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A NEW ERA OF DISCOVERY | THE 2023 LONG RANGE PLAN FOR NUCLEAR SCIENCE

dynamics and electromagnetic emission rates from 
a QGP further contribute to our understanding.

ALICE in Run 3 (2022–2025) and Run 4 (2029–2032), 
the future experiments NA60+, Compressed Baryon-
ic Matter (CBM) experiment at the Facility for Anti-
proton and Ion Research (FAIR), and ALICE 3 with its 
new detector capabilities, will provide high-precision 
measurements of photon and dilepton production 
that can be used to study the phase diagram of QCD, 
the plasma temperature and its time evolution, medi-
um properties such as shear and bulk viscosity and 
preequilibrium dynamics, as well as chiral symmetry 
restoration. 

��������ь2FUUNSL�YMJ�6()�UMFXJ�INFLWFR
Nuclear matter in heavy ion collisions and neutron 
stars can be in different states or phases, depending 
on the temperature and other conditions such as the 
ratio of baryons to antibaryons. The location of the 
transition from a gas of hadrons to QGP and the ex-
act nature of this transition is of fundamental inter-
est, illustrated by the QCD phase diagram shown in 
Figure 3.10.

Figure 3.10. Sketch of the QCD phase diagram, 
incorporating a conjectured critical endpoint and 
 ,WXY�TWIJW�YWFSXNYNTS�WJLNRJ��The coverage of the LHCܪ
7-.(ў'JFR� *SJWL^� 8HFS� NSHQZINSL� YMJ� �JI[ܪ YFWLJY�
program, and the future CBM Experiment at FAIR, are 
indicated [10].

Changing the collision energy changes both the ini-
tial temperature of the produced matter (which con-
tains equal amounts of matter and antimatter) and 
how much the protons and neutrons in the colliding 
nuclei (pure matter) are stopped, which leads to a 
QFWLJW�GFW^TS�J]HJXX�NS�YMJܪ�WJGFQQ�FY�QT\JW�HTQQNXNTS�
energies. Lattice QCD predicts a smooth crossover 
at temperature Tc���"s�.�2J;��\MJS�GFW^TS�FSI�
antibaryon densities are equal. Models indicate a 
�WXY�TWIJWܪ UMFXJ� YWFSXNYNTS� FY� QFWLJ� GFW^TS� IJSXNY^�
(µB���.K�YMJWJ�NX�F�HWTXXT[JW�FSI�Fܪ�WXY�TWIJW�YWFSXNYNTS�
line, then they will be joined at the QCD critical point. 
State-of-the-art lattice calculations show a crossover 

up to µB/9Ճ���5WJHNXJ�HFQHZQFYNTSX�NS�YMJ�MNLMJW�µB 
WJLNTS�FWJ�INKܪHZQY��FSI�J]UJWNRJSYFQ�RJFXZWJRJSYX�
are essential to determine whether a QCD critical 
point exists. To search for the QCD critical point and 
study the nuclear matter JVZFYNTS�TK�XYFYJ, RHIC col-
lided heavy nuclei from 7.7 to 200 GeV in the center of 
mass (Beam Energy Scan I; energies are per nucleon 
pair). This process was followed by collisions at 7.7 
YT������,J;�FSIܪ�]JI�YFWLJY�WZSSNSL�FY���YT������,J;�
'*8�..���7-.(�FIIJI�JQJHYWTS�HTTQNSL�YT�WJFHM�XZKܪ-
HNJSY�QZRNSTXNY^��FSI�YMJ�89&7�UFWYNHQJ�NIJSYNܪHFYNTS�
capabilities and kinematic coverage were upgraded.

Evidence for the dominance of either the QGP phase 
or the hadronic phase at different collision energies 
has been found in key observations, including critical 
��ZHYZFYNTSXܫ &Y� YTU� 7-.(� JSJWL^�� MNLM� RTRJSYX� TK�
net-protons (a proxy for net-baryons) are consistent 
with lattice QCD predictions of a smooth crossover 
transition. Hydrodynamic calculations indicate that 
gold–gold collisions are above any critical point at 
center-of-mass energies above 20 GeV per nucle-
on pair. By contrast, at 3 GeV, hadronic interactions 
are evident from the measurements of moments of 
UWTYTS� INXYWNGZYNTSX�� HTQQJHYN[J� ��\Tܫ FSI� UWTIZHYNTS�
of hadrons that contain strange quarks. This implies 
that the QCD critical point, if it exists, should be ac-
cessible in collisions with center-of-mass energies 
between 3 and 20 GeV. Future experiments, such as 
CBM at FAIR in Germany will provide additional high 
statistics and high-resolution data for low-energy 
collisions and high µB.

3ZHQJFW� FXYWTUM^XNHX� (MFUYJW� ��� HFS� GJSJܪY� KWTR�
insights into the equation of state gained from heavy 
ion collisions, even though heavy ion collisions pro-
duce nearly symmetric nuclear matter, whereas neu-
tron stars are extremely neutron-rich environments 
with very few charged hadrons. Furthermore, devel-
opments in viscous relativistic hydrodynamics, trig-
gered by the needs of the heavy ion community, can 
improve the description of neutron star mergers.

��������ьInitial state 
9T� ZSIJWXYFSI� YMJ� �ZNIܫ GJMF[NTW� FSI� YMJ� YWFSXUTWY�
HTJKܪHNJSYX�TK�YMJ�VZFWPўLQZTS�RFYYJW��NY�NX�NRUTWYFSY�
YT�ZSIJWXYFSI�YMJ�NSNYNFQ�HTSܪLZWFYNTS�TK�YMJ�HTQQNINSL�
nuclei. Hydrodynamics and transport models depend 
strongly on the initial conditions. In high-energy col-
lisions, these initial conditions are dominated by the 
spatial gluon distributions inside the colliding nuclei. 
During the last decade, it has become clear that both 
YMJ� F[JWFLJ� IJSXNY^� INXYWNGZYNTS� FSI� �ZHYZFYNTSXܫ NS�
the positions of nucleons and the quarks and gluons 
within them are important. Multiple correlation ob-
servables are measured in collisions of nuclei with 

Image by Thomas Ullrich from 
2023 NSAC LRP
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• Gauge-invariant regularization. 
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π/a
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Lattice QCD

4

• Euclidean space-time. 
• Hypercubic lattice, momentum 

cutoff of the order .  
• Gauge-invariant regularization. 
• Fermions integrated out.

π/a

• Stochastic sampling of path integrals 

                            . 

• Physics is recovered in the continuum limit.

Z = ∫ DUe−Sg[U] det M[U]
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Highly Improved Staggered Quarks (HISQ)

• Staggered Dirac operator: 
          . Mxy[U] = 2mδxy + ∑

μ

ηx,μ(Ux,μδx,y− ̂μ − U†
x− ̂μ,μδx,y+ ̂μ)
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Highly Improved Staggered Quarks (HISQ)

• Staggered Dirac operator: 
          . 

• To reduce the discretization effects replace the gauge links with 
weighted averages over multiple paths. 

• The Highly Improved Staggered Quarks action: 
 — Fat7 smearing, 
 —  projection, 
 — Asq smearing. 

Mxy[U] = 2mδxy + ∑
μ

ηx,μ(Ux,μδx,y− ̂μ − U†
x− ̂μ,μδx,y+ ̂μ)

V[U]
W[V ] U(3)
X[W]

5Nov 5, 2024
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• Smearing suppresses the dominant discretization effects —  
from taste exchange interactions.
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Two sets of HISQ ensembles

• MILC 2+1+1 setup: 
• One-loop Symanzik tadpole-improved gauge action. 

• The tadpole factor  is tuned from the plaquette. u0
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Two sets of HISQ ensembles

• MILC 2+1+1 setup: 
• One-loop Symanzik tadpole-improved gauge action. 

• The tadpole factor  is tuned from the plaquette. 

• Two degenerate light quarks, strange and charm at the physical 
masses. 

• Lines of constant physics ,  and  MeV. 

u0

mπ ≈ 135 200 300
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Two sets of HISQ ensembles

• MILC 2+1+1 setup: 
• One-loop Symanzik tadpole-improved gauge action. 

• The tadpole factor  is tuned from the plaquette. 

• Two degenerate light quarks, strange and charm at the physical 
masses. 

• Lines of constant physics ,  and  MeV. 

• RHMC updating,  on the finest ensembles — RHMD. 

u0

mπ ≈ 135 200 300
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Two sets of HISQ ensembles

• HotQCD 2+1 setup: 
• Tree-level Symanzik-improved gauge action. 

8Nov 5, 2024

Lüscher, Weisz, PLB (1985) 



Alexei Bazavov (MSU)

Two sets of HISQ ensembles

• HotQCD 2+1 setup: 
• Tree-level Symanzik-improved gauge action. 
• Two degenerate light quarks, strange at the physical mass. 

• Lines of constant physics ,  and  MeV. mπ ≈ 135 160 300
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Two sets of HISQ ensembles

• HotQCD 2+1 setup: 
• Tree-level Symanzik-improved gauge action. 
• Two degenerate light quarks, strange at the physical mass. 

• Lines of constant physics ,  and  MeV. 

• RHMC updating. 
mπ ≈ 135 160 300
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Pion taste mass splittings, 2+1+1 sea

• HISQ vs asqtad pion taste splittings (left). 
FIG. 4: Pion taste splitting of pions for asqtad (blue) and HISQ (red) actions. For clarity, the

HISQ splittings are also enclosed in dashed-dotted boxes, and nearly degenerate masses have been

displaced slightly in the horizontal direction. Differences between the squared masses of various

taste pions and that of the Goldstone pion are shown in units of r1, and plotted versus the expected

leading dependence of taste violations in the theory, α2
Sa

2, also in r1 units. Here, we use αS = αV

at scale q∗ = 2/a. The two diagonal lines are not fits, but merely lines with slope 1, showing

the expectation if the splittings are linear in α2
Sa

2. The vertical line at the upper left shows the

displacement associated with a factor of three in splittings. The numerical values of the HISQ

taste splittings plotted here are given in Table XIV of the appendix.

one can see that the asqtad splittings are almost proportional to α2
V (2/a) a

2, but fall very

slightly faster as a decreases. The HISQ splittings fall still more rapidly at the smallest

lattice spacings, presumably because the proper choice of q∗ is significantly smaller in the

HISQ case. That is reasonable, since the greater smearing present in the HISQ action should

produce greater damping of the couplings of gluons to quarks at high momenta. On the

other hand, the HISQ splittings fall more slowly than α2
V (2/a) a2 at the coarsest lattice

spacings (between 0.15 fm and 0.12 fm), which is evidence for higher order (α3
Sa

2 or a4)

contributions.

23

MILC, PRD87 (2013)
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Pion taste mass splittings, 2+1+1 sea

• HISQ vs asqtad pion taste splittings (left). 
• Splitting pattern for different quark masses (right).

FIG. 4: Pion taste splitting of pions for asqtad (blue) and HISQ (red) actions. For clarity, the

HISQ splittings are also enclosed in dashed-dotted boxes, and nearly degenerate masses have been

displaced slightly in the horizontal direction. Differences between the squared masses of various

taste pions and that of the Goldstone pion are shown in units of r1, and plotted versus the expected

leading dependence of taste violations in the theory, α2
Sa

2, also in r1 units. Here, we use αS = αV

at scale q∗ = 2/a. The two diagonal lines are not fits, but merely lines with slope 1, showing

the expectation if the splittings are linear in α2
Sa

2. The vertical line at the upper left shows the

displacement associated with a factor of three in splittings. The numerical values of the HISQ

taste splittings plotted here are given in Table XIV of the appendix.

one can see that the asqtad splittings are almost proportional to α2
V (2/a) a

2, but fall very

slightly faster as a decreases. The HISQ splittings fall still more rapidly at the smallest

lattice spacings, presumably because the proper choice of q∗ is significantly smaller in the

HISQ case. That is reasonable, since the greater smearing present in the HISQ action should

produce greater damping of the couplings of gluons to quarks at high momenta. On the

other hand, the HISQ splittings fall more slowly than α2
V (2/a) a2 at the coarsest lattice

spacings (between 0.15 fm and 0.12 fm), which is evidence for higher order (α3
Sa

2 or a4)

contributions.

23

FIG. 6: Meson taste splittings on the a ≈ 0.15 fm, ml = ms/5 ensemble. As in Fig. 4, the squared

mass splitting between pseudoscalar mesons of different tastes and the lightest one with taste ξ5

(the Goldstone pion for the l̄l case) is given in units of r1. The types of quarks in the mesons are

shown on the abscissa: l, s, and c stand for light (u, d), strange, and charm quarks, respectively. All

mesons are the unitary ones, with each valence quark mass equal to one of the sea quark masses.

Note, however, that all mesons here are treated as flavor-charged, so that even in the s̄s and c̄c

cases, no quark-disconnected diagrams are included. The numerical values of most of these taste

splittings are given in Tables XIV and XV of the appendix.

action, the heavy-light chiral theory has recently been worked out [38]. In that theory (“all-

staggered heavy meson chiral perturbation theory” – ASHMχPT), the LO heavy-light chiral

Lagrangian is of order k, the heavy-light meson residual momentum, which is taken to be

of the order of the pion momentum p ∼ Mπ. This is different from the light-light case, in

which the LO Lagrangian is order M2
π . Taste violations are LO in the light-light case because

the taste splittings in squared masses can be comparable to M2
π ; in other words we assume

a2 ∼ M2
π (with appropriate factors of ΛQCD inserted to make the dimensions the same). In

the heavy-light case, on the other hand, taste violations are NLO since a2 # Mπ. This rough

picture is actually consistent with what is seen in Fig. 6, where the splittings in squared

masses remain comparable from the l̄l case through the s̄c case, and in Tab. XV, where we

show the splittings in the l̄c and s̄c systems for the a ≈ 0.15 fm, ml = ms/5 ensemble. The

26

MILC, PRD87 (2013)
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Pion taste mass splittings, 2+1 sea

• HISQ pion taste splittings (left).
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Figure 4: The splitting M2
π − M2

G of pseudoscalar meson multiplets calculated with the HISQ/tree and stout actions as a
function of α2

V a2 (left). The right panel shows the RMS pion mass with MG = 140 MeV as a function of the lattice spacing for
the asqtad, stout and HISQ/tree actions. The band for the asqtad and stout actions shows the variation due to removing the
fourth point at the largest a in the fit. These fits become unreliable for a>∼0.16 fm and are, therefore, truncated at a = 0.16
fm. The vertical arrows indicate the lattice spacing corresponding to T ≈ 160 MeV for Nτ = 6, 8 and 12.

the potential as an estimate of αs. Linear fits in α2
sa

2 to the four points at the smallest lattice spacings shown in
Fig. 4(left) extrapolate to zero within errors in the continuum limit. The data also show the expected approximate
degeneracies between the multiplets that are related by the interchange γi to γ0 in the definition of ΓF as predicted
by staggered chiral perturbation theory [62].
The splittings for the stout action, taken from Ref. [23], for ΓF = γiγ5 and γiγj are also shown in Fig. 4 with open

symbols. We find that they are larger than those with the HISQ/tree action for comparable lattice spacings.
To further quantify the magnitude of taste-symmetry violations, we define, in MeV, the root mean square (RMS)

pion mass as

MRMS
π =

√

1

16

(

M2
γ5 +M2

γ0γ5 + 3M2
γiγ5 + 3M2

γiγj + 3M2
γiγ0 + 3M2

γi +M2
γ0 +M2

1

)

, (5)

and plot the data in Fig. 4(right) with MG tuned to 140 MeV. The data for the asqtad and stout actions were taken
from Ref. [55] and Ref. [24], respectively. As expected, the RMS pion mass is the largest for the asqtad action and
smallest for the HISQ/tree action. However, for lattice spacing a ∼ 0.104 fm, which corresponds to the transition
region for Nτ = 12, the RMS pion mass becomes comparable for the asqtad and stout actions. The deviations from
the physical mass, Mπ = 140 MeV, become significant above a = 0.08 fm even for the HISQ/tree action. For the
lattice spacings ∼ 0.156 fm (a ∼ 0.206 fm), corresponding to the transition region on Nτ = 8 (Nτ = 6) lattices, the
RMS mass is a factor of two (three) larger.
Next, we analyze the HISQ/tree data for pion and kaon decay constants, given in Appendix C, forml/ms = 0.05. We

also analyze the fictitious ηss̄ meson following Ref. [59]. In Fig. 5, we show our results in units of r0 and r1 determined
in Sec. II C as a function of the lattice spacing together with a continuum extrapolation assuming linear dependence
on a2. We vary the range of the lattice spacings used in the fit and take the spread in the extrapolated values as an
estimate of the systematic errors. These extrapolated values agree with the experimental results within our estimated
errors (statistical and systematic errors are added in quadrature) as also shown in Fig. 5. This consistency justifies
having used the continuum extrapolated value of fπr1 from Ref. [58] to convert r1 to physical units as discussed in
Sec. II C. The deviation from the continuum value in the region of the lattice spacings corresponding to our finite
temperature calculations is less than 8% for all the decay constants. We use these data to set the fK scale and analyze
thermodynamic quantities in terms of it and to make a direct comparison with the stout action data [22–24].
Finally, in Fig. 6 we show the masses of φ and K∗ mesons given in Appendix C as a function of the lattice spacing.

(The rho meson correlators are very noisy, so we do not present data for the rho mass.) Using extrapolations linear
in a2 we obtain continuum estimates, and by varying the fit interval, we estimate the systematic errors and add these
to the statistical errors in quadrature. These estimates, in units of r0 and r1, are plotted with the star symbol in
Fig. 6. The experimental values along with error estimates are shown as horizontal bands and agree with lattice
estimates, thereby providing an independent check of the scale setting procedure. The slope of these fits indicates
that discretization errors are small and confirms the findings in [46] that taste symmetry violations are much smaller
in the HISQ/tree action compared to those in the asqtad action. For the range of lattice spacings relevant for the
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Pion taste mass splittings, 2+1 sea

• HISQ pion taste splittings (left). 
• Root-mean-squared pion mass for HISQ, stout and asqtad (right).
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Figure 4: The splitting M2
π − M2

G of pseudoscalar meson multiplets calculated with the HISQ/tree and stout actions as a
function of α2

V a2 (left). The right panel shows the RMS pion mass with MG = 140 MeV as a function of the lattice spacing for
the asqtad, stout and HISQ/tree actions. The band for the asqtad and stout actions shows the variation due to removing the
fourth point at the largest a in the fit. These fits become unreliable for a>∼0.16 fm and are, therefore, truncated at a = 0.16
fm. The vertical arrows indicate the lattice spacing corresponding to T ≈ 160 MeV for Nτ = 6, 8 and 12.

the potential as an estimate of αs. Linear fits in α2
sa

2 to the four points at the smallest lattice spacings shown in
Fig. 4(left) extrapolate to zero within errors in the continuum limit. The data also show the expected approximate
degeneracies between the multiplets that are related by the interchange γi to γ0 in the definition of ΓF as predicted
by staggered chiral perturbation theory [62].
The splittings for the stout action, taken from Ref. [23], for ΓF = γiγ5 and γiγj are also shown in Fig. 4 with open

symbols. We find that they are larger than those with the HISQ/tree action for comparable lattice spacings.
To further quantify the magnitude of taste-symmetry violations, we define, in MeV, the root mean square (RMS)

pion mass as

MRMS
π =

√

1

16

(

M2
γ5 +M2

γ0γ5 + 3M2
γiγ5 + 3M2

γiγj + 3M2
γiγ0 + 3M2

γi +M2
γ0 +M2

1

)

, (5)

and plot the data in Fig. 4(right) with MG tuned to 140 MeV. The data for the asqtad and stout actions were taken
from Ref. [55] and Ref. [24], respectively. As expected, the RMS pion mass is the largest for the asqtad action and
smallest for the HISQ/tree action. However, for lattice spacing a ∼ 0.104 fm, which corresponds to the transition
region for Nτ = 12, the RMS pion mass becomes comparable for the asqtad and stout actions. The deviations from
the physical mass, Mπ = 140 MeV, become significant above a = 0.08 fm even for the HISQ/tree action. For the
lattice spacings ∼ 0.156 fm (a ∼ 0.206 fm), corresponding to the transition region on Nτ = 8 (Nτ = 6) lattices, the
RMS mass is a factor of two (three) larger.
Next, we analyze the HISQ/tree data for pion and kaon decay constants, given in Appendix C, forml/ms = 0.05. We

also analyze the fictitious ηss̄ meson following Ref. [59]. In Fig. 5, we show our results in units of r0 and r1 determined
in Sec. II C as a function of the lattice spacing together with a continuum extrapolation assuming linear dependence
on a2. We vary the range of the lattice spacings used in the fit and take the spread in the extrapolated values as an
estimate of the systematic errors. These extrapolated values agree with the experimental results within our estimated
errors (statistical and systematic errors are added in quadrature) as also shown in Fig. 5. This consistency justifies
having used the continuum extrapolated value of fπr1 from Ref. [58] to convert r1 to physical units as discussed in
Sec. II C. The deviation from the continuum value in the region of the lattice spacings corresponding to our finite
temperature calculations is less than 8% for all the decay constants. We use these data to set the fK scale and analyze
thermodynamic quantities in terms of it and to make a direct comparison with the stout action data [22–24].
Finally, in Fig. 6 we show the masses of φ and K∗ mesons given in Appendix C as a function of the lattice spacing.

(The rho meson correlators are very noisy, so we do not present data for the rho mass.) Using extrapolations linear
in a2 we obtain continuum estimates, and by varying the fit interval, we estimate the systematic errors and add these
to the statistical errors in quadrature. These estimates, in units of r0 and r1, are plotted with the star symbol in
Fig. 6. The experimental values along with error estimates are shown as horizontal bands and agree with lattice
estimates, thereby providing an independent check of the scale setting procedure. The slope of these fits indicates
that discretization errors are small and confirms the findings in [46] that taste symmetry violations are much smaller
in the HISQ/tree action compared to those in the asqtad action. For the range of lattice spacings relevant for the
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Lines of constant physics approach

• Staggered fermions are especially convenient for the lines of constant 
physics (LCP) approach to finite-temperature calculations: 

                   at fixed  . 

• The continuum limit is taken as . 

• In finite-temperature geometry we fix the aspect ratio . 

T(a) =
1

a Nτ
Nτ

1/N2
τ → ∞

Ns/Nτ = 4
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• Criteria to define  — relate to the singularities in the chiral limit 
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      , 

      , 
      , 

          .
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• Chiral order parameter   (left) at various cutoffs 
      , 8, 12, 16. 

• (Quark-line) disconnected chiral susceptibility (right).
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• Pressure via the integral method 

                  . 

•  is chosen where the Hadron Resonance Gas (HRG) model is 
applicable. 

•  requires additive renormalization (vacuum subtraction) — 

high computational cost.
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• Vacuum subtracted expectation value: 
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• The 2+1 flavor trace anomaly 
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• The beta-functions ( ) 

             , 

            

   

Δ(X) = ⟨X⟩τ − ⟨X⟩0

Θμμ

T4
= − Rβ(β)Δ(Sg)
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β = 10/g2

Rβ(β) = T
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Rmq
(β) =

1
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for q = s .
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2+1 QCD equation of state

•  scale setting, Allton-style fit: 

      , 

         .

r1

r1

a
(β) =

c(0)
r f(β) + c(2)

r (10/β)f3(β)
1 + d(2)

r (10/β)f 2(β)

f(β) = ( 10b0

β )
−b1/(2b2

0)

exp(−β/20b0)

Nov 5, 2024 18

18

� r0/a r1/a r0/r1

5.900 1.909(11) 1.230(133) 1.552(168)

6.000 2.094(21) 1.386(80) 1.511(89)

6.050 2.194(22) 1.440(31) 1.524(36)

6.100 2.289(21) 1.522(30) 1.504(33)

6.195 2.531(24) 1.670(30) 1.516(31)

6.285 2.750(30) 1.822(30) 1.509(30)

6.341 2.939(11) 1.935(30) 1.519(24)

6.354 2.986(41) 1.959(30) 1.524(31)

6.423 3.189(22) 2.096(21) 1.522(18)

6.460 3.282(32) 2.165(20) 1.516(20)

6.488 3.395(31) 2.235(21) 1.519(20)

6.550 3.585(14) 2.369(21) 1.513(15)

6.608 3.774(20) 2.518(21) 1.499(15)

6.664 3.994(14) 2.644(23) 1.511(14)

6.740 4.293(32) 2.856(11) 1.503(13)

6.800 4.541(30) 3.025(22) 1.501(15)

6.880 4.959(28) 3.265(23) 1.519(14)

6.950 5.249(20) 3.485(22) 1.506(11)

7.030 5.691(32) 3.763(13) 1.512(10)

7.150 6.299(59) 4.212(42) 1.495(20)

7.280 7.140(53) 4.720(33) 1.513(15)

7.373 7.801(79) 5.172(34) 1.508(18)

7.596 9.443(237) 6.336(56) 1.490(40)

7.825 11.51(378) 7.690(58) 1.497(50)

Table IV: Values of r1 and r0 in lattice units for di↵erent �

square of the second derivative of the fit function in the
considered interval times a real parameter sm. We chose
the largest possible value of the smoothing parameter
sm = 0.7 that still gives an acceptable �

2
/dof = 1.13.

To estimate the uncertainties of the spline, we performed
a bootstrap analysis. In Fig. 13, we show the r1 scale
as a function of �, normalized by the asymptotic two-
loop beta function f(�). The errors are bootstrap errors.
The Allton-type fit and the smoothing spline fits give
very similar results as well as uncertainties.

To calculate the EoS, we also need the nonperturbative
beta function

R� = �a
d�

da
=

r1

a

✓
d(r1/a)

d�

◆�1

. (B7)

Figure 13 shows R� obtained from both the Allton-type
and smoothing-spline fits, together with bootstrap er-
rors. The fit and the splines agree within the errors. The
largest error in R� is about 3%. At su�ciently large �,
i.e., close to the continuum limit, R� is expected to be
given by its asymptotic two-loop form

R
2�loop
�

= 20b0 + 200b1/�. (B8)

The asymptotic limit is approached from below [22], as
with the p4 action. However, for the HISQ action, we
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Figure 13: The scale a/r1 normalized by the asymptotic two-
loop beta function (top) and the nonperturbative beta func-
tion, R� , (bottom) as a function of �, which has been derived
from this using Eq. (B7); the fit and spline interpolations are
also shown.

see that the deviations are at most 20% over the range
considered, compared with a factor of two deviation in
the case of the p4 action [22]. In our calculations of the
EoS we use R� obtained from the fit with the Allton-type
ansatz.
Finally, we compare the potential calculated at dif-

ferent �. To do so, we normalize it with an additive
constant. We do this by requiring that the potential
V (r1) = 0.2060/r1. This normalization condition is
equivalent to the one used in Ref. [5]. Here we choose
r1, because it has smaller errors on fine lattices. The
normalized potential in units of r1 is plotted in Fig. 14
against the tree-level improvement radius r ! rI , where
rI is the improved distance defined from the free lattice
gluon propagator [5]. Down to distances r = 0.2r1 or
r = 0.062fm, we find no significant dependence on the
lattice spacing within the estimated errors.
To cross check our determination of the lattice spac-

ing, we also calculated the scale w0, defined from the
gradient flow [41]. Our results for the w0 scale are shown
in Fig. 15 in units of r1. As above, for � < 6.423 the
value of r1 was estimated as r0/(r0/r1)cont. As one
can see from the figure, this ratio appears to scale as
a
2 for (a/r1)2 < 0.4, i.e., for � � 6.195. We per-

HotQCD, PRD90 (2014)
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To estimate the uncertainties of the spline, we performed
a bootstrap analysis. In Fig. 13, we show the r1 scale
as a function of �, normalized by the asymptotic two-
loop beta function f(�). The errors are bootstrap errors.
The Allton-type fit and the smoothing spline fits give
very similar results as well as uncertainties.
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Figure 13 shows R� obtained from both the Allton-type
and smoothing-spline fits, together with bootstrap er-
rors. The fit and the splines agree within the errors. The
largest error in R� is about 3%. At su�ciently large �,
i.e., close to the continuum limit, R� is expected to be
given by its asymptotic two-loop form
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loop beta function (top) and the nonperturbative beta func-
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see that the deviations are at most 20% over the range
considered, compared with a factor of two deviation in
the case of the p4 action [22]. In our calculations of the
EoS we use R� obtained from the fit with the Allton-type
ansatz.
Finally, we compare the potential calculated at dif-

ferent �. To do so, we normalize it with an additive
constant. We do this by requiring that the potential
V (r1) = 0.2060/r1. This normalization condition is
equivalent to the one used in Ref. [5]. Here we choose
r1, because it has smaller errors on fine lattices. The
normalized potential in units of r1 is plotted in Fig. 14
against the tree-level improvement radius r ! rI , where
rI is the improved distance defined from the free lattice
gluon propagator [5]. Down to distances r = 0.2r1 or
r = 0.062fm, we find no significant dependence on the
lattice spacing within the estimated errors.
To cross check our determination of the lattice spac-

ing, we also calculated the scale w0, defined from the
gradient flow [41]. Our results for the w0 scale are shown
in Fig. 15 in units of r1. As above, for � < 6.423 the
value of r1 was estimated as r0/(r0/r1)cont. As one
can see from the figure, this ratio appears to scale as
a
2 for (a/r1)2 < 0.4, i.e., for � � 6.195. We per-
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6.488 3.395(31) 2.235(21) 1.519(20)

6.550 3.585(14) 2.369(21) 1.513(15)

6.608 3.774(20) 2.518(21) 1.499(15)

6.664 3.994(14) 2.644(23) 1.511(14)

6.740 4.293(32) 2.856(11) 1.503(13)

6.800 4.541(30) 3.025(22) 1.501(15)

6.880 4.959(28) 3.265(23) 1.519(14)

6.950 5.249(20) 3.485(22) 1.506(11)

7.030 5.691(32) 3.763(13) 1.512(10)

7.150 6.299(59) 4.212(42) 1.495(20)

7.280 7.140(53) 4.720(33) 1.513(15)

7.373 7.801(79) 5.172(34) 1.508(18)

7.596 9.443(237) 6.336(56) 1.490(40)

7.825 11.51(378) 7.690(58) 1.497(50)

Table IV: Values of r1 and r0 in lattice units for di↵erent �

square of the second derivative of the fit function in the
considered interval times a real parameter sm. We chose
the largest possible value of the smoothing parameter
sm = 0.7 that still gives an acceptable �

2
/dof = 1.13.

To estimate the uncertainties of the spline, we performed
a bootstrap analysis. In Fig. 13, we show the r1 scale
as a function of �, normalized by the asymptotic two-
loop beta function f(�). The errors are bootstrap errors.
The Allton-type fit and the smoothing spline fits give
very similar results as well as uncertainties.

To calculate the EoS, we also need the nonperturbative
beta function

R� = �a
d�

da
=

r1

a

✓
d(r1/a)

d�

◆�1

. (B7)

Figure 13 shows R� obtained from both the Allton-type
and smoothing-spline fits, together with bootstrap er-
rors. The fit and the splines agree within the errors. The
largest error in R� is about 3%. At su�ciently large �,
i.e., close to the continuum limit, R� is expected to be
given by its asymptotic two-loop form

R
2�loop
�

= 20b0 + 200b1/�. (B8)

The asymptotic limit is approached from below [22], as
with the p4 action. However, for the HISQ action, we
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Figure 13: The scale a/r1 normalized by the asymptotic two-
loop beta function (top) and the nonperturbative beta func-
tion, R� , (bottom) as a function of �, which has been derived
from this using Eq. (B7); the fit and spline interpolations are
also shown.

see that the deviations are at most 20% over the range
considered, compared with a factor of two deviation in
the case of the p4 action [22]. In our calculations of the
EoS we use R� obtained from the fit with the Allton-type
ansatz.
Finally, we compare the potential calculated at dif-

ferent �. To do so, we normalize it with an additive
constant. We do this by requiring that the potential
V (r1) = 0.2060/r1. This normalization condition is
equivalent to the one used in Ref. [5]. Here we choose
r1, because it has smaller errors on fine lattices. The
normalized potential in units of r1 is plotted in Fig. 14
against the tree-level improvement radius r ! rI , where
rI is the improved distance defined from the free lattice
gluon propagator [5]. Down to distances r = 0.2r1 or
r = 0.062fm, we find no significant dependence on the
lattice spacing within the estimated errors.
To cross check our determination of the lattice spac-

ing, we also calculated the scale w0, defined from the
gradient flow [41]. Our results for the w0 scale are shown
in Fig. 15 in units of r1. As above, for � < 6.423 the
value of r1 was estimated as r0/(r0/r1)cont. As one
can see from the figure, this ratio appears to scale as
a
2 for (a/r1)2 < 0.4, i.e., for � � 6.195. We per-

HotQCD, PRD90 (2014)
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• Strange quark mass LCP 

    . 

• Light quark mass 

amq(β) =
c(0)

q f(β) + c(2)
q (10/β)f3(β)

1 + d(2)
q (10/β)f 2(β) ( 20b0

β )
4
9

ml = ms/20.
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Figure 17: The input strange quark mass and the strange
quark mass along LCP together with the respective fits shown
as lines. The input quark masses have been fitted with a
smooth spline. The horizontal line shows the assymptotic
value.

� af⇡ afK af⌘ # sources

6.000 0.11243(21) 0.13224(31) 0.15290(22) 1

6.195 0.09179(21) 0.10835(13) 0.12525(13) 1

6.285 0.08366(22) 0.09826(13) 0.11390(13) 1

6.354 0.07825(40) 0.09146(19) 0.10598(11) 1

6.423 0.07241(18) 0.08515(11) 0.09854(07) 2

6.460 0.06885(11) 0.08185(09) 0.09454(08) 4

6.515 0.06534(18) 0.07707(15) 0.08946(09) 4

6.575 0.06104(49) 0.07265(19) 0.08405(14) 2

6.740 0.052190(50) 0.061731(41) 0.071354(27) 2

6.800 0.04883(83) 0.05774(18) 0.06717(14) 1

6.880 0.045544(67) 0.053749(42) 0.062236(28) 2

7.030 0.03951(12) 0.046566(68) 0.054148(43) 2

7.150 0.03486(10) 0.041636(68) 0.048654(42) 2

7.280 0.03067(13) 0.036894(64) 0.043237(38) 2

7.373 0.02787(20) 0.033825(82) 0.039609(43) 2

7.596 0.02224(20) 0.02741(21) 0.032344(59) 2

7.825 0.01756(32) 0.022526(85) 0.026808(51) 2

Table VI: Results for decay constants of the pseudoscalar
mesons in lattice units for the HISQ/tree action along the
ml = 0.05ms LCP. We use the normalization in which f⇡ ⇠ 90
MeV. In the last column, we list the number of source points
used on each configuration to increase the statistics.

masses using this slope. The results are shown in Fig. 18
in units of r1. The kaon decay constant has large finite
size errors at the two smallest lattices spacings. There-
fore, we do not include the corresponding data in the
fit. We extrapolate the values of r1f⌘ and r1fK to zero
lattice spacing assuming a simple form

fir1 = (fir1)
cont + ei(a/r1)

2
, i = K, ⌘. (C8)

For the kaon decay constant we get (r1fK)cont =
0.17186(24) and eK = 0.0230(11) with �

2
/dof =

� aM⇢ aMK⇤ aM�

6.195 0.7562(36) 0.8842(18) 1.0050(93)

6.354 0.6375(35) 0.7499(26) 0.8523(08)

6.423 0.6047(43) 0.6950(22) 0.7925(08)

6.460 0.5784251) 0.6709(43) 0.7644(22)

6.488 0.5647(24) 0.6478(22) 0.7363(07)

6.550 0.5324(24) 0.6118(20) 0.6929(14)

6.608 0.5072(39) 0.5757(08) 0.6523(10)

6.664 0.4732(43) 0.5501(26) 0.6180(10)

6.740 0.4286(31) 0.4996(22) 0.5732(05)

6.880 0.2828(489) 0.4359(17) 0.5000(04)

7.030 0.2937(326) 0.3750(126) 0.4333(09)

7.150 0.2866(108) 0.3387(107) 0.3901(15)

7.280 0.2535(96) 0.3026(20) 0.3467(25)

7.373 0.2363(119) 0.2774(33) 0.3165(06)

7.596 0.1923(61) 0.2272(25) 0.2593(15)

7.825 0.1543(120) 0.1884(57) 0.2140(19)

Table VII: Masses of the vector mesons in lattice units.

1.20. For the ⌘ss̄ decay constant we get (r1f⌘)cont =
0.19930(24) and e⌘ = 0.024(12) with �

2
/dof = 0.77. The

continuum extrapolation is also shown in Fig. 18, where
we compare it with the value of r1f⌘ quoted in Ref. [60],
and find reasonable agreement. The “PDG” value plot-
ted there is based on the PDG value of f⇡ and the value
of fK/f⇡ = 1.194(5) from the recent FLAG review [61],
which gives fK = 155.7(9)/

p
2 MeV. We find agreement

within estimated errors.

3. Vector meson masses

The masses of the three vector mesons ⇢, K⇤, and �

are listed in Table VII. All three masses are adjusted to
the LCP in a manner similar to the decay constants. For
⇢ and K

⇤ the contribution of an excited state of the same
parity is significant in the available temporal range; how-
ever, fits with an excited state typically yield low confi-
dence levels. Therefore, in reporting masses on our finest
lattices we take, as a systematic error, the di↵erence in
the fitted masses with and without an excited state of
the same parity. This error is combined linearly with the
statistical error in the table.
In Fig. 19, we show the � meson mass m� in r1 units as

a function of the lattice spacing together with the con-
tinuum extrapolation. Again, we use the simple form
(r1m�)cont + g�(a/r1)2 to do the continuum extrapola-
tions, and get (r1m�) = 1.5961(30) and g� = 0.236(18)
with �

2
/dof = 0.42. Our continuum extrapolation agrees

with the experimental result (shown as the band).
In summary, as one can see from Figs. 18 and 19, the

hadronic observables provide additional valuable cross-
checks for the determination of the lattice spacing. The
cuto↵ dependence of fK and m� is very similar to the

HotQCD, PRD90 (2014)
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• Comparison with perturbative calculations.
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2+1 QCD EoS to high temperatures
• At high enough temperature the cutoff dependence of the pressure 

resembles the cutoff dependence of the second-order quark number 
susceptibilities. 

• Approximate the cutoff dependence as 

         . 

• Then the continuum pressure 
                 , 

       . 

• (Cutoff effects in the gluon pressure are assumed small, if improved 
gluon action is used.)

pq(T, Nτ)
pq(T )

≃
χl

2(T, Nτ)
χl

2(T )

p(T ) = p(T, Nτ) + corr(T, Nτ)

corr(T, Nτ) = pq(T )(1 −
pq(T, Nτ)

pq(T ) )
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• Pressure (left) and entropy (right) normalized by the Stefan-
Boltzmann limit in 2+1 flavor QCD. 

• The open symbols represent a continuum estimate.

Bazavov, Petreczky, Weber PRD97 (2018)
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Charm sector

• Generalized susceptibilities: 

            , 

with . 

• Partial pressure of the charmed hadrons in HRG: 

    

                      . 

χBQSC
klmn =

∂(k+l+m+n) [P ( ̂μB, ̂μQ, ̂μS, ̂μC) /T4]
∂ ̂μk

B ∂ ̂μl
Q ∂ ̂μm

S ∂ ̂μn
C ⃗μ =0

̂μX = μX /T

PC
B/M(T, ⃗μ ) =

1
2π2 ∑

i∈C-B/M
gi( mi

T )
2

K2(mi /T )

× cosh(Bi ̂μB + Qi ̂μQ + Si ̂μS + Ci ̂μC)
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tio mc/ms on LCP[a] converges to the experimental value
used for LCP[b] [25]. At �-values close to the pseudo-
critical � of N⌧ = 8 lattices used here, this ratio varies,
however, by (10-15)% as can be seen in Tab. 1. As a con-
sequence, the charmed hadron masses calculated on dif-
ferent LCPs di↵er. For instance, at � = 6.39, correspond-
ing to T = 156.9 MeV, we find m⌘cc̄

= 3.077(7) GeV on
LCP[a] and 2.879(2) GeV on LCP[b], i.e. the larger than
physical quark mass ratio on LCP[a] results in a larger
charmonium mass on that LCP. The same holds for the
open charm hadron masses.

As stated above our aim is the high statistics lattice
QCD calculations of the generalized susceptibilities in-
volving charm. The generalized susceptibilities involving
charm have been first studied in Ref. [13] using 323

⇥ 8
lattices in (2+1)-flavor. We extend this study as well as
the analysis of charmed degrees of freedom [18] in two
significant ways. We included in the analysis two tem-
peratures below the crossover temperature and increased
the statistics by a factor (60-70) in the vicinity of Tpc

and a factor 20 at T ' 175 MeV. The smallest temper-
ature used in Ref. [26] was T = 157 MeV, which is too
high to test the range of validity of HRG model calcula-
tions. We have used approximately one-third of the avail-
able (2+1)-flavor HISQ configurations generated by the
HotQCD collaboration [12]. At the highest two tempera-
tures, i.e., at T = 171.6 MeV and T = 176.7 MeV we also
performed calculations on 483

⇥ 12 lattices. At these two
temperatures we used 36078 and 39080 gauge configura-
tions, respectively.

3. Generalized charm susceptibilities and hadron res-
onance gas model

In a non-interacting HRG model the QCD pressure can
be written as the sum of the partial pressures of hadrons
carrying open charm degrees of freedom and the partial
pressure of hadrons with no charm. Furthermore, the par-
tial pressure of charmed hadrons can be written as the
sum of partial pressures of charmed mesons and charmed
baryons.

PC(T, ~µ) = P
C

M
(T, ~µ) + P

C

B
(T, ~µ) . (2)

As the masses of charmed mesons and baryons are much
larger than the temperature range of interest, one can use
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Figure 1: The ratios of di↵erent baryon-charm fluctuations as functions
of temperature. The open symbols represent the results from Ref. [13].
The yellow band represents Tpc with its uncertainty. The red solid line
is the ideal charm quark gas limit of the ratio �BC

13 /�
BC

22 .

Boltzmann statistics and write P
C

M
and P

C

B
in the following

form [13]:

P
C

B/M(T, ~µ) =
1

2⇡2

X

i2C-B/M

gi

✓
mi

T

◆2
K2(mi/T )

⇥ cosh(Biµ̂B + Qiµ̂Q + S iµ̂S +Ciµ̂C) .

(3)

Here B = 0 gives the meson pressure, P
C

M
, and B =

±1,±2, ... gives the baryon pressure, P
C

B
; K2(x) is a mod-

ified Bessel function of the second kind; the summation
is over all charmed baryons/mesons with masses given by
mi; gi denotes the degeneracy factors of states with identi-
cal mass and quantum numbers. In the HRG phase, gener-
alized susceptibilities introduced in Eq. (1) are calculated
by making use of the partial pressure expressions intro-
duced above in Eq. (3). In particular, for the calculation
of generalized susceptibilities at vanishing chemical po-
tential in the charm sector, it su�ces to replace the QCD
pressure, P, with the partial charm pressure, PC . The final
expression for �BQS C

klmn
takes the following form:

�BQS C

klmn
=

1
2⇡2

X

i2C-H

gi

✓
mi

T

◆2
K2(mi/T ) B

k
Q

l
S

m
C

n, (4)

where the sum is over all charmed hadrons. According
to Eq. (4), particles with di↵erent quantum numbers con-
tribute with di↵erent weights to di↵erent generalized sus-
ceptibilities. Fore example, for �BC

13 the contribution of a

3

• Ratios of baryon-charm fluctuations (left). 
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however, by (10-15)% as can be seen in Tab. 1. As a con-
sequence, the charmed hadron masses calculated on dif-
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ing to T = 156.9 MeV, we find m⌘cc̄

= 3.077(7) GeV on
LCP[a] and 2.879(2) GeV on LCP[b], i.e. the larger than
physical quark mass ratio on LCP[a] results in a larger
charmonium mass on that LCP. The same holds for the
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the statistics by a factor (60-70) in the vicinity of Tpc
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Here B = 0 gives the meson pressure, P
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M
, and B =

±1,±2, ... gives the baryon pressure, P
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B
; K2(x) is a mod-

ified Bessel function of the second kind; the summation
is over all charmed baryons/mesons with masses given by
mi; gi denotes the degeneracy factors of states with identi-
cal mass and quantum numbers. In the HRG phase, gener-
alized susceptibilities introduced in Eq. (1) are calculated
by making use of the partial pressure expressions intro-
duced above in Eq. (3). In particular, for the calculation
of generalized susceptibilities at vanishing chemical po-
tential in the charm sector, it su�ces to replace the QCD
pressure, P, with the partial charm pressure, PC . The final
expression for �BQS C
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takes the following form:
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where the sum is over all charmed hadrons. According
to Eq. (4), particles with di↵erent quantum numbers con-
tribute with di↵erent weights to di↵erent generalized sus-
ceptibilities. Fore example, for �BC
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particle with B = 2 will contain a factor 2, whereas for
�BC

22 it will contain a factor 22. On the other hand parti-
cles with B = 1 contribute with the same weight to �BC

13
and �BC

22 . Therefore, below Tpc one thus would expect to
find �BC

13 /�
BC

22 < 1, if there is significant contribution from
dibaryons and �BC

13 /�
BC

22 ' 1 otherwise.
For large value of the argument, K2(mi/T ) is exponen-

tially suppressed. Therefore, the contribution of multi-
charm baryons is exponentially small, and e↵ectively only
the |C| = 1 sector contributes to the pressure. This means
that �C

2 = �
C

n
= PC(T, ~µ), for n even, and �BC

11 = �
BC

1m
=

P
C

B
, for m odd. We also note that these relations should

hold also for T > Tpc, where charm quarks are expected
to be the relevant degrees of freedom, because for tem-
peratures a few times Tpc, the Boltzmann approximation
also works for an ideal massive charm quark gas, see dis-
cussion in the next section. We find that these relations
are indeed well satisfied in the temperature range used in
our calculations as shown in Fig. 1. From Fig. 1 we also
see that �BC

13 /�
BC

22 close to one up to the crossover temper-
ature. As discussed above this is expected in a hadron gas
if the contribution of |B| = 2 sector is small. Our lattice
results cannot rule out a small contribution from charmed
dibaryons given the statistical errors. In Fig. 1 we also
show the earlier lattice QCD results as open symbols for
T > 176 MeV [13]. At lower temperatures our results
agree with those of Ref. [13] within the large errors of the
latter. The present results have much smaller errors. Just

above the chiral crossover temperature the HRG descrip-
tion breaks down and the ratio approaches a value which
at 330 MeV is only 10% below the value of an ideal charm
quark gas.

In Fig. 2 we show the ratio �BC

13 /�
C

4 , which is a proxy
for the ratio of the charmed baryon pressure and the to-
tal charm pressure. We compare our lattice QCD re-
sults with HRG model predictions where we include
all charmed hadrons listed by the Particle Data Group
[24] (PDG-HRG). As can be seen, the PDG-HRG under-
predicts the lattice data significantly. This is not sur-
prising since it was pointed out already in Ref. [13]
that many charmed baryons predicted in quark model
[27] as well as lattice QCD calculations [28] are miss-
ing in PDG tables. There are also missing charmed me-
son states in PDG-HRG. However, their number is sig-
nificantly smaller [13]. When including all the missing
hadron states, using the spectrum obtained in quark model
calculations [29, 27, 30], in the HRG model, we obtain
very good agreement between the lattice QCD results and
the quark model extended hadron resonance gas (QM-
HRG) for �BC

13 /�
C

4 for T  170 MeV. We do not con-
sider dibaryon contribution to QM-HRG since there is no
clear evidence for such states. The heaviest state in our
QM-HRG data set has a mass of about 4.4 GeV. In our
previous work [13], we showed that QM-HRG calcula-
tions based on QM-HRG data set containing states with
masses less than 3.5 GeV agree with the complete QM-
HRG model results to better than 1%. Furthermore, as one
can also see in Fig. 2 the ratio �BC

13 /�
C

4 is not very sensi-
tive to the choice of the LCP for the charm mass. Thus our
present findings are in agreement with the observations of
Ref. [13] that additional charmed baryon states are needed
to explain the lattice QCD results on generalized suscep-
tibilities, but now this claim is on more solid numerical
footings, because now we have two more data points be-
low Tpc, and our statistical errors are smaller. The appar-
ent agreement between the lattice QCD results and HRG
also for T > Tpc, that can be seen in Fig. 2, is some-
what accidental. It is related to the fact that at high tem-
peratures �BC

13 /�
C

4 approaches 1/3. In fact, any other ratio
with a smaller ideal charm quark gas limit, e.g., �BC

22 /�
C

4 ,
shows a clear departure from the HRG description at Tpc

(see also the data in the QC sector [25]). Thus, the HRG
description description breaks down for T > Tpc, and we
also see that for Tpc < T < 350 MeV the ratio �BC

13 /�
BC

22

4

• Ratios of baryon-charm fluctuations (left). 
• Comparison with HRG (right). 
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• Partial pressures of charmed mesons, charmed baryons and charm 
quarks. 

• Dashed lines correspond to QM-HRG model.

moves from the hadron gas to the quark gas expectations.
In the next section we discuss the implication of this find-
ing for e↵ective charm degrees of freedom.

145 150 155 160 165 170 175
T [MeV]

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

PC
q /PC

PC
B /PC

PC
M/PC

Figure 3: Partial pressures of charmed mesons, charmed baryons and
charm quarks as functions of temperature. All three observables have
been normalized to the total partial charm pressure. The dashed lines
show corresponding results obtained from the QM-HRG model. The
open symbols show the results for N⌧ = 12 lattices, see text. The yellow
band represents Tpc with its uncertainty.

4. Charm degrees of freedom below and above Tpc

As shown in the previous section the simple hadron gas
model, given by Eqs. 2 and 3, breaks down for T > Tpc.
Therefore, following Ref. [18] we extend this model by
allowing the presence of partial charm quark pressure and
by treating the charmed baryon and charmed meson sec-
tors as quasi-particle excitations,

PC(T, ~µ) = P
C

M
(T, ~µ) + P

C

B
(T, ~µ)+

P
C

q
(T ) cosh

✓2
3
µ̂Q +

1
3
µ̂B + µ̂C

◆
, (5)

where the last term corresponds to the charm quark par-
tial pressure. Here we explicitly give the dependence on
chemical potentials, using Boltzmann approximation, and
P

C

q
(T ) being a function of temperature only. At very high

temperature we can also write P
C

q
(T ) = 3

⇡2

✓
mc

T

◆2
K2(mc/T ),

where mc is the mass of a quasi-particle with quantum

numbers of charm quark. Using Eqs. (3) and (5) we
can express the partial pressures of quasi-particles with
quantum numbers of charm quarks, charmed baryons and
charmed mesons, respectively. For ~µ = 0 we express these
partial pressures in terms of generalized susceptibilities as
follows,

P
C

q
= 9(�BC

13 � �
BC

22 )/2 , (6)

P
C

B
= (3�BC

22 � �
BC

13 )/2 , (7)

P
C

M
= �C

4 + 3�BC

22 � 4�BC

13 . (8)

Using lattice QCD results on the generalized susceptibil-
ities in the above expressions we estimate the di↵erent
partial pressures and normalize them by dividing with the
total partial charm pressure, PC = �C

4 . Results are shown
in Fig. 3. Corresponding results obtained in QM-HRG
model calculations are shown as dashed lines in this fig-
ure. Obviously the quark pressure is zero in this model.
As can be seen, the HRG works well up to Tpc. Above
Tpc, however, the charmed baryon and charmed meson
partial pressures drop below the HRG results. At the same
time the quark pressure becomes non-zero just above Tpc.
These results may be taken as evidence for partial melting
of the hadron-like states and the liberation of quark de-
grees of freedom at Tpc. For the highest two temperatures
we also show our results for the charm quark pressure ob-
tained on N⌧ = 12 lattices, which agree with the N⌧ = 8
results within errors, indicating that our main conclusion
is not a↵ected by lattice artifacts.

As was pointed out in Ref. [18], if the model given by
Eq. (5) takes care of all relevant degrees of freedom below
and above Tpc, then there are four constraints that the gen-
eralized susceptibilities up to fourth order must satisfy:

c1 ⌘ �
BC

13 � 4�BC

22 + 3�BC

31 = 0, (9)

c2 ⌘ 2�BS C

121 + 4�BS C

112 + �
S C

22 � 2�S C

13 + �
S C

31 = 0, (10)

c3 ⌘ 3�BS C

112 + 3�BS C

121 � �
S C

13 + �
S C

31 = 0, (11)

c4 ⌘ �
BS C

211 � �
BS C

112 = 0. (12)

The lattice results in Ref. [13] were consistent with these
constraints. However, because of the large errors it was
not possible to test the model for T < 200 MeV. With our
new lattice data one can show that these constraints are
clearly satisfied in the vicinity of Tpc within errors. As
an example in Fig. 4 we show the constraints c1 (left)

5
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Alexei Bazavov (MSU)

2+1+1 QCD equation of state
• Our strategy: 

• compute the pressure at fixed  and take the continuum limit, 

• (previously: continuum limit in the trace anomaly, then continuum 
pressure), 

• use the  MeV line of constant physics, 

• connect with the 2+1 equation of state at the physical mass around 
 MeV. 

Nτ

mπ = 300

T ≈ 250

Nov 5, 2024 29
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� V aml ams amc a, fm TU
5.400 163 ⇥ 40 0.0182 0.091 1.339 0.220 20K
5.469 243 ⇥ 32 0.01856 0.0928 1.263 0.206 19K
5.541 243 ⇥ 32 0.01718 0.859 1.157 0.192 18K
5.600 163 ⇥ 48 0.0157 0.0785 1.08 0.181 69K
5.663 243 ⇥ 32 0.01506 0.0753 0.996 0.170 28K
5.732 324 0.01394 0.0697 0.913 0.159 52K
5.800 163 ⇥ 48 0.013 0.065 0.838 0.151 99K
5.800 324 0.013 0.065 0.838 0.151 53K
5.855 324 0.01216 0.0608 0.782 0.140 54K
5.925 324 0.01122 0.0561 0.716 0.130 55K
6.000 243 ⇥ 64 0.0102 0.0509 0.635 0.121 111K
6.060 324 0.00962 0.0481 0.603 0.113 52K
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� V aml ams amc a, fm TU
6.122 324 0.00896 0.0448 0.558 0.106 38K
6.180 324 0.0084 0.042 0.518 0.100 38K
6.238 324 0.00784 0.0392 0.482 0.095 40K
6.300 323 ⇥ 96 0.0074 0.037 0.44 0.089 16K
6.358 324 0.00682 0.0341 0.416 0.084 52K
6.445 324 0.00616 0.0308 0.374 0.077 95K
6.530 363 ⇥ 48 0.0056 0.028 0.338 0.070 11K
6.632 484 0.00498 0.0249 0.300 0.063 3K
6.720 483 ⇥ 144 0.0048 0.024 0.286 0.058 6K
6.875 483 ⇥ 64 0.0038 0.019 0.228 0.050 3K
7.000 643 ⇥ 192 0.00316 0.0158 0.188 0.045 6K
7.140 643 ⇥ 72 0.0029 0.0145 0.172 0.039 4K
7.285 643 ⇥ 96 0.00248 0.0124 0.148 0.034 4K
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� N⌧ = 6 N⌧ = 8 N⌧ = 10 N⌧ = 12
T TU T TU T TU T TU

5.400 149 50K
5.469 160 50K
5.541 171 50K
5.600 182 50K 136 114K
5.663 193 50K 145 74K
5.732 207 50K 155 86K
5.800 218 50K 163 81K 131 143K
5.855 235 50K 176 105K 140 98K
5.925 253 50K 190 105K 152 125K
6.000 272 50K 204 105K 163 95K 136 95K
6.060 291 50K 218 99K 175 42K 145 21K
6.122 310 50K 233 101K 186 42K 155 21K

1



Alexei Bazavov (MSU)

2+1+1 EoS:  statisticsT > 0

Nov 5, 2024 33

� N⌧ = 6 N⌧ = 8 N⌧ = 10 N⌧ = 12
T TU T TU T TU T TU

6.180 329 50K 247 99K 197 40K 165 32K
6.238 346 50K 260 96K 208 47K 173 27K
6.300 369 50K 277 98K 222 99K 184 28K
6.358 391 50K 294 96K 235 24K 196 81K
6.445 427 50K 320 96K 256 35K 214 75K
6.530 470 50K 352 99K 282 59K 235 10K
6.632 522 50K 391 96K 313 9K 261 59K
6.720 567 50K 425 100K 340 10K 284 68K
6.875 658 50K 493 108K 395 9K 329 70K
7.000 731 40K 548 110K 438 20K 366 56K
7.140 843 40K 632 101K 506 19K 422 61K
7.285 967 40K 725 101K 580 17K 483 101K

1



Alexei Bazavov (MSU)

2+1+1 flavor QCD trace anomaly

Nov 5, 2024 34

 0

 1

 2

 3

 4

 5

 6

 100  200  300  400  500  600  700  800  900  1000

(e
-3

p
)/

T
4

T [MeV]

N
τ
=6

N
τ
=8

N
τ
=10

N
τ
=12

• The trace anomaly in 2+1+1 flavor QCD at different cutoffs 
, ,  and .Nτ = 6 8 10 12



Alexei Bazavov (MSU)

2+1+1 flavor QCD pressure
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• The pressure in 2+1+1 flavor QCD at different cutoffs 
, ,  and . 

• The errors are purely statistical.
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Conclusion

• Ongoing calculation of the 2+1+1 flavor QCD equations of state. 

• The strategy is to compute the pressure with  MeV, take the 
continuum limit and stitch together with the 2+1 flavor equation of 
state at the physical pion mass at an appropriate temperature. 

• The statistical errors for the finest lattices  are predominantly 
from zero-temperature subtraction. 

• Systematic errors, in particular, scale setting need to be addressed in 
the final analysis. 

mπ = 300

Nτ = 12
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