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Introduction

Introduction
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Hadrons are the bound state of quarks and gluons by strong interaction
quantum chromodynamics (QCD).

@ How actually quarks are distributed within hadrons or what is the
internal structure of hadrons ?

o Distribution functions
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Distribution Functions (DFs)

@ Describes the probability distribution of finding the constituents
(quarks and gluons) within a hadron with physical obesrvables.

o Information about longitudinal momentum, spatial location, momenta
distributions, mechanical properties, structure of hadron etc.

@ Used to study different decays of the the exclusive processes through
some observables and compared with experimental data with
evolutions.

@ Some important DFs are generalized transverse momentum
dependent distributions (GTMDs), transverse momentum dependent
distribution functions (TMDs), generalized parton distributions
(GPDs), parton distribution functions (PDFs) etc.
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Introduction

Distribution Functions
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Introduction

Distribution Functions

Iy + .
GIMD(x. k1) o x= % is the momentum

fraction carried by the quark.

GPD(x,4) @ k| is the transverse
momentum of quark.

"B FF(N) @ A is the momentum

TMSD(k,) PDF(x)
. ,'( difference of the final
%1 —— a=0 and initial state of hadron.
k -»- [dx
Charge et [d2k, A+ -
@ { = —5pr is the skewness.
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Light-front dynamics

Equal time quantization Light-front quantization

e time, t = x° o time, t = xT = x0 4 x3

o x = (x% x1, x2, x3) and
p= (p",p1 2. p%)
o %5 — Hiy(t))

° Energy, p° = /m?+ p?
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Why light-front 7

Ideal Framework to describe the hadronic structure. It can overcome many
obstacles with many advantages.

@ Simple vacume state

Boost invariant frame

Frame independent wave functions

Hamiltonial formlism for relativistic bound state

No square root in Hamiltonial p~

Maximum number of kinematic variables
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TMDs for Different Spin Particles

@ Depending upon the spin polarization, there are different TMDs for
different spin particles.

@ For the case of spin-1/2 nucleons, there are 6 TMDs at the leading
twist. However for spin-1 particles, there are 18 TMDs at the leading

twist.

Quark |y (y*) L (y*ys) T (i6™y,/0™)

Hadron T-even | T-odd | T-even | T-odd T-even T-odd
U h Un]
L 2 U]
T fii | & [ha], [hie
LL S Uiz
LT Jux Zir Uyl Dhigr]
TT frrr gt Uryr)s U]

Spin-1 leading twist TMDs
Source- S. Kumano and Q. T. Song, PLB 826 (2022)
S. Puhan and H. Dahiya, PRD, 109 (2024).
S. Sharma, S. Puhan, et. al, PTEP, 150 (2024).
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Transverse Momentum Parton Distribution Functions (TMDs)

TMDs Correlator ror spin-0 mesons

@ In case of spin-0, pseudoscalar mesons, there are total 8 TMDs upto
twist-4, which can be expressed in terms of quark-quark correlator as

[S. Meissner, A. Metz, M. Schlegel and K. Goeke, JHEP 08, 038, (2008]

_ 12>

oxker) = 5 [ G e n(K)FOIWO. 2)0() (K)o
(27)

Where |m(K)) is the LF bound state of pion/kaon with masses and

momentum M, (k) and (P*, PL) respectively.

W(0, z) is the Wilson line which preserves the gauge invariance of the

bilocal quark field operators in the correlation functions. For this

work, we have taken it as unity.
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All TMDs for spin-0 mesons

I is the Dirac matrix which determines the Lorentz structure of the
correlator ¢L,r]. Depending upon the I, the TMDs are given as

T-even T-odd
;'Wist— o'l — flq(xv ki) Ploits] — ,/EUA’;'L hf(X: ki)
Twist. | ®D'T = %eq(x7 k?) sl — [f';ﬁi (x,k%)
3 ol — KL fLa(x i) olo’s] — M iy k3)
Iwist— ob 1 — (,Q/f)z fq(x K2 2) Pleod 5] — "(”Sigf hJ—( ,ki)

@ There are 4 T-even and 4 T-odd TMDs for spin-0 particles.
@ All these T-even TMDs are unpolarized quark distributions.
S. Puhan, et.al, JHEP, 02, (2024).
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Relations Among TMDs

o All the higher twist TMDs are related with leading twist TMD by

m -
xe9(x, k3) = x @(x, k) + A2 £9(x 12,

x fH9(x, k3 ) = x FH9(x, k3 ) + fq(x k3),
2

k9
KL i),

xgh(x,I) = x g (x,I2) + AL i (x,13),

X (x, kD) = x*H(x k1) +

- k2
xh(x, kL) = x h(x, k1) + b (x, k2),

5 bt (x, k2 ) = x2 bk (x, K2 ) + AF (K3 )hi-(x, K2)

@ In this work, we have adopted Wandzura-Wilczek approximation for
valence quark calculations of T-even TMDs.
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Light Mesons

Pion
@ Bound state of u- quark and d- antiquark.
@ Having mass about 140 MeV. Exists only if mass is dynamically
generated.
Kaon
@ Bound state of u- quark and s- antiquark.
@ Having mass about 490 MeV. Boundary between emergentand
Higgs-mass mechanisms.

For the pion and the kaon the EIC will allow determination of the quark
and gluon contributions to mass and internal structure through Sullivan

Process.
[A.C. Aguilar et al., Pion and Kaon structure at the EIC, EPJA 55 (2019) 190.
J. Arrington et al., Revealing the structure of light pseudoscalar mesons at the EIC, J. Phys. G 48 (2021) 7 075106.]
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Transverse Momentum Parton Distribution Functions (TMDs)

Sullivan process

Diagram for the Sullivan process used to probe the structure of the pion.

Yellow EIC Report (2022)
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Transverse Momentum Parton Distribution Functions (TMDs)

Light cone quark model

The minimal Fock-state description of mesons in the form quark helicity A
for quark-antiquark is given by

dxd?k
IM(P,Sz)) = Z/ =1, (x, K1, A1, A2) X, ki, Az Aa).

o) VXL - x)16m3

@ 1)s, is the spin improved meson wave function written in the form of
T/JSZ(X, kL? )‘17 )\2) = XSZ(Xa kJJ >\17 )‘2)80()(’ kL)
With ¢(x, k. ) is the momentum space wave function defined as

2 2 2 2
kLerq kL+m§

2 212 2 2
% + 9= (mqut—?) mg + my
843 K2 4m2 K% +m2 ap2 |’
2(ZL™Mq L7g
84 ( % + )

1—x

v(x,kL):Aexp[—

Here ( is the harmonic scale parameters.
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Light cone quark model

Xs,(x, k1, A1, A2) is the spin wave function with quark helicities
represented as [ w. qian and B. Q. Ma, Phys. Rev. D 78, 074002, (2008)]

s, 00,k 1, 4) = LM mq)(((lfz_ ;)MAZ)+ mq) — k2]
b ) = (LRSS ]
R v s

: _ 2 211 _ )2 211
With wy = [(xM + mg)* + k7]2, w2 = [((1 — x)M + mg)* + k9 ]2.
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Leading Twist TMDs in LCQM

The leading twist ;7 can be represent in the overlap form as

Rl kD) = 163[|7!)0(XkL7TT)|2+|¢0(XkL¢¢)|

+ | wO(Xa kJ_v\J/vT) ‘2 + ‘ ¢0(X’ kL?T?\L) | ]

With spin improved meson wave function, it is calculated as

R0 kD) = 753 [ (M + m)((L =M + m) —ki)°
x, k1) |2
(M 4 2m)?| Lk E ¢(w%w§)| .
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Light-Front Holographic Model

In case of LFHM, the meson state is taken as the overlap form of of 0 and
1 quark orbital angular momentum (QOAM) [L.] with momentum P as [e.

Pasquini and P. Schweitzer, Phys. Rev. D 90, 014050, (2014)]

IM(P)) = [M(P))t.=o + IM(P))L, 1.
With
d*k;  dx >
IM(P)) .0 = vO(x k) Y [b(1)df*(2)
£==0 /167T3 6x(1 — x) * E[T ‘
~b[*(1)d*(2)] [0),
IM(P)) —/dsz k) (KL 3 bi*(1)di*(2) 0
L= = [ Tom Tma— Yk (5 2 P mdr @)

a=1

- 3
k
+7% 3 bl (1)d*(2) [0) ) .
a=1
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Light-front Holographic Model

Where (1) = (x,k1) and (2) = ((1 — x), —k_). W being the spin improved

wave function written as [N. Kaur and H. Dahiya, Int. J. Mod. Phys. A 36, 2150052, (2021)]

mq(q) =+ MX(]. — X)

0 o
SR
Vi (x ky) = i) P(x, k).
With
2 o\ 2
booky) = AN | (kL (= x)mg + xmg)

ry/x(1 = x) 2r2x(1 — x)
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Leading twist TMD in LFHM

The overlap form of leading twist TMD is found to be

k) = ey (VOLkP 2 WO ko)),

The form of flq TMD is found to be

N? [k + (mq + x(1 — x)M)?]

or k2 x3(1—x)3

(ki +(1- x)mg + xm%)
2x(1 — x) )

fl(x, k%) =

exp | —
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Transverse Momen Parton Distribution Functions

Pion u-quark in LCQM

1900k, 2)[GeV?]

e9(x,k,2)[GeV?]

8
15
6
10
4
5
0.2 k.7 1GeV?] X ki2[GeV?]
0.5 0 0
X 3
1.0 00 1.0
9(x k,?)[GeV2] f9(x,k,)[GeV?]
60
50
20 g 40
30
20 20
0.2k:21GeV?] 10
0 0

HHIQCD 2024 Structural analysis of Pion and Kaon with Dis October 25, 2024 21/53



Transverse Momentum Parton Distribution Functions (TMDs)

u-quark TMDs comparison

15
— fillxk,?) === (k)

— A(ek?) === exk?)
- ) f0ck,?)
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Pion u-quark TMDs at a fixed x and in LCQM.

15

100" — Rk === k2 I M ok
80 k) oo Bk Fa0k,?) k)
& 60| 2-0260v2
E i k2 =02GeV?
20
0

0.0 041 02 03 04 05
k,[GeV?] x

Kaon u-quark TMDs at a fixed x and_ in LCQM.
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Both model comparison
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Pion u- quark comparison in both models.
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Transverse Momentum Parton Distribution Functions (TMDs)

Average transverse momentum

@ The x-dependent mean transverse momenta (n = 1) and mean
squared transverse momenta (n = 2) can be given as
(K1) = [ dx [ d°k’] TMDs
L7 Tdx [ d2k TMDs
@ The Gaussian transverse dependence ratio of these TMDs to find the
extent upto which the model supports Gaussian behavior as

R 2 (ki)
¢ VT a2
pion LCQM LFHM LFCM BLFQ

(ki) | (k1) | Re | (ki) | (k3) | Re | (ki) | (k)% | Rg | (ki) | (k%)®
fi | 022 026 [0.96| 024 | 027 |1.00| 0.28 | 032 |0.99 [ 0.26 | 0.30
e [018] 0.22 [0.95]0.21 | 0.24 | 0.99 | 0.26 | 0.30 | 0.99 [ 0.26 | 0.30
fi [ 021 ] 025 [0.96| 023 | 026 | 099|026 030 |0.99 025 0.29
f; | 021 ] 024 [095]022] 025 [099] 030 033 |098| - -
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Transverse Momentum Parton Distribution Functions (TMDs)

Average transverse momentum

Kaon Average Momenta

LCQM LFHM
u- (k1) (K3)2 Re (k1) (k3)? Rg
quark
fi 0.26 0.30 0.98 0.24 0.27 1
e 0.21 0.25 0.96 0.21 0.24 0.99
L 0.23 0.27 0.96 0.22 0.25 0.99
f3 0.23 0.27 0.96 0.22 0.25 0.99
s-quark
fi 0.26 0.30 0.98 0.23 0.26 1
e 0.21 0.25 0.95 0.20 0.23 0.98
fL 0.23 0.27 0.96 0.21 0.24 0.99
f3 0.18 0.21 0.97 0.19 0.22 0.97

The Rg is aproximate 5 percentage deviate from unity for few TMDs.

HHIQCD 2024 Structural analysis of Pion and Kaon with Dis October 25, 2024 25 /53



Transverse Momentum Parton Distribution Functions (TMDs) Parton Distribution Functions

Parton distribution functions

@ The PDFs are obtained by integrating the TMDs over transverse
momenta of the quark as

F9(x) = / A2k £ (x,K2)

o Similarly the other PDFs are e9(x), f(x) and f3(x).
@ These PDFs follows the following sum rule

/ dxfi(x) =1,
/ dxxf7(x) + / dx(1 —x)fI(x) =1,
Z/dxeq(x) -7

q q(q)
m -
dxxe(x) = —a(@)
M
Structural analysis of Pion and Kaon with Dis October 25, 2024 26 /53
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Transverse Momentum Parton Distribution Functions (TMDs) Parton Distribution Functions

Parton Distribution Functions

@ The other relations which are found to be

fq

FH(x, k1).
m(K)

fl(x) =

2/\/12

The above equation is called as “quark-model Lorentz-invariance
relations (qLIRs)" for spin-0 PDFs.
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Transverse Momentum Parton Distribution Functions (TMDs) Parton Distribution Functions

Pion u-quark PDFs

« E615
e E615-Modified

94(x)

Pion u- quark comparison in both models along with experimental data.
@ The evolution has been carried out by NLO DGLAP equation from an
initial model scale 0.20 GeV? to 16 GeV?.

E615 - J. S. Conway et al., Phys. Rev. D 39, 92 (1989).
E615-Modified - M. Aicher et al., Phys. Rev. Lett. 105, 252003 (2010).
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R IR (e
Kaon u-quark PDFs

0.6

— Kaon u-quark -------- BLFQ (u-quark) |
0.5 {
------ EPJC (2020)
- 0.4;
S03
x
0.2}
0.1}
0.0} |
0.0 0.2 0.4 0.6 0.8 1.0

Kaon u-quark unpolarized PDFs evolved from 0.20 GeV? to 20 GeV?
compared with Phys.Rev.D 101 (2020)[BLFQ] and Eur. Phys. J. C 80,
1064 (2020).
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R IR (e
Kaon s-antiquark PDFs

0.6/ __ Kaon s-quark ----- BLFQ (s-quark)

o5 EPJC (2020)

Kaon s- antiquark comparison in both models along with other model
predictions.

Ongoing COMPASS++/AMBER will provide more information very
soon along with the upcoming EIC.
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Transverse Momentum Parton Distribution Functions (TMDs)

Average x Value

Parton Distribution Functions

(x) fi(x) e9(x) (x) f3(x)
LCQM [ LFHM | LCQM | LFHM | LCQM | LFHM | LCQM [ LFHM
W™ 1 05 0.5 0.38 0.37 0.36 0.36 0.28 0.28
o1 037 [ 040 | 026 | 032 | 025 | 031 | 0.19 | 026

Table: Average longitudinal momentum fraction of pion and kaon

@ The leading twist PDFs carry higher longitudinal momentum fration

than higher twist PDFs.

@ In case of Kaon, the 5 antiquark carry higher longitudinal momentum

fraction than the u-quark.

o At @ =4 GeV?, (x) is found to be 0.30 in LCQM which have very

similar results with Lattice data and other models data.
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Generalized Parton Distribution Functions (GPDs)

Generalized Parton Distribution Function

@ In case of spin-0 mesons, there is only H9(x, &, t) GPD at the leading
twist, which can be represented in the overlap form as

d’k
Hu(x, €& —0) = [ Soms [0 KL 1)l L 1, 1)

+wS(X”7 l:T:\L)wO(X,aklj_vaL)

+7/13(X”7 /Jl_a\LaT)%ZJO(X,akIJ_vaT)

o (X" KT Do (X K 4 )] -
With " = (x-+ £)/(1+ ), %' = (x — /(1 €), Ky =ki — (1 x)AL /2
and k| =k +(1—x)AL/2.....

are the initial and final active quark longitudinal and transverse
momentum.
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Generalized Parton Distribution Functions (GPDs)

Hye (x,0,)[GeV3] Hy+(x,0,t)[GeV~?]

Pion and kaon GPDs at skewness £ =0 .
S. Puhan, et.al, Arxiv: 2410.07596
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Generalized Parton Distribution Functions (GPDs) Electro-magnetic Form Factors

Electromagnetic form factors

@ The zeroth moment of the unpolarized GPD Hp(x,0, —t) provides an
insight to the contribution of g-quark flavor to the total elastic EMFF
of meson and can be described as

FMq(_t)_/dX Fm(x, 0, 1),

where t = — Q2.
@ The meson form factor can be written as sum of quark and antiquark,
Fu(—t) = eqFm,(—t) + egFum,(—t).
@ These form factors obey the sum rule,
Fu(Q?=0)=1.
@ The radius of the meson can also be calculated from EMFFs

dFm(Q?)
<r2> = _6h2 ZQ2 )

at Q% = 0.
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Generalized Parton Distribution Functions (GPDs) Electro-magnetic Form Factors

Electromagnetic form factors

The EMFFs derived from GPDs
1.0

1.0
- Lattice (2007) + JLab (2001) ;g R
0.8 + NA7(1986) - FNAL (1982) 0.8 08 |
_ — , 0.7 ~.
~g 0.6 « JLab (2006) =g 0.6 06
S \ 2 \
,:f 0.4 I\ + JLab (2007) 'E 0.4 \\ 00500 005 010 0.15 0.20
- - « PRL 45 (1980)
0.2 0.2 T « PLB 178 (1986)
0.0 }HJ'IL-}-EJJ 0.0 I
00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0

-t(GeV?) -t(GeV?)

@ Pion and kaon EMFFs have been compared with Experimental Data
and Lattice Data Points.
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Generalized Parton Distribution Functions (GPDs) Electro-magnetic Form Factors

1.3

—
—
——i
——1

—

lFK(Qz)I 2/|F"(Qz)| 2

e o
© © o

0.00 0.05 0.10 0.15 0.20
-t (GeV?)

Kaon to pion EMFFs ratio.
[Data Points:-PLB 178 (1986)]

e The charge radius of pion is found to be 0.297 fm?and for kaon, it is
0.287 fm?.
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Generalized Parton Distribution Functions (GPDs) Electro-magnetic Form Factors

Theoeretical Extraction of TMDs and PDFs

@ Extraction of pion transverse momentum distributions from Drell-Yan
data [MAP (Multi-dimensional Analyses of Partonic distributions)
Phys. Rev. D 107 (2023)]

@ Pion-induced Drell-Yan processes within TMD factorization[Alexey
Vladimirov, JHEP 10(2019).]

e Constraining kaon PDFs from Drell-Yan and J/ production
[Wen-Chen Chang, Jen-Chieh Peng, Stephane Platchkov, Takahiro
Sawada, Arxiv:2402.02860]
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Medium Effects on TMDs and PDFs

Medium Effect on DFs

Nuclear Medium Effect
on

Pion TMDs and PDFs.
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Chiral SU(3) Quark Mean Field Model

e For medium modifications, we have adopted the chiral SU(3) quark
mean field model.

e The quarks are bound inside a hadron through confining potential and
interact with each other via scalar fields.

o Low energy properties: Chiral symmetry and its spontaneous breaking
are incorporated in this model.

o Broken- Scale invariance of QCD is also stimulated through the dilation
field x.

@ The general effective Lagrangian density of CQMF model is expressed
as

Leg = Lgo + Lgm + Ly + Lyv + Lys + Lc.
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Chiral SU(3) Quark Mean Field Model

Lqgo = G i7", q is the kinetic term for quarks.

@ Lgm describes the interactions of constituent quarks with the scalar
and vector mesons.

@ The self-interactions of scalar mesons o, and § and the dilaton field
x are described by the third term Lyy.

@ The fourth term Ly gives the self interactions of vector mesons w
and p.

@ The term L, sg representing the explicit symmetry breaking term.
@ L. corresponds to the confinement of quarks inside the hadrons.
For More details- S. Puhan, et.al, PRD, 110 (2024).
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m Effects on Ds and PDFs

Baryonic Density and Temperature effects on PDFs

Ppelpo=0 Palpo=0
08 ——-~ psl, 0.8 — pelpo=2
----- Ppelpo=0.5 - palpo=3
_06r PBlpo=0.75 _OBL o palpemt
E =
& [ s E A AR
*x 0.4 x 04
0.2 0.2
0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
x x
gl — Aol TR0 GV 100 = This Work (ps/pe=0))
Tt e - palpo=0, T=0.1 GeV 08 This Work (pa/po=1))
: ©  Chin.Phys.C 48 (2024)
0.6
= 0.6
A
=1 X o
x 0.4 v
04
(]
0.2 * .
----- Pelpo=3, T=0 GeV 0.2 0 .
0.0 — — - - palpo=3, T=0.1 GeV 00 YO e . s o e
0.0 0.2 0.4 0.6 0.8 1.0 0 2 4 6 8 10
X x

S. Puhan, et.al, PRD, 110 (2024).
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Medium Effects on TMDs and PDFs

TMDs in Medium

30
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Medium Effects on s and PDFs

Spin Densities in Medium
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Backup Slides
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Pion u-quark PDFs
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Pion u- quark comparison in both models.
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Kaon u-quark PDFs

Kaon u- quark comparison in both_models.
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Kaon s-antiquark PDFs
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Kaon s- antiquark comparison in both models.
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Medium Effects on TMDs and PDFs
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Medium Effects on TMDs and PDFs

Pion u-quark in LFHM
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Medium Effects on TMDs and PDFs

Kaon u-quark in LCQM
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Kaon u-quark in LFHM
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Figure: Caption
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