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For physicists, 

it is the best of times,  

it is the worst of times.
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𝑟 𝑟′
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𝜙𝑘 𝑟

Residual of 
Schrödinger Eq.

Back-Propagation

𝑅 𝑡, 𝑟
or
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Machine Learning and Physics
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Galileo Galilei (1564-1642)
Phys.Rev. Lett. 124, 010508 (2020)

Data, X

Estimation

Prediction

Machine, {θ}

An inverse problem in science is 
the process of inferring from a set 
of observations the causal factors 
that produced them.

p(X |θ)

̂θ = arg maxθ{p(X |θ)}
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Machine Learning and Inference
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max
θ

N

∏
i=1

p(xi ∣ θ)Maximum Likelihood Estimation(MLE)

{θ}p(θ ∣ X) =
p(X ∣ θ)π(θ)

p(X)
Posterior , Prior  , Evidence p(θ ∣ X) π(θ) p(X)

Maximum A Posterior(MAP)
Bayesian 
Inference
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Deep Model as Machine
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𝒙1

𝒙2

𝒙𝑛

𝑦

Inputs

Outputs

𝑤1

𝑤2

𝑤𝑛

Σ

…

Back-Propagation

𝑓(𝑢)

ℒ

• Inputs,  
• Weights,  
• Outputs,  
• Summation,  
• Non-Linear Activation Functions,  
• Single Layer 

{x} = x1, x2, …, xn
{w} = w1, w2, …, wn
y

Σ( ⋅ )
f(u)

y = f(Σn
i=1xiwi)

Deep (neural network) Model

• Loss Function,  
• Data, 

ℒ(y, ̂y)
̂y

• Back-Propagation,  

• Stochastical Methods: SGD, Adam, …

∂ℒ
∂ω

Objective

Optimization Algorithm
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Physics-Driven Deep Learning
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𝒙1

𝒙2

𝒙𝑛

𝑦

Inputs

Outputs

𝑤1

𝑤2

𝑤𝑛

Σ

…

Symmetry

Back-Propagation Physical Equations

𝑓(𝑢)

Principles

Physical Dataℒ
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Hadron Interactions
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slides@T.Hatsuda

ℒ = −
1
4

Ga
μνG

μν
a + q̄γμ(i∂μ−gtaAa

μ)q−mq̄q

4-d Euclidean Lattice

L

a

Quarks on sites q(x)

Gluons on links Uμ(x, x + μ) = exp[−iaAμ]

Huge integration variables
   for  lattice,  GB/config∼ 109−10 964 ∼ 50

Importance Sampling
Hybrid MC = MD + Metropolis

Continuum ＆Thermodynamic Limits

a → 0, L → ∞

Raffaele Del Grande | XQCD 2023
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Hadron Interactions
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ALICE Collaboration, Nature 588, 232 (2020)

Hadrons to Atomic nuclei from Lattice QCD 
(HAL QCD Collaboration)

LHC@CERN, RHIC@BNL 
J-PARC@KEK, FAIR@GSI, HIAF
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Hadron Interactions
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Hadrons to Atomic nuclei from Lattice QCD 
(HAL QCD Collaboration)

LHC@CERN, RHIC@BNL 
J-PARC@KEK, FAIR@GSI, HIAF

Femtoscopy 
HAL QCD method

Deep Learning
+

?



Femtoscopy
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Femtoscopy
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Raffaele Del Grande | XQCD 2023

Correlations

Scattering Length 
Effective Range

Lednicky-Lyuboshits(LL) analytic model 
(Asymptotic wave-function+

Effective range correlation+ 

Gaussian source)

Lednicky, Lyuboshits, Sov.J.Nucl.Phys. 35 (1982) 770
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Femtoscopy
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Correlations

Scattering Length 
Effective Range

Lednicky-Lyuboshits(LL) analytic model 
(Asymptotic wave-function+

Effective range correlation+ 

Gaussian source)

ψ0(r) → ψasy(r) =
e−iδ

qr
sin(qr + δ) = 𝒮−1 [ sin qr

qr
+ f(q)

eiqr

r ]

q cot δ = −
1
a0

+
1
2

reffq2 + O(q4) → f(q) = (q cot δ − iq)−1
Lednicky, Lyuboshits, Sov.J.Nucl.Phys. 35 (1982) 770

Asymptotic wave-function

Scattering amplitude at low energies

CLL(q) = 1 + ∫ drS12(r)( |ψasy(r) |2 − | j0(qr) |2 )
= 1 +

| f(q) |2

2R2
F3 ( reff

R ) +
2Ref(q)

πR
F1(2x) −

Imf(q)
R

F2(2x)

,  is Gaussian Size,  are known functionsx = qR R F1, F2, F3
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Inverse Femtoscopy
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Correlations

Potentials

?

with Liang Zhang, Jiaxing Zhao, etc.in Preparation

Does this inverse mapping exist?

C(k*) = ∫ S( ⃗r) ψ( ⃗k*, ⃗r )
2

d3 ⃗r = 𝒩(k*)
Nsame(k*)
Nmixed(k*)

V(r)
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Inverse Femtoscopy
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CATS Framework: D. Mihaylov et al., 
 Eur. Phys. J. C78 (2018) 394

Schrödinger eq.

60 points(k),  correlations NC

Deep 
Neural 

Network
(DNN)

V(r) = b1e−b2r2 + b3(1 − e−b4r2)(
e(−mπr)

r
)nπ

Potential Functions

S(r) = (4πr2
0)−3/2e

− r2
4r2

0 r0 = 1.3 fm
Source Function

with Liang Zhang, Jiaxing Zhao, etc.in Preparation
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Inverse Femtoscopy
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with Liang Zhang, Jiaxing Zhao, etc.in Preparation

r0: [0.52,4.16] fm
b1: [−2145.5,1532.5] MeV
b2: [0.739,147.761] fm−2

b3: [−1064,532] MeV ⋅  fm2

b4: [0.078,154.422] fm−2

nπ: 2

Nc = 25000

Principal Component Analysis(PCA)
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Inverse Femtoscopy
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r0 = 1.3 fm, b1 = − 306.5, b2 = 200, b3 = − 266, b4 = 0.78, nπ = 2

60 points

with Liang Zhang, Jiaxing Zhao, etc.in PreparationNc = 6400

1 parameter

R-squared: 0.99, 0.99, 0.99, 0.99, 0.99R2 = 1 −
∑n

i=1 (yi − ̂y)2

∑n
i=1 (yi − ȳ)2
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Inverse Femtoscopy
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R-squared b1 b3
Training 0.99 0.99
Testing 0.99 0.99

b1, b3

r0 = 1.3 fm, b2 = 73.9, b4 = 0.78, nπ = 2

60 points

with Liang Zhang, Jiaxing Zhao, etc.in Preparation

Nc = 10000

2 parameters



Lingxiao WANG HHIQCD 2024 /30

Inverse Femtoscopy
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R-squared r0 b1 b2 b3 b4
Training 0.99 0.86 0.02 0.90 0.00
Testing 0.99 0.86 0.02 0.90 0.00

60 points

with Liang Zhang, Jiaxing Zhao, etc.in Preparationnπ = 2Nc = 10000

5 parameters

V(r) = b1e−b2r2 + b3(1 − e−b4r2)(
e(−mπr)

r
)nπ

Potential Functions
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Summary I
• Take-Home Messages 

• PCA gives  main components

• DNNs learn the inverse mapping 

successfully

• Source size can also be identified


• Future Works


• Flexible input length ✅


• Different parameterizations ✅


• Experimental data 💪


• Bayesian inference 💪


• Input beyond correlation functions 💭

≤ 3

22

Correlations

Potentials

?

60 points

Parameters of potential functions



HAL QCD  
meets DNNs
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HAL QCD method
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Nambu-Bethe-Salpeter (NBS) wave function Nulcear Force

HAL QCD method

Local Approx. 
Derivative Expansion

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007) 
S. Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123, 89 (2010) 

Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020) 
S. Aoki and T. Doi, in Handbook of Nuclear Physics(2023), pp. 1–31

Kotaro’s talk on Monday 
Separable potential: L. Meng & Epelbaum (2023); K. Murakami and S.Aoki (2024).
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HAL QCD: Inverse Problem Perspective
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minθℒ = ∑
k

∫ d3 r [(Ek − H0) ϕk(r) − ∫ d3 r′ Uθ(r, r′ )ϕk(r′ )]
2

NBS wave function Potential Function
Data(Observations) Physics Properties

Maximize Likelihood Estimation

Gradient Decent

arXiv:2410.03082 ( with HAL QCD)

Universal Approximation Theorem (1989,1991)θi+1 → θi +
∂ℒ

∂Uθ(r, r′ )
∂Uθ(r, r′ )

∂θ

https://arxiv.org/abs/2410.03082
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𝑈𝜃 𝑟, 𝑟′

𝑟 𝑟′

+
𝜙𝑘 𝑟

Residual of 
Schrödinger Eq.

Back-Propagation

𝑅 𝑡, 𝑟
or

NN-1 NN-1

NN-2

Two particle 
interactions

a. Permutation Symmetry

b. Asymptotic Behaviour 
as regulator lim

r>R,r′ >R
Uθ(r, r′ ) → 0

Uθ(r, r′ ) ≡ g( f(r) + f(r′ ))

Physics-Driven Deep Learning
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(Ek − H0)ϕk(r) = ∫ d3 r′ U(r, r′ )ϕk(r′ )

Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2

{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, r) = ∫ 4πr′ 
2dr′ U(r, r′ )R(t, r′ )

Phys. Lett. B 712, 437 (2012)

arXiv:2410.03082 ( with HAL QCD)

https://arxiv.org/abs/2410.03082
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Mock Test: Separable Potential

27

Nambu-Bethe-Salpeter (NBS) wave function

ϕk(r)e−Wkt ≡ ⟨0 |N(x + r, t)N(x, t) |NN, Wk⟩

(Ek − H0)ϕk(r) = ∫ d3 r′ U(r, r′ )ϕk(r′ )

Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2

U(r, r′ ) ≡ ων(r)ν(r′ ), ν(r) ≡ e−μr

ϕ0
k (r) =

eiδ0(k)

kr
sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +

r(μ2 + k2)
2μ )

k cot δ0(k) = −
1

4μ2 [2μ(μ2 − k2) −
3μ2 + k2

4μ3
(μ2 + k2)2 +

(μ2 + k2)4

8πmω ]

UNN(r, r′ ) = ωfθ(r, r′ )

BP

arXiv:2410.03082 ( with HAL QCD)

ℒ = ∑
k

∫ d3 r [(Ek − H0) ϕk(r) − ∫ d3 r′ Uθ(r, r′ )ϕk(r′ )]
2

As a numerical example, we take μ = 1.0,ω = − 0.017μ4, m = 3.30μ, R = 2.5/μ

U(r > 3R, r′ > 3R) → 0

https://arxiv.org/abs/2410.03082
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 Interaction: ΩcccΩccc
1S0
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Nambu-Bethe-Salpeter (NBS) wave function

Neural Network Hadron Force

ℒ = ∑
t { 1

4mN
R2(t, r) − R1(t, r) +

1
mN

Rr(t, r) − ∫ 4πr′ 
2dr′ Uθ(r, r′ )R(t, r′ )}

{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, r) = ∫ 4πr′ 
2dr′ U(r, r′ )R(t, r′ )

R2 = Rt+1 − 2Rt + Rt−1, R1 = (Rt+1 − Rt−1)/2,Rr = ∇2R(t, r)

mN = 2.073, a−1 = 2333.0MeV

arXiv:2410.03082 ( with HAL QCD)

Vθ(r) ≡
∑r′ Δr′ 4πr′ 

2Uθ(r, r′ )R(t, r′ )
R(t, r)

BP

Y. Lyu, etc., Phys. Rev. Lett. 127, 072003 (2021)

U(r > 3fm, r′ > 3fm) → 0

https://arxiv.org/abs/2410.03082
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 Interaction: Non-Local PotentialΩcccΩccc
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Neural Network Hadron Force

(Ek − H0)ϕk(r) = ∫ d3 r′ Uθ(r, r′ )ϕk(r′ )

Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2

Affect ?

arXiv:2410.03082 ( with HAL QCD)

Ũθ(r, r′ ) ≡ 4πr′ 
2Uθ(r, r′ )

Y. Lyu, etc., Phys. Rev. Lett. 127, 072003 (2021)

“3D Map”

https://arxiv.org/abs/2410.03082
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Summary II
• Take-Home Messages 
• Non-Local Potenital As A “Map”

• Neural Network Representations


• Embed Physics Priors Explicitly

• Permutation Symmetry 

• Asymptotic Behavior


• Roadmap 

• Separable Potential ✅


• ( ) ✅


• Phase Shifts ✅


• More Cases 💪  
(B-B, N-B, N-M, N-N, …)


• Joint Learning with Femtoscopy 💭

ΩcccΩccc
1S0

30

in preparation 
 [Review]

Potential



Thank You !
ML meets Physics, Opportunities and Challenges

Kouzou Sakai @Quanta Magazine
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Learn to Sample

32

p(ϕ) = e−S(ϕ)/Z

⟨O⟩ ≈
1
N ∑

i

Oi

 Physical Distribution, Sampling 
 via Generative Models

→

Global Sampling  

Fast and Independent Sampler

Prog.Part.Nucl.Phys. 104084(2023)

Hidden Layers

Masked Convolutional LayersInput 
(Configurations)

Output 
 (Parameters of Mixture Distributions)

qθ(s)
…

Sample Chin. Phys. Lett. 39, 120502 (2022) 
Chin.Phys.C 48 (2024) 10, 103101

Phys. Rev. D 107, 056001

JHEP 05(2024)060 
ArXiv:2410.21212 
ArXiv:2410.19602

Continuous Autoregressive Models

Fourier Flow-based Model

Diffusion Models

https://www.sciencedirect.com/science/article/pii/S0146641023000650
http://cpl.iphy.ac.cn/Y2022/V39/I12/120502
https://doi.org/10.1088/1674-1137/ad5f80
https://doi.org/10.1103/PhysRevD.107.056001
https://doi.org/10.1007/JHEP05(2024)060
https://arxiv.org/abs/2410.21212
https://arxiv.org/abs/2410.19602
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Yan Lyu’s slides

Backups: Existence and Uniqueness

33

Scattering Length 
Effective Range

Potential Functions

Observables

Potential Functions
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Backups: Potential vs. Source Function
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b2

V(r) = b1e−b2r2 + b3(1 − e−b4r2)(
e(−mπr)

r
)nπ

Potential Functions

S(r) = (4πr2
0)−3/2e

− r2
4r2

0

Source Function
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Backups: PCA and Correlation Matrix
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with Liang Zhang, Jiaxing Zhao, etc.in Preparation

r0

b1

b2

b3

b4

Z =
X − μ

σ

C =
1

n − 1
ZTZ

Cv = λv

Covariance Matrix:

Data Standardization:

Eigenvalues and Eigenvectors:
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Backups: Flexible Input Length
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b2Fully Convolutional Network
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Backups: HAL QCD method
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Space

Imaginary Time

x

y

𝒥†
1

𝒥†
2

⟨N1(x, t)N2(y, t)𝒥†
1(0)𝒥†

2(0)⟩

= ∑
n

⟨0 |N1(x)N2(y) |n⟩ane−Ent

⟶ ϕ(r, t) = ∑
n<n*

bnϕn(r)e−Ent
t > t*

(Ek − H0)ϕk(r) = ∫ d3 r′ U(r, r′ )ϕk(r′ ), r < R
LR

2 PI Kernelϕ(r, t) →

Consider the wave function at “interacting region” Phase shift, Binding energy⟶

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007) 
S. Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123, 89 (2010) 

Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020) 
S. Aoki and T. Doi, in Handbook of Nuclear Physics(2023), pp. 1–31
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Backups: Uncertainty Estimation
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Recall: Importance Sampling 
•  : random variables

•  : observables

•  : number of samples

•  : original(true) distribution

•  : reference distribution

x
f (x)
n
p(x)
q(x)

E[ f(x)] = ∫ f(x)p(x)dx = ∫ f(x)
p(x)
q(x)

q(x)dx

Ō = ⟨Ô⟩ =
N

∑
j

w( j)O( j)Mean

σ(O)2 = ⟨Ô2⟩ − Ō2Variance

{

•  : reconstructed potential given a sample
•  : observables, , etc. 
            wave-functions in this case

x
O(x) δ, E

w( j) =
Posterior(θ( j) |data)

Proposal(θ( j))

∝
p(data |θ( j)) ⋅ Prior(θ( j))

p(θ( j) |samples( j)) ⋅ p(samples( j) |data) ⋅ Prior(data)
p(data |θ( j)) ∝ exp(−χ2(Rθ( j)(t, r)))

p(samples |data) ∼ 𝒩(μ, σ)p(θ( j) |samples( j)) = 1

deterministic

w̃( j) = w( j)/∑
j

w( j)

normalization

L2 : exp(−λ | |θ | |2
2 ) ∼ 1, λ → 0

Weights

Consistent with Bayesian Inference Phys. Rev. D 107, 083028

https://link.aps.org/doi/10.1103/PhysRevD.107.083028
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Backups: Setup of DNNs
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1 → 64 → 16

1 → 64 → 16

16 → 1

arXiv:2410.03082 ( with HAL QCD)

+

1 → 32 → 64 → 128 → 64 → 32 → 16

NN-1

NN-1

NN-2

NN-1

NN-2

16 → 1

Gradient-based Optimization 

Adam : θt+1 = θt −
η
̂vt + ϵ

m̂t

Regularization 

λ = 10−5

For separable potential For  ( )ΩcccΩccc
1S0

https://arxiv.org/abs/2410.03082


Lingxiao WANG HHIQCD 2024 /30

Backups: Why DNN helps
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• Maximizing Bayesian Posterior 

 

• Likelihood, 


• Prior, 


• Minimization the loss function 

 

• Chi-square term 




the inverse covariance matrix, 





• “Entropy” term serves as a regulator

P(ρ |D, I ) =
P(D |ρ, I )P(ρ | I )

P(D | I )

P(D |ρ, I ) = e−χ2/2

P(ρ | I ) = e𝒮[ρ]

J ≡
χ2

2
− 𝒮[ρ]

χ2 ≡
N

∑
i, j=1

C−1
ij (Dobs

i − Di)(Dobs
j − Dj)

C−1

Δi ≡ −
δχ2 /2
δD(ki)

= ∑
j

C−1
ij (Dobs

j − D(kj))

Comput. Phys. Commun. 282, 108547

Three typical “Entropy” terms

, a hyper parameter; defaulted model (DM); , step lengthα Δω

δJ
δρ(ω)

= 0

the optimal solution exists

Regularization δJ
δρ(ω)

= 0 the optimal solution exists!

fa/σ′ ( fa)

(∑b f 2
b) l − 1

l

=
DMa

α ∑
i

ΔiKia

 for Softplus activation function
(1 + e−fa)fa
(∑b f 2

b) l − 1
l

=
DMa

α ∑
i

ΔiKia

α fa (1 + e−fa) ≡ DMa(∑
b

f 2
b) l − 1

l ∑
i

ΔiKia

• Neural Networks (e.g., NN 
representation) 

 

• Output layer, 


• Activation functions, 


• Hidden layers,  




• Set-ups 




• Input layer,  

• Hidden layer, no activation functions 

• Output layer, ,   

• L2 regulation, 

ρa ≡ ρ(ωa)

ρa = DMa σ(l)( f (l)
a )

f (n)
a = σ(n)(x(n)

a )

x(n)
a = ∑

b

W (n)
ab f (n−1)

b

a = 1,2,⋯, N(n); n = 1,2,⋯, l

N(0) = 1, N(l) = Nω

a(0)
1 = 1

σ(l)(x) = σ(x) fa ≡ f (l)
a

L2 ≡ αΔω∑
l,a,b

(W (l)
ab)2

non-local  constraints from NN!

https://linkinghub.elsevier.com/retrieve/pii/S0010465522002661

