDdGV83aI+9nosTtY=">AAACFXicbVDLSsNAFJ3UV62vqks3wSK0WGoiUl0W3bisYB/QhjCZTNqhk0mYuRFK6U+48VfcuFDEreDOv3GaZlGrBwYO59zDnXu8mDMFlvVt5FZW19Y38puFre2d3b3i/kFbRYkktEUiHsmuhxXlTNAWMOC0G0uKQ4/Tjje6mfmdByoVi8Q9jGPqhHggWMAIBi25xWpfBQUuyn2uMz52RRmq4FqVswXh1E6lSsEtlqyalcL8S+yMlFCGplv86vsRSUIqgHCsVM+2YnAmWAIjnE4L/UTRGJMRHtCepgKHVDmT9KqpeaIV3wwiqZ8AM1UXExMcKjUOPT0ZYhiqZW8m/uf1EgiunAkTcQJUkPmiIOEmROasItNnkhLgY00wkUz/1SRDLDEBXeSsBHv55L+kfV6z67X63UWpcZ3VkUdH6BiVkY0uUQPdoiZqIYIe0TN6RW/Gk/FivBsf89GckWUO0S8Ynz9cjpxp</latexit>

ln(�n(t, t0)/�n(t+ 1, t0))
<latexit sha1_base64="7BpvK0G/+Qa9fnBxVoU1bnBFmGQ=">AAACEXicbVDLSgMxFM3UV62vUZdugkWYgq0zItVl0Y3LCvYBbRkyaaYNzWSG5I5QSn/Bjb/ixoUibt25829MHwttPRA4OeceknuCRHANrvttZVZW19Y3spu5re2d3T17/6Cu41RRVqOxiFUzIJoJLlkNOAjWTBQjUSBYIxjcTPzGA1Oax/IehgnrRKQnecgpASP5ttPWYa6IhXTawqS6xJcOnILvFgr4DDsYcBGbGy74dt4tuVPgZeLNSR7NUfXtr3Y3pmnEJFBBtG55bgKdEVHAqWDjXDvVLCF0QHqsZagkEdOd0XSjMT4xSheHsTJHAp6qvxMjEmk9jAIzGRHo60VvIv7ntVIIrzojLpMUmKSzh8JUYIjxpB7c5YpREENDCFXc/BXTPlGEgikxZ0rwFldeJvXzklcule8u8pXreR1ZdISOkYM8dIkq6BZVUQ1R9Iie0St6s56sF+vd+piNZqx55hD9gfX5AxPDmV8=</latexit>

�ln(�n(t, t0))/(t� t0)

0.200

0.205

0.210

0.215

0.220

0.225

0.230

0 2 4 6 8 10 12 14 16

Def1
Def2
Def3

Eeff, L=32, I=2, n=0, 4x4 GEVP, δt=5, t-t0=3

Eeff, 323 x 64, I = 2, n = 0

Preliminary

t (def1) || t0 (def2,3)

<latexit sha1_base64="whucDnbM6UdkXkkUqzvkyYsggLM=">AAACCnicbZC7SgNBFIZn4y3G26qlzWgQY2HYDRJthKAWlhFyg2xYZmdnkyGzF2bOCiGktvFVbCwUsfUJ7HwbJ5dCE38Y+PjPOZw5v5cIrsCyvo3M0vLK6lp2PbexubW9Y+7uNVScSsrqNBaxbHlEMcEjVgcOgrUSyUjoCdb0+jfjevOBScXjqAaDhHVC0o14wCkBbbnmoaOCXKF2gq9wDZ/hknPLBBBNjj8GF05dM28VrYnwItgzyKOZqq755fgxTUMWARVEqbZtJdAZEgmcCjbKOaliCaF90mVtjREJmeoMJ6eM8LF2fBzEUr8I8MT9PTEkoVKD0NOdIYGemq+Nzf9q7RSCy86QR0kKLKLTRUEqMMR4nAv2uWQUxEADoZLrv2LaI5JQ0OnldAj2/MmL0CgV7XKxfH+er1zP4siiA3SECshGF6iC7lAV1RFFj+gZvaI348l4Md6Nj2lrxpjN7KM/Mj5/ABk/l2c=</latexit>

(T0 = T� 2�� �t)
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ΔEππ,n=0 vs Eππ,n=0

Error drastically decreased


Plateau from t0 = 16 (see also next slide)

57

δt = 1
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E
E(0)

Eeff, L=32, I=2, n=0, 2x2 GEVP, t-t0=3

0.0016
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0.0020
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t0

ΔEeff, L=32, I=2, n=0, 2x2 GEVP, t-t0=3

difference

strongly correlated
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Preliminary result for 
58

<latexit sha1_base64="BaLfmB7s0HjCmOUIYFv6VP1slP8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lEqseiF71VsB/QxLDZbtqlm03Y3Qg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zba2srq1vbJa2yts7u3sVe/+grZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wdD31O49UKpaIez1OqR/jgWARI1gbKbArnorKOHAeblEceCkL7KpTc2ZAy8QtSBUKNAP7y+snJIup0IRjpXquk2o/x1Izwumk7GWKppiM8ID2DBU4psrPZ4dP0IlR+ihKpCmh0Uz9PZHjWKlxHJrOGOuhWvSm4n9eL9PRpZ8zkWaaCjJfFGUc6QRNU0B9JinRfGwIJpKZWxEZYomJNlmVTQju4svLpH1Wc+u1+t15tXFVxFGCIziGU3DhAhpwA01oAYEMnuEV3qwn68V6tz7mrStWMXMIf2B9/gBZV5JD</latexit>

aI0m⇡

0.0014

0.0016

0.0018

0.0020

0.0022

0.0024

2 4 6 8 10 12 14 16 18 20
t0

fit
δt = 1
δt = 2
δt = 3
δt = 4
δt = 5

ΔEeff, L=32, I=2, n=0, 2x2 GEVP, t-t0=1

ΔE0 fit 0.001668(30)

E0 = 2mπ + ΔE0 0.21025(19)

phase shift & 
scattering length Lüscher formalism

<latexit sha1_base64="vaQ3vrYjlqp4VTVx1ByzodXviHU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAh1YUis1roQim5cVrAPaGKYTCft0MmDmYlQQrdu/BU3LhRx6x+482+ctllo64ELh3Pu5d57/IRRIS3rW1tYXFpeWS2s6esbm1vbxs5uU8Qpx6SBYxbzto8EYTQiDUklI+2EExT6jLT8wfXYbz0QLmgc3clhQtwQ9SIaUIykkjwDOiLQnS5hEnkWvITHllku22el6sXRvYMpx55RtExrAjhP7JwUQY66Z3w53RinIYkkZkiIjm0l0s0QlxQzMtKdVJAE4QHqkY6iEQqJcLPJJyN4qJQuDGKuKpJwov6eyFAoxDD0VWeIZF/MemPxP6+TyqDqZjRKUkkiPF0UpAzKGI5jgV3KCZZsqAjCnKpbIe4jjrBU4ekqBHv25XnSPDHtilm5PS3WrvI4CmAfHIASsME5qIEbUAcNgMEjeAav4E170l60d+1j2rqg5TN74A+0zx+W/pcb</latexit>

�0 = �0.3315(89)�
<latexit sha1_base64="lppPk8iovIty+ftZNJJbWYurVCU=">AAACBnicbVDLSsNAFJ3UV42vqEsRBotQF5ak1NiNUHTjsoJ9QBPDZDpph04ezEyEErpy46+4caGIW7/BnX/jtM1CqwcunDnnXube4yeMCmmaX1phaXllda24rm9sbm3vGLt7bRGnHJMWjlnMuz4ShNGItCSVjHQTTlDoM9LxR1dTv3NPuKBxdCvHCXFDNIhoQDGSSvKMQ0cEOvLMu2roOQmFF/DUrJi1M9su160Tzyip1wzwL7FyUgI5mp7x6fRjnIYkkpghIXqWmUg3Q1xSzMhEd1JBEoRHaEB6ikYoJMLNZmdM4LFS+jCIuapIwpn6cyJDoRDj0FedIZJDsehNxf+8XiqDupvRKEklifD8oyBlUMZwmgnsU06wZGNFEOZU7QrxEHGEpUpOVyFYiyf/Je1qxbIr9k2t1LjM4yiCA3AEysAC56ABrkETtAAGD+AJvIBX7VF71t6093lrQctn9sEvaB/fmp+VXw==</latexit>

a20m⇡ = �0.04566(81)

I = 0 needs more investigation (signal loses before t0 = 16)


I = 2 reaching the FLAG precision of 2% 


need investigation of systematic error 


may need scaling correction wrt (mπ / fπ)2 
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Preliminary

59

Preliminary result

Reaching the FLAG precision (5% for I = 0, 2% for I = 2)


again, all other works are done at unphysical mπ and input LO as (mπ/fπ)2


need investigation of systematic error (expecting not significant though)

Fu 17

32IDfine

24ID

0.18 0.2 0.22 0.24

this work
earlier works

a00 mπ

NPLQCD 07

NPLQCD 11

Fu 13

PACS-CS 13

32IDfine

24ID

-0.046 -0.044 -0.042 -0.04 -0.038

this work
earlier works

a02 mπ

Preliminary
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MEs from correlation functions
60

Euclidean correlation function (0-momentum case)

zero-momentum projection  (                )ei~p·~x= 1

<latexit sha1_base64="6QioY0PoUC/mvU0hv1VRExJNChk="></latexit>

all possible zero-(total)momentum states that have the same quantum numbers as Oππ/OK

• If we were interested in the lightest (lowest-energy) states … 

    look at large tππ - t & t - tK:

<latexit sha1_base64="ezZ8/x22WMxem0eoa69SFBudCQU="></latexit>Z
d
3
x⇡⇡d

3
xKhO⇡⇡(t⇡⇡,~x⇡⇡)Qi(t,~0)OK(tK,~xK)

†i

<latexit sha1_base64="ngDa5oLfex8vfZUdRsys4xfRVBk="></latexit>

=
X

m,n

h0|O⇡⇡|⇡⇡,mih⇡⇡,m|Qi|K, nihK, n|O†
K|0ie

�E⇡⇡,m(t⇡⇡�t)
e
�mK,n(t�tK)

<latexit sha1_base64="IFaKYlQIRZKyeuifbVfp+8RpEoY="></latexit>

! h0|O⇡⇡|⇡⇡, 0ih⇡⇡, 0|Qi|K, 0ihK, 0|O†
K|0ie

�E⇡⇡,0(t⇡⇡�t)
e
�mK,0(t�tK)
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MEs from correlation functions
60

Euclidean correlation function (0-momentum case)

zero-momentum projection  (                )ei~p·~x= 1

<latexit sha1_base64="6QioY0PoUC/mvU0hv1VRExJNChk="></latexit>

all possible zero-(total)momentum states that have the same quantum numbers as Oππ/OK

• If we were interested in the lightest (lowest-energy) states … 

    look at large tππ - t & t - tK:

ME of ground states

<latexit sha1_base64="ezZ8/x22WMxem0eoa69SFBudCQU="></latexit>Z
d
3
x⇡⇡d

3
xKhO⇡⇡(t⇡⇡,~x⇡⇡)Qi(t,~0)OK(tK,~xK)

†i

<latexit sha1_base64="ngDa5oLfex8vfZUdRsys4xfRVBk="></latexit>

=
X

m,n

h0|O⇡⇡|⇡⇡,mih⇡⇡,m|Qi|K, nihK, n|O†
K|0ie

�E⇡⇡,m(t⇡⇡�t)
e
�mK,n(t�tK)

<latexit sha1_base64="IFaKYlQIRZKyeuifbVfp+8RpEoY="></latexit>

! h0|O⇡⇡|⇡⇡, 0ih⇡⇡, 0|Qi|K, 0ihK, 0|O†
K|0ie

�E⇡⇡,0(t⇡⇡�t)
e
�mK,0(t�tK)
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Matrix elements
For extraction of ground-state ME


Excited (n-th) ππ state needed for on-shell kinematics with PBC

61

<latexit sha1_base64="mhLrvD+unyQ0I8BAxT5yT5XtjEU="></latexit>

Me↵(t2, t1) = C(3)(t2, t1)

"
eE

⇡⇡t2eE
Kt1

C⇡⇡(t2)CK(t1)

#
<latexit sha1_base64="KNvqPuXin2uGWZEjj4DWbKTHGpg=">AAACFHicbZDLSgMxFIYzXut4G3XpJlgUQSgzpajLohs3QgV7gaaUTJppQzMXkjNqGfoQbnwVNy4UcevCnW9jello6w+Bj/+cw8n5/UQKDa77bS0sLi2vrObW7PWNza1tZ2e3puNUMV5lsYxVw6eaSxHxKgiQvJEoTkNf8rrfvxzV63dcaRFHtzBIeCuk3UgEglEwVts5ITqwyYMS3R5QpeL7jGBJVZcTDG2PYHI0giLBQ/u67eTdgjsWngdvCnk0VaXtfJFOzNKQR8Ak1brpuQm0MqpAMMmHNkk1Tyjr0y5vGoxoyHUrGx81xIfG6eAgVuZFgMfu74mMhloPQt90hhR6erY2Mv+rNVMIzluZiJIUeMQmi4JUYojxKCHcEYozkAMDlClh/opZjyrKwORomxC82ZPnoVYseKeF0k0pX76YxpFD++gAHSMPnaEyukIVVEUMPaJn9IrerCfrxXq3PiatC9Z0Zg/9kfX5A0+snQ8=</latexit>

large t1 & t2����������! M

<latexit sha1_base64="gAqENYGu8J8VGcXQP7dbDJUKn44="></latexit>

Me↵
n (t2, t1) = C(3)

n (t2, t1)

"
eE

⇡⇡
n t2eE

Kt1

C⇡⇡
n (t2)CK(t1)

#
<latexit sha1_base64="PTTvOcWkYmo7zL47CjTgIDDPhIM=">AAACFnicbVDLSgMxFM34rOOr6tJNsChuLDOlqMuiGzdCBfuAppRMmpmGZh4kd9Qy9Cvc+CtuXCjiVtz5N6aPhbYeCBzOOZebe7xECg2O820tLC4tr6zm1uz1jc2t7fzObl3HqWK8xmIZq6ZHNZci4jUQIHkzUZyGnuQNr3858ht3XGkRR7cwSHg7pEEkfMEoGKmTPyHat8mDEkEPqFLxfUawpCrgBEPHJZgcjUiJ4KF93TH5glN0xsDzxJ2SApqi2sl/kW7M0pBHwCTVuuU6CbQzqkAwyYc2STVPKOvTgLcMjWjIdTsbnzXEh0bpYj9W5kWAx+rviYyGWg9CzyRDCj09643E/7xWCv55OxNRkgKP2GSRn0oMMR51hLtCcQZyYAhlSpi/YtajijIwTdqmBHf25HlSLxXd02L5plyoXEzryKF9dICOkYvOUAVdoSqqIYYe0TN6RW/Wk/VivVsfk+iCNZ3ZQ39gff4A7tid8A==</latexit>

large t1 & t2����������! Mn

<latexit sha1_base64="Iz6KYDaJUVPYbJtrBLLWgmzfzWA=">AAAB+nicbVDLSsNAFL2prxpfqS7dBIvgqiQiKq6K3bisYB/QxDCZTtqhk0mYmSgl9lPcuFDErV/izr9x2mahrYd74XDOvcydE6aMSuU430ZpZXVtfaO8aW5t7+zuWZX9tkwygUkLJywR3RBJwignLUUVI91UEBSHjHTCUWPqdx6IkDThd2qcEj9GA04jipHSUmBVPBmZjYDf515KdU2uAqvq1JwZ7GXiFqQKBZqB9eX1E5zFhCvMkJQ910mVnyOhKGZkYnqZJCnCIzQgPU05ion089npE/tYK307SoRuruyZ+nsjR7GU4zjUkzFSQ7noTcX/vF6moks/pzzNFOF4/lCUMVsl9jQHu08FwYqNNUFYUH2rjYdIIKx0WqYOwV388jJpn9bc89rZ7Vm1fl3EUYZDOIITcOEC6nADTWgBhkd4hld4M56MF+Pd+JiPloxi5wD+wPj8AbJAk6c=</latexit>

C⇡⇡
n : 2-pt function of ππ operators diagonalized by GEVP

<latexit sha1_base64="n/uLoXjT29RDa1VeK8sOBPQSj5M=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSLUS0m0qHgq9uKxgv2ANi2b7aZdutmE3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58ecKe0439bK6tr6xmZuy97e2d3bzx8cNlSUSELrJOKRbPlYUc4ErWumOW3FkuLQ57Tpj6pTv/lIpWKReNDjmHohHggWMIK1kbodFdjVnuimxYuzyU0vX3BKzgxombgZKUCGWi//1elHJAmp0IRjpdquE2svxVIzwunE7iSKxpiM8IC2DRU4pMpLZ1dP0KlR+iiIpCmh0Uz9PZHiUKlx6JvOEOuhWvSm4n9eO9HBtZcyESeaCjJfFCQc6QhNI0B9JinRfGwIJpKZWxEZYomJNkHZJgR38eVl0jgvuZel8n25ULnN4sjBMZxAEVy4ggrcQQ3qQEDCM7zCm/VkvVjv1se8dcXKZo7gD6zPH9fJkXI=</latexit>

C(3)
n : K → ππ 3-pt function with ππ operator used in 

<latexit sha1_base64="u9S5EZr5WMQuB70ixTHYDMSsApI=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GWxG5cV7AOaGCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctllo6+FeOJxzL3PnhClnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjkoySWibJDyRvRArypmgbc00p71UUhyHnHbDcXPudydUKpaIRz1NqR/joWARI1gbKbBtT0WVZiCeci9lpmaBXXVqzgJonbgFqUKBVmB/eYOEZDEVmnCsVN91Uu3nWGpGOJ1VvEzRFJMxHtK+oQLHVPn54vIZujDKAEWJNC00Wqi/N3IcKzWNQzMZYz1Sq95c/M/rZzq69XMm0kxTQZYPRRlHOkHzGNCASUo0nxqCiWTmVkRGWGKiTVgVE4K7+uV10rmqude1+kO92rgr4ijDGZzDJbhwAw24hxa0gcAEnuEV3qzcerHerY/laMkqdk7hD6zPHy8ok2M=</latexit>

C⇡⇡
n

1/2

1/2
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Effective matrix elements 

Weighted average over t1 = top - tK taken


RGEVP (5→4→3 operator basis) plateauing 
from t2 = 3 or 4

‣ smaller error than 4x4

‣ potential excited-state contamination in 3x3

‣ GEVP statistically near singular for 5x5 

M1,2

M1,6

t2 = tππ – top

-0.06

-0.05

-0.04

-0.03

-0.02

2 4 6 8 10
t2/a

3x3 GEVP
4x4 GEVP
5x5 GEVP
RGEVP1
RGEVP2

M(n = 1, Q6, t0 = 5, t-t0 = 2, δt = 10)0.001

0.002

0.003

0.004

0.005

0.006

0.007

2 4 6 8 10
t2/a

3x3 GEVP
4x4 GEVP
5x5 GEVP
RGEVP1
RGEVP2

M(n = 1, Q2, t0 = 5, t-t0 = 2, δt = 10)

<latexit sha1_base64="KNvqPuXin2uGWZEjj4DWbKTHGpg=">AAACFHicbZDLSgMxFIYzXut4G3XpJlgUQSgzpajLohs3QgV7gaaUTJppQzMXkjNqGfoQbnwVNy4UcevCnW9jello6w+Bj/+cw8n5/UQKDa77bS0sLi2vrObW7PWNza1tZ2e3puNUMV5lsYxVw6eaSxHxKgiQvJEoTkNf8rrfvxzV63dcaRFHtzBIeCuk3UgEglEwVts5ITqwyYMS3R5QpeL7jGBJVZcTDG2PYHI0giLBQ/u67eTdgjsWngdvCnk0VaXtfJFOzNKQR8Ak1brpuQm0MqpAMMmHNkk1Tyjr0y5vGoxoyHUrGx81xIfG6eAgVuZFgMfu74mMhloPQt90hhR6erY2Mv+rNVMIzluZiJIUeMQmi4JUYojxKCHcEYozkAMDlClh/opZjyrKwORomxC82ZPnoVYseKeF0k0pX76YxpFD++gAHSMPnaEyukIVVEUMPaJn9IrerCfrxXq3PiatC9Z0Zg/9kfX5A0+snQ8=</latexit>

large t1 & t2����������! Mn,i

<latexit sha1_base64="mhLrvD+unyQ0I8BAxT5yT5XtjEU="></latexit>

Me↵(t2, t1) = C(3)(t2, t1)

"
eE

⇡⇡t2eE
Kt1

C⇡⇡(t2)CK(t1)

#1/2
n,i n,i

n

n

eff

eff

n: state index

i:  operator index

1.4 GeV lattice

1.4 GeV lattice

} 3-operator basis
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Renormalization (RI/SMOM scheme)


Interpolation

Translating to more physical ME

ZRI/SMOM

ij
(µ0)

<latexit sha1_base64="KanwFR3tzGvQpWLWPzjyRh/l714=">AAACA3icbVDLSsNAFJ34rPEVdaebYBHrpiZSUHdFN7oo1kcf2MQwmU7asZMHMxOhhIAbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufceN6KEC8P4VqamZ2bn5nML6uLS8sqqtrZe52HMEK6hkIas6UKOKQlwTRBBcTNiGPouxQ23dzrwGw+YcRIGN6IfYduHnYB4BEEhJUfbtLin3joJuU/vkqvz/evKRSUtWH68u+doeaNoDKFPEjMjeZCh6mhfVjtEsY8DgSjkvGUakbATyARBFKeqFXMcQdSDHdySNIA+5nYy/CHVd6TS1r2QyQqEPlR/TyTQ57zvu7LTh6LLx72B+J/XioV3ZCckiGKBAzRa5MVUF6E+CERvE4aRoH1JIGJE3qqjLmQQCRmbKkMwx1+eJPWDolkqHl+W8uWTLI4c2ALboABMcAjK4AxUQQ0g8AiewSt4U56UF+Vd+Ri1TinZzAb4A+XzByGRlpA=</latexit>

µ02 = p21 = p22 = (p1 � p2)
2

<latexit sha1_base64="aY/0wZbW1oWeA8nGdgZfwLJHfs4=">AAACE3icbVDLSgMxFM3UVx1foy7dBItYBcvMUFAXQtGNywr2AZ1pyaSZNjTzIMkIZeg/uPFX3LhQxK0bd/6N6XQW2nog3JNz7iW5x4sZFdI0v7XC0vLK6lpxXd/Y3NreMXb3miJKOCYNHLGItz0kCKMhaUgqGWnHnKDAY6TljW6mfuuBcEGj8F6OY+IGaBBSn2IkldQzTh3h66kTJMeTrg2vYNyz8mpntayEM3U56do9o2RWzAxwkVg5KYEc9Z7x5fQjnAQklJghITqWGUs3RVxSzMhEdxJBYoRHaEA6ioYoIMJNs50m8EgpfehHXJ1Qwkz9PZGiQIhx4KnOAMmhmPem4n9eJ5H+hZvSME4kCfHsIT9hUEZwGhDsU06wZGNFEOZU/RXiIeIISxWjrkKw5ldeJE27YlUrl3fVUu06j6MIDsAhKAMLnIMauAV10AAYPIJn8AretCftRXvXPmatBS2f2Qd/oH3+AIzOmi4=</latexit>

Qj

<latexit sha1_base64="w5QVQNJ93qNSicsUYZSBSeasbos=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bsB/QhrLZbtq1m03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqAScJ9yM6VCIUjKKV2j0Tlhr9x3654lbdOcgq8XJSgRz1fvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1UfUuqzeNy0rtNo+jCCdwCufgwRXU4B7q0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Ap+2PJQ==</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

Qi

<latexit sha1_base64="KYny2ecrTP2mEEU4fXQKc4oOpbU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YD+gDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akm93O/84RK81g+mmmCfkRHkoecUWOlTl+HpeaAD8oVt+ouQNaJl5MK5GgMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxbnzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5r+TIVfIjJhaQpni9lbCxlRRZmxCJRuCt/ryOmlfVb1a9bZZq9Tv8jiKcAbncAkeXEMdHqABLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wemaY8k</latexit>

NP free

Amputated vertex functions

/ /

Eππ / mK

at lattice ππ energies
physical kinematics
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Examples of interpolation of 
renormalized ME

‣ Linear & quadratic in Eππ/mK


‣ Systematic error estimated as lin vs 
quad is small as 1st excited st. 
close to on-shell
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Result for A0

O(a2) scaling violation potentially significant

‣ Extrapolation with c0 + c2 a2 + c4 a4 with a constraint |c2 a2| = 2 |c4 a4| at a-1 = 1.0 GeV 

corresponding to the coarser lattice did not change the result beyond statistical error
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Wilson coefs

wi   (μ): large uncertainty 

12% uncertainty on A0

wi  (μ): precise at HEs4fμmc

<f|HW|i> = Σi wi  (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

3f

wi

perturbative 
matching done below 
charm threshold 

(NLO known) • Relevant for                      : ΔI = 1/2

• Does not happen for ΔI = 3/2

<latexit sha1_base64="zyDuI5SdXDyx7dR4esSxNdSwVdw=">AAACB3icbZDLSsNAFIYn9VbjLepSkMEitJuaSFGXRTcuuqhiL9CEMJlO6tDJJMxMhBK6c+OruHGhiFtfwZ1v47TNQlt/GPj4zzmcOX+QMCqVbX8bhaXlldW14rq5sbm1vWPt7rVlnApMWjhmsegGSBJGOWkpqhjpJoKgKGCkEwyvJvXOAxGSxvxOjRLiRWjAaUgxUtryrUNXhmbZDZCAsl/xGzPEuOJnjZPbsW+V7Ko9FVwEJ4cSyNX0rS+3H+M0IlxhhqTsOXaivAwJRTEjY9NNJUkQHqIB6WnkKCLSy6Z3jOGxdvowjIV+XMGp+3siQ5GUoyjQnRFS93K+NjH/q/VSFV54GeVJqgjHs0VhyqCK4SQU2KeCYMVGGhAWVP8V4nskEFY6OlOH4MyfvAjt06pzVq3d1Er1yzyOIjgAR6AMHHAO6uAaNEELYPAInsEreDOejBfj3fiYtRaMfGYf/JHx+QMWgJeP</latexit>

(̄sd)L(c̄c)L/R

Possible resolutions

‣ NNLO matching only partially done [Cerda-Sevilla et al. Acta Phys.Polon.B 4 (2018) 1087-1096]

‣ Nonperturbative matching underway [MT, LATTICE2019] 
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NP matching of WCs
Basic idea


Strategy

‣ Consider many 3pt functions on fine lattice (w unphysical mπ)


‣ Perform fit with many pairs of Oa & Ob at large tout – t & t - tin


‣ Trying with ~ 200 relevant pairs of Oa & Ob


‣ Automatic Wick contractor in use 
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j |Einii.e. for small Eout & Ein compared to mc
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Energy spectrum (for HVP)
Good signal observed for En < 1 GeV 
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