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Yesterday

» The theoretical approach to high energy scattering
in the pre-QCD era was established by V. Gribov
and is known as Gribov‘s Reggeon Calculus
(1968).

= The brick from which we wanted to do this was the
Pomeron (Reggeon with the intercept close to 1).

= Of course one defect of the approach has been
seen from the beginning, namely the absence of
a theoretical idea how to select the interaction

between Pomerons.

= The death of the Reggeon Approach R
was in 1974.
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Yesterday

« The microscopic theory of QCD was established by
Fritzsch, Gell-Mann and Leutwyler (1973), Gross
and Wilczek (1973), and Weinberg (1973).

» One of the simplest scattering processes that occur at
short distances is the reaction ¢ +p — ¢’ + X

/\’
Lot E. i e ph = (Ep) . .
e: p' = (E,p) incoming proton momentum : P

photon’s virtuality : Q% = —¢? = (k — k')?
vigt = (E—-E\p—p) . P-q Q2
fraction of electron energy transferred to the proton : y = Pk s
. ST
photon — proton system energy : s = (P + q)? = W?
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< Q Q

Bjorken —z : z =

:2P-q_Q2—I—W2—m12)
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I
target: P — (mm\ﬂmm

» The Deep Inelastic Scattering (DIS) experiment
allows us to investigate the structure of the hadron at

short distances by observing the recoil electron e’




"
Yesterday

= Previous figure was in the infinite momentum
frame (IMF).

= However, since our goal is to study the high energy
behavior of QCD, it's better to use the dipole
picture of DIS (Gribov (1970); Bjorken and
Kogut (1973); Bertsch et al. (1981); Frankfurt
and Strikman (1988); Kopeliovich et al. (1981);
Mueller (1990) Nikolaev and Zakharov(1991))
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Yesterday

= Colour dipoles are the correct degrees of
freedom at high energy QCD.

= The physical picture of DIS presented is the
following: virtual photon splits into a quark-—
antiquark pair, which, by the time it reaches the
target develops a cascade of dipoles, each of
which independently interacts with the target.
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Yesterday

« First attempt to the study of high energy limit in QCD
began with the derivation of the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) Pomeron (1975).

Pb >

BFKL Reggeon Exchange &

« The BFKL equation represents an important step
toward understanding of high energy asymptotics of
QCD. But also raised some important questions.
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Yesterday

The BFKL evolution equation for the dipole-target
scattering amplitude N(x10, b, Y; R) was derived

0 LO _ 9”10
8—yN(a310 b,Y;R) = (W|th K™% (22, T12;10) = 22, 12, )
_ d2332 1 1
as| — K (zo2, z12;10) | N | 12,0 — §w2o,Y;R + N | ®20,b— §$12,Y;R — N (z10,b,Y; R)

T

= Using a Mellin transform with respect to Y, and
then expanding the dipole distribution on a
conformal basis, we find (Lipatov, 1986)

V2+n_2 n,v
NBFKL(p11p27p1 ’y P21 aY) — 8(,145 Z / dl// asx(r, V)Y[ + (n—i—l)z][ ;1+ (n—1)2]G , (pl’p2’p/1’pf?)

even n

With w(.v) = asx(n,v) = as@p(1) —¥( +iv) —

G™" (p1, p2; P1, pa) = by, _ww* 2F1(h h, 2h; w)gFl(h h; 2h; w™*)

+ by, Lt *l_ﬁzFl(l—h,l—h,2—2h;’w)2F1(1—B,l—ﬁ;2—2i~z;w*)’ 2
b — 3odiv F( w ) b (w+ ) P12pP1’2/ Pi = T4,1 + 7 Li2;
n,v r < 1—|—|n|) T (1 iv L |n|> w = , o 1

w+ = P11’ P22/ Pik = Pi — Pk

1 n ~ 1 . n
)) h—§ V+§,h—§+ZV—§

1—|—\n| 1+|n\
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Yesterday

= At large values of Y=In(1/x) the main contribution
stems from the first term with n = 0. We have

1\2
k — ’y ) b3 %
HY (w, w*) = 8ag (7((1 _?))z{bvw”w ToF1 (7,7, 275 w)2 F1 (7,3 25 w™)

+ b w W T (1=, 1=, 2 = 2y w) P (1 — 7,1 — 432 — 2y;w")}

: 1 _ 3a41/2—y)  LT(V) 'l—-v) _  agN.
W|th ’7—§‘|‘Zl/,by—ﬂ'2 ’YF(]./Z—’)/)F(]./Q—F’Y),OZS_ -
= Taking the integral over v using the method of

steepest decent, we see that

1

X(7) = 2¢(1) =9 (7) = P(1 = 7) = x(ver) + 5X" (ver) (v = Yer)®

1 ('7cr - %)2 T'2R2

Y \\/ZWQSXH('YCT) 2 (er (1= %r))zb%r, (((b2 —5(r—R))*(b? + 5(r - R)>2>e

]-_’Yc'r'

as Yoz Y)
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Yesterday
= Defining
r? R2
5_m<ﬁﬂ—%@—lUV&ﬂ+%@—fUV)

L X(’Ycr) 2 _ 2 _ ag kY
c= 1 QYD) = QF(Y =0,0) e

z = ln(a;ngg(Y,b)) = askY +&§ 1—-7%=7
= \We obtain

N(z) = Nge*?
= This shows the so called geometric scaling.
- Value of 7. is found by solving X&) _ _dx0er)

1 — Yer d’Ycr
we find 7. = 0.37 and for as = 0.2 we get Ny = 0.25
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Today

Seminal paper of Gribov, Levin and Ryskin (GLR,
1983) put forward the idea that nonlinear effects in

QCD evolution lead to saturation of gluonic density
at high enough energy.

One scattering Multiple scatterings
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Linear evolution Nonlinear evolution

= Nonlinear term slows down the small-x evolution,
leading to parton saturation and to total cross
sections adhering to the black disk limit ow.: < 27 R”.
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Today

= This BFKL Parton cascade leads to Balitsky-
Kovchegov (BK) equation for the amplitude and
gives the theoretical description of the DIS
(Mueller (1994), Balistky (1999), Kovchegov
(1999), Levin and Lublinsky (2003)).
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Today
€g = K Y
Satyration region
EQ = QgK YA _
Perturbative QCD '
€D &p= In(x3Q5(Y=0, b))

= Saturation region of QCD for the elastic scattering
amplitude. The critical line (z=0) is shown in red.
The initial condition for scattering with the dilute
system of partons (with proton) is given at ¢s = 0.
For heavy nuclei the initial conditions are placed
at YA=(1/3) In A>» 1, where A is the number of

nucleon in a nucleus.
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Today

= Performing a "Fourier transform”

2k, _ T _
N (261,0,Y) = @ / 5 €N (kL,b,Y) = af / kidkLJo (zorky) N (kL,b,Y)
0

= We write (Kovchegov (2000)).

ON (k1,bY)  _ 9 < e
8Y = ozg{x< 85)N(kJ_,b,Y) N (k_]_,b,Y)}

Where ¢ = n(Q*(Y =Ya,b)/k?) and 2 = ass(Y —Ya) + € = In(Q2(Y,b) /k?)

~

= Differentiating this equation over ¢ we get
82N (k. ,b,Y)
oY O

) 8\ ON (k.,bY) - ON (k1,bY) ~
— = ? + N(k.,bY) — 2 ? N (k. ,bY
as{Xo( 35) 9é (L ) EY: (L )
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Today

1 _ 93

Where xo(v) = x(7) o V= T

- Introducing the variable Z instead of ¢ and the
new function M as

oN (k;;b’&}) E %+M (2,6,67) or N(b,07) = %Z+/£d2’M (7,,07) = g;g +/:od2’M (#,5,07)

0

We can re-write the previous equation in the form

OM (; ; 517) . OM (Zgb, 5?) = Yo (%) M (z b, 51?) _ G+ OM <z b, 5?) M (z b, 517) / dz' M (z’, b, 5?)

with 6% =as (v ~Ya) and ¢ = ;" d'M (#,b,67)
- Atlarge Z, M is small so we can neglect the last
term. This gives a “linear equation”, but with the
term (z + ¢ m (z,,67) actually coming from the N2 term
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Today

= Forregion |, we have

dM , b d
SED o (Z) MGy - G+ oMY

= We solve this equation using the Mellin transform

e+100

- dy (s
M{ED) = [ SLeEOmE (o

= We find MO and the_n we back to coordinates.
The result is

Ni(z) =1 — C exp <—(z ;j) )
With z =2(In2 + ¢(1)) — ¢
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Today

= For region |l, we have to solve

Mgt oMl (0
Y% 9z X9\ 5z

= We solve this equation using the Mellin transform
€+100

M (5, 5}7) _ / %Q(HC)vmgI (% 5{;)

) M1 =+ !

€E—100

= Final result for the elastic amplitude in region |l is
II (2 — 2)°
NgT(€,2) = 1 — G(€) exp

2K
with G(§) = exp ((5 3 é)

2K 4
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Today
- From the matching condition on the line &4

N§ (2= rdY +¢8) = N§'(6 =&,z = ro¥ + &)

= We find constant C

A
(6 —2)° _ e
O =
P ( 2K +
= And from matching conditions at z=0 (red line)
I
Ny (z = 0) = Ny dln Ny (2) = 7
dz
kYN, #=0
we find 7 = ——1-% = _1.02, ¢ =0.83 . &} = 0.56.

1 — Ng
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Diffraction at high energy

= An event is considered diffractive if it contains a
rapidity gap (interval over which no particles are

produced).
CE—
rapidity
> g }rapidity
gap
gap
/

(b) single diffractive

elastic process
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dissociation ol } rapidity gap
= X = X o |
(c) (d) central exclusive diffraction
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Diffraction at high energy

= The equation for the S-matrix in the BFKL
cascade has the following form in the dipole
approach to QCD (Mueller 1994)

d B — A 2 r? . 1 /. 1 :
dYS(Y,r,b) = ag/d rr’2(r—r’)2 {S(Y,r,b—i(r—r))S(Y,r—r,b—ﬁr — S(Y,r;b)

K(r,r")
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Diffraction at high energy
= Writing
SP(Y,r;b) =1—2N (Y,r;b) + NP(Y, Yy, 1, b)
= And plugging this in the S-matrix equation we

obtain the Kovchegov-Levin equation (2000)

8ND (Y, Yo, 10, b) .
OY

a
2—; dzTgK(T10|T12,T02) {ND (Y,}/E),T12;b) + ND (Y, Y07r20;b) T ND (Y> Yo,’l“lo;b)

+NP(Y; Y0, m12; ) NP (Y Yo, 7205 0) — 2NP(Y; Y0, 712;0) N(Y;720; b)
—2N(Y;r12;b) NP (Y Y0, 7205 b) + 2N(Y;T12;b)N(Y;I’P20;b)}, with Yu =Y - Y,

_y___< r : Y r Y
l
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Diffraction at high energy

= The graphic representation of the terms of of the
KL equation for diffraction production

a) d)
initial condition NP NPNP NPN

= Introducing a new function:

N (2,0Y,8Yy) = 2N(2,8Y) — NP(z,6Y,8Y0)
where 6Y = as (Y —Ya). 6Yy = as (Yo — Ya) , we rewrite
0N d? 2

8}21 = 645/ 02 2:c012 {%2 + M2 — A2 N2 — =/161}

2T T 1
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Diffraction at high energy

= With initial conditions
N (z = 20,0Y = 8Yp,8Yy) = 2N(20,6Ys) — N?(2p,0Yp)
 Replacing . (z,6Yp) = 1 — AP (2,4Y), It takes

the form
OAQ _ d* xo2 T, { D
= AR AD A }
oY S / 21 13, T, 01

= with the initial conditions for AP as
~\2
Region I : AJ (z = 20,0Yy) = C?exp <(ZO — %) )

K

N2
Region II : Aé)l (z oy 20,5}7 — 6Y0,6Y0) —1—N,;, = G2 (€) exp (_ (z0 — 2) )

K
2
with G (§) =exp ((§ 2_:) - %eg)
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Diffraction at high energy
= The homotopy method we can use is as follows
I (p,u) = Llup| + pAeluy,] = 0

With v Y,210,b) = uo (Y, x10,b) + pus (Y,x10,b) + p°ug (Y, 10,b) + ...
= In this work we include in Z[u,] part of the non-

inear corrections. First, we simplify the non-

iInear term as

ds / d? 70 2«’15312 ADAD — AD / d2/AD, = AD (gA— / dz’Aé;> with (a = / d2'AD

2T xfo TYo
0 z 0

So we take
0 ¥ / /I S\
X(Aé)) = (5‘6—)7+ z — CA) Aé)—i— Aé) (z,(SY,z())/dzAé) (z,dY,zo)

2 2 i Zo1 2
d“xgo X dx

01 AD AD AD 02 A D
2 9 0 (5602) 0 (3712) - 290 2 02

2T Ty TTg L2

N [AP] = @S/



"
Diffraction at high energy

= The first iteration (p=0) gives

DS,”(A(?) = 0; (i + z — CA) Aé)—‘,— Aé) (z,é?,zg) /dz’Aé) <z"5l~’,z0) = 0;

oo

« Introducing A©) (z,&,) = 1 — A6 (2,£5) = exp (—QO (z,€,))

with & = «dY |, we obtain

0*Q (2,¢,) | _ o020 (z2,6.)

K p—

0&s 02

= Forregion |, it reduces to

d2Q0) (2, o)
dz?

K
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Diffraction at high energy

» Solution is found by defining dﬂ(z( 2)
1 dp . —Q(2)
2fgqo — 1€

= With the solution

= p(2©) so that

(0)
p = ol = \/g (Q(O) + exp (—Q(O)) — 1) + C4

dz K

» Integrating and applying initial conditions, we get

0 0)

/ d Y B
VO +exp (=) —a

Wltha,— (20 — 2)° /(2k) — 2InC

—(2—-2)



"
Diffraction at high energy

= To solve the integral, we assume Q(O I)is large,
so that we can use the expansion

Z 277, 1)”$
V1 2nn!

n=0

1 B Z 2k—1 ! e \"
VO +exp () —a VLY - 2( —a)

= So defining function ¢ (Q©D) as

0(0,1)
dQ)

VO +exp (—) —

Y gz(().[)

= We obtain
w (Q(O,I)) 2\/m+z (—1)kkF—2 (2k — 1)!! ' —ak (((—1)k2kﬁ T (1 _k,(k(_a+Q(O,I))>)

2k k! 2k — 1)!! 2
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Diffraction at high energy

= Now using the asymptotic expansion I'(a, z) ~ 2%~ te?

we obtaln e "
L2k — 1)!! 1 2 2 3
2/ —at Z 2kk K ) (Q(OJ) - a) exp (~k QD) = /7= 2)
= And for Iarge Z leads to
k L( kts )2
(0.1) B (z — 2) (2 — ! 1 (=2
WH7z) —a ; ok K k! 27 xp |~k

« Finally Ay = exp(-2©P) can be rewritten as follows

k+3
)e-1(2k — 1 2k ’
A(()O,I) (z) = Apr(2)exp (a—|- E Qkk]d )! (( ~)2> A’ET (2))

A A

where Arr(z) = exp (_ (z2;>2)
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Diffraction at high energy

= For region |ll, we have

PO (2b)  FO(=6) _ 1()_ a0(e))

072 ot? K
where 2 =& +& and t =&, — €.
» This equation has the traveling wave solution
Q(O)(Z,ﬁs)

/
/ att =uz + vt + Cs
VO + gty (@ + exp (-9)

QSO) (ZO aEO,s)

= We rewrite as follows for satisfy initial conditions

Q) (2,65) ,

Q 2
/ d =4/—((1+v)z+vt—2—-2v&;,)
3 V-0 + U +exp(—) K
0
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Diffraction at high energy

. Therefore Q%11 is the solution to the equation

QY (Q(O’II),QO) — \/%((14—1/) 2+ vt — 2)

where 2 =z 4 2v&p s
= Following the same steps, we obtain

k+1
(0.11) s B > (—1)F1(2k — 1) 2% e
A0 (Zags) - ALT (z,gs)exp( QO_*_; 2kkk" ((1+I/)Z+I/t—2)2 ALT (Z,gs)

(1 +v)z+ vt — 2)2)

Where ALT (Z’gs) = €Xp <_ 2

» By doing the matching on the line £ = &' |, we find
v=>_0
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Diffraction at high energy

= Let’s rewrite the KL equation as follows

Q
nd = ﬁ d’ry K (710|712, 702) {Nfg +NE — NE + NENE — 2N Noy — 2 N1oNE + 2N12N02}

= We see that

ONP (z,8Y,6Y)) ON (2,0Y,6Yp) N ,ON(z, 5Y,6Yp)
oY oY oY

n? (z,Yar, 20,6Y0;b) =

= Applying chain rule on function %

dz (D) dw (Q0D) @D 00D 1 /2
dz 4. dz dz \/Q(O,I) + exp (_Q(O,I)) —a V&
= \We obtain

% (0,1)
8/(?;((55}};, = - Kdez P (_Q(O,I)) =V2nk \/Q(O’I) + exp (—Q(O,I)) —a exp (_Q(O,I))
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Diffraction at high energy

Therefore

nPD = _\Jor (@OD + ALD —aly ALD +21/25 Q0D + ALY — a1 /2) ALD

H(DII) _ —\/Q/s (QO.11) 1 ALID _ g1y ALID | \/% Q01D 4 ACTD _ 11 j9) ALID

where o = (20 — 2)? /(2k) —2InC aNd a7 = G2 _ Go=€0.=9 | 1 (0 g)

2K

- Finally, amplitude N”(Y;Y;,7015b) is given by

Y Y
NP(Y:Yy,ro1:0) = N2 (Yo)+ | dY'cairs (Y, Yo, 0) = N2 (Yo) + [ dY'nP (YL, Yo, 701;b
el ff el M
Yo 0

For relate with experiment, we should use formulas
(Y, Yy, Q%) / d’r / dz |07 (Q% 11, 2)? 051 (re, Y, Y0)

where o3/l (rL.Y.Y,) = d?bdzb’NDm Y, Yo; b)
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Diffraction at high energy

= Now, the equation for the second iteration is

(ﬁ% 4oz - C)AD(z 20) + AP (2 zo)/dz’AD 7 z0) + AP (2,20) /dz’AD (2, 20) = —JVZ[AD(Z)]
~(A0)2

N -

~(A0)?

Taking into account only terms of the order of (A0)°

1

AOD (z/’ ZO) ‘/VZ[A(I)) (z’)]

AP (z,20) = ~BF (2,20) [ a2

The particular solution can be written as follows

1

A7 = —AY /d’
1 (z’zo) 0 (Z,ZO) z AOD (Z,,zO)

Nz [AF ()]

0.025
0.020

< 0.015

[y

< 0.010
0.005

0.000
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Diffraction at high energy

= This was numerical calculation, but you can also
do some simplifications for obtain an analytical
solution

(n% s z>A? (5:6,20) = ~Na[AP (2)] = —exp (—("_ilnz) - é(s,zo))

. o 2 N [AF ()]
kAT (2,6,20) = Ap (2, 20) /zo & AP (2,€, 20)

n2 —41n2 z2—41n2
= AP (2,2 Mﬂ—ne“w - (—erf(zo )+erf( ))
0 (28, 20) 2 V2K V2K

= Finally, let me briefly talk you about AZ®“? (zp,¢, 2),
region where zp < 0 and initial conditions are

NP (2= 20,67 = 6Yp) = 2 NBFKL (55, 6Yp) — (NBFKL (2, 6Yp))” = 2 Ng (r® Q2 (8Y0)) T —NZ (r* Q% (8Y0)) ™
or

QPP = N P(2 5 2,07 = 6Yp,8%0) =2No (r? Q2 (6Yp)) —Ng (r2 Q2 (8%0))” = 2Np e —Nge27%
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Diffraction at high energy

= \We have
QO,pQC’D
dsy 2
/ Ve )
agreoD \/ O +e® —1+1(72n — 1) (2579°P)
= and we rewrite this as
»T / dQ 2
; — + =41/ —(2 — 20)
. v/ \/Q +e Q —]; ngplCD \/QI+B_Q/ _1_*_%(,-—)/2,{’ _ 1) (QS,PQCD)z K
%I(QO‘;QCD) - -

2, (23PRCP)
. Considering qorecp large for 24 (2°P9“") and
Q0.PQRCD small for % (2F9°"”) | we obtain
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Diffraction at high energy
O-PQCD (5, Qg’pQCD) > 1 ASQCD (zp,&,20) = exp (—QO’pQCD(E))

Wlth E — \/> (z — ZO Q(pQCD 0))

QOPRCD (53 Qg’pQCD) <1 AgQCD (2p,&,20) = Qg’chD (cosh (z — ZO) + Y4/ksinh (z _ ZO))

K,
1

where %(Qf?"%) =2 (5 In(©°PO) 4 In (7 %f)

&

~.2|
?i

= Finally, for the second iteration we have
ZD 1

AP (zp, €, 20) = APPCP (p € 2 dz’ N
e A R R T




= B
Conclusions

= |t has been shown that the zero order solution
(first iteration) is a good approximation for
solving non-linear equation that appear in QCD,
and that the iteration procedure, which is being
partly numerical, leads to small corrections.

= However, there are still some open questions.
What about for a running coupling? (actually, in
development!), what about for other nonlinear
equations? (in development too), how to confront
these results with experimental data?, etc. |

Thank you for your attention!
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