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1. Introduction



Background E 4

Exotic candidates  X(3872), f,(980) 0 — ch.N
pn(E)

For the analysis of the near-threshold states

Threshold cusp

Channel couplings ch.2

ch.1l

Problem : the constraint in 2ch. scattering[1] D1

This work : considering the general case (N channel scattering)

. studying the relation of the number of channels and cusp

[1] K. Sone, T. Hyodo, arXiv:2405.08436 [hep-ph]



Threshold cusp :

The scattering amplitude has a term —ipy from the unitarity:

1 . .
S-wave : fij X — py « VE : relative momentum
_X_ij_le_I'O(pNz) X;j - complex constant
Pj 2 :
cross section @ 0jj ~ 47T—]_|fl-j| :not ERE

Expansion around the Nth threshold(E = 0)
above(PN) o 1+ 2Im(X;;)py (E > 0) :above the threshold
0" (ky) « 1+ 2Re(X;Dky  py = iky < i\/|E| (E <0) :below the threshold

I:> Discontinuity in derivative at the threshold : threshold cusp

Slopes are determined by the coefficients of py

do/dE — Foo I:> 4 kinds of cusps(next slide)

E=0



4 kinds of cusps
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[2] L. D. Landau and E. M. Lifshitz, Quantum Mechanics:
Non-relativistic Theory (Addison-Wesley, 1965)
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2 channel constraint 7

Slopes of the cross section in general case:

oo (py) « 1+ 2Im(X11)p;
O'lbllOW(KN) x 1 + ZRe(Xll)Kz

2 channel case:
Im(Xy1) = Im(a,) constraint

J

o (py) « 1+ 2Im(ay)p,

oy (E) [dimensionless]

The slope above the threshold must be negative[1] ‘

[1] K. Sone, T. Hyodo, arXiv:2405.08436 [hep-ph]
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Unitarity

A general form of the scattering amplitude derived from the unitarity :

Kil—ips K Kt - Kin \
K7 Ky —ip, Kyt Kon
-1 : : . : :
E) =
o) Kii Ky v Kt —ipg e Kin'
\ Kin Kin Kyt - Kyy— ipN(E)/
K : K-matrix

p; : relative momentum of ch. i

- The imaginary part —ip; in diagonal components

- up to first order of py

- Focusing on Nth threshold

j|> Applicable near the threshold



Near-threshold amplitude 10

Calculating the amplitude from inverse from
n;;(E) D(E) : common to all components

flJ( ) D(E) ni;(E) : different for each component

D(E): determinant of f~1

Kt —ipy Kt - Kyt - Kin \
K1 Kl K1 Kl B
12 22 P2 2 N K;;* : real number
D(E) = det K1 K1 e KT1 g K1

1 21 c Ru e iN p; (i # N) : constant

\ Kin Kov = Ky o Kyw— ipN(E)/
Ki' —ip, - Kj_jl Kin
n(E) = det | —HKr ke K : cofactor of f1
Kyi Kfj - Kun —ipy(E)



Denominator L

Decomposing the denominator using the property of determinant

Ki' —ipy K - Ki' —ipn K
D(E) = det| Kz Kz —ip oo tdet| K2 K —ip
Kin Kon - KN KoN
= D, = —iD,pN(E)
@ D,,D, : complex constants

-1
D(E) = Do(Dy/D; — ipn(B)) (> ERE:fo (= +;mp?—ip+0(p")

the scattering length of channel N : ay = —D,/D,

From the optical theorem, Im(ay) <0



Numerator(diagonal components) =

n; : Same expansion as D(E) |:> (N — 1)x(N — 1) determinant(cofactor of f~1)

/Kﬂl —ipy - K1_i£1 Kl_iil Kiy \
E)=d Kl_ill Ki_—11i—1 — ipi-1 Ki_—11i+1 Ki_—luv
nii( )_ et K_l K_l K_l . K_l
1i+1 i—1i+1 i+1i+1 — Wi+1 " i+1N
\ Kiv Kiin Kiiin - Kyn — ipN(E>/
Imaginary part are only in diagonal components
: n¢,ng : complex constants
_ odnd od
n;(E) = nz(ny/ng — ipy(E))
. . . . d d
Defining bj; - bj; = —n7 /n;

constraint : Im(b;) <0 |:> Same condition as ay




Numerator (off-diagonal components) 13

In case of n;; (i # j # N),

/Kﬂl —ip; - K1_il—1 K1_i}-1 Kfz\} \
K1_j1—1 Kj_—lli—l Kj_—11i+1 Kj_—llN
nU(E) = det K_l K_l K_l K_l
1j+1 i—1j+1 i+1j+1 j+1N
\ Kl_Nl Ki_—llN Ki_+111v Kﬁz\li — PN (E)/

n;; : cofactors of [f~1];; have imaginary parts in off-diagonal components
|:> different property from n;

ni;j(E) =nz(n{/n3 —ipy(E)) (i #j#N)

n?,ng : complex

Defining Zij : Zjj = —n‘f/n‘z’

No constraint is imposed on z;; |:> Different from ay, b;;




Summary so far

FEY =5, fu(E)

fin(E)
fon (E)

fin (E)

\fm(E) sz(E)

. d —bi—lPN
Diagonal|: f;(E) = D . = £ (0)
CLN N
1+iz;ipn(E)
Off-diagonal | fl](E) — fij(o) 1+ia,\],pZ(E)

@ )/

1+ib;;pn(E)

T+ianpn (E) Im(b;;), Im(ay) <0

(i #j#N)

14



Slopes of the cross section 15

Slopes of the cross section determine the shape of cusp
. Pj . Dj 2
s-wave cross section : gy =p—]_fff dfl = 47Tp—]_|fij|
l l

Expansion of f;;(E) around the threshold (py = 0) :

fii(E) = fi;(0)(1 + ib;ipn)(1 — iaypn)
Cross section :

aPo% (py) = |£fi(0)|*[1 + 2Im(ay — bi)pn] (E > 0) : above the threshold
ol (kn) = |fi:(0)|2[1 + 2Re(ay — bi)kn] (E < 0) : below the threshold

Ky = +/2un|E]

Slopes are detrmined by ay — by;

o;;(py) can reproduce the 4 kinds of cusps (no constraint)



Slopes of the cross section

Expansion of f;;(E) around the threshold (py = 0) :

fij(E) = fi;(0)(1 + iz;py)(1 — iaypn)

Oft-diagonal components(i #j # N)

albov (py) = |f;;(0)|2[1 + 2Im(ay — z;;)pw]
blow(KN) ~ |fl1(0)| [1+ 2Re(ay — Zij)KN]

Slopes are determined by ay — z;;

0;j(py) can reproduce the 4 kinds of cusps (however, N > 3[latter])

I:> General N channel case : No constraint (4 kinds of cusps )

16



CDD zero

Roles of the parameters b;; and Zjij

In case with near-threshold CDD zero :

Diagonall:

Off-diagonal |-

17

One of the reason for dip structures : CDD zero 3 : : :
_ ¢ - - 1y =0.07
w 25k / . .\
% . SO y = 0.00
_g 2 i /.o “‘ P —— '}/:—0,01
0 e t . . y=—10.0-
Zero point @ pZ"° = i/b; :
S 1 ]
=
Zero point @ p#"° =i/z == = -
P “bij = ij o e --_ﬁ
% -0.05 0 0.05 0.

CDD zero can make dip structures




Summary so far 18

We discussed the slopes of the cross section in N channel case.

Results :

Slopes of the cross sections are determined by ay, b;; and z;;  (Im(ay), Im(b;;) < 0)

General N channel case : No constraint (4 kinds of cusps )
Roles of b;; and z;; :

In this model, the CDD zero is determined by b;; and Zij

@ Near-threshold CDD zero

Slopes of the cross sections are determined by a, and the position of CDD zero
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Near the second threshold

Here, we show the constraint in 2 channel case

|:> Focusing on second lowest threshold

We should consider 2 x 2 matrix in channel space

Fo1 = <K1_11 —ips K >

K1_21 Kz_z1 — ip;

E

I:> - Higher channels than the ch.2 are absorbed to K;;

- |t doesn’t matter haw many channels the system has

20

ch.N

py(E)

ch.?

ch.1l
P1

We discuss the shape of threshold cusp at the second threshold



Near the second threshold o1

K—l o K_1
The inverse of amplitude : f~1 = ( H _1lp1 e )
K12 K7 —ip>
- No off-diagonal components satisfying i #j # 2 I:> We consider fi;

Diagonal component

—1 |

i K_ tb11D>
‘ny =det| i & = 0
Numerator : 144 CK Ktl _ ip, |—:> f11 = fua( ) 1+la2p2

2

a, - scattering length

by, * real number I:> Im(b;1) = 0 : A special constraint of 2 channel

Slope © off*"(pz) = |f11(0)|*[1 + 2Im(az — b5)P2] (E > 0) : above

Im(a,) <0 I:> The slope of g2°V¢ must be negative
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The third threshold 23

- Diagonal components : same as N channel case I:> ip, Or ip, remains in ny;

Off-diagonal (i #j # 3) |:> only f1,(p3)

e —ipr—— K E ke {4
+ 12123
Numerator inq, = det K K;,' + ip, K2_31 |:> f12 = f12(0) 1+ iasp
Kis' K3 K33 —ips o

ip1,ip, vanish

a; - scattering length

z1, - real number |:> Im(zy,) = 0 : the special constraint of three channel

(1,2) slope : 053" (py) = If;(0)[2[1 + 2Im(az — :)pw]

Im(ay) <0 I:> The slope of o°V¢ must be negative
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Summary 26

This work : we discuss the shape of threshold cusp with channel couplings

Results :
- General case(N channel case) : 4 kinds of cusps are possible
- There are constraints in 2ch. (1,1) and 3ch. (1,2) components

I:> Only 2 kinds of cusps are possible[1]

We should consider the conditions in few channel scattering.

We should use a scattering amplitude with correct numbers of the channels.

[1] K. Sone, T. Hyodo, arXiv:2405.08436 [hep-ph]



