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Nonrelativistic (NR)  bound states lie at the core of quantum physics spanning particle to nuclear physics, and  
condensed matter to astrophysics

 They  are multiscale systems, which is an opportunity for the physics but a challenge for a QFT description 

They are  at the origin of several past and contemporary revolutions. 
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Focus of the lecture

We  introduce a  nonrelativistic effective field theory  (pNREFT) description that reinventes QM  and allows 
precise calculations of observables    

This  framework is particularly suited to address  strongly interacting systems    

 pNRQCD allows to use  NR bound states to address contemporary challenges like: 

•  the exotics XYZ states and the nature of the strong force
•   the in medium heavy  pairs evolution with impact  e.g. on the  nuclear phase diagram (and dark matter properties..) 

   

Novel tools to bridge perturbative methods with lattice QCD  are key to this program, as well as the combination  
between different EFTs   



The prototype of NR system is the  hydrogen atom and it is at the origin of the quantum revolution  

NR  bound states  accompanied the history of quantum theory  from its beginning to the establishment of QFT   
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Non-relativistic quantum theory of bound states

Non-relativistic bound states accompanied the history of the quantum theory from its

inception to the establishing of the quantum theory of fields:

• 1926 Schrödinger equation:

(

p2

2m
+ V

)

φ = Eφ

g = g0 + g0(−iV )g = +

x
g0 = i

E−p2/(2m)
{
• 1927 Pauli equation:

(

(p− eA)2

2m
+ V −

σ · eB
2m

)

φ = Eφ

The relevant scales of the non-relativistic bound state dynamics are

• E ∼
p2

2m
∼ V ∼ mv2, • p ∼ 1/r ∼ mv;

a crucial observation: if v(elocity) ≪ 1, then m ≫ mv ≫ mv2.

Relativistic quantum theory of bound states

• 1928 Dirac equation: (iD/−m)ψ = 0

gD = gD0 + gD0 (−ieA/)gD = +

gD0 = i
p/−m

{
• 1951 Bethe–Salpeter equation:

G = G0 +G0KG = +G K G
G0 = gD0 ⊗ gD0

{
All the complexity of the field theory is in the kernel

+ + + ...K  =  

which only in the non-relativistic limit reduces to the Coulomb potential, but, in

general, keeps entangled all bound-state scales.
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Relativistic quantum theory of bound states

• 1928 Dirac equation: (iD/ − m)ψ = 0

gD = gD
0 + gD

0 (−ieA/)gD = +

gD
0 = i

p/−m
{
• 1951 Bethe–Salpeter equation:

G = G0 + G0KG = +G K G
G0 = gD

0 (p1) ⊗ gD
0 (p2){

which reduces to the Schrödinger equation in the non-relativistic limit, E(ext) ∼ mv2,p(ext) ∼ mv:

+ + + ... = + ... =   −iV + ...K  =  

gD
0 (fermion/anti-fermion) =
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±p0 + E/2 − p2/2m + iϵ

1 ± γ0

2
+ ...
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• It shows the difficulty of the approach the fact that going from the calculation of the
mα5 correction in the hyperfine splitting of the positronium ground state to the
mα6 lnα term took twenty-five years!
◦ Karplus Klein PR 87(52)848, Caswell Lepage PRA (20)(79)36
Bodwin Yennie PR 43(78)267

• With few exceptions no applications to QCD and quarkonium physics.
◦ Mödritsch Kummer ZPC 66(95)225
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Aubert et al. BNL 74

Γ ∼ 90 KeV

The discovery of the J/psi (ccbar lowest state) is at the  origin of the November revolution  in 1974 

Samuel  Ting: It was like to stumble in a village where people were living 70000 years  

• Discovery of the first quark of heavy type  Q (m_c > Lambda_QCD)

• Confirmation of the quark model and QCD

<latexit sha1_base64="3TzenPvXI27xk4YsX+3r5jMVSFQ=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0Wom5BU+9oV3bisYB/QhDCZTtqhM0mYmQg1FH/FjQtF3Pof7vwbpw9BRQ9cOJxzL/feEySMSmXbH8bS8srq2npuI7+5tb2za+7tt2WcCkxaOGax6AZIEkYj0lJUMdJNBEE8YKQTjC6nfueWCEnj6EaNE+JxNIhoSDFSWvLNQxexZIh8WSxxH59ClzHo+GbBtsr1s0q1BG3LnkETx6lXqjXoLJQCWKDpm+9uP8YpJ5HCDEnZc+xEeRkSimJGJnk3lSRBeIQGpKdphDiRXja7fgJPtNKHYSx0RQrO1O8TGeJSjnmgOzlSQ/nbm4p/eb1UhTUvo1GSKhLh+aIwZVDFcBoF7FNBsGJjTRAWVN8K8RAJhJUOLK9D+PoU/k/aJcupWOXr80LjYhFHDhyBY1AEDqiCBrgCTdACGNyBB/AEno1749F4MV7nrUvGYuYA/IDx9gn2CZRI</latexit>

↵s(2mc) ⌧ 1
—>narrow width and asymptotic freedom: annihilation at large scale controlled  

by a small coupling constant 

—>energy levels  and confinement: 
structure of levels controlled by a 

 Cornell potential in a Schroedinger eq.

Past  
Revolutions



The November revolution in the ’70s: more quarkonia
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all signals were digitized and recorded on tape.
This trigger gave an event rate of 0.3 Hz for a
luminosity of 1 pb ' s '. A typical fill of CESR
lasts 3 to 5 hours yielding an integrated lumi-
nosity of up to -15 nb '. The integrated luminos-
ity for each run was measured by detecting and
counting small-angle (40 to 80 mrad) collinear
Bhabha scatter s w ith lead-scintillator sandwich
shower detectors. The long-term stability of the
luminosity monitor is confirmed by the yield of
large-angle Bhabha scattering events in the NaI
array.
Because of the limited solid angle of the NaI

array as used, a major fraction of the hadronic
e e annihilations gave very few particles in the
detector. Rather than trying to identify all had-
ronic events, which would result in an unaccept-
able amount of background, our aim in the analy-
sis was to obtain a clean sample through the use
of strict event- selection criteria. Fundamental
in all criteria used was the identification of mini-
mum-ionizing hadrons. At normal incidence,
minimum-ionizing particles deposit 15 MeV in
the first four Nal layers and - 68 MeV in the last
layer of a single sector. In all scans one unam-
biguous and isolated minimum-ionizing track
plus at least two other tracks or showers were
required. All data were scanned by physicists
and with computer programs. The acceptance
criteria for data presented were determined by
maximizing detection eff iciency while maintain-
ing the background level well below l0'%%uo of the
continuum cross section. The overall efficien-

cies for detecting continuum and Y events are,
respectively, 28% and 37/o. These values are ob-
tained by use of the cross sections measured at
DORIS'' (g„„,=3.8 nb at 9.4 GeV, o ~»&=18.5
nb after correcting for the difference in beam en-
ergy spread at CESR and DORIS). Absolute nor-
malization was obtained by use of large-angle
Bhabha-scattering data. The difference in effi-
ciencies is due to the fact that & decays have
higher multiplicity and sphericity than continuum
events. ' The actual number of &, Y', and&"
events detected above continuum were, respec-
tively, 214, 53, and 133. From the continuum
around the three ~'s we collected 272 events.
The major sources of background were (i) far

single beam-wall and beam-gas interactions,
(ii) close beam-wall interactions, (iii) close
beam-gas interactions, and (iv) cosmic rays.
Case (i) was trivially removed by the require-
ment of an isolated track. Cases (ii) and (iii) oc-
cur with very small probability of producing pene-
trating hadrons at 8 =90'~ 30' with 5-GeV elec-
trons. Case (ii), which is more frequent, is also
recognizable by tracks crossing azimuthal sector
boundaries. Case (iv) was rejected by the re-
quirement of three tracks. We point out that the
minimal residual background does not affect the
results presented here.
The hadronic yield is presented in Fig. 2, plot-

ted in arbitrary units proportional to the ratio of
detected events to small-angle Bhabha yield. In
this way, the energy dependence (- I/E') of the
single-photon processes is removed. The hori-
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FIG. 2. The number of hadronic events, normalized to the small-~~pie Bhabha yield. The solid line indicates a
fit described in the text.
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FIG. 3. Measured cross sections, including cor-
rections for backgrounds and for acceptance, but not
for radiative effects. Errors shown are statistical
only. There is an additional systematic normalization
error of + 20/o arising from uncertainties in efficiencies
and in the luminosity calibration. The energy scale
has a calibration accuracy of 30 MeV. The curves
show the best fit described in the text.

orbit. Although CESR energy settings were found
by repeated resonance scans to be reproducible
to better than 0.01/o accuracy, there is at present
an uncertainty in the overall calibration scale
factor amounting to about 0.3%.
The resonances near 9.4 and 10.0 GeV match

the & and Y' observed first by Herb et a~.~ and
confirmed at the DORl8 e+e ring. ' 4 Because

of the superior energy resolution of the CESR
machine, our resonance peaks appear about two
times higher and narrower than those observed
at DORIS. The resonance near 10.3 GeV is the
first confirmation of the &" claimed by Ueno
et al.'
We fit the data by three very narrow resonan-
ces, each with a radiative tail convoluted with a
Gaussian energy spread, added to a continuum. '
A single fit to the three peaks with a common
energy spread proportional to ~' and a common
continuum proportional to ~ ' has a X equal to
0.94 per degree of freedom. The rms energy
spread is 4.1~0.3 MeV at ~=10 GeV, as ex-
pected from synchrotron radiation and beam-
orbit dynamics in CESR. Individual fits to the
three peaks with independent continuum levels
and peak widths give results for the rms energy
spread and for 1"„which remain within the er-
rors quoted. From the radiatively corrected
area under each peak we extract the leptonic
width &„, using the relation fo'd~= 6m'1;, /M'.
The results are given in Table I. We list our
results in terms of relative masses and leptonic
widths, since systematic errors in these quanti-
ties tend to cancel. Our measurements agree
with those reported by Bohringer et al. ' On the
Y and &' our results agree with those from
DORIS ' for the mass difference but not for the
I;, ratio. Because of rather large uncertainties
in the contribution of background processes such
as & production and two-photon collisions, we do
not regard our present measurement of the con-
tinuum cross section as definitive.
Mass differences have been predicted by as-

suming that the Y, Y', and &" are the triplet
IS, 2S, and 3S states of a bb quark pair bound in
a phenomenological potential, essentially the
same as that responsible for the psion spectrum.
When the potential is adjusted to fit masses in the
psion region and earlier measurements of the
&'-Y difference, the predictions for the Y"-T
mass difference' "range from 881 to 898 MeV,

TABLE I. Measured masses and leptonic widths for the second and
third & states, relative to values for the first state, &(9.4). The first
error is statistical, the second systematic.

M-M(9. 4) (MeV)

Y'(10.0), DORIS (Ref. 3)
Y'(10.0), DORIS (Ref. 4)
&'(10.0), this experiment
&"(10.3), this experiment

555+ 11
560+ 10

560.7+ 0.8+ 3.0
891.1+ 0.7 + 5.0

0.23 + 0.08
0.31+0.09
0.44+ 0.06+ 0.04
0.35 + 0.04 + 0.03
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layer of a single sector. In all scans one unam-
biguous and isolated minimum-ionizing track
plus at least two other tracks or showers were
required. All data were scanned by physicists
and with computer programs. The acceptance
criteria for data presented were determined by
maximizing detection eff iciency while maintain-
ing the background level well below l0'%%uo of the
continuum cross section. The overall efficien-

cies for detecting continuum and Y events are,
respectively, 28% and 37/o. These values are ob-
tained by use of the cross sections measured at
DORIS'' (g„„,=3.8 nb at 9.4 GeV, o ~»&=18.5
nb after correcting for the difference in beam en-
ergy spread at CESR and DORIS). Absolute nor-
malization was obtained by use of large-angle
Bhabha-scattering data. The difference in effi-
ciencies is due to the fact that & decays have
higher multiplicity and sphericity than continuum
events. ' The actual number of &, Y', and&"
events detected above continuum were, respec-
tively, 214, 53, and 133. From the continuum
around the three ~'s we collected 272 events.
The major sources of background were (i) far

single beam-wall and beam-gas interactions,
(ii) close beam-wall interactions, (iii) close
beam-gas interactions, and (iv) cosmic rays.
Case (i) was trivially removed by the require-
ment of an isolated track. Cases (ii) and (iii) oc-
cur with very small probability of producing pene-
trating hadrons at 8 =90'~ 30' with 5-GeV elec-
trons. Case (ii), which is more frequent, is also
recognizable by tracks crossing azimuthal sector
boundaries. Case (iv) was rejected by the re-
quirement of three tracks. We point out that the
minimal residual background does not affect the
results presented here.
The hadronic yield is presented in Fig. 2, plot-

ted in arbitrary units proportional to the ratio of
detected events to small-angle Bhabha yield. In
this way, the energy dependence (- I/E') of the
single-photon processes is removed. The hori-
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FIG. 2. The number of hadronic events, normalized to the small-~~pie Bhabha yield. The solid line indicates a
fit described in the text.
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FIG. 3. Measured cross sections, including cor-
rections for backgrounds and for acceptance, but not
for radiative effects. Errors shown are statistical
only. There is an additional systematic normalization
error of + 20/o arising from uncertainties in efficiencies
and in the luminosity calibration. The energy scale
has a calibration accuracy of 30 MeV. The curves
show the best fit described in the text.

orbit. Although CESR energy settings were found
by repeated resonance scans to be reproducible
to better than 0.01/o accuracy, there is at present
an uncertainty in the overall calibration scale
factor amounting to about 0.3%.
The resonances near 9.4 and 10.0 GeV match

the & and Y' observed first by Herb et a~.~ and
confirmed at the DORl8 e+e ring. ' 4 Because

of the superior energy resolution of the CESR
machine, our resonance peaks appear about two
times higher and narrower than those observed
at DORIS. The resonance near 10.3 GeV is the
first confirmation of the &" claimed by Ueno
et al.'
We fit the data by three very narrow resonan-
ces, each with a radiative tail convoluted with a
Gaussian energy spread, added to a continuum. '
A single fit to the three peaks with a common
energy spread proportional to ~' and a common
continuum proportional to ~ ' has a X equal to
0.94 per degree of freedom. The rms energy
spread is 4.1~0.3 MeV at ~=10 GeV, as ex-
pected from synchrotron radiation and beam-
orbit dynamics in CESR. Individual fits to the
three peaks with independent continuum levels
and peak widths give results for the rms energy
spread and for 1"„which remain within the er-
rors quoted. From the radiatively corrected
area under each peak we extract the leptonic
width &„, using the relation fo'd~= 6m'1;, /M'.
The results are given in Table I. We list our
results in terms of relative masses and leptonic
widths, since systematic errors in these quanti-
ties tend to cancel. Our measurements agree
with those reported by Bohringer et al. ' On the
Y and &' our results agree with those from
DORIS ' for the mass difference but not for the
I;, ratio. Because of rather large uncertainties
in the contribution of background processes such
as & production and two-photon collisions, we do
not regard our present measurement of the con-
tinuum cross section as definitive.
Mass differences have been predicted by as-

suming that the Y, Y', and &" are the triplet
IS, 2S, and 3S states of a bb quark pair bound in
a phenomenological potential, essentially the
same as that responsible for the psion spectrum.
When the potential is adjusted to fit masses in the
psion region and earlier measurements of the
&'-Y difference, the predictions for the Y"-T
mass difference' "range from 881 to 898 MeV,

TABLE I. Measured masses and leptonic widths for the second and
third & states, relative to values for the first state, &(9.4). The first
error is statistical, the second systematic.

M-M(9. 4) (MeV)

Y'(10.0), DORIS (Ref. 3)
Y'(10.0), DORIS (Ref. 4)
&'(10.0), this experiment
&"(10.3), this experiment

555+ 11
560+ 10

560.7+ 0.8+ 3.0
891.1+ 0.7 + 5.0

0.23 + 0.08
0.31+0.09
0.44+ 0.06+ 0.04
0.35 + 0.04 + 0.03
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Heavy quarkonia are nonrelativistic systems 

multiscale systems to be treated in QCD



The  rich structure of separated energy scales makes QQbar systems an ideal probe of  strong interactions 

Quarkonium as a confinement and deconfinement probe

It is precisely the rich structure of separated energy scales that makes quarkonium an
ideal probe of confinement and deconfinement.

• The different quarkonium radii provide different measures of the transition from a
Coulombic to a confined bound state.
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perturbative region (low energy)  as well as the transition 

region in dependence of their radius r



The  rich structure of separated energy scales makes QQbar systems an ideal probe of  strong interactions 

Quarkonium as a confinement and deconfinement probe

It is precisely the rich structure of separated energy scales that makes quarkonium an
ideal probe of confinement and deconfinement.

• The different quarkonium radii provide different measures of the transition from a
Coulombic to a confined bound state.

V  (r)
(0)

(GeV)

2

1

0

-1

1 2 r(fm)

! ! !

" # #

!

 2$ #c

ΛQCD

Low lying QQ̄ High lying QQ̄

◦ Godfrey Isgur PRD 32(85)189

• Different quarkonia will dissociate in a medium at different temperatures, providing
a thermometer for the plasma.

◦ Matsui Satz PLB 178(86)416
quarkonia probe the perturbative (high energy)  and non 
perturbative region (low energy)  as well as the transition 

region in dependence of their radius r

QCD   contains  a  lot of physics :  confinementQCD  confine quarks inside hadronsQCD  confine quarks inside hadrons

preferred benchmark field for 
Strings and SUSY theories 

new sectors beyond the 
Standard Model can also be 

strongly coupled 

QCD   contains  a  lot of physics :  confinementQCD  confine quarks inside hadronsQCD  confine quarks inside hadrons

preferred benchmark field for 
Strings and SUSY theories 

new sectors beyond the 
Standard Model can also be 

strongly coupled 

QCD  confine quarks inside hadrons



 Today NR  bound systems are at the center of new Revolutions 
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observed only
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Beyond the standard

quark model

With  the XYZ exotic states discovery, 
 states observed in the sector with two heavy quarks 



Exotic Hadrons


of unknown nature discovered at particle accelerators 

in the hadron sector with two heavy quarks
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Tetraquarks and pentaquarks:
“Unnatural” forms of exoticmatter have been foundScientists have found three new examples of a very exotic

form of matter made of quarks. They can yield insights

into the early Universe.
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Particle physicists have detected new examples of exotic forms of matter known as

tetraquarks and pentaquarks. As their name implies, they are made of components called

quarks (and antiquarks), which are part of the Standard Model of particle physics.

Studying these particles helps us understand the strong nuclear force inside atoms and also

gives us insights into the early Universe.
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S cientists working at the CERN laboratory recently
announced the discovery of exotic matter not seen in
nature: two different “tetraquarks” and a “pentaquark,”

all of which were created inside collisions between pairs of

protons slamming together at speeds very close to the speed of

light. The energy of these collisions is literally transmuted into

these exotic particles, a process governed by Einstein’s famous

equation E = mc . They will provide a new method for studying

the force that binds the centers of atoms together.

2

Quarks were proposed in 1964 by American physicist Murray

Gell-Mann as a solution to a big problem at the time. From the

late 1940s through the early 1960s, physicists had discovered

hundreds of particles with a dizzying array of masses, electrical

charges, lifetimes, and ways in which the particles interact. So

many different particles had been discovered with such a

diverse range of properties, that researchers at the time called

the menagerie “the particle zoo.” At the time of their discovery,

these particles were the smallest objects known.

Watch on

Pentaquarks

Gell-Mann broke through the confusion when he realized that

the zoo particles weren’t the smallest objects in nature. Rather,

the inhabitants of the subatomic zoo were made of even smaller

particles: the quarks. Gell-Mann’s original idea was that three

types of quarks existed, which he called the up quark, the down

quark, and the strange quark. 

The heaviest particles known at the time were combinations of

three quarks. For example, the familiar proton consists of two

up quarks and one down quark, while the neutron consists of

one up and two downs. The name for these heavy particles is

“baryons,” from the Greek word barus (“heavy”).

The middling-mass particles are called mesons, from mesos

(“middle”). Mesons consist of a quark and an antimatter quark.

The most common meson is called a pi meson (“pion”), and

one particular pion consists of an up quark and a down

antimatter quark. The lightest particles, called “leptons,” drawn

from the Greek leptos (“light”) are a different class of particles

entirely and contain no quarks. The most famous is the

electron.

While quark theory explained much of the known particle zoo,

it also predicted the existence of particles that hadn’t yet been

observed when the theory was proposed, for example, the

“omega baryon,” consisting of three strange quarks. (However,

the theory was validated a few months later, when the omega

baryon was discovered.) Quarks are part of the Standard Model

of particle physics, which is universally accepted within the

scientific community.

While Gell-Mann originally proposed that only three quarks

existed, scientists have now discovered a total of six. Their

names are up, down, charm, strange, top, and bottom. In the

past half-century, researchers have discovered most of the

possible ways that they can combine three at a time, or as a

quark and antimatter quark pair.

However, in Gell-mann’s original paper, he did not limit the

possible quark configurations to just the three-quark baryons

and the quark-antiquark pair mesons. He also postulated a four-

component “tetraquark” (made of two quarks and two
antiquarks) and a five-component “pentaquark” (made of four

quarks and an antiquark). Searches for these particles were

unsuccessful for years, but in more recent times, candidate

particles occasionally have been detected.

In the last few years, an experiment at the CERN laboratory,

called LHCb, has been trying to find previously unknown

particles. Its recently announced discovery isn’t of an entirely

new class of matter — after all, a handful of tetraquarks and

pentaquarks were known to exist — but rather of new variants.
Two of the particles are tetraquarks. One of them is composed

of a charm quark, an up quark, a down antiquark, and a strange

antiquark; the other is made up of a charm quark, a down

quark, an up antiquark, and a strange antiquark. (Note:

Antiquarks are denoted with a line over the letter.)

The other new particle is a pentaquark, made up of a charm

quark and its antiquark in combination with an up, a down, and

a strange quark. It is the first pentaquark found to contain a

strange quark.

So, what is the significance of discovering new examples of very

exotic forms of matter? It allows us to better understand the

nature of the strong nuclear force under extreme conditions.

(The strong nuclear force is responsible for, among other things,

holding atomic nuclei together.)It also has implications for our understanding of the evolution

of the very early Universe. Shortly after the Big Bang, the

Universe was so hot that quarks freely roamed around and were

not captured inside bigger particles. Approximately one-

millionth of a second after the Big Bang, the Universe cooled

enough that the strong nuclear force began to gather quarks

inside the protons and neutrons that makes up the cosmos, but

during the transition, it must have assembled tetraquarks and

pentaquarks as well. While these primordial particles have long

since decayed, a full accounting of the origins of the Universe

will require that tetraquarks and pentaquarks be understood.
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Physicists May Have Discovered a New "Tetraquark"

Particle

Data from the DZero experiment shows evidence of a particle containing four

di!erent types of quarks

BY CLARA MOSKOWITZ

Evidence for a never-before-seen particle containing four types of quark has

shown up in data from the Tevatron collider at the Fermi National Accelerator

Laboratory (Fermilab) in Illinois. The new particle, a class of “tetraquark,” is

made of a bottom quark, a strange quark, an up quark and a down quark. The

discovery could help elucidate the complex rules that govern quarks—the tiny

fundamental particles that make up the protons and neutrons inside all the

atoms in the universe.

Protons and neutrons each contain three quarks, which is by far the most

stable grouping. Pairs of quarks, called mesons, also commonly appear, but

larger conglomerations of quarks are extremely rare. Scientists at the Large

Hadron Collider (LHC) in Switzerland last year saw the first signs of a

pentaquark—a grouping of five quarks—which had long been predicted but

never seen. The first tetraquark was found in 2003 at the Belle experiment in

Japan, and since then physicists have encountered a half dozen di!erent

arrangements. But the new one, if confirmed, would be special. “What’s

unique in this case is that we basically have four quarks, which are all di!erent

—bottom, up, strange and down,” says Dmitri Denisov, co-spokesperson for

the DZero experiment. “In all previous configurations usually two quarks are

the same. Is this telling us something? I hope yes.”

The unusual arrangement, dubbed X(5568) in a paper submitted to Physical

Review Letters, could reflect some deeper rule about how the di!erent types, or

“flavors,” of quarks bind together—a process enabled by the strongest force in

nature, called, appropriately, the strong force. Physicists have a theory—called

quantum chromodynamics—that describes how the strong force works, but it

is incredibly unwieldy and di"cult to make predictions with. “While we

understand many features of the strong force, we don’t understand everything,

especially how the strong force acts on large distances,” Denisov says. “And on

a fundamental level we still don’t have a very good model of how quarks

interact when there are quite a few of them joined together.”

One open question is: How many quarks can stick together to form a particle?

So far scientists have not seen groupings of more than five, but theoretically

there is no limit. Physicists would also like to discover di!erent configurations

of four and five quarks than the handful that have been seen. “Finding

tetraquarks has proven di"cult to do, but it is likely that there are many more

to find,” says Fermilab physicist Don Lincoln, a member of the DZero team.

The Tevatron collider shut down in 2011, but the DZero team found signs of

the new tetraquark in the archive of data from the tens of billions of particle

collisions it achieved during its 28 years of operation. Other experiments such

the LHC’s LHCb (“b” stands for beauty) project are now looking through their

own data to see if they also have evidence of the particle. “If it is real, it would

be very interesting,” says LHCb physicist Sheldon Stone of Syracuse University.

“Discussions among LHCb collaborators have raised several issues of concern

with the DZero result that LHCb can check expeditiously. Until the check is

done and the DZero result is confirmed, we are not sure exactly what they are

seeing.”

Either way, scientists expect current particle accelerators—especially the LHC,

which restarted last year at higher energy levels than ever before—to discover

more new particle configurations in the coming years, making it an exciting

time for quark physics and for clearing up the intricate mechanics of the strong

force. “I would compare it with something like a puzzle—it’s not finished yet

but we’ve added one more piece to what was already known,” Denisov says.

“Hopefully there will eventually be a theory that explains these observations to

gain a better understanding of these quarks and the forces acting between

them.”
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LHCb discoverslongest-lived
exotic matteryet

0 8 / 0 4 / 2 1 | By Sarah Charley

The newly discovered tetraquark providesa unique window into the interactions of theparticles that make up atoms.

The LHCb experiment at the Large Hadron Collider is adding a newparticle to its family of exotic matter. In the last seven years, the LHCbexperiment at CERN has detected about a dozen types of exoticparticles made up of four quarks—called tetraquarks—or Rve quarks—called pentaquarks. The newly discovered tetraquark is by far the moststable exotic particle they’ve found.
“This tetraquark lives at least 10 times longer than the other forms ofexotic matter we’ve discovered,” says Syracuse University postdoc IvanPolyakov, who worked on this research with his colleagues on the LHCbexperiment. 

The tetraquark they found owes its stability to its unique quark content:two heavy “charm” quarks and two light anti-quarks. However, it’s notyet clear how exactly this object is put together. Figuring this out willhelp nuclear physicists better understand the inner workings of largeratomic nuclei, which are currently too complex to describe with thefundamental laws of physics.
The messy world of quarksQuarks are the point-like, fundamental particles that live inside hadrons,such as protons and neutrons. Most hadrons are made from two orthree quarks. But in 2014, the LHCb experiment conRrmed theexistence of tetraquarks (and later, pentaquarks). Since thisrevolutionary discovery, LHCb and other experiments have continued toRnd new tetraquarks and pentaquarks, each with a distinctive internalconRguration.

The LHCb experiment searches for new forms of matter in the collisionsgenerated by the Large Hadron Collider. It’s di^cult to disentangleexactly what’s happening when two protons collide inside the LHC, saysSyracuse professor Sheldon Stone. “You have this mess of things goingon in this very small region of space and time,” he says.
In this mess, quarks are liberated from the protons and swimmingthrough a broth of gluons, a force-carrying particle that “glues” quarkstogether. Because quarks cannot exist for long alone, theyspontaneously create more quark-antiquark pairs from the gluon broth.If quarks come close enough together, they can bind together and formrare hadrons. 

These rare hadrons decay into more stable byproducts, which arecaptured and recorded by the LHCb detector. Those detections allowscientists to learn more about what was produced during the collision;by retracing these byproducts back to their origins, scientists candetermine the properties of the original particle.
Polyakov decided to search for this doubly charmed tetraquark in datarecorded by the LHCb experiment after numerous discussions withStone and Syracuse professor Tomasz Skwarnicki.

“And nevertheless, it was a big surprise as it was not clear if such astate would exist at all,” Polyakov says. “It was a real gift, as we couldn’thave anticipated that it would have such exceptional properties.”
Doing physics with HeisenbergThe long lifetime of this new tetraquark means that for the Rrst time,scientists can precisely measure the mass of an exotic hadron. That’sbeen di^cult to do with its shorter-lived compatriots.

“It’s because of the Heisenberg uncertainty principle,” Polyakov says.This famous tenet of quantum mechanics dictates that it’s impossibleto precisely know multiple attributes of a quantum-mechanical object atthe same time. For instance, if the position of a particle is preciselyknown, then the momentum will remain largely a mystery. The samegoes for the lifetime of a particle and its mass.
“So if the particle decays fast, there must be a big uncertainty in itsmass,” Polyakov says. 

In the data, scientists see this uncertainty as a wide peak smearedacross numerous possible masses. But if a particle is more stable—andthus has more aexibility in its lifetime—then its mass can come intofocus. In the data, this looks like a sharp peak springing up at a well-deRned mass.

A precise measurement of the mass of this tetraquark will answer aquestion that physicists have been wrestling with since they discoveredtheir Rrst exotic hadron: How do the quarks bind together? Are they in atight clump, or do they look more like a loose molecule made up of twoquark pairs? Or maybe even something in between?
“Right now, it’s not yet clear,” Polyakov says. “We have measured itsmass and the width of the peak very precisely. This will prompt theoriststo make more accurate calculations and hopefully develop a deeperunderstanding of exotic hadrons.”

Going nuclear
According to Polyakov, these exotic forms of matter could be themissing links in our understanding of a much more ordinary form ofmatter: the atomic nucleus.

“We have a theory that gives good predictions on very small scales—1/100th the size of a proton and less,” he says. “But when we get to thesize of a proton or more, the calculations get so complicated thatnobody is able to do them.”
When modeling the interactions of quarks within a stable atomicnucleus, theorists must currently make assumptions andsimpliRcations. However, for systems containing heavy quarks, theexact calculations are better deRned. Because of this, scientists useparticles with heavy quarks (and their well-deRned mathematicalmodels) as a test for the theoretical assumptions about atomic nuclei. “This new tetraquark can be viewed as a simpliRed model of a protonand a neutron bonded together into a deuteron,” Polyakov says. “If wecan better understand how quarks bind in tetraquarks, we will have adeeper insight into how this interaction happens inside atomic nuclei.”Polyakov and his US colleagues on the LHCb experiment are funded bythe National Science Foundation. They are hoping to Rnd even longer-lived exotic hadrons—ones that could travel up to a centimeter beforedecaying—in the not-so-distant future. 

“We’re hoping that with the new upgrades to our detector, we’ll be ableto get to that level,” Stone says.
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The newly discovered tetraquark providesa unique window into the interactions of theparticles that make up atoms.
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The tetraquark they found owes its stability to its unique quark content:two heavy “charm” quarks and two light anti-quarks. However, it’s notyet clear how exactly this object is put together. Figuring this out willhelp nuclear physicists better understand the inner workings of largeratomic nuclei, which are currently too complex to describe with thefundamental laws of physics.
The messy world of quarksQuarks are the point-like, fundamental particles that live inside hadrons,such as protons and neutrons. Most hadrons are made from two orthree quarks. But in 2014, the LHCb experiment conRrmed theexistence of tetraquarks (and later, pentaquarks). Since thisrevolutionary discovery, LHCb and other experiments have continued toRnd new tetraquarks and pentaquarks, each with a distinctive internalconRguration.

The LHCb experiment searches for new forms of matter in the collisionsgenerated by the Large Hadron Collider. It’s di^cult to disentangleexactly what’s happening when two protons collide inside the LHC, saysSyracuse professor Sheldon Stone. “You have this mess of things goingon in this very small region of space and time,” he says.
In this mess, quarks are liberated from the protons and swimmingthrough a broth of gluons, a force-carrying particle that “glues” quarkstogether. Because quarks cannot exist for long alone, theyspontaneously create more quark-antiquark pairs from the gluon broth.If quarks come close enough together, they can bind together and formrare hadrons. 

These rare hadrons decay into more stable byproducts, which arecaptured and recorded by the LHCb detector. Those detections allowscientists to learn more about what was produced during the collision;by retracing these byproducts back to their origins, scientists candetermine the properties of the original particle.
Polyakov decided to search for this doubly charmed tetraquark in datarecorded by the LHCb experiment after numerous discussions withStone and Syracuse professor Tomasz Skwarnicki.

“And nevertheless, it was a big surprise as it was not clear if such astate would exist at all,” Polyakov says. “It was a real gift, as we couldn’thave anticipated that it would have such exceptional properties.”
Doing physics with HeisenbergThe long lifetime of this new tetraquark means that for the Rrst time,scientists can precisely measure the mass of an exotic hadron. That’sbeen di^cult to do with its shorter-lived compatriots.

“It’s because of the Heisenberg uncertainty principle,” Polyakov says.This famous tenet of quantum mechanics dictates that it’s impossibleto precisely know multiple attributes of a quantum-mechanical object atthe same time. For instance, if the position of a particle is preciselyknown, then the momentum will remain largely a mystery. The samegoes for the lifetime of a particle and its mass.
“So if the particle decays fast, there must be a big uncertainty in itsmass,” Polyakov says. 

In the data, scientists see this uncertainty as a wide peak smearedacross numerous possible masses. But if a particle is more stable—andthus has more aexibility in its lifetime—then its mass can come intofocus. In the data, this looks like a sharp peak springing up at a well-deRned mass.

A precise measurement of the mass of this tetraquark will answer aquestion that physicists have been wrestling with since they discoveredtheir Rrst exotic hadron: How do the quarks bind together? Are they in atight clump, or do they look more like a loose molecule made up of twoquark pairs? Or maybe even something in between?
“Right now, it’s not yet clear,” Polyakov says. “We have measured itsmass and the width of the peak very precisely. This will prompt theoriststo make more accurate calculations and hopefully develop a deeperunderstanding of exotic hadrons.”

Going nuclear
According to Polyakov, these exotic forms of matter could be themissing links in our understanding of a much more ordinary form ofmatter: the atomic nucleus.

“We have a theory that gives good predictions on very small scales—1/100th the size of a proton and less,” he says. “But when we get to thesize of a proton or more, the calculations get so complicated thatnobody is able to do them.”
When modeling the interactions of quarks within a stable atomicnucleus, theorists must currently make assumptions andsimpliRcations. However, for systems containing heavy quarks, theexact calculations are better deRned. Because of this, scientists useparticles with heavy quarks (and their well-deRned mathematicalmodels) as a test for the theoretical assumptions about atomic nuclei. “This new tetraquark can be viewed as a simpliRed model of a protonand a neutron bonded together into a deuteron,” Polyakov says. “If wecan better understand how quarks bind in tetraquarks, we will have adeeper insight into how this interaction happens inside atomic nuclei.”Polyakov and his US colleagues on the LHCb experiment are funded bythe National Science Foundation. They are hoping to Rnd even longer-lived exotic hadrons—ones that could travel up to a centimeter beforedecaying—in the not-so-distant future. 

“We’re hoping that with the new upgrades to our detector, we’ll be ableto get to that level,” Stone says.
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Nuova straordinaria particella
scoperta al Cern: il pentaquark
Consentirà di saperne di più sulla «forza forte» che tiene unite le particelle nel nucleo
degli atomi e sui componenti della materia

di  Redazione Online



Ipotesi della struttura del pentaquark (Cern)

Nelle stesse ore in cui New Horizons sorvolava Plutone, il Cern ha comunicato un
altro grande successo della scienza: la scoperta del pentaquark, una particella
inseguita dai fisici per oltre 50 anni. Lo studio è stato descritto su arXiv.org e
l’articolo è stato presentato alla rivista Physical Review Letters. Il risultato è stato
ottenuto al Cern di Ginevra grazie all’acceleratore Large Hadron Collider (Lhc),
dall’esperimento Lhcb, nel quale l’Italia partecipa con l’Istituto nazionale di fisica
nucleare (Infn).

La «forza forte»
Di norma la materia è formata da gruppi di due oppure di tre quark. La presenza di
gruppi composti da 4-5 quark era stata predetta negli anni Sessanta, ma mai
riscontrata negli esperimenti. Il tetraquark era stato confermato nel 2013, il
pentaquark mai. La scoperta attuale permette di conoscere meglio la struttura della
materia, in particolare la «forza forte» che tiene unite le particelle nel nucleo degli
atomi. «Con il pentaquark speriamo di convincere il mondo della scienza
dell’esistenza di una nuova serie di particelle subnucleari, che ci daranno
informazioni cruciali sulle misteriose interazioni forti», ha osservato Luciano
Maiani, pioniere dello studio dei quark.

Pentaquark
Il pentaquark «non è soltanto una nuova particella», ha spiegato Alessandro Cardini,
responsabile dell’esperimento Lhcb (Large Hadron Collider Beauty) che ha come
scopo la misurazione del quark beauty e la violazione della simmetria CP. È infatti
un nuovo modo in cui i quark «possono combinarsi tra loro, in uno schema mai
osservato prima in oltre 50 anni di ricerche». Avere visto queste particelle, ha
aggiunto, permette ora di saperne di più «sui componenti della materia di cui siamo
fatti noi e tutto ciò che ci circonda».

Scoperta per caso
«Non stavamo cercando proprio il pentaquark», ha ammesso Patrick Koppenburg,
coordinatore di fisica dell’Lhc. «Ci siamo un po’ inciampati sopra». La comprensione
della struttura della materia è stata rivoluzionata nel 1964, quando il fisico
americano Murray Gell-Mann ha proposto la teoria sulla struttura della materia
secondo cui le particelle che formano il nucleo dell’atomo (protoni e neutroni) sono
composte da tre quark, ma ammette l’esistenza di particelle composte da più quark,
come il pentaquark.

Sicurezza
In passato gli scienziati avevano annunciato la scoperta del pentaquark, salvo poi
ritornare sui propri passi. Ora al Cern sono più che sicuri: il margine di errore,
infatti, è nella categoria «10 sigma», cioè esiste una sola possibilità su 10 elevato alla
22ma potenza che si tratti di una fluttuazione statistica.
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contro questa vergogna»
di Alessandro Sala

La proposta bipartisan di Michela Vittoria Brambilla e Dolores Bevilacqua: vietare
l’importazione di trofei di caccia per fermare il declino di specie protette. Il caso del
“Canned Hunting”: animali allevati in cattività per poi essere messi a disposizione come
prede ai partecipanti ai Safari
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RMEDITERRANEO

Dai pescatori notizie su specie aliene e
squali rari: «Felici di dare il nostro
contributo alla scienza»
di Salvo Fallica

Un esempio di «citizen science» tra pescatori italiani e l’Università di Catania con il
progetto AlienFish

 Covid, la variante Kp.3 e il sintomo a cui
prestare attenzio...

 Sinner-Medvedev, risultato del match di
Wimbledon: Jannik el...

 Come sta Sinner dopo il malore a
Wimbledon contro Medvedev: ...

 Sinner oggi a Wimbledon (dopo il primo
abbraccio pubblico co...

 Messi con Yamal bebè: le foto per l'Unicef
fanno il giro del...

I PIÙ LETTI

News e ultime notizie oggi da Italia e Mondo

Gazzetta | Corriere Mobile | El Mundo | Marca | RCS Mediagroup | Fondazione Corriere | Fondazione Cutuli | Quimamme | Codici Sconto
Copyright 2023 © RCS Mediagroup S.p.a. Tutti i diritti sono riservati | Per la pubblicità: CAIRORCS MEDIA S.p.A.
RCS MediaGroup S.p.A. - Direzione Media Sede legale: via Angelo Rizzoli, 8 - 20132 Milano | Capitale sociale: Euro 270.000.000,00
Codice Fiscale, Partita I.V.A. e Iscrizione al Registro delle Imprese di Milano n.12086540155 | R.E.A. di Milano: 1524326 | ISSN 2499-0485

 

Chi Siamo | The Trust Project
Servizi | Scrivi | Cookie policy e privacy

shadow











S P O N S O RS P O N S O R

S P O N S O RS P O N S O R S P O N S O RS P O N S O R

S P O N S O RS P O N S O R

S P O N S O RS P O N S O R S P O N S O RS P O N S O R

S P O N S O RS P O N S O R

S P O N S O RS P O N S O R S P O N S O RS P O N S O R

S P O N S O RS P O N S O R

S P O N S O RS P O N S O R S P O N S O RS P O N S O R

Per leggere solo ciò che realmente
ti interessa, quando vuoi.

ISCRIVITI

aside shadow

 TV CORRIERE  ARCHIVIO   CERCA  SEZIONI EDIZIONI LOCALI SERVIZI   LETTORE_...

News e ultime notizie oggi da Italia e Mondo  /  SCIENZE

AdobeAcrobat Unterschreibtes.
Schutztes.

Erledigtes.
Acrobat.

Machteseinfach.

Mehrerfahren

Gesellschaftsvertrag
GbR
winchen

Souewitw

felgendarGesallschaftswertraggeschlossone

14 luglio 2015 (modifica il 5 settembre 2015 | 16:19)
© RIPRODUZIONE RISERVATA

RICERCATA DAI FISICI DA OLTRE 50 ANNI

Nuova straordinaria particella
scoperta al Cern: il pentaquark
Consentirà di saperne di più sulla «forza forte» che tiene unite le particelle nel nucleo
degli atomi e sui componenti della materia

di  Redazione Online



Ipotesi della struttura del pentaquark (Cern)

Nelle stesse ore in cui New Horizons sorvolava Plutone, il Cern ha comunicato un
altro grande successo della scienza: la scoperta del pentaquark, una particella
inseguita dai fisici per oltre 50 anni. Lo studio è stato descritto su arXiv.org e
l’articolo è stato presentato alla rivista Physical Review Letters. Il risultato è stato
ottenuto al Cern di Ginevra grazie all’acceleratore Large Hadron Collider (Lhc),
dall’esperimento Lhcb, nel quale l’Italia partecipa con l’Istituto nazionale di fisica
nucleare (Infn).

La «forza forte»
Di norma la materia è formata da gruppi di due oppure di tre quark. La presenza di
gruppi composti da 4-5 quark era stata predetta negli anni Sessanta, ma mai
riscontrata negli esperimenti. Il tetraquark era stato confermato nel 2013, il
pentaquark mai. La scoperta attuale permette di conoscere meglio la struttura della
materia, in particolare la «forza forte» che tiene unite le particelle nel nucleo degli
atomi. «Con il pentaquark speriamo di convincere il mondo della scienza
dell’esistenza di una nuova serie di particelle subnucleari, che ci daranno
informazioni cruciali sulle misteriose interazioni forti», ha osservato Luciano
Maiani, pioniere dello studio dei quark.

Pentaquark
Il pentaquark «non è soltanto una nuova particella», ha spiegato Alessandro Cardini,
responsabile dell’esperimento Lhcb (Large Hadron Collider Beauty) che ha come
scopo la misurazione del quark beauty e la violazione della simmetria CP. È infatti
un nuovo modo in cui i quark «possono combinarsi tra loro, in uno schema mai
osservato prima in oltre 50 anni di ricerche». Avere visto queste particelle, ha
aggiunto, permette ora di saperne di più «sui componenti della materia di cui siamo
fatti noi e tutto ciò che ci circonda».

Scoperta per caso
«Non stavamo cercando proprio il pentaquark», ha ammesso Patrick Koppenburg,
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Les surprises du tétraquark, « collage » de
particules élémentairesLa découverte d’une nouvelle particule à la structure particulièrement stable pourrait

permettre aux chercheurs de vérifier leurs théories sur l’interaction forte.
Par David LarousseriePublié le 15 août 2021 à 18h00, modifié le 16 août 2021 à 12h14 • Lecture 3 min.
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Grüner Fisher
7 Wege, um mit 250.000 € aufzuhören zuarbeiten.

Le chaudron à particules qu’est le LHC (Large Hadron Collider),
l’accélérateur géant de l’Organisation européenne pour la recherche
nucléaire (CERN, près de Genève), a beau être arrêté pour travaux
depuis deux ans, ses « vieilles » données révèlent encore des trésors.

Ainsi, grâce au plus petit de ses détecteurs, LHCb, des chercheurs
viennent de mettre au jour une nouvelle particule, prédite il y a tout
juste quarante ans et dont les propriétés atypiques soulèvent
l’espoir de découvertes encore plus importantes.« J’étais vraiment enthousiasmé quand je l’ai vue la première fois,

mais ça a pris quelques semaines avant de tout vérifier et se
convaincre qu’on avait vraiment une nouvelle particule », explique
Ivan Polyakov, de l’université de Syracuse (Etats-Unis), membre de
LHCb, qui a exposé le résultat le 29 juillet lors d’une conférence.
« Lorsque en 1981, avec mes deux collègues Pierre Taxil et Jean-Pierre

Ader, nous avions fait cette prédiction, les gens étaient sceptiques,

note Jean-Marc Richard, aujourd’hui professeur émérite de
l’université de Lyon. Mais je savais que ça arriverait. Sauf que je
pensais que ce seraient mes petits-enfants qui le verraient. Alors j’ai

été content quand des collègues de LHCb m’ont prévenu. »Première particularité du nouveau venu, à la différence des
électrons, des photons ou du célèbre boson de Higgs, il ne s’agit pas
d’une particule élémentaire. C’est un tétraquark, composé de quatre
quarks, tout comme les protons ou les neutrons sont faits de trois
quarks, et les moins connus, les mésons, de deux quarks seulement.
Second signe distinctif, contrairement aux autres tétraquarks créés
dans des collisions très intenses de particules depuis une vingtaine
d’années et qui disparaissent quasi instantanément, celui-ci survit
10 à 1 000 fois plus longtemps. Au point que les physiciens pensent
avoir mis la main sur un premier assemblage de quarks bien liés
entre eux, plutôt que sur un agrégat distendu. Un beau collier de
perles plutôt qu’un sac percé contenant des billes. Ou l’équivalent
d’une molécule stable en chimie.

Des charmes très massifs
Réaliser un tel collier n’est pas simple. Deux « colles » sont à
disposition pour en assembler les éléments. L’une, l’interaction
électrofaible, est connue pour tenir entre eux les électrons autour
des atomes, ou agir sur les protons et neutrons. L’autre, dite
« interaction forte », maintient entre eux les quarks. Les tétraquarks
découverts jusqu’ici mélangeaient les deux colles et « cassaient »
facilement, mais pas ce dernier-né, qui semble tenir par la seule
colle forte. Son secret est qu’il contient deux quarks très lourds,
baptisés « charmes », beaucoup plus massifs que les quarks trouvés
à l’intérieur des protons et neutrons. Cela stabiliserait l’édifice et lui
confère à la fois son nom barbare de Tcc + (pour tétraquark à deux
charmes, chargé positivement) et sa masse de plus de quatre fois
celle d’un proton.
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Physik

Cern-Forscher entdecken neues

Teilchen
Die Physiker am Kernforschungszentrum in Genf haben die Existenz des

Pentaquark-Teilchens nachgewiesen. Bislang war es nur in theoretischen

Modellen beschrieben worden.

27 Kilometer ist der vorhandene Beschleuniger LHC lang – Techniker fahren den Weg daher

zum Teil mit dem Fahrrad ab. Der Nachfolger soll rund viermal so lang sein. © FABRICE

COFFRINI/AFP/Ge"y Images

Mit dem stärksten Teilchenbeschleuniger der Welt haben Physiker am

Europäischen Kernforschungszentrum (Cern) sogenannte Pentaquark-

Teilchen nachgewiesen. Der US-Physiker Murray Gell-Mann hatte die

Existenz von Pentaquarks 1964 postuliert, bislang konnte sie jedoch

niemals schlüssig bewiesen werden.

Diese fünfgliedrigen Quarks sind eine Form von Bestandteilen der

Materie, die bislang nur in theoretischen Modellen der Teilchenphysik

beschrieben wurden. Das Pentaquark wurde nun in Genf am

Beschleuniger Large Hadron Collider (LHC) entdeckt, genauer: beim

LHCb-Experiment, einem der vier großen am LHC betriebenen Projekte.

"Das Pentaquark ist nicht einfach irgendein Teilchen", erklärte

LHCb-Sprecher Guy Wilkinson. "Es stellt eine Möglichkeit dar,

Quarks – also die fundamentalen Bestandteile von Protonen und

Neutronen – in einem Muster zu vereinigen, das trotz 50-jähriger

experimenteller Suche noch nie beobachtet wurde." Protonen und

Neutronen sind positiv und neutral geladene Bestandteile der

meisten Atome.

Elementarteilchen: Materie

Als Elementarteilchen werden all jene Bausteine bezeichnet, die (soweit Physiker

wissen) nicht weiter zerlegbar sind.

Das bekannteste Elementarteilchen ist das Elektron, das gemeinsam mit den

selteneren Myonen und Tauonen zu den Leptonen zählt. Neben diesen drei Leptonen

gibt es noch drei unterschiedliche Neutrinos, die ebenfalls zu den Elementarteilchen

zählen. Neutrinos entstehen etwa bei der Kernspaltung in Atomkraftwerken oder bei

der Kernfusion in der Sonne.

Darüber hinaus gibt es sechs weitere Elementarteilchen, die Quarks. Aus ihnen

bestehen etwa Protonen und Neutronen, aus denen der Kern eines Atoms aufgebaut ist.

Zusammen bilden diese insgesamt 12 Elementarteilchen die Grundbausteine der

Materie. Entsprechend gibt es 12 Antiteilchen, die die Antimaterie bilden.

Kräfte

Higgs-Boson

Das Pentaquark besteht aus vier Quarks und einem Antiquark. Deren

Existenz war erstmals in den sechziger Jahren vorhergesagt worden,

maßgeblich von Gell-Mann, der 1969 den Physik-Nobelpreis erhielt. Auf

dem Quarkmodell fußt die Vorhersage der Pentaquarks. 

"Die jüngste Beobachtung ermöglicht neue Einblicke in die starken

Wechselwirkungen und Bindungen der Quarks in Teilchen wie Protonen

und Neutronen. Davon verstehen wir bislang noch zu wenig", erläuterte

der Physiker Ulrich Uwer von der Universität Heidelberg. Er ist Sprecher

der deutschen Gruppen am LHCb-Experiment, war aber an den

Pentaquark-Messungen nicht beteiligt. "Das Pentaquark ist ein sehr

kurzlebiges Teilchen. Es zerfällt schnell in kleinere Teilchen wie das aus

drei Quarks bestehende Proton." Auch Zustände mit sechs und mehr

Quarks seien theoretisch möglich. Im vergangenen Jahr sei das

Tetraquark am LHC bestätigt worden.
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2. Nicht Tod und nicht Unsterblichkeit war damals,

nicht gab's des Tages noch der Nacht Erscheinung;

Nur Eines hauchte windlos durch sich selber

und ausser ihm gab nirgend es ein andres.

3. Nur Dunkel war, verhüllt von Dunkel, anfangs

und unerkennbar wogte dieses alles;

Vom leeren Raum war zugedeckt die Oede,

das Eine ward durch Macht der Glut geboren.

4. Da regte sich zuerst in ihm Begierde,

als sich des Geistes erster Same zeigte;

Es fanden da das Band des Seins im Nichtsein

die Weisen suchend mit des Herzens Einsicht.

5. Und quer hindurch war ihre Schnur gezogen,

was war darunter? und was war darüber?

Erzeuger waren, und es waren Mächte,

und Schöpferkraft war unten, Streben oben.
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Auch wenn eine Anwendung - so weit ich das sehe - hier nicht sichtbar ist.

Aber das war beim Transistor, dem Computerchip und dem Internet genau so.
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….dieser Entdeckung im Sinne der Physik zu folgen.
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Für was ist es gut? Nun, ich meine, dass der Mensch existiert, um seine Existenz zu

ergründen. Schon in der Bibel ist die Sprache vom "Ebenbild Gottes". Wir stehen am

Anfang.

Spannend ist die Frage, ob die Physik der kleinsten Teilchen uns zur Erkenntnis führt,

dass die Welt einem mathematischen Modell folgt, das ähnlich dem Kaleidoskop oder der

Chaostheorie einem eher endlosen Fragment gleicht oder ein dem unseren jetzigen

Erkenntnisgrad mehr zugänglichem logischen und beschreibbaren Modell eines

strukturierten Baukastens.

Ich persönlich glaube, dass uns die Tatsache eines unteilbaren Teilchens vor größere

Probleme stellen würde, als die Annahme, dass die Teilbarkeit unendlich ist.

Die Frage nach dem endlichen Universum ist exakt genauso erschreckend.

Es gäbe immer die Frage nach dem was dahinter ist.

Wir müssen die Gesetzmäßigkeiten des Endlosen besser verstehen lernen.
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Physik

Cern-Forscher entdecken neues

Teilchen
Die Physiker am Kernforschungszentrum in Genf haben die Existenz des

Pentaquark-Teilchens nachgewiesen. Bislang war es nur in theoretischen

Modellen beschrieben worden.

27 Kilometer ist der vorhandene Beschleuniger LHC lang – Techniker fahren den Weg daher

zum Teil mit dem Fahrrad ab. Der Nachfolger soll rund viermal so lang sein. © FABRICE

COFFRINI/AFP/Ge"y Images

Mit dem stärksten Teilchenbeschleuniger der Welt haben Physiker am

Europäischen Kernforschungszentrum (Cern) sogenannte Pentaquark-

Teilchen nachgewiesen. Der US-Physiker Murray Gell-Mann hatte die

Existenz von Pentaquarks 1964 postuliert, bislang konnte sie jedoch

niemals schlüssig bewiesen werden.

Diese fünfgliedrigen Quarks sind eine Form von Bestandteilen der

Materie, die bislang nur in theoretischen Modellen der Teilchenphysik

beschrieben wurden. Das Pentaquark wurde nun in Genf am

Beschleuniger Large Hadron Collider (LHC) entdeckt, genauer: beim

LHCb-Experiment, einem der vier großen am LHC betriebenen Projekte.

"Das Pentaquark ist nicht einfach irgendein Teilchen", erklärte

LHCb-Sprecher Guy Wilkinson. "Es stellt eine Möglichkeit dar,

Quarks – also die fundamentalen Bestandteile von Protonen und

Neutronen – in einem Muster zu vereinigen, das trotz 50-jähriger

experimenteller Suche noch nie beobachtet wurde." Protonen und

Neutronen sind positiv und neutral geladene Bestandteile der

meisten Atome.

Elementarteilchen: Materie

Als Elementarteilchen werden all jene Bausteine bezeichnet, die (soweit Physiker

wissen) nicht weiter zerlegbar sind.

Das bekannteste Elementarteilchen ist das Elektron, das gemeinsam mit den

selteneren Myonen und Tauonen zu den Leptonen zählt. Neben diesen drei Leptonen

gibt es noch drei unterschiedliche Neutrinos, die ebenfalls zu den Elementarteilchen

zählen. Neutrinos entstehen etwa bei der Kernspaltung in Atomkraftwerken oder bei

der Kernfusion in der Sonne.

Darüber hinaus gibt es sechs weitere Elementarteilchen, die Quarks. Aus ihnen

bestehen etwa Protonen und Neutronen, aus denen der Kern eines Atoms aufgebaut ist.

Zusammen bilden diese insgesamt 12 Elementarteilchen die Grundbausteine der

Materie. Entsprechend gibt es 12 Antiteilchen, die die Antimaterie bilden.

Kräfte

Higgs-Boson

Das Pentaquark besteht aus vier Quarks und einem Antiquark. Deren

Existenz war erstmals in den sechziger Jahren vorhergesagt worden,

maßgeblich von Gell-Mann, der 1969 den Physik-Nobelpreis erhielt. Auf

dem Quarkmodell fußt die Vorhersage der Pentaquarks. 

"Die jüngste Beobachtung ermöglicht neue Einblicke in die starken

Wechselwirkungen und Bindungen der Quarks in Teilchen wie Protonen

und Neutronen. Davon verstehen wir bislang noch zu wenig", erläuterte

der Physiker Ulrich Uwer von der Universität Heidelberg. Er ist Sprecher

der deutschen Gruppen am LHCb-Experiment, war aber an den

Pentaquark-Messungen nicht beteiligt. "Das Pentaquark ist ein sehr

kurzlebiges Teilchen. Es zerfällt schnell in kleinere Teilchen wie das aus

drei Quarks bestehende Proton." Auch Zustände mit sechs und mehr

Quarks seien theoretisch möglich. Im vergangenen Jahr sei das

Tetraquark am LHC bestätigt worden.
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RigVeda (Übersetzung der Mathematiker Graßmann)

2. Nicht Tod und nicht Unsterblichkeit war damals,

nicht gab's des Tages noch der Nacht Erscheinung;

Nur Eines hauchte windlos durch sich selber

und ausser ihm gab nirgend es ein andres.

3. Nur Dunkel war, verhüllt von Dunkel, anfangs

und unerkennbar wogte dieses alles;

Vom leeren Raum war zugedeckt die Oede,

das Eine ward durch Macht der Glut geboren.

4. Da regte sich zuerst in ihm Begierde,

als sich des Geistes erster Same zeigte;

Es fanden da das Band des Seins im Nichtsein

die Weisen suchend mit des Herzens Einsicht.

5. Und quer hindurch war ihre Schnur gezogen,

was war darunter? und was war darüber?

Erzeuger waren, und es waren Mächte,

und Schöpferkraft war unten, Streben oben.
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Spannend ist die Frage, ob die Physik der kleinsten Teilchen uns zur Erkenntnis führt,

dass die Welt einem mathematischen Modell folgt, das ähnlich dem Kaleidoskop oder der

Chaostheorie einem eher endlosen Fragment gleicht oder ein dem unseren jetzigen

Erkenntnisgrad mehr zugänglichem logischen und beschreibbaren Modell eines

strukturierten Baukastens.

Ich persönlich glaube, dass uns die Tatsache eines unteilbaren Teilchens vor größere

Probleme stellen würde, als die Annahme, dass die Teilbarkeit unendlich ist.

Die Frage nach dem endlichen Universum ist exakt genauso erschreckend.

Es gäbe immer die Frage nach dem was dahinter ist.
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Scientists at CERN observe three "exotic" particles
for first time

Synopsis
The 27 kilometre-long (16.8 mile) LHC at CERN is the machine that found the Higgs
boson particle, which along with its linked energy field is thought to be vital to the
formation of the universe after the Big Bang 13.7 billion years ago.

Scientists working with the Large
Hadron Collider (LHC) have discovered
three subatomic particles never seen
before as they work to unlock the
building blocks of the universe, the
European nuclear research centre
CERN said on Tuesday.

The 27 kilometre-long (16.8 mile) LHC
at CERN is the machine that found the

Higgs boson particle, which along with its linked energy field is thought to be
vital to the formation of the universe after the Big Bang 13.7 billion years ago.

Now scientists at CERN say they have observed a new kind of "pentaquark"
and the first-ever pair of "tetraquarks", adding three members to the list of new
hadrons found at the LHC.

They will help physicists better understand how quarks bind together into
composite particles.

Quarks are elementary particles that usually combine in groups of twos and
threes to form hadrons such as the protons and neutrons that make up atomic
nuclei.

More rarely, however, they can also combine into four-quark and five-quark
particles, or tetraquarks and pentaquarks.

"The more analyses we perform, the more kinds of exotic hadrons we find,"
physicist Niels Tuning said
https://home.web.cern.ch/news/news/physics/lhcb-discovers-three-new-
exotic-particles in a statement.

"We're witnessing a period of discovery similar to the 1950s, when a 'particle
zoo' of hadrons started being discovered and ultimately led to the quark model
of conventional hadrons in the 1960s. We're creating 'particle zoo 2.0'."

(You can now subscribe to our Economic Times WhatsApp channel)

READ MORE NEWS ON

Cern Large Hadron Collider Exotic Particles Lhc Big Bang

(Catch all the Business News, Breaking News, Budget 2024 Events and Latest News Updates on The Economic Times.)
Subscribe to The Economic Times Prime and read the ET ePaper online.

Scientists at CERN say they have observed a new
kind of "pentaquark" and the first-ever pair of
"tetraquarks".
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Synopsis
The 27 kilometre-long (16.8 mile) LHC at CERN is the machine that found the Higgs
boson particle, which along with its linked energy field is thought to be vital to the
formation of the universe after the Big Bang 13.7 billion years ago.

Scientists working with the Large
Hadron Collider (LHC) have discovered
three subatomic particles never seen
before as they work to unlock the
building blocks of the universe, the
European nuclear research centre
CERN said on Tuesday.

The 27 kilometre-long (16.8 mile) LHC
at CERN is the machine that found the

Higgs boson particle, which along with its linked energy field is thought to be
vital to the formation of the universe after the Big Bang 13.7 billion years ago.

Now scientists at CERN say they have observed a new kind of "pentaquark"
and the first-ever pair of "tetraquarks", adding three members to the list of new
hadrons found at the LHC.

They will help physicists better understand how quarks bind together into
composite particles.

Quarks are elementary particles that usually combine in groups of twos and
threes to form hadrons such as the protons and neutrons that make up atomic
nuclei.

More rarely, however, they can also combine into four-quark and five-quark
particles, or tetraquarks and pentaquarks.

"The more analyses we perform, the more kinds of exotic hadrons we find,"
physicist Niels Tuning said
https://home.web.cern.ch/news/news/physics/lhcb-discovers-three-new-
exotic-particles in a statement.

"We're witnessing a period of discovery similar to the 1950s, when a 'particle
zoo' of hadrons started being discovered and ultimately led to the quark model
of conventional hadrons in the 1960s. We're creating 'particle zoo 2.0'."
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Physicists have found evidence of rare X particles in the quark-gluon plasma produced in the Large Hadron Collider (LHC) at CERN.
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When the universe was formed, right after the big bang, for a brief moment amid the trillion-degree

plasma of quarks and gluon there existed elementary particles that later cooled down to form more

stable configurations of neutrons and protons of ordinary matter.

Before cooling down, a fraction of these quarks and gluons collided randomly to form short-lived “X”

particles known for their mysterious, unknown structures. These elementary particles have remained

elusive to science until now. Understanding these particles could shed light on the environment that

existed following the big bang and how the universe evolved.
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Pentaquarks: scientists find new "exotic"

configurations of quarks

5 July 2022

By Pallab Ghosh, Science correspondent

"Exotic" states of matter exist for less than a blink of an eye

Scientists have found new ways in which quarks, the tiniest particles known to

humankind, group together.

The new structures exist for just a hundred thousandth of a billionth of a billionth of a

second but may explain how our Universe is formed.

Atoms contain smaller particles called neutrons and protons, which are made up of

three quarks each.

"Exotic" matter discovered in recent years is made up of four and five quarks -

tetraquarks and pentaquarks.

Scientists at the Large Hadron Collider in Switzerland have discovered one new

pentaquark and two tetraquarks. This takes the total number discovered there to 21.

Each is unique, but researchers are excited about the qualities of the three new finds.

The new pentaquark decays into particles that none of the others produce, while the

two tetraquarks have the same mass, suggesting they may be the first known pair of

exotic structures.

Perhaps even more importantly, though, the latest finds mean that there are now

enough of these particles to begin grouping them together, like the chemical elements

in the periodic table. That is an essential first step towards creating a theory and set of

rules governing exotic mass.

In light of the new discoveries, physicists are discussing this very issue at a special

seminar on Tuesday at CERN, the European Organization for Nuclear Research, which

houses the Large Hadron Collider.

Working out minuscule differences between the tiniest things we know about may

seem arcane, but the interaction of quarks creates the so-called "strong force" that

holds the insides of atoms - and by extension our entire Universe - together.

"The strong force is extremely difficult to calculate, and we don't have firm predictions

of how the exotic pentaquarks and tetraquarks are built," says Prof Chris Parkes of

Manchester University. "But we hope that by finding out about them we can develop

theories that enable us to understand them better."

What are quarks?

A Greek philosopher, Democritus, put forward the idea in the fifth century BC that the

world was made up of indivisible particles which he called atoms.

By the end of the 19th and early 20th century, experimental results showed that atoms

were made up of smaller particles: electrons, neutrons and protons.

And in the 1960s, it became clear that neutrons and protons themselves were made

from smaller particles still, called quarks; and that the interaction of quarks was tied to

one of the fundamental forces of nature called the strong force.

The force not only holds the insides of atoms together, but is important in the

interactions of other sub-atomic particles that make the Universe tick.

The Large Hadron Collider has undergone a major upgrade and the researchers

involved believe that they will discover many more such exotic particles, some of

which may have six quarks bound together.

Some of these may have a less fleeting existence - perhaps a hundred billionth of a

second. That is brief by human standards, but because these particles travel at close to

the speed of light, they would leave trails a few millimetres long, which would be a

treasured footprint for physicist sleuths to follow.

Follow Pallab on Twitter

Particle physics
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Pentaquarks: scientists find new "exotic"

configurations of quarks

5 July 2022

By Pallab Ghosh, Science correspondent

"Exotic" states of matter exist for less than a blink of an eye

Scientists have found new ways in which quarks, the tiniest particles known to

humankind, group together.

The new structures exist for just a hundred thousandth of a billionth of a billionth of a

second but may explain how our Universe is formed.

Atoms contain smaller particles called neutrons and protons, which are made up of

three quarks each.

"Exotic" matter discovered in recent years is made up of four and five quarks -

tetraquarks and pentaquarks.

Scientists at the Large Hadron Collider in Switzerland have discovered one new

pentaquark and two tetraquarks. This takes the total number discovered there to 21.

Each is unique, but researchers are excited about the qualities of the three new finds.

The new pentaquark decays into particles that none of the others produce, while the

two tetraquarks have the same mass, suggesting they may be the first known pair of

exotic structures.

Perhaps even more importantly, though, the latest finds mean that there are now

enough of these particles to begin grouping them together, like the chemical elements

in the periodic table. That is an essential first step towards creating a theory and set of

rules governing exotic mass.

In light of the new discoveries, physicists are discussing this very issue at a special

seminar on Tuesday at CERN, the European Organization for Nuclear Research, which

houses the Large Hadron Collider.

Working out minuscule differences between the tiniest things we know about may

seem arcane, but the interaction of quarks creates the so-called "strong force" that

holds the insides of atoms - and by extension our entire Universe - together.

"The strong force is extremely difficult to calculate, and we don't have firm predictions

of how the exotic pentaquarks and tetraquarks are built," says Prof Chris Parkes of

Manchester University. "But we hope that by finding out about them we can develop

theories that enable us to understand them better."

What are quarks?

A Greek philosopher, Democritus, put forward the idea in the fifth century BC that the

world was made up of indivisible particles which he called atoms.

By the end of the 19th and early 20th century, experimental results showed that atoms

were made up of smaller particles: electrons, neutrons and protons.

And in the 1960s, it became clear that neutrons and protons themselves were made

from smaller particles still, called quarks; and that the interaction of quarks was tied to

one of the fundamental forces of nature called the strong force.

The force not only holds the insides of atoms together, but is important in the

interactions of other sub-atomic particles that make the Universe tick.

The Large Hadron Collider has undergone a major upgrade and the researchers

involved believe that they will discover many more such exotic particles, some of

which may have six quarks bound together.

Some of these may have a less fleeting existence - perhaps a hundred billionth of a

second. That is brief by human standards, but because these particles travel at close to

the speed of light, they would leave trails a few millimetres long, which would be a

treasured footprint for physicist sleuths to follow.

Follow Pallab on Twitter
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Pentaquarks: scientists find new "exotic"

configurations of quarks

5 July 2022

By Pallab Ghosh, Science correspondent

"Exotic" states of matter exist for less than a blink of an eye

Scientists have found new ways in which quarks, the tiniest particles known to

humankind, group together.

The new structures exist for just a hundred thousandth of a billionth of a billionth of a

second but may explain how our Universe is formed.

Atoms contain smaller particles called neutrons and protons, which are made up of

three quarks each.

"Exotic" matter discovered in recent years is made up of four and five quarks -

tetraquarks and pentaquarks.

Scientists at the Large Hadron Collider in Switzerland have discovered one new

pentaquark and two tetraquarks. This takes the total number discovered there to 21.

Each is unique, but researchers are excited about the qualities of the three new finds.

The new pentaquark decays into particles that none of the others produce, while the

two tetraquarks have the same mass, suggesting they may be the first known pair of

exotic structures.

Perhaps even more importantly, though, the latest finds mean that there are now

enough of these particles to begin grouping them together, like the chemical elements

in the periodic table. That is an essential first step towards creating a theory and set of

rules governing exotic mass.

In light of the new discoveries, physicists are discussing this very issue at a special

seminar on Tuesday at CERN, the European Organization for Nuclear Research, which

houses the Large Hadron Collider.

Working out minuscule differences between the tiniest things we know about may

seem arcane, but the interaction of quarks creates the so-called "strong force" that

holds the insides of atoms - and by extension our entire Universe - together.

"The strong force is extremely difficult to calculate, and we don't have firm predictions

of how the exotic pentaquarks and tetraquarks are built," says Prof Chris Parkes of

Manchester University. "But we hope that by finding out about them we can develop

theories that enable us to understand them better."

What are quarks?

A Greek philosopher, Democritus, put forward the idea in the fifth century BC that the

world was made up of indivisible particles which he called atoms.

By the end of the 19th and early 20th century, experimental results showed that atoms

were made up of smaller particles: electrons, neutrons and protons.

And in the 1960s, it became clear that neutrons and protons themselves were made

from smaller particles still, called quarks; and that the interaction of quarks was tied to

one of the fundamental forces of nature called the strong force.

The force not only holds the insides of atoms together, but is important in the

interactions of other sub-atomic particles that make the Universe tick.

The Large Hadron Collider has undergone a major upgrade and the researchers

involved believe that they will discover many more such exotic particles, some of

which may have six quarks bound together.

Some of these may have a less fleeting existence - perhaps a hundred billionth of a

second. That is brief by human standards, but because these particles travel at close to

the speed of light, they would leave trails a few millimetres long, which would be a

treasured footprint for physicist sleuths to follow.

Follow Pallab on Twitter
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‘Impossible’ Particle Adds a Piece to the Strong Force
Puzzle
The unexpected discovery of the double-charm tetraquark gives physicists fresh insight into the strongest of
nature’s fundamental forces.

Original story reprinted with permission
from Quanta Magazine, an editorially
independent publication of the Simons
Foundation whose mission is to enhance
public understanding of science by
covering research developments and
trends in mathematics and the physical
and life sciences.

THIS SPRING, AT  a meeting of Syracuse University’s quark
physics group, Ivan Polyakov announced that he had uncovered
the fingerprints of a semi-mythical particle.

“We said, ‘This is impossible. What mistake are you making?’”
recalled Sheldon Stone, the group’s leader.
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Polyakov went away and double-checked his analysis of data
from the Large Hadron Collider beauty (LHCb) experiment the
Syracuse group is part of. The evidence held. It showed that a
particular set of four fundamental particles called quarks can
form a tight clique, contrary to the belief of most theorists. The
LHCb collaboration reported the discovery of the composite
particle, dubbed the double-charm tetraquark, at a conference
in July and in two papers posted earlier this month that are now
undergoing peer review.

The unexpected discovery
of the double-charm
tetraquark highlights an
uncomfortable truth. While
physicists know the exact
equation that defines the
strong force—the
fundamental force that

binds quarks together to make the protons and neutrons in the
hearts of atoms, as well as other composite particles like
tetraquarks—they can rarely solve this strange, endlessly
iterative equation, so they struggle to predict the strong force’s
effects.

TRENDING NOW

How Disney Designed a Robotic Spider-Man

The tetraquark now presents theorists with a solid target against
which to test their mathematical machinery for approximating
the strong force. Honing their approximations represents
physicists’ main hope for understanding how quarks behave
inside and outside atoms—and for teasing apart the effects of
quarks from subtle signs of new fundamental particles that
physicists are pursuing.

Quark Cartoon

The bizarre thing about quarks is that physicists can approach
them at two levels of complexity. In the 1960s, grappling with a
zoo of newly discovered composite particles, they developed the
cartoonish “quark model,” which simply says that quarks glom
together in complementary sets of three to make the proton, the
neutron, and other baryons, while pairs of quarks make up
various types of meson particles.

Gradually, a deeper theory known as quantum chromodynamics
(QCD) emerged. It painted the proton as a seething mass of
quarks roped together by tangled strings of “gluon” particles, the
carriers of the strong force. Experiments have confirmed many
aspects of QCD, but no known mathematical techniques can
systematically unravel the theory’s central equation.

Somehow, the quark model can stand in for the far more
complicated truth, at least when it comes to the menagerie of
baryons and mesons discovered in the 20th century. But the
model failed to anticipate the fleeting tetraquarks and five-
quark “pentaquarks” that started showing up in the 2000s.
These exotic particles surely stem from QCD, but for nearly 20
years, theorists have been stumped as to how.
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“We just don’t know the pattern yet, which is embarrassing,” said
Eric Braaten, a particle theorist at Ohio State University.

The newest tetraquark sharpens the mystery. 

It showed up in the debris of roughly 200 collisions at the LHCb
experiment, where protons smash into each other 40 million
times each second, giving quarks uncountable opportunities to
cavort in all the ways nature permits. Quarks come in six
“flavors” of masses, with heavier quarks appearing more rarely.
Each of those 200-odd collisions generated enough energy to
make two charm-flavored quarks, which weigh more than the
lightweight quarks that comprise protons but less than the
gigantic “beauty” quarks that are LHCb’s main quarry. The
middleweight charm quarks also got close enough to attract
each other and rope in two lightweight antiquarks. Polyakov’s
analysis suggested that the four quarks banded together for a
glorious 12 sextillionths of a second before an energy fluctuation
conjured up two extra quarks and the group disintegrated into
three mesons.

For a tetraquark, that’s an eternity. Previous tetraquarks have
contained quarks paired with their equally massive opposing
antiquarks, and they tended to puff into nothingness thousands
of times faster. The new tetraquark’s formation and subsequent
stability surprised Stone’s group, which expected charm quarks
to attract each other even more weakly than the quark-
antiquark pairs that bind more ephemeral tetraquarks. The
tetraquarks' tenacity is a fresh clue to the strong force enigma.

Quark Rules of Thumb

One of the few theorists to foresee why two charm quarks might
mingle was Jean-Marc Richard, now at the Institute of Physics of
the 2 Infinities in Lyon, France. In 1982, he and two colleagues
studied a simple quark model and initially found that four
quarks would rather form two pairs, or mesons. A quark pair can
tango, much as a proton and electron can. But add two more,
and the newcomers tend to get in the way, weakening the
attraction and dooming the collective particle.

The theorists also noticed a loophole: Lopsided quartets can
stick together if the larger pair is heavy enough to not take much
notice of the lighter pair. The question was, how skewed would
the masses have to be?

After conducting further analysis, Richard and a colleague
predicted that it’s not necessary to go all the way to the most
gargantuan quarks; a pair of middleweight charm quarks could
anchor a tetraquark. But alternative extensions of the quark
model predicted different tipping points, and the existence of
the double-charm tetraquark remained doubtful. “There were
more guesses that it would not exist than there were that it
would exist,” Braaten said.

The same was true of “lattice QCD” computer simulations, a
powerful approach to approximating QCD. These simulations
capture the richness of the theory by analyzing quarks and
gluons interacting at points on a fine grid instead of throughout
a smooth space. All lattice QCD simulations agreed that the
heaviest quarks could make tetraquarks. But when researchers
swapped in charm quarks, most simulations found that double-
charm tetraquarks couldn’t form.

Now the LHCb experiment has made a definitive ruling: Charm
quarks can bind a tetraquark together. (Only barely, though—the
physicists calculate that if the composite particle had just one-
hundredth of a percent more mass, two mesons would win out
instead.) Now theorists have a new benchmark for their models.

For lattice QCD practitioners, the new tetraquark highlights the
problem that key details about the midsize quarks may be
getting lost between their lattice points. Lightweight quarks can
zip around enough to allow their movement to be captured even
against a coarse grid. And researchers can deal with heavy, more
stationary quarks by pinning them to one spot. But charm
quarks inhabit an awkward middle ground, and researchers
think they’ll need to zoom in to better discern their behavior.
“We need, most likely, a finer lattice,” said Pedro Bicudo, a lattice
QCD specialist at the University of Lisbon in Portugal.

More capable lattice QCD simulations will have far-reaching
benefits. Particle physicists’ main goal in experiments like LHCb
is to find signs of new fundamental particles, such as those that
might make up the universe’s dark matter. To do so, they must
be able to distinguish the dance of charm quarks and their kin
from other, more novel influences.

“Anywhere the charm quark is important, this [discovery] will
spread there,” Bicudo said.

Original story reprinted with permission from Quanta Magazine,
an editorially independent publication of the Simons
Foundation whose mission is to enhance public understanding
of science by covering research developments and trends in
mathematics and the physical and life sciences.
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‘Impossible’ Particle Adds a Piece to the Strong Force
Puzzle
The unexpected discovery of the double-charm tetraquark gives physicists fresh insight into the strongest of
nature’s fundamental forces.

Original story reprinted with permission
from Quanta Magazine, an editorially
independent publication of the Simons
Foundation whose mission is to enhance
public understanding of science by
covering research developments and
trends in mathematics and the physical
and life sciences.

THIS SPRING, AT  a meeting of Syracuse University’s quark
physics group, Ivan Polyakov announced that he had uncovered
the fingerprints of a semi-mythical particle.

“We said, ‘This is impossible. What mistake are you making?’”
recalled Sheldon Stone, the group’s leader.
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Polyakov went away and double-checked his analysis of data
from the Large Hadron Collider beauty (LHCb) experiment the
Syracuse group is part of. The evidence held. It showed that a
particular set of four fundamental particles called quarks can
form a tight clique, contrary to the belief of most theorists. The
LHCb collaboration reported the discovery of the composite
particle, dubbed the double-charm tetraquark, at a conference
in July and in two papers posted earlier this month that are now
undergoing peer review.

The unexpected discovery
of the double-charm
tetraquark highlights an
uncomfortable truth. While
physicists know the exact
equation that defines the
strong force—the
fundamental force that

binds quarks together to make the protons and neutrons in the
hearts of atoms, as well as other composite particles like
tetraquarks—they can rarely solve this strange, endlessly
iterative equation, so they struggle to predict the strong force’s
effects.

TRENDING NOW

How Disney Designed a Robotic Spider-Man

The tetraquark now presents theorists with a solid target against
which to test their mathematical machinery for approximating
the strong force. Honing their approximations represents
physicists’ main hope for understanding how quarks behave
inside and outside atoms—and for teasing apart the effects of
quarks from subtle signs of new fundamental particles that
physicists are pursuing.

Quark Cartoon

The bizarre thing about quarks is that physicists can approach
them at two levels of complexity. In the 1960s, grappling with a
zoo of newly discovered composite particles, they developed the
cartoonish “quark model,” which simply says that quarks glom
together in complementary sets of three to make the proton, the
neutron, and other baryons, while pairs of quarks make up
various types of meson particles.

Gradually, a deeper theory known as quantum chromodynamics
(QCD) emerged. It painted the proton as a seething mass of
quarks roped together by tangled strings of “gluon” particles, the
carriers of the strong force. Experiments have confirmed many
aspects of QCD, but no known mathematical techniques can
systematically unravel the theory’s central equation.

Somehow, the quark model can stand in for the far more
complicated truth, at least when it comes to the menagerie of
baryons and mesons discovered in the 20th century. But the
model failed to anticipate the fleeting tetraquarks and five-
quark “pentaquarks” that started showing up in the 2000s.
These exotic particles surely stem from QCD, but for nearly 20
years, theorists have been stumped as to how.
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“We just don’t know the pattern yet, which is embarrassing,” said
Eric Braaten, a particle theorist at Ohio State University.

The newest tetraquark sharpens the mystery. 

It showed up in the debris of roughly 200 collisions at the LHCb
experiment, where protons smash into each other 40 million
times each second, giving quarks uncountable opportunities to
cavort in all the ways nature permits. Quarks come in six
“flavors” of masses, with heavier quarks appearing more rarely.
Each of those 200-odd collisions generated enough energy to
make two charm-flavored quarks, which weigh more than the
lightweight quarks that comprise protons but less than the
gigantic “beauty” quarks that are LHCb’s main quarry. The
middleweight charm quarks also got close enough to attract
each other and rope in two lightweight antiquarks. Polyakov’s
analysis suggested that the four quarks banded together for a
glorious 12 sextillionths of a second before an energy fluctuation
conjured up two extra quarks and the group disintegrated into
three mesons.

For a tetraquark, that’s an eternity. Previous tetraquarks have
contained quarks paired with their equally massive opposing
antiquarks, and they tended to puff into nothingness thousands
of times faster. The new tetraquark’s formation and subsequent
stability surprised Stone’s group, which expected charm quarks
to attract each other even more weakly than the quark-
antiquark pairs that bind more ephemeral tetraquarks. The
tetraquarks' tenacity is a fresh clue to the strong force enigma.

Quark Rules of Thumb

One of the few theorists to foresee why two charm quarks might
mingle was Jean-Marc Richard, now at the Institute of Physics of
the 2 Infinities in Lyon, France. In 1982, he and two colleagues
studied a simple quark model and initially found that four
quarks would rather form two pairs, or mesons. A quark pair can
tango, much as a proton and electron can. But add two more,
and the newcomers tend to get in the way, weakening the
attraction and dooming the collective particle.

The theorists also noticed a loophole: Lopsided quartets can
stick together if the larger pair is heavy enough to not take much
notice of the lighter pair. The question was, how skewed would
the masses have to be?

After conducting further analysis, Richard and a colleague
predicted that it’s not necessary to go all the way to the most
gargantuan quarks; a pair of middleweight charm quarks could
anchor a tetraquark. But alternative extensions of the quark
model predicted different tipping points, and the existence of
the double-charm tetraquark remained doubtful. “There were
more guesses that it would not exist than there were that it
would exist,” Braaten said.

The same was true of “lattice QCD” computer simulations, a
powerful approach to approximating QCD. These simulations
capture the richness of the theory by analyzing quarks and
gluons interacting at points on a fine grid instead of throughout
a smooth space. All lattice QCD simulations agreed that the
heaviest quarks could make tetraquarks. But when researchers
swapped in charm quarks, most simulations found that double-
charm tetraquarks couldn’t form.

Now the LHCb experiment has made a definitive ruling: Charm
quarks can bind a tetraquark together. (Only barely, though—the
physicists calculate that if the composite particle had just one-
hundredth of a percent more mass, two mesons would win out
instead.) Now theorists have a new benchmark for their models.

For lattice QCD practitioners, the new tetraquark highlights the
problem that key details about the midsize quarks may be
getting lost between their lattice points. Lightweight quarks can
zip around enough to allow their movement to be captured even
against a coarse grid. And researchers can deal with heavy, more
stationary quarks by pinning them to one spot. But charm
quarks inhabit an awkward middle ground, and researchers
think they’ll need to zoom in to better discern their behavior.
“We need, most likely, a finer lattice,” said Pedro Bicudo, a lattice
QCD specialist at the University of Lisbon in Portugal.

More capable lattice QCD simulations will have far-reaching
benefits. Particle physicists’ main goal in experiments like LHCb
is to find signs of new fundamental particles, such as those that
might make up the universe’s dark matter. To do so, they must
be able to distinguish the dance of charm quarks and their kin
from other, more novel influences.

“Anywhere the charm quark is important, this [discovery] will
spread there,” Bicudo said.

Original story reprinted with permission from Quanta Magazine,
an editorially independent publication of the Simons
Foundation whose mission is to enhance public understanding
of science by covering research developments and trends in
mathematics and the physical and life sciences.
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UPCOMING 
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A New Spectroscopy Is Born!

New perspectives for XYZ studies!

Some surprisingly narrow states even if  
above/at strong decay thresholds

Produced in heavy ions where the deconfined strongly 
coupled  QCD medium (Quark Gluon Plasma-QGP) is formed
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XYZ REVOLUTION:

XYZs  not merely composite particles, have unique properties  
 Novel strongly correlated exotics systems 
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I However a compelling, unified, understanding of these new states has not yet
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I The objective is to connect the di�erent pictures to QCD through EFT and/or
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Hybrids (Q!Qg): Extension of  quarkonium. Isospin scalar exotic state. Focus of  this talk. 

Figure from Nat Rev Phys 1,

480-494 (2019)
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Exotic Hadron

……….

• Multiple Models for Exotics:

Use EFT + lattice for describing  hybrid

 
 

• Individual success in describing some XYZ hadrons. No success in revealing general pattern.

the blind men 
and  the elephant 

from E. 
Braaten

•Lattice  calculation of  exotics masses are limited by the large number of open decay modes and they are not  
Immediately suited for production and in medium studies
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Exotic Hadron

……….

• Multiple Models for Exotics:

Use EFT + lattice for describing  hybrid

 
 

• Individual success in describing some XYZ hadrons. No success in revealing general pattern.

the blind men 
and  the elephant 

from E. 
Braaten

•Lattice  calculation of  exotics masses are limited by the large number of open decay modes and they are not  
Immediately suited for production and in medium studies

A flexible approach rooted in QCD that can address all properties of XYZ, spectra, 
transitions, production, propagation in medium is needed allowing also to study 
the nature of the QCD force
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 XYZ  states are also  produced and evolve  
in heavy ion collisions 



A  similar description can be applied to other NR system evolving in medium: 
e.g. heavy dark matter pairs evolving in the early universe: in order to 

predict the cosmological abundance of dark matter an estimation of particle 
rates in an expanding thermal environment is needed. Bound state effects at 

finite T may have large impact on the result 

Thermal freeze-out of DM
Consider dark sector: Particle-like DM (mass     ) interacting via long-range mediator


Early universe (            ): Heavy DM in thermal equilibrium with dark medium


Expanding universe (            ):     cools down       detailed balance lost


Evolution equation:


Accurate prediction of DM relic density requires precise determination of the relevant interaction 

rates in expanding thermal environment


Observed DM relic abundance implies heavy DM:


During and after chemical freeze-out, DM is non-relativistic:          
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->obtain the quantum nonequilibrium evolution of DM pairs in the early universe 
 Including dissipation, decoherence and recombination

A  similar description can be applied to other NR system evolving in medium: 
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QQbar systems  (and  NR bound systems)  are important tools to address  significant problems at the frontier of particle 
physics

To this aim they should be addresses in QFT, QFT at finite T , finite mu    

However…    
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For quarkonium to become a probe of strong interactions, it should be treated in QCD 
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For quarkonium to become a probe of strong interactions, it should be treated in QCD 

The problem is greatly simplifie
d 

and predictivity is achieved 

by using Nonrelativistic Effective Field Theories  



What is the bound state wave function of 
hydrogen atom? Does it depend on the coupling 

constant? Does this helps you to understand
th origin of the difference of a bound stte 

calculation with respect to a on shell scattering 
calculations? is the bound state problem in QED

nonperturbative? in which sense? what is the 
difference with the bound state problem in 

QCD? 
 

PG5



III. It allows to integrate out hierarchically other scales  using other EFTs   (for example the temperature  T 
using Hard Thermal Loop (HTL) EFT) and to apply lattice directly on the low energy factorized part

IV. It allows to define in QFT objects of great importance like potentials  both in the perturbative and in the 
 nonperturbative regime

I. It facilitates higher order perturbative calculations
Relevant for:  physics: Hydrogen atom (e.g. proton radius),  positronium (e.g. width, hfs), muonium 

ttbar threshold production;   Dark matter annihilation and production close to threshold; SUSY particles  
annihilation  and production; QQbar, QQq and QQQ with small radius; extraction of SM parameters

II. In QCD (or in a strongly coupled theory)  it factorizes automatically high energy contributions (perturbative)  
from low-energy (nonperturbative, thermal) ones

Relevant for:pionium and precision chiral dynamics; nucleon-nucleon systems;   Quarkonium, Exotic X, Y, Z states, 
Quarkonium in hot QCD medium in heavy ion collisions; confinement and nonperturbative effects

Disentangling  the bound state scales at the  Lagrangian level has advantages  

V.  More conceptually It provides  a field theoretical foundation of the Schroedinger equation



Disentangling  the bound state scales at the  Lagrangian level has advantages : pNREFT   
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pNREFT is the lowest energy EFT that can be 
constructed for the NR bound system. 

Notice: if QFT = QED, pNRQED gives a  proper version of Quantum Mechanics  

The lowest dynamical energy  and the corresponding pNREFT depend on the system in consideration, e.g. to describe  
Van der Waals interaction between bound states the lowest scale  is lower than mv^2

N B., A. Pineda, J. Soto, A.Vairo. Rev. Mod. Phys 77 (2005) 1423
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pNREFT is the lowest energy EFT that can be 
constructed for the NR bound system. 

It implements the Schroedinger eq. as zero order problem, 
 define the potentials at the level of the QFT, implements 

systematically retardation corrections (Lamb shift), it 
encodes Poincare’ invariance, and it is equivalent at any 

given order  of the expansion to the underlying QFT

Notice: if QFT = QED, pNRQED gives a  proper version of Quantum Mechanics  

The lowest dynamical energy  and the corresponding pNREFT depend on the system in consideration, e.g. to describe  
Van der Waals interaction between bound states the lowest scale  is lower than mv^2

N B., A. Pineda, J. Soto, A.Vairo. Rev. Mod. Phys 77 (2005) 1423
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Effective Field Theories

Whenever a system H, described by LQCD, is characterized by 2 scales Λ ≫ λ,
observables may be calculated by expanding one scale with respect to the other.
An effective field theory makes the expansion in λ/Λ explicit at the Lagrangian level.

The EFT Lagrangian, LEFT , suitable to describe H at scales lower than Λ is defined by
(1) a cut off Λ ≫ µ ≫ λ;
(2) by some degrees of freedom that exist at scales lower than µ

⇒ LEFT is made of all operators On that may be built from the effective degrees
of freedom and are consistent with the symmetries of L.

a hierarchy of EFTS can be formulated in 
correspondence to the hierarchy of scales
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range of validity of the EFT: energy < µ

a hierarchy of EFTS can be formulated in 
correspondence to the hierarchy of scales



Tower of interactions beginning with conventional 
renormalizable interactions but going on to include 

nonrenormalizable interactions of arbitrarily high dimensions 
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• Since ⟨On⟩ ∼ λn the EFT is organized as an expansion in λ/Λ.

• The EFT is renormalizable order by order in λ/Λ.

• The matching coefficients cn(Λ/µ) encode the non-analytic behaviour in Λ. They
are calculated by imposing that LEFT and L describe the same physics at any
finite order in the expansion: matching procedure.

• If Λ ≫ ΛQCD then cn(Λ/µ) may be calculated in perturbation theory.
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Caswell, Lepage 86, Lepage Thacker 88, 
Bodwin, Braaten, Lepage 95 

LNRQCD =
∑

n

c(αs(m/µ)) ×
On(µ, λ)

mn

 Applications to productions,

Lattice NRQCD…

Still two scales entangled
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In QCD another scale is relevant ΛQCD

Quarkonium with NREFT: pNRQCD strongly 
coupled 
pNRQCD

weakly 
coupled 
pNRQCD



Caswell, Lepage 86, 
 Lepage, Thacker 88 

                      Bodwin, Braaten, Lepage 95......

Quarkonium with NREFTEFTs for Quarkonium

Caswell, Lepage 86,

 Lepage, Thacker 88

                      Bodwin, Braaten, Lepage 95......

Pineda, Soto 97, N.B. et al, 99,00,

Luke Manohar 97, Luke Savage 98, 

Beneke Smirnov 98, Labelle 98

Labelle 98, Grinstein Rothstein 98

Kniehl, Penin 99, Griesshammer 00,

 Manohar Stewart 00, Luke et al 00,

 Hoang et al 01, 03->

established in a series of papers: 
Pineda, Soto 97, N.B., Pineda, Soto, Vairo 99 

N.B. Vairo,   et al.  00–024  
N.B., Pineda, Soto, Vairo Review of Modern Physis 77(2005) 1423
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 the symmetry  or by expanding in the scale that you are integrating out)
-perform the matching by equating a Green function or the Feynman diagrams for a given process  (at 
scale below the cutoff of the EFT)   in the initial theory and in the EFT (at the desired order of the 
perturbative  
expansion and of the expansion in the large scale)

-perform the calculation by expanding the propagators in the integrals in the smaller scales which 
guarantees that only the scale that is being integrated out contributes (then the loop integral in the EFT do 

not contribute)
Manohar 97example QCD—> NRQCD, integrate out m

here p is an external momentum smaller than the cutoff 



f(m/µ)

m2

cF (m/µ)

m



f(m/µ)

m2

cF (m/µ)

m

V (k)

Example: NRQCD—> pNRQCD, integrate out k (transfer momentum  
between quark and antiquark) 

(tree level pNRQCD) 

s

s
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-the matching coefficient c_i are 1 or zero at tree level,  
they are gauge invariant and scheme dependent—->  
in lattice regularisation these matching coefficients are typically not known  
(too difficult a calculation)

-while integrating out the biggest scale we do not need to  
decide the hierarchy among the remaining scales, this will be set later (power 
counting on the basis of the physics of the system)—>reason for which 
the matching to HQEFT and NRQCD is the same

-Once the c_i/f_i have been calculated and the EFT is known  at the 
desired order, it can be used to calculate physical observables using 
quantum mechanical and field theory perturbation theory

Notice:

-if ⇤QCD ⇠ mv = k

the matching is nonperturbative and the potentials 
are given in terms of gauge invariant generalised  

Wilson loops to be evaluated on the lattice 

The propagators of the NREFT 
have a noncovariant structure—> 

we have created a dedicated  automatic  
symbolic calculation program to address 

these calculations (tree, 1 loop) see 
‘FeynOnium’ 2006.15451 

N.B., H. S. Chung, V. Shtabovenko, A. Vairo
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First two terms:

The power counting, the zero order problem and the propagator  
depends on the physics

 = Pauli spinor

/HQET

HQET and 

Heavy-light mesons, next scale after m: Lambda_QCD——> HQET 

D0 ⇠ ⇤QCD
D2

2m
⇠

⇤2
QCD

m
propagator

Quarkonium, next scale after m: mv——> NRQCD

D0 ⇠ mv2
D2

2m
⇠ mv2 propagator

the fermion bilinear part is the same in NRQCD and HQET but the physics and the 
power counting are different 



Heavy-light system: Heavy Quark EFT 



--Can you understand why the heavy-light case 
and the leading HQET display a 

SU(2)_spinX SU(2)_flavor  symmetry?
Is this symmetry realized in the heavy-light 

mesons? have a look at PDG and find it out!
Is this symmetry already there in QCD or is it an 
additional symmetry? Apart from the antiquark 

term and the four fermion terms this Lagrangian 
is equal to the NRQCD Lagrangian.

However the physics of QQbar and of Qq system 
is very different....so, how can it be?

(the power counting is different)



NRQCD

L = ψ†
(

iD0 +
D2

2m
+ cF

S · gB

m
+cD

[D·, gE]

8m2
+ . . .

)

ψ

+χ†
(

. . .

)

χ

+
∑

K

f

m2
ψ† K χχ† K ψ + · · ·

−
1

4
F a

µνF
a µν +

nf
∑

q̄ iD/ q + . . .

Caswell Lepage 86, Bodwin Braaten Lepage 95, Manohar 97



-- is this Lagrangian the same 
that you would get with a nonrelativistic 

expansion of the QCD Lagrangian? what is the 
difference? and what is the origin of such 

difference?
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disappears from the theory as the quarks annihilate into
states that have been excluded from the Hilbert space. )

B. The coupling constants in NRQCD
c = 1 +2

QCD NRQCD

to the couplings. Such terms render perturbation the-
ory practically useless if A is made too large. Thus in
general one is limited to a 1/M. This means that
perturbation theory is almost certainly applicable in the
case of 6 quarks and probably still useful for c quarks. Of
course as is true in all applications of perturbative QCD
various nonleading, nonperturbative corrections are ex-

+0 ~

NRQCD

+ ~ ~

QCD

FIG. 1. The amplitude for spin-Rip scattering as calcu-
lated in QCD and NRQCD.

To fully define NRQCD we must specify the coupling
constants M, g, ci, . . . that appear in the Lagrangian.
These have unique values that are particular to the cut-
off' used to regulate the theory. As the couplings serve to
mimic relativistic physics, they are computable in pertur-
bation theory provided the quark mass is large enough.
One way to do this is to compute simple scattering am-
plitudes both in QCD and in NRQCD, the amplitudes
being functions of the unknown coupling constants in the
latter case. The amplitudes are then compared, and the
coupling constants adjusted until NRQCD agrees with
QCD to whatever order in v and ct, is desired. The cou-
pling constants cq, . . . , c~ all equal one at the tree level
in perturbation theory.
To illustrate this procedure, consider the cr B interac-

tion in ZNRgcD. A process that is sensitive to this term
is spin-Rip scattering of a quark on an external B field.
The amplitude for this process is readily computed using
perturbation theory both in QCD and in NRQCD, and
the two calculations should agree when the momentum
transferred is nonrelativistic (Fig. 1). The nonrelativistic
amplitude depends upon c2, the coupling constant for the
n. . B interaction. This coupling constant is adjusted so
that NRQCD reproduces the QCD result (Fig. 2). Notice
how in c2 the infrared sensitivity of the exact QCD ampli-
tude is completely cancelled by the terms from NRQCD,
leaving behind loop contributions that are only relativis-
tic. Therefore e~ is a constant, independent of the mo-
mentum transferred (« M), and also perturbative when
M is large.
Unlike in QCD one is not able to remove the cutoff'

A in NRQCD by taking A ~ oo. The theory contains
power-law divergences, contributing terms such as

FIG. 2. The coupling constant cq is adjusted so that
NRQCD reproduces the QCD result.

pected; but these most likely do not cause problems until
rather high orders in v. In any case, NRQCD provides a
valid framework for studying heavy-quark systems, and if
need be the coupling constants can be tuned numerically
to fit data from experiments (or from QCD simulations).

C. The static limit
NRQCD can be further simplified for studies of heavy-

light hybrid mesons such as the 8 or D. In these mesons
the momentum scale is set by the dynamics of the light
quark, and is presumably of order a few hundred MeV,
independent of the heavy quark's mass. (A QED ana-
logue is the hydrogen atom, where the momentum is of
order nm, and largely independent of m&.) As a result
the kinetic energy of the heavy quark is negligible rela-
tive to that of the light quark. This suggests that the
basic physics of the heavy quark in such mesons is well
described just by the action:

+static —"0 &Dt g.
The kinetic energy and cr B interactions are suppressed
in their eAect by one power of the heavy-quark velocity
(p)/M, and can be treated perturbatively. In this limit
the heavy quark becomes a static source of chromoelec-
tric field, with dynamics that are even simpler than in
NRQCD. s
The static approximation is obviously inappropriate

for mesons, such as the @ and the T, in which both con-
stituents are massive. The basic characteristics of these
mesons result from the balancing of kinetic against po-
tential energy, and so it is quite wrong to neglect the
quark's kinetic energy in computing, say, meson propa-
gators. But the static approximation is useful in comput-
ing the quark-antiquark potential. As we discussed in the
Introduction, the virtual gluons exchanged by the quark
and antiquark typically have energies and momenta of or-
der the quark's three-momenta, which is larger (by I/v)
than the quark's energies. This means that the creation
of a virtual gluon requires a large Auctuation in the en-
ergy of the state, and so, by the uncertainty principle, the
virtual gluon is short lived. Thus the interaction is elec-
tively instantaneous as far as the quarks are concerned,
and the quarks can be approximated by static sources
during the interaction (but not between interactions). In
calculations of the potential using perturbation theory,
for example, one finds that the quark kinetic energy is

Matching calculation : c_F

amplitude for spin flip scattering calculated in QCD and in NRQCD 
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indicate the  
angular momentum state  

of the QQ pair that is 
created or anihilated by the 

operator



once you have constructed the EFT, established the 
power counting and calculated the matching  

coefficients you can start applications to  
calculations of spectra, decays, production..
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NRQCD is used in lattice calculations: spectroscopy, decays 
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Weak coupling pNRQCD

∆L =

∫

d3r Tr

{

O†

(

iD0 −
p2

m
+ · · ·− Vo

)

O

VAO†r · gES +H.c.+
VB

2
O†r · gEO + c.c.

}

+ · · ·

−
1

4
Fa
µνF

µν a +

nf
∑

i=1

q̄i iD/ qi

The (weak coupling) matching coefficients are the Coulomb potential:

V (r) = −CF
αs

r
+ . . . , Vo(r) =

1

2N

αs

r
+ . . . , N = 3, CF =

4

3

and VA = 1 +O(α2
s ), VB = 1 +O(α2

s ).
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pNRQCD Lagrangian for QQ̄

• If mv ≫ ΛQCD, the matching is perturbative

• Degrees of freedom: quarks and gluons

Q-Q̄ states, with energy ∼ ΛQCD, mv2 and momentum <
∼ mv

⇒ (i) singlet S (ii) octet O

Gluons with energy and momentum ∼ ΛQCD, mv2

• Definite power counting: r ∼
1

mv
and t, R ∼

1

mv2
, 1

ΛQCD

The gauge fields are multipole expanded:
A(R, r, t) = A(R, t) + r · ∇A(R, t) + . . .

Non-analytic behaviour in r → matching coefficients V
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Matching the potential

Although the equation of motion of pNRQCD is at leading order a Schrödinger equation,

as an EFT pNRQCD provides a description of the bound state that goes beyond

quantum mechanics.

• The potential is a matching coefficient of the EFT that may be computed from first

principle by matching Green’s functions in QCD with Green’s function in pNRQCD,

it is scheme and scale dependent, and undergoes renormalization.

It may be organized as an expansion in 1/m:

V = V (0) +
V (1)

m
+

V (2)

m2
+ ...

• The interaction terms contained in ∆L provide corrections to the quantum

mechanical picture.
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0
dt e−it(Vo−V )⟨Tr r · gE(t) r · gE(0)⟩(µ′) + · · ·
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The static energy E0(r) is known at three loops:
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s +#α3
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• The potential is a matching coefficient of the EFT that may be computed from first

principle by matching Green’s functions in QCD with Green’s function in pNRQCD,

it is scheme and scale dependent, and undergoes renormalization.

It may be organized as an expansion in 1/m:

V = V (0) +
V (1)

m
+

V (2)

m2
+ ...

• The interaction terms contained in ∆L provide corrections to the quantum

mechanical picture.
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Wilson loops (as matching Green’s functions) guarantee gauge invariance.

• The 1/m potential:
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in weakly coupled pNRQCD

NRQCD static energy E_0

Static energy

E0(r) = lim
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• E0(r) is known at three loops.

• lnαs signals the cancellation of contributions coming from different energy scales:

lnαs = ln
µ

1/r
+ ln

αs/r

µ
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Infrared logarithms

lnαs in E0 signals the cancellation of contributions coming from soft and ultrasoft gluons:

lnαs = ln
µ′

1/r
+ ln

αs/r

µ′

Infrared logarithms in the potential may be computed in the EFT solving the ADM problem.
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ã3, a4

fermionic part of ã3
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Unknown

Smirnov, Smirnov, Steinhauser 08

3loops  reduces to 1loop in the EFT

4loops  reduces to 2loops in the EFT

at the logs level



Weak coupling static potential

V (0)(r, µ′) = lim
T→∞

i

T
ln − + · · ·

= E0(r) +
i

N

∫ ∞

0
dt e−it(Vo−V )⟨Tr r · gE(t) r · gE(0)⟩(µ′) + · · ·

◦ Brambilla Pineda Soto Vairo PRD 60 (1999) 091502

The static energy E0(r) is known at three loops:

E0(r) = Λs−
CFαs

r
(1+#αs+#α2

s +#α3
s +#α3

s lnαs+#α4
s ln

2 αs+#α4
s lnαs+ . . . )

◦ Anzai Kiyo Sumino PRL 104 (2010) 112003

A.Smirnov V.Smirnov Steinhauser PRL 104 (2010) 112002

Infrared logarithms

lnαs in E0 signals the cancellation of contributions coming from soft and ultrasoft gluons:

lnαs = ln
µ′

1/r
+ ln

αs/r

µ′

Infrared logarithms in the potential may be computed in the EFT solving the ADM problem.

◦ Appelquist Dine Muzinich PRD 17 (1978) 2074

V (0)(r, µ′) = −CF
αs(1/r)

r

{

1 +
αs(1/r)

4π
a1 +

(

αs(1/r)

4π

)2

a2

+

(

αs(1/r)

4π

)3 [16π2

3
C3

A ln rµ′ + a3

]

+

(

αs(1/r)

4π

)4 [

aL2
4 ln2 rµ′ +

(

aL4 +
16

9
π2 C3

Aβ0(−5 + 6 ln 2)

)

ln rµ′ + · · ·
]

}

◦ Brambilla Pineda Soto Vairo PRD 60 (1999) 091502

Brambilla Garcia Soto Vairo PLB 647 (2007) 185

The QCD static potential at N^4LO

Static singlet potential at N^4LO

Static singlet potential

Vs(r, µ) = −CF
αs(1/r)

r

"

1 + a1
αs(1/r)

4π
+ a2

„
αs(1/r)

4π

«2

+

„
16 π2

3
C3

A ln rµ + a3

« „
αs(1/r)

4π

«3

+

„

aL2
4 ln2 rµ +

„

aL
4 +

16

9
π2 C3

Aβ0(−5 + 6 ln 2)

«

ln rµ + a4

« „
αs(1/r)

4π

«4
#

aL2
4 = −

16π2

3
C3

A β0

aL
4 = 16π2C3

A

»

a1 + 2γEβ0 + nf

„

−
20

27
+

4

9
ln 2

«

+CA

„
149

27
−

22

9
ln 2 +

4

9
π2

«–

Brambilla et al 99, 06

˜

Billoire  80a1

a2 Schroeder 99, Peter 97

coeff lnrµ N.B. Pineda, Soto, Vairo 99 

a
L2

4 , a
L

4
N.B., Garcia, Soto, Vairo  06
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3loops  reduces to 1loop in the EFT

4loops  reduces to 2loops in the EFT

at the logs level Two problems:
1)Bad convergence of the series due to large beta_0 terms
2) Large logs

The eft  cures both:
1) Renormalon subtracted scheme 

2) Renormalization group summation of the logs
up to N^3LL (↵4+n

s lnn ↵s).               N. B Garcia, Soto Vairo 2007, 2009, Pineda, Soto

Beneke 98, Hoang, Lee 99, Pineda 01, N.B. Pineda 
Soto, Vairo 09
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quark mass, so the charm quark can neither be considered massless nor infinitely heavy. It is important to account
for finite charm quark mass e�ects when analyzing the static energy in (2 + 1 + 1)-flavor QCD, particularly when
determining –s. In this paper, we show the impact of finite charm quark mass e�ects on the static energy by comparing
our new lattice QCD results for the static energy in (2 + 1 + 1)-flavor QCD with published results in (2 + 1)-flavor
QCD at similar lattice spacings. The comparison also demonstrates for the first time how the charm quark decouples
from the static energy when going from short to large distances.1 Further, we compare the (2 + 1 + 1)-flavor lattice
data with the two-loop expression of the static energy, including charm mass e�ects.

The rest of the paper is organized as follows. Our numerical calculation of the static energy on the HISQ ensembles
is described in Sec. II. We then take these results and analyze them in Sec. III to obtain the scales ri/a and string
tension a2‡. Section IV forms several universal ratios or products of these quantities among each other and combined
with afp4s (the lattice spacing defined via the decay constant of a fictitious meson with quark and antiquark having
mass 0.4ms) from Ref. [26]. We then turn in Sec. V to the comparison of the static energy with perturbation theory, in
particular, studying the e�ect of the massive charm quark sea. Section VI o�ers some outlook and conclusions. Several
technical appendices follow. We found some inconsistencies in the gauge fixing of the publicly available and widely
used HISQ ensembles, which we document in Appendix A. Additional plots and tables in support of Secs. II, III,
and IV can be found in Appendix B. Formulas from perturbative QCD needed for our study of charm quark loops are
collected in Appendix C. Preliminary results based on these data have been published in conference proceedings [73];
we have refined that analysis to permit quantitative studies of the impact on the various uncertainties.
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Figure 1. Results for the static energy in physical units from the calculations described in this paper. The data are from twelve
ensembles of varying lattice spacing (keyed by —) and three choices of light quark mass (denoted “M i”, “M ii”, “M iii”). Lattice
units are eliminated via r0/a, and the unphysical constant is eliminated by setting E0(r0) = 0. See Sec. IV C for details.

1
Decoupling of Nf = 2 charmlike heavy quarks at very large distances has already been observed for the force, and was published in

conference proceedings [71]. Decoupling of heavy quarks in a similar setup has been proposed as a scheme for determining –s [63, 72].
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entirely determined by the quark anomalous mag-
netic moment. Since the quark magnetic moment
appears at the scale m, it is accessible by pertur-
bation theory: κQ = 2αs(m)/(3π) + O(αs

2). As a
consequence, κQ is a small positive quantity, about
0.05 in the bottomonium case and about 0.08 in the
charmonium one. This is confirmed by lattice cal-
culations [423] and by the analysis of higher-order
multipole amplitudes (see Sect. 3.1.6).

• QCD does not allow for a scalar-type contribution
to the magnetic transition rate. A scalar interac-
tion is often postulated in phenomenological mod-
els.

The above conclusions were shown to be valid at any
order of perturbation theory as well as nonperturbatively.
They apply to magnetic transitions from any quarkonium
state. For ground state magnetic transitions, we expect
that perturbation theory may be used at the scale mv.
Under this assumption, the following results were found
at relative order v2.

• The magnetic transition rate between the vector
and pseudoscalar quarkonium ground state, includ-
ing the leading relativistic correction (parametrized
by αs at the typical momentum-transfer scale
miαs/2) and the leading anomalous magnetic mo-
ment (parametrized by αs at the mass scale mi/2),
reads

Γ(i → γ + f) =
16

3
α e2

Q

E3
γ

m2
i

×
[

1 +
4

3

αs(mi/2)

π
−

32

27
αs

2(miαs/2)

]
, (97)

in which i = 1301 and f = 1101. This expression
is not affected by nonperturbative contributions.
Applied to the charmonium and bottomonium case
it gives: B(J/ψ → γηc(1S)) = (1.6 ± 1.1)%
(see Sect. 3.1.2 for the experimental situation) and
B(Υ(1S) → γηb(1S)) = (2.85 ± 0.30) × 10−4 (see
Sect. 3.1.8 for some experimental perspectives).

• A similar perturbative analysis, performed for hin-
dered magnetic transitions, mischaracterizes the
experimental data by an order of magnitude, point-
ing either to a breakdown of the perturbative ap-
proach for quarkonium states with principal quan-
tum number n > 1, or to large higher-order rela-
tivistic corrections.

The above approach is well suited to studying the line-
shapes of the ηc(1S) and ηb(1S) in the photon spectra of
J/ψ → γηc(1S) and Υ(1S) → γηb(1S), respectively. In
the region of Eγ ≪ mαs, at leading order, the lineshape

is given by [424]

dΓ

dEγ
(i → γ + f) =

16

3

α e2
Q

π

E3
γ

m2
i

×

Γf/2

(mi − mf − Eγ)2 + Γ2
f/4

, (98)

which has the characteristic asymmetric behavior around
the peak seen in the data (compare with the discussion
in Sect. 3.1.2).

No systematic analysis is yet available for relativis-
tic corrections to electromagnetic transitions involving
higher quarkonium states, i.e., states for which ΛQCD

is larger than the typical binding energy of the quarko-
nium. These states are not described in terms of a
Coulombic potential. Transitions of this kind include
magnetic transitions between states with n > 1 and all
electric transitions, n = 2 bottomonium states being on
the boundary. Theoretical determinations rely on phe-
nomenological models, which we know do not agree with
QCD in the perturbative regime and miss some of the
terms at relative order v2 [407]. A systematic analysis
is, in principle, possible in the same EFT framework de-
veloped for magnetic transitions. Relativistic corrections
would turn out to be factorized in some high-energy coef-
ficients, which may be calculated in perturbation theory,
and in Wilson-loop amplitudes similar to those that en-
code the relativistic corrections of the heavy quarkonium
potential [174]. At large spatial distances, Wilson-loop
amplitudes cannot be calculated in perturbation theory
but are well-suited for lattice measurements. Realizing
the program of systematically factorizing relativistic cor-
rections in Wilson-loop amplitudes and evaluating them
on the lattice, would, for the first time, produce model-
independent determinations of quarkonium electromag-
netic transitions between states with n > 1. These are
the vast majority of transitions observed in nature.

Higher-order multipole transitions have been observed
in experiments (see Sect. 3.1.6), Again, a systematic
treatment is possible in the EFT framework outlined
above, but has not yet been realized.

3.1.2. Study of ψ(1S, 2S) → γηc(1S)

Radiative transitions in the charmonium system have
recently been explored using both lattice QCD [423] and
effective field theory techniques [407]. Key among these
are the magnetic dipole (M1) transitions J/ψ → γηc(1S)
and ψ(2S) → γηc(1S). Using a combination of inclusive
and exclusive techniques, CLEO [69] has recently mea-
sured

B(J/ψ → γηc(1S)) = (1.98 ± 0.09 ± 0.30)%

B(ψ(2S) → γηc(1S)) = (0.432± 0.016 ± 0.060)% , (99)

reducing the discrepancy between experiment and pre-
dictions from the nonrelativistic quark model [31]. The
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TABLE 23: Comparison of measured χcJ decay-width ra-
tios (using PDG08 [18] and its online update for 2009) with
LO and NLO determinations, assuming mc = 1.5 GeV and
αs(2mc) = 0.245, but without corrections of relative order v2.
LH ≡ light hadrons

Ratio PDG LO NLO

Γ(χc0 → γγ)
Γ(χc2 → γγ)

4.9 3.75 5.43

Γ(χc2 → LH) − Γ(χc1 → LH)
Γ(χc0 → γγ)

440 347 383

Γ(χc0 → LH) − Γ(χc1 → LH)
Γ(χc0 → γγ)

4000 1300 2781

Γ(χc0 → LH) − Γ(χc2 → LH)
Γ(χc2 → LH) − Γ(χc1 → LH)

8.0 2.75 6.63

Γ(χc0 → LH) − Γ(χc1 → LH)
Γ(χc2 → LH) − Γ(χc1 → LH)

9.0 3.75 7.63

matrix elements is to go to the lower-energy EFT, pN-
RQCD, and to exploit the hierarchy mv ≫ mv2. In
pNRQCD, NRQCD matrix elements factorize into two
parts: one, the quarkonium wave-function or its deriva-
tive at the origin, and the second, gluon-field correlators
that are universal, i.e., independent of the quarkonium
state. The pNRQCD factorization has been exploited for
P-wave and S-wave decays in [176].

Quarkonium ground states have typical binding en-
ergy larger than or of the same order as ΛQCD. Matrix
elements of these states may be evaluated in perturba-
tion theory with the nonperturbative contributions being
small corrections encoded in local or nonlocal conden-
sates. Many higher-order corrections to spectra, masses,
and wave functions have been calculated in this man-
ner [152], all of them relevant to the quarkonium ground
state annihilation into light hadrons and its electromag-
netic decays. For some recent reviews about applica-
tions, see [445, 446]. In particular, Υ(1S), ηb(1S), J/ψ,
and ηc(1S) electromagnetic decay widths at NNLL have
been evaluated [248, 447]. The ratios of electromagnetic
decay widths were calculated for the ground state of char-
monium and bottomonium at NNLL order [447], finding,
e.g.,

Γ(ηb(1S) → γγ)

Γ(Υ(1S) → e+e−)
= 0.502± 0.068 ± 0.014 . (107)

A partial NNLL-order analysis of the absolute widths of
Υ(1S) → e+e− and ηb(1S) → γγ can be found in [248].

As the analysis of Γ(Υ(1S) → e+e−) of [248] illus-
trates, for this fundamental quantity there may be prob-
lems of convergence of the perturbative series. Prob-
lems of convergence are common and severe for all the
annihilation observables of ground state quarkonia and

may be traced back to large logarithmic contributions, to
be resummed by solving suitable renormalization group
equations, and to large β0αs contributions of either re-
summable or nonresummable nature (these last ones are
known as renormalons). Some large β0αs contributions
were successfully treated [448] to provide a more reliable
estimate for

Γ(ηc(1S) → LH)

Γ(ηc(1S) → γγ)
= (3.26 ± 0.6) × 103 , (108)

or (3.01 ± 0.5)× 103 in a different resummation scheme.
A similar analysis could be performed for the ηb(1S),
which combined with a determination of Γ(ηb(1S) → γγ)
would then provide a theoretical determination of the
ηb(1S) width. At the moment, without any resummation
or renormalon subtraction performed,

Γ(ηb(1S) → LH)

Γ(ηb(1S) → γγ)
≃ (1.8–2.3) × 104 . (109)

Recently a new resummation scheme has been suggested
for electromagnetic decay ratios of heavy quarkonium
and applied to determine the ηb(1S) decay width into
two photons [449]:

Γ(ηb(1S) → γγ) = 0.54 ± 0.15 keV . (110)

Substituting Eq. (110) into Eq. (109) gives Γ(ηb(1S) →
LH) = 7-16 MeV.

3.2.2. Measurement of ψ, Υ → γgg

In measurements of the γgg rate from J/ψ [223],
ψ(2S) [224], and Υ(1S, 2S, 3S) [218], CLEO finds that
the most effective experimental strategy to search for
γgg events is to focus solely upon those with energetic
photons (which are less prone to many backgrounds),
then to make the inevitable large subtractions of ggg,
qq̄, and transition backgrounds on a statistical basis,
and finally to extrapolate the radiative photon energy
spectrum to zero with the guidance of both theory and
the measured high energy spectrum. The most trouble-
some background remaining is from events with energetic
π0 → γγ decays which result in a high-energy photon in
the final state. One of several methods used to estimate
this background uses the measured charged pion spectra
and the assumption of isospin invariance to simulate the
resulting photon spectrum with Monte Carlo techniques;
another measures the exponential shape of the photon-
from-π0 distribution at low photon energy, where γgg de-
cays are few, and extrapolates to the full energy range.
Backgrounds to γgg from transitions require the input of
the relevant branching fractions and their uncertainties.
The rate for ggg decays is then estimated as that fraction
of decays that remains after all dileptonic, transition, and
qq̄ branching fractions are subtracted, again requiring in-
put of many external measurements and their respective
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In measurements of the γgg rate from J/ψ [223],
ψ(2S) [224], and Υ(1S, 2S, 3S) [218], CLEO finds that
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ψ(2S) [224], and Υ(1S, 2S, 3S) [218], CLEO finds that
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photons (which are less prone to many backgrounds),
then to make the inevitable large subtractions of ggg,
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some background remaining is from events with energetic
π0 → γγ decays which result in a high-energy photon in
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and x2 of the quark and antiquark, respectively, are good quantum numbers for the static

solution |n;x1,x2⟩(0), while n generically denotes the remaining quantum numbers.

In static NRQCD, the gluonic excitations between static quarks have the same symmetries

as the diatomic molecule [24]. In the center-of-mass system, these correspond to the symme-

try group D∞h (substituting the parity operation by CP). According to that symmetry, the

mass eigenstates are classified in terms of the angular momentum along the quark-antiquark

axis (Λ = 0, 1, 2, . . . , to which one gives the traditional names Σ,Π,∆, . . . ), CP (g for even

or u for odd), and the reflection properties with respect to a plane that passes through the

quark-antiquark axis (+ for even or − for odd). Only the Σ states are not degenerate with

respect to the reflection symmetry. See Appendix A for more details.

Translational invariance implies that E(0)
n (x1,x2) = E(0)

n (r), where r = x1 − x2. This

means that the gluonic static energies are functions of r and of the only other scale of

the system in the static limit, ΛQCD. The ground-state energy E(0)

Σ+
g
(r) is associated to the

static quark-antiquark energy, while the other gluonic static energies E(0)
n (r), n ̸= 0, are

associated to gluonic excitations between static quarks. Following the analogy with the

diatomic molecule, the E(0)
n (r) play the same role as the electronic static energies. However,

in the present case they are nonperturbative quantities and can be obtained in lattice QCD

from generalized static Wilson loops in the limit of large interaction times T [21, 22, 27–32]

Since the static energies are eigenvalues of the static Hamiltonian, one can exploit the

following relation:

(0) ⟨n; x1, x2, T/2| n; x1, x2, −T/2⟩(0) = N exp
[

−iE(0)
n (r) T

]

, (10)

where N =
[

δ(3)(0)
]2

is a normalization constant following from (9). Since the static states

|n; x1, x2⟩(0) form a complete basis, any state |Xn⟩ can be written as an expansion in them:

|Xn⟩ = cn |n; x1, x2⟩(0) + cn′ |n′; x1, x2⟩(0) + . . . . (11)

From Eq. (10), it then follows

⟨Xn, T/2|Xn, −T/2⟩ = N|cn|2 exp
[

−iE(0)
n (r) T

]

+N|cn′|2 exp
[

−iE(0)
n′ (r) T

]

+ . . . . (12)

For large T the exponentials will be highly oscillatory, or in the Euclidean time of lattice

QCD highly suppressed, so such a correlator will be dominated by the lowest static energy.

This allows us to obtain the lowest static energies without knowing the static states explicitly

E(0)
n (r) = lim

T→∞

i

T
log⟨Xn, T/2|Xn, −T/2⟩ . (13)

8

Phi =Wilson lines and H= gluonic  and light quarks 

The Quantum-Mechanical
Matching

The matching condition is:
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nf
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+ cF g S · B

)
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and x2 of the quark and antiquark, respectively, are good quantum numbers for the static
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static quark-antiquark energy, while the other gluonic static energies E(0)
n (r), n ̸= 0, are

associated to gluonic excitations between static quarks. Following the analogy with the

diatomic molecule, the E(0)
n (r) play the same role as the electronic static energies. However,

in the present case they are nonperturbative quantities and can be obtained in lattice QCD

from generalized static Wilson loops in the limit of large interaction times T [21, 22, 27–32]

Since the static energies are eigenvalues of the static Hamiltonian, one can exploit the

following relation:
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Figure 1: Improved lattice data points (7) and (11) together with the parameterizations
(5) and (9) for the ordinary static potential and the ⇧u and ⌃�u hybrid static potentials.
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H+
2 -like molecule spectrum

In H+
2 -like molecules excitations of the electronic cloud are separated from each other

by a gap of order mα2, while vibrational modes of the nucleus have an energy of order

mα2
√

m/M , which is much smaller than mα2; m = mass of e, M = mass of nucleus.
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State multiplets

We consider hybrids that are excitations of the lowest lying static energies Πu and Σ−
u .

In the r → 0 limit Πu and Σ−
u are degenerate and correspond to a gluonic operator with

quantum numbers 1+−.

States are organized in spin multiplets.

Multiplet T JPC(S = 0) JPC(S = 1) EΓ

H1 1 1−− (0, 1, 2)−+ E
Σ−

u

, EΠu

H2 1 1++ (0, 1, 2)+− EΠu

H3 0 0++ 1+− E
Σ−

u

H4 2 2++ (1, 2, 3)+− E
Σ−

u

, EΠu

T is the sum of the orbital angular momentum of the quark-antiquark pair and the

gluonic angular momentum; T = 0 state turns out not to be the lowest mass state.

◦ Braaten PRL 111 (2013) 162003

Braaten Langmack Smith PRD 90 (2014) 014044

Born Oppenheimer  
Description

QED
QCD

Higher excitations 

develop a gap of order Lambda_QCD

• The spectrum of the mv^2 fluctuations around the lowest static energy is the quarkonium spectrum
Introducing a finite mass m:


• The spectrum of the mv^2 fluctuations around the higher excitations is the exotic spectrum (hybrids and tetraquarks)
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⇤QCD > mv2

fast   (gluons, light quarks) and slow (heavy quarks) 
 like in molecular physics (fast-electrons, slow nuclei)
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State multiplets

We consider hybrids that are excitations of the lowest lying static energies Πu and Σ−
u .

In the r → 0 limit Πu and Σ−
u are degenerate and correspond to a gluonic operator with

quantum numbers 1+−.

States are organized in spin multiplets.
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Description

QED
QCD

Higher excitations 

develop a gap of order Lambda_QCD

• The spectrum of the mv^2 fluctuations around the lowest static energy is the quarkonium spectrum
Introducing a finite mass m:


• The spectrum of the mv^2 fluctuations around the higher excitations is the exotic spectrum (hybrids and tetraquarks)
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The Quantum-Mechanical
Matching

The matching condition is:

⟨H|H |H⟩ = ⟨nljs|
p2

m
+

∑

n

V (n)
s

mn
|nljs⟩

In a QM language:

H(0)|n;x1,x2⟩
(0) = E(0)

n (x1,x2)|n;x1,x2⟩
(0)

|n;x1,x2⟩
(0) = ψ†(x1)χ(x2)|n;x1,x2⟩

(0)

xj are the quark positions n : CP, ...

|0⟩(0) = |(QQ̄)1⟩ → Quarkonium Singlet
|n > 0⟩(0) = |(QQ̄)g(n)⟩ → Higher Gluonic Excitations
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pNRQCD 
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|QQ̄qq̄i Tetraquarks

 Nonperturbative matching to the  pNREFT 

The Quantum-Mechanical
Matching

The matching condition is:

⟨H|H |H⟩ = ⟨nljs|
p2

m
+

∑

n

V (n)
s

mn
|nljs⟩

In a QM language:

H(0)|n;x1,x2⟩
(0) = E(0)

n (x1,x2)|n;x1,x2⟩
(0)

|n;x1,x2⟩
(0) = ψ†(x1)χ(x2)|n;x1,x2⟩

(0)

xj are the quark positions n : CP, ...

|0⟩(0) = |(QQ̄)1⟩ → Quarkonium Singlet
|n > 0⟩(0) = |(QQ̄)g(n)⟩ → Higher Gluonic Excitations

 expand quantomechanically NRQCD states and  
 energies  in 1/m around the  

zero order  and identify the QCD potentials

systematically
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 Strongly coupled pNRQCD for quarkonium 
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• A  pure potential description emerges from the EFT however this is not the constituent 
quark model, alphas and masses  are the QCD fundamental parameters

• The potentials V = ReV + ImV

         
  from QCD in the matching: get spectra and decays 

• We obtain  the form of the nonperturbative potentials V in terms of generalized Wilson loops (stat 
that are low energy pure gluonic correlators: all the flavour dependence is pulled out 
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+�L(US light quarks)

Applications regard: Spectrum, decays, production at LHC, studies of confinement

 Strongly coupled pNRQCD for quarkonium 



Strongly coupled pNRQCD: quantum mechanical matching the matching conditions are :
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(0)

|n;x1,x2⟩
(0) = ψ†(x1)χ(x2)|n;x1,x2⟩

(0)

xj are the quark positions n : CP, ...

|0⟩(0) = |(QQ̄)1⟩ → Quarkonium Singlet
|n > 0⟩(0) = |(QQ̄)g(n)⟩ → Higher Gluonic Excitations
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|0;x1x2i� > S†(x1x2)|vaci
NRQCDMatching the potential

Although the equation of motion of pNRQCD is at leading order a Schrödinger equation,

as an EFT pNRQCD provides a description of the bound state that goes beyond

quantum mechanics.

• The potential is a matching coefficient of the EFT that may be computed from first

principle by matching Green’s functions in QCD with Green’s function in pNRQCD,

it is scheme and scale dependent, and undergoes renormalization.

It may be organized as an expansion in 1/m:

V = V (0) +
V (1)

m
+

V (2)

m2
+ ...

• The interaction terms contained in ∆L provide corrections to the quantum

mechanical picture.

Matching the potential

• The static potential:

V (0)(r) = lim
T→∞

i

T
ln −∆L effects; = exp

{

ig

∮

r×T
dzµAµ

}

Wilson loops (as matching Green’s functions) guarantee gauge invariance.

• The 1/m potential:

V (1) = −
1

2

∫ ∞

0
dt t

E(t)

−∆L effects

◦ Brambilla Pineda Soto Vairo PRD 63 (2001) 014023
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spin dependent 1/m^2 potentialThe singlet  potential has the general structure

High-lying quarkonia away from threshold: 1/m potentials

• Singlet states described by the long tails of the potentials in pNRQCD:

V = V0 +
1

m
V1 +

1

m2
(VSD + VV D)

•Lattice calculations of the pNRQCD  potentials

•Exact relations among the potentials from the EFT

•QCD vacuum calculation of the potential (need only one assumption on the Wilson loop 

static spin dependent velocity dependent
the fact that spin dependent corrections appear   

at order 1/m^2 is called Heavy Quark Spin Symmetry
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 QCD vacuum model and large N

spin dependent 1/m^2 potential

Matching the potential

• The spin independent (SI) 1/m2 potential:

i jV
(2)
SI =

1

2

{

p2
1, r̂ir̂j

i

2

∫ ∞

0
dt t2

}

+ (1 ↔ 2)
∣

∣V
(1)
p2

i j+
1

r2
(

δij − 3r̂ir̂j
) i

4

∫ ∞

0
dt t2 L2

1 + (1 ↔ 2)
∣

∣V
(1)
L2

i j−
1

2

{

p1 · p2, r̂ir̂j i

∫ ∞

0
dt t2

}

∣

∣V
(2)
p2

i j−
1

2r2
(

δij − 3r̂ir̂j
) i

2

∫ ∞

0
dt t2 L1 · L2 + (1 ↔ 2)

∣

∣V
(2)
L2

+ momentum independent terms −∆L effects

◦ Pineda Vairo PRD 63 (2001) 054007

Matching the potential

• The spin dependent (SD) 1/m2 potential:

i j

E(t)

B

V
(2)
SD = −

rk

r2
cF ϵ

kij i

∫ ∞

0
dt t L1 · S2 + (1 ↔ 2)

∣

∣V
(2)
LS

i j−
rk

r2

(

cF ϵ
kij i

∫ ∞

0
dt t −

2cF − 1

2
∇kV (0)

)

L1 · S1 + (1 ↔ 2)
∣

∣V
(1)
LS

ji−c2F r̂ir̂ji

∫ ∞

0
dt

(

−
δij
3

)(

S1 · S2 − 3(S1 · r̂)(S2 · r̂)
)

∣

∣VT

+

(

2

3
c2F i

∫ ∞

0
dt − 4

(

dsv +
4

3
dvv

)

δ(3)(r)

)

S1 · S2

∣

∣VS −∆L effects

cF = 1 + αs/π(13/6 + 3/2 lnm/µ) + ...), dsv,vv = O(α2
s ) from NRQCD.
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• the potentials contain the contribution of the scale m inherited from NRQCD matching coefficients—> they cancel 
any QM divergences, good UV behaviour

• the nonperturbative part is factorized and depends only on the glue —> only one lattice calculation to get  the 
dynamics and the observables instead of an ab initio calculation of multiple Green functions

• the flavour dependent part is extracted in the NRQCD matching coefficients

High-lying quarkonia away from threshold: 1/m potentials

• Singlet states described by the long tails of the potentials in pNRQCD:

V = V0 +
1

m
V1 +

1

m2
(VSD + VV D)

•Lattice calculations of the pNRQCD  potentials

•Exact relations among the potentials from the EFT

•QCD vacuum calculation of the potential (need only one assumption on the Wilson loop 



 Lattice evaluation of the spin dependent potentials  

Such data can distinguish different models for the dynamics 
of low energy QCD e.g. effective string model 

N. B., Martinez, Vairo 2014 



spin independent potentials at order 1/m^2



Low energy  physics factorized in Wilson loops: can be 
used to probe the confinement mechanism  
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1

2

⇤
ri

r

⇧ ⇤

0

dt1

⇧ t1

0

dt2 (t1 � t2)
2⇤⇤gEi

1(t1)gE1(t2) · gE1(0)⌅⌅c
⌅

�d(1)⇥3 fabc

⇧
d3x lim

T�⇤
g⇤⇤F a

µ⇥(x)F
b
µ�(x)F

c
⇥�(x)⌅⌅ , (31)

V (1,1)
r (r) = �1

2

�
r2

rV
(1,1)
p2

⇥

�i

⇧ ⇤

0

dt1

⇧ t1

0

dt2

⇧ t2

0

dt3 (t2 � t3)
2⇤⇤gE1(t1) · gE1(t2)gE2(t3) · gE2(0)⌅⌅c

+
1

2

⇤
ri

r

⇧ ⇤

0

dt1

⇧ t1

0

dt2(t1 � t2)
2⇤⇤gEi

1(t1)gE2(t2) · gE2(0)⌅⌅c
⌅

+
1

2

⇤
ri

r

⇧ ⇤

0

dt1

⇧ t1

0

dt2(t1 � t2)
2⇤⇤gEi

2(t1)gE1(t2) · gE1(0)⌅⌅c
⌅

+(dss + dvsCf ) ⇥
(3)(r) . (32)

The coe⇤cients c(i)F = 1 + O(�s), c
(i)
S = 2c(i)F � 1, c(i)⇥D = 1 + O(�s), d

(1)⇥
3 = �s/(720⌅) +

O(�2
s ) [40], and dsv, dvv, dss, dvs, which are such that (dsv + dvvCf ) = O(�2

s ) and (dss +

dvsCf ) = O(�2
s ) [41], are Wilson coe⇤cients of NRQCD. The natural scale of �s in these

coe⇤cients is of the order of the heavy-quark mass, hence we may expect �s to be a fairly

small number. The constant Cf is the Casimir of the fundamental representation of SU(3):

Cf = 4/3.

III. THE EFFECTIVE STRING THEORY

The e⇥ective string theory hypothesis states that in pure gluodynamics and in the long-

distance regime, r�QCD ⇥ 1, the expectation value of the rectangular Wilson loop can be

given in terms of a string action:

lim
T�⇤

⇤W⇤⌅ = Z

⇧
D⇤1D⇤2 eiSstring(⇤1,⇤2) , (33)

where Z is a constant.3 The string action, Sstring, can be expanded in a series whose terms

involve an increasing number of derivatives acting on the transverse string coordinates ⇤l =

⇤l(t, z) (l = 1, 2) [31]. The coordinates ⇤l count like 1/�QCD, whereas derivatives in t and z

3 For a general discussion about our current understanding of the QCD vacuum as it is obtained from lattice

gauge theory and the duality to string theory we refer to [42]. For recent developments on the e�ective

theory of long strings we refer to [43, 44]. The e�ective string theory may also provide a long-distance

description for other models, an example being the Abrikosov-Nielsen-Olesen vortices of the abelian Higgs

model [45, 46].

7

acting on them count like 1/r. Hence, terms in Sstring with more derivatives are suppressed

in the long range by powers of 1/(r�QCD) with respect to terms with less derivatives. Up to

terms with only two derivatives, the string action reads

Sstring = �⌅

⇤
dt dz

�
1� 1

2
⇧µ⇥

l⇧µ⇥l
⇥
. (34)

Studies constraining the form of the higher-order terms, also by Lorentz invariance, are

in [43, 44, 47]. The first next terms in the expansion turn out to involve at least four

derivatives and are suppressed by 1/(r�QCD)2 with respect to the kinetic term in (34).

Such terms and subleading ones do not a⇥ect the results presented in this work and will be

neglected in the rest of the paper. Since the string has fixed ends at z = �r/2 and z = r/2,

the transverse coordinates ⇥l satisfy the boundary conditions ⇥l(t,�r/2) = ⇥l(t, r/2) = 0.

The constant ⌅, which is of order �2
QCD, is the string tension. Its numerical value is known

from lattice QCD determinations. From (17), (33) and (34) it follows that [30, 31]
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one can calculate chromo-electric and magnetic Wilson loop insertions 
with this identification of the Wilson loop in terms of string correlators 

and calculate the long range behaviour of all potentials
Substituting (38)-(47) in the expressions of the potentials, we obtain

V (1,0)(r) =
g2�4

2⌅⇧
ln
�
⇧r2

⇥
+ µ1 , (48)

V (2,0)
p2 (r) = 0 , (49)

V (2,0)
L2 (r) = �g2�4 r

6⇧
, (50)

V (2,0)
LS (r) = �µ2

r
� c(1)F g2�2�

0

⇧ r2
, (51)

V (1,1)
p2 (r) = 0 , (52)

V (1,1)
L2 (r) =

g2�4 r

6⇧
, (53)

V (1,1)
L2 S1

(r) = �c(1)F g2�2�
0

⇧ r2
, (54)

V (1,1)
S2 (r) =

2⌅3c(1)F c(2)F g2�⇥⇥⇥ 2

45⇧2 r5
� 4(dsv + dvvCf )⇥

(3)(r) , (55)

V (1,1)
S12

(r) =
⌅3c(1)F c(2)F g2�⇥⇥⇥ 2

90⇧2 r5
, (56)

V (2,0)
r (r) = �2 ⇤3 g4�8r

⌅3⇧2
+ µ3 +

µ4

r2
+

µ5

r4
+

⌅3c(1) 2F g2�⇥⇥⇥ 2

60⇧2r5

+
⌅Cf�sc

(1)⇥
D

2
⇥(3)(r)� d(1)⇥3 fabc

⇧
d3x lim

T�⇤
g⇥⇥F a

µ⇥(x)F
b
µ�(x)F

c
⇥�(x)⇤⇤ , (57)

V (1,1)
r (r) = �⇤3 g4�8r

2⌅3⇧2
+ (dss + dvsCf ) ⇥

(3)(r) , (58)

where ⇤3 = 1.2020569... is the Riemann zeta function of argument three6 and µi are renor-

malization constants. The expressions for the potentials (48)-(54) agree with those in [35].

The spin-spin potentials (55) and (56) are of order 1/r5. The 1/r5 behaviour comes from

the subleading correlator (45), for the long-range leading contribution coming from the cor-

relator (43), which would be of order 1/r3, vanishes in the integrals of (29) and (30) (the

result is independent on the specific form of the string action). This contrasts with the

result of [34], where the correlator (45) is not taken into account and the leading spin-spin

6 It comes from the integrals

⇧ 1

0
dt1

⇧ t1

0
dt2

⇧ t2

0
dt3 (t2 � t3)

2
⇤
sinh�2 t2 sinh�2(t1 � t3) + sinh�2 t1 sinh�2(t2 � t3)

⌅
=

8

⇧ 1

0
dt1

⇧ t1

0
dt2

⇧ t2

0
dt3 (t2 � t3)

2
⇤
cosh�2 t2 cosh�2(t1 � t3) + cosh�2 t1 cosh�2(t2 � t3)

⌅
= �3 .
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Poincare invariance in the pNRQCD is realised via relations among the potentials







Applications of strongly coupled pNRQCD include:  Inclusive quarkonium decays 

The correlator

can be calculated

on the lattice

pNRQCD for annihilation

(1) N. Brambilla, H. S. Chung, D. Müller and A. Vairo

Decay and electromagnetic production of strongly coupled quarkonia in pNRQCD

JHEP 04 (2020) 095 arXiv:2002.07462

(2) N. Brambilla, D. Eiras, A. Pineda, J. Soto and A. Vairo

Inclusive decays of heavy quarkonium to light particles

Phys. Rev. D 67 (2003) 034018 hep-ph/0208019
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New predictions for inclusive heavy quarkonium P -wave decays
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P -wave annihilation widths in pNRQCD

Γ(χJ → LH) =

∣

∣

∣
R′(0)

∣

∣

∣

2

πm4

[

9 Im f1 +
Im f8
3

E3

]

Γ(χJ → γγ) = 9 Im fγγ

∣

∣

∣
R′(0)

∣

∣

∣

2

πm4
J = 0, 2

• The quarkonium state dependence factorizes.

• The IR divergence of Im f1 cancels against the chromoelectric correlator E3.

• Bottomonium and charmonium (below threshold) P -wave decay widths depend on 4

nonperturbative parameters: 3 wavefunctions + 1 universal correlator.



Correlator and octet matrix element

E3(Λ) can be obtained from a least squares fit to the ratios of decay rates

Γ(χc0(1P ) → LH)/Γ(χc1(1P ) → LH), Γ(χc1(1P ) → LH)/Γ(χc2(1P ) → LH),

Γ(χc0(1P ) → LH)/ Γ(χc0(1P ) → γγ), and Γ(χc2(1P ) → LH)/Γ(χc2(1P ) → γγ)

(from PDG) at leading order in v. In the MS scheme, we obtain

E3(1 GeV) = 2.05+0.94
−0.65.

E3(Λ) at different scales follows from the one loop renormalization group improved

expression (β0 = 11Nc/3− 4TFnf/3)

E3(Λ) = E3(Λ′) +
24CF

β0
log

αs(Λ′)

αs(Λ)
,

The octet matrix element on charmonium state is

⟨χcJ (1P )|O8(
1S0)|χcJ (1P )⟩ = (3.53+1.05

−1.15
+1.62
−1.12)× 10−3 GeV3

computing the wavefunction with several potential models.
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From the ratio of widths and the experimental value of the electromagnetic width, we get
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Applications of  pNRQCD include:   quarkonium production 
pNRQCD for hadroproduction
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quarkonium at finite temperature 
and non-equilibrium evolution in medium 
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Notice that the lattice cannot access directly these processes! 

The EFT act as an intermediate layer to allow use lattice calculation 

on the low energy scale 



Applications of strongly coupled pNRQCD include:   Quarkonium Production at LHC 
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I refer the reader to Ref. 1 as a supplement to this brief account.

1. FACTORIZATION OF THE INCLUSIVE QUARKONIUM

PRODUCTION CROSS SECTION

In heavy-quarkonium production in hard-scattering processes, two large momentum
scales appear: the heavy-quark mass m and the typical momentum transfer in the
hard scattering, which I will denote generically by pT . One would like to separate the
perturbative physics at these large momentum scales from the physics at smaller mo-
mentum scales that is associated with nonperturbative heavy-quarkonium bound-
state dynamics. It has been conjectured2 that, for the inclusive quarkonium pro-
duction cross section at pT ≫ m, one can achieve such a separation and that one
can write the cross section in the following factorized form:

σ(H) =
∑

n

Fn⟨0|O
H
n |0⟩. (1)

The Fn are “short-distance coefficients.” They are essentially the process-dependent
partonic hard-scattering cross sections convolved with the parton distributions. The
partonic hard-scattering cross sections depend only on the large scales m and pT ,
and they have an expansion in powers of αs. The quantities ⟨0|OH

n (Λ)|0⟩ are long-
distance matrix elements (LDMEs) that are formulated in terms of the effective field
theory nonrelativistic QCD (NRQCD). They give the probability for a heavy QQ̄
pair with a certain set of quantum numbers to evolve into a heavy quarkonium H .

1

NRQCD  factorization formula for quarkonium production 
valid for large p_T

 cross section
Bodwin Braaten Lepage 1995

Applications of strongly coupled pNRQCD include:   Quarkonium Production at LHC 
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NRQCD  factorization formula for quarkonium production 
valid for large p_T

 cross section
Bodwin Braaten Lepage 1995

 short distance coefficients 
partonic hard scattering cross section  

convoluted with parton distribution

 long distance matrix elements 
(LDME) 

give the probability of a qqbar 
pair with certain quantum 

number to evolve into a final 
quarkonium H

they are vacuum expectation 
values of four fermion operators with 

color singlet and color octet 
contributions and a projection 
over quarkonium plus X in the 

middle

Applications of strongly coupled pNRQCD include:   Quarkonium Production at LHC 
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Applications of strongly coupled pNRQCD include:   Quarkonium Production at LHC 

One problem is the proliferation of LDMEs:  
nonperturbative objects  

that cannot evaluated on the lattice   
and should be extracted from the data,  

they depend on the considered quarkonium state
Intense work  in  the theory community, within QCD, NRQCD and SCET,   
Qiu, Nayak, Sterman, Butenschon Kniehl , Bodwin , Hee Soh, Chung, J. Lee,  Kuang Ta Chao, Y. Q. Ma,  Gong Wang,
Fleming, Mehen, Yu Jia, Braaten, Lansberg, Leibovich, Rothstein…



Factorization of LDMEs in pNRQCD : the NRQCD   LDMEs are factorized in terms of wave 
functions and universal nonperturbative correlators depending only on the glue

N. B.  Chung Muller Vairo 2002.07462, N.B. Chung Vairo 2007.07613

•The number of nonperturbative unknowns is reduced by half
•The nonperturbative unknowns are correlators of gluonic fields 

 that can be calculated on the lattice
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We compute the color singlet and color octet NRQCD long-distance matrix elements for inclusive
production of P -wave quarkonia based on the pNRQCD e↵ective field theory. This allows a determi-
nation of the color octet NRQCD matrix element that does not rely on measured cross section data,
which has not been possible so far. We make first pNRQCD predictions for inclusive hadroproduc-
tion of �bJ and �cJ at the LHC, which are in fair agreement with data. The formalism developed in
this work can also be applied to inclusive production processes of other species of heavy quarkonia.

Understanding the inclusive production mechanism of10

heavy quarkonia is one of the most challenging problems11

in heavy quarkonium physics [1, 2]. While the nonrela-12

tivistic QCD (NRQCD) e↵ective field theory [3, 4] had13

enormous success in heavy quarkonium phenomenology,14

a satisfactory description of inclusive production pro-15

cesses from first principles is still beyond reach. Much16

of the di�culty stems from our limited knowledge in the17

NRQCD long-distance matrix elements (LDMEs), which18

describe the nonperturbative evolution of the heavy19

quark Q and antiquark Q̄ into a quarkonium. First-20

principles determinations have not been possible for a21

class of important LDMEs that are associated with the22

QQ̄ in a color octet state. On the other hand, phe-23

nomenological determinations of the unknown LDMEs24

based on di↵erent choices of observables have lead to in-25

consistent sets of LDMEs, which have resulted in con-26

tradicting predictions [5]. It is therefore highly desirable27

to be able to compute the unknown LDMEs from first28

principles.29

The potential NRQCD (pNRQCD) approach [6–8] has30

been successfully applied to annihilation and exclusive31

electromagnetic production processes of heavy quarko-32

nia [9–11]. It has been anticipated that pNRQCD could33

also be used to describe inclusive production processes.34

In this Letter, we compute, based on pNRQCD, the35

NRQCD LDMEs that appear in the inclusive production36

cross section of P -wave quarkonia. Specifically, we con-37

sider production cross sections of �QJ (Q = c or b, J = 0,38

1, and 2) at leading order in the heavy-quark velocity v.39

The cross section is given in the NRQCD factorization40

formalism at leading order in v by [4]41

��QJ+X = (2J + 1)�
QQ̄(3P [1]

J )
hO

�Q0(3P [1]
0 )i42

+ (2J + 1)�
QQ̄(3S[8]

1 )
hO

�Q0(3S[8]
1 )i. (1)43

44

Here, we use spectroscopic notation for the angular mo-45

mentum state of the QQ̄, while the superscripts 1 and 846

denote the color state of the QQ̄. We have used heavy-47

quark spin symmetry to reduce the �QJ LDMEs into48

LDMEs for the �Q0 state. The �
QQ̄(3P [1]

J )
and �

QQ̄(3S[8]
1 )

49

are the perturbatively calculable short-distance coef-50

ficients (SDCs), and the LDMEs hO�b0(3P [1]
0 )i and51

hO
�b0(3S[8]

1 )i are defined by52

hO
�Q0(3P [1]

0 )i =
1

3
h⌦|�†(� i

2

 !
D · �) P�Q053

⇥  
†(� i

2

 !
D · �)�|⌦i, (2a)54

hO
�Q0(3S[8]

1 )i = h⌦|�†
�
i
T

a
 �ab

` P�Q055

⇥ �bc
`  

†
�
i
T

c
�|⌦i, (2b)56

57

where |⌦i is the QCD vacuum, and  and � are Pauli58

spinor fields that annihilate and create a heavy quark59

and antiquark, respectively. The covariant derivative60
 !
D is defined by �

† !D = �
†D � (D�)† . The op-61

erator P�Q0 = a
†
�Q0

a�Q0 is a projection onto a state62

consisting of a �Q0 at rest, where a
†
�Q0

is the creation63

operator for the �Q0 state. The path-ordered Wilson64

line along the spacetime direction ` defined by �` =65

P exp[�ig
R1
0 dx `·A

adj(`x)], where Aadj is the gluon field66

in the adjoint representation, ensures the gauge invari-67

ance of the color-octet LDME [12–14]. The direction `68

can be chosen arbitrarily.69

We work in the strong coupling regime, where mv &70

⇤QCD � mv
2. This condition is fulfilled by non-71

Coulombic, strongly coupled quarkonia, such as the �QJ .72

In order to compute the LDMEs in strongly coupled pN-73

RQCD, we make use of the quantum-mechanical pertur-74

bation theory (QMPT) where we formally expand the75

NRQCD Hamiltonian in inverse powers of the heavy76

quark mass m [10, 15]:77

HNRQCD = H
(0)
NRQCD +

1

m
H

(1)
NRQCD + . . . , (3)78

The eigenstates in the heavy quark-antiquark sector are79
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HEAVY QUARKONIUM PRODUCTION IN PNRQCD

P-WAVE PRODUCTION MATRIX ELEMENTS
▸ The dimensionless correlator     is defined in terms of 

chromoelectric fields gE with Wilson lines 𝚽 extending to 
infinity in the 𝓁 direction. 

▸     has a one-loop scale dependence that is consistent 
with the evolution equation for NRQCD matrix elements 

▸ In principle,     can be determined from lattice QCD.  
Since a lattice calculation is unavailable, we determine      
from measured 𝜒cJ cross section ratios to obtain 
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r2, r0
1, and r0

2 act on the wavefunctions in eq. (2.18). The gluonic matrix elements can406

be computed as407

X

p 6=n

h0|T a
1�

†ab
` (0,x)|pi(0)

(0)
hp|gE1|ni(0)

(E(0)
n � E(0)

p )2
= �

X

p 6=n

Z
1

0
dt t(0)h0|T a

1�
†ab
` |pi(0)(0)hp|gE1(t)|ni

(0)
408

= �
1

2Nc

Z
1

0
dt t(0)h0|�†ab

` gEa
1 (t)|ni

(0), (3.14)409
410

where in the last line, we computed the color matrices tr(T a
1 T

c
1 ) = �ac/(2Nc)tr( c) by using411

the fact that both the states |0i and |ni have color indices that are proportional to c.412

Since the matrix element (0)
h0|�†ab

` gEa
1 (t)|ni

(0) does not contain any color matrices, the413

last line of eq. (3.14) vanishes unless n 2 S. This gives414

� V
O(1S

[8]
0 )

���
P -wave

= �Ncri
r�

(3)(r)rj
r0

E
ij

N2
cm

2
, (3.15)415

416

where the tensor E
ij is defined by417

E
ij =

X

n

Z
1

0
t dt

Z
1

0
t0 dt0(0)h0|�†ab

` gEa,i
1 (t)|ni(0)(0)hn|gEc,j

1 (t0)�†bc
` |0i(0)418

=

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,j(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.16)419

420

In the last line, we used tr( c)/Nc = 1, and we introduced the Schwinger lines �0(t, t0) =421

P exp[�ig
R t0

t d⌧Aadj
0 (⌧,0)] to restore the gauge invariance. The configurations of the adjoint422

Wilson lines in eq. (3.16) are given in the following way. The chromoelectric field at time t0423

is connected to the origin 0 via the Schwinger line �ec
0 (t0, 0), which then continues to infinity424

in the ` direction. Analogously, the chromoelectric field at time t is connected to the origin425

0 via the Schwinger line �†da
0 (0, t), which then continues to infinity in the ` direction. The426

orderings of gEe,j(t0)�ec
0 (t0, 0)�bc

` and �†ab
` �†da

0 (0, t)gEd,i(t) are opposite; for a suitable427

choice of the sign of `0, gEe,j(t0)�ec
0 (t0, 0)�bc

` is time ordered, and �†ab
` �†da

0 (0, t)gEd,i(t) is428

anti time ordered. Hence, eq. (3.16) can be interpreted as a cut diagram, which can be429

useful for perturbative QCD. We show this configuration of the Wilson lines graphically in430

figure 1.431

Now we can compute the color-octet matrix element h⌦|OhQ(1S[8]
0 )|⌦i. Since the prod-432

uct �(0)
1P1

(r)�(0)
1P1

⇤(r) is isotropic after summing over the polarizations of the 1P1 state, the433

differential operators ri
rr

j
r0 in eq. (3.15) can be replaced by 1

3�
ijrr ·rr0 . Then, we obtain434

h⌦|OhQ(1S[8]
0 )|⌦i = 3⇥

3Nc

2⇡
|R(0)0(0)|2

1

9Ncm2
E , (3.17)435

where E is a dimensionless gluonic correlator defined by436

E =
3

Nc

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,i(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.18)437

The correlator E corresponds to the isotropic part of E ij , which is given by Nc
9 �ijE . The438

factor 3/Nc in the definition of E has been chosen so that eq. (3.17) resembles the pNRQCD439
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where ⇤ is the scale at which E is renormalized. This, in turn, implies the following evolution533

equation for the NRQCD matrix elements534

d

d log⇤
hO

�QJ (3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�QJ (3P [1]
J )i. (3.33)535

The same evolution equation holds for hO
hQ(1S[8]

0 )i and hO
hQ(1P [1]

1 )i. Equation (3.33)536

agrees with the evolution equation derived from a perturbative calculation in NRQCD [6],537

and therefore the UV divergence in the one-loop correction to the color-octet matrix ele-538

ment is consistent with the pNRQCD expressions at one-loop level. Since loop corrections539

to NRQCD matrix elements are scaleless, UV poles cancel IR poles in the form of eq. (3.31),540

and hence, the one-loop infrared divergence in the color-octet matrix element is also con-541

sistent with our pNRQCD results.542

At two loops, explicit checks of the consistency of our pNRQCD results with NRQCD543

factorization can be inferred from the two-loop calculations in Refs. [16] and [17]. In544

Ref. [16], two-loop corrections to the infrared factor I2(p, q) that are associated with the545

gauge-completion Wilson lines were computed, which contribute to the infrard divergence of546

the matrix element hOQ(1S[8]
0 )i at order ↵2

s. This result was reproduced in Ref. [17] through547

explicit calculations of the matrix element hOQ(1S[8]
0 )i. Since the calculation of the infrared548

factor in Ref. [16] is equivalent to the calculation of infrared divergences in the contact terms549

V
O(1S

[8]
0 )

and V
O(3S

[8]
1 )

, our pNRQCD expressions for the color-octet matrix elements also550

have the same infrared divergences that are associated with the gauge-completion Wilson551

lines that are found in the calculations of Ref. [17].552

It is interesting to see that eq. (3.31) is the same as the order-↵s calculation of the553

correlator E3 defined in eq. (3.20), which appears in decay matrix elements. Indeed, the554

one-loop evolution equation in eq. (3.33) is the same as the one-loop evolution equation for555

the decay matrix elements that appear in inclusive decays of P -wave quarkonia [6]. This556

equality ceases to hold at two loops, because at this order, E receives contributions from557

the gauge-completion Wilson lines, which are absent in E3.558

An important issue in NRQCD factorization is whether the color-octet NRQCD matrix559

elements are independent on the direction of the gauge-completion Wilson lines, which is560

necessary in establishing the universality of the NRQCD matrix elements. While a general561

argument for the universality has been given in Ref. [21], an explicit verification has only562

been done at two-loop accuracy [16, 17]. In our results for the color-octet matrix elements,563

the dependence on the direction of the gauge-completion Wilson lines can come from the564

tensor E
ij in the contact terms. For the case of polarization-summed cross sections, where565

the polarization of the quarkonium in the final state is summed over, only the isotropic566

part of E ij , given by Nc
9 �ijE , contributes to the color-octet matrix elements, and therefore,567

the dependence on the direction of the gauge-completion Wilson lines disappear due to568

rotational symmetry. Hence, the pNRQCD expressions of the color-octet matrix elements569

support the universality of the NRQCD matrix elements for polarization-summed cross570

sections of P -wave quarkonia. On the other hand, for the case of polarized cross sections,571

the non-isotropic part of E ij can in principle contribute to the color-octet matrix element,572

and if such contributions are nonvanishing, the matrix elements can acquire dependence573
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where the sum over N contains all possible intermediate states, T and T̄ represent time493

ordering and anti time ordering, respectively, p is half the center-of-mass momentum of the494

QQ̄, and495

�p(�) = P exp


�ig

Z �

0
d�0 p ·Aadj(�0p)

�
, (3.29)496

497

is an adjoint Wilson line along p. In eq. (3.28) we make explicit the time ordering and498

anti time ordering, which was implicit in Ref. [16]. In eq. (3.28), a factor of q comes from499

each side of the cut in the squared amplitude, so that the infrared factor applies to the500

production of a color-singlet P -wave state. This result is obtained from standard methods501

in perturbative factorization, where eikonal approximations are employed that simplify the502

loop corrections gluons while preserving the infrared divergences. This factor includes the503

infrared divergences that come from the soft gluons of scale mv, but does not include the504

contributions from the scale mv2. Since this process corresponds to the production of a QQ̄505

in the color-octet 3S1 state, this divergence must match the infrared divergence in the color-506

octet matrix element h⌦|OQ(3S[8]
1 )|⌦i, when Q is replaced by a color-singlet QQ̄ state. This507

agreement has been confirmed explicitly through one-loop and partial two-loop calculations508

of the color-octet NRQCD matrix element in Ref. [17]; the two-loop calculations have only509

been done for the diagrams that involve the gauge-completion Wilson lines. Since the510

matrix element h⌦|OQ(3S[8]
1 )|⌦i appears in the NRQCD factorization formula at leading511

order in v, the same infrared divergence occurs in the operator h⌦|OQ(1S[8]
0 )|⌦i through512

heavy quark spin symmetry.513

It can be seen that at the rest frame of the QQ̄, where p = 0 and q0 = 0, �p(�p) is just514

the Schwinger line �0(0, t) = P exp[�ig
R t
0 d⌧A

adj
0 (⌧,0)] where t =

p
p2�, and pµq⌫Ga

⌫µ(�p)515

is given by the chromoelectric field as
p
p2qiEa i(t). Therefore, the infrared factor I2(p, q)516

in eq. (3.28) is given by517

E
ijqiqj , (3.30)518

519

multiplied by color and kinematical factors that are infrared finite. Here, the tensor E
ij is520

defined in eq. (3.16). We note that eq. (3.30) is equivalent to the contact terms V
O(1S

[8]
0 )

and521

V
O(3S

[8]
1 )

in Eqs. (3.15) and (3.21), respectively, when applied to a color-singlet QQ̄ state522

with relative momentum q. Hence, we expect our pNRQCD expressions for the color-octet523

matrix elements in Eqs. (3.17) and (3.25b) to have the same infrared divergences that are524

expected in NRQCD factorization. This is straightforward to check explicitly at one-loop525

accuracy. By computing the correlator E at order-↵s accuracy in dimensional regularization526

at d = 4� 2✏ spacetime dimensions, we obtain527

E = 6CF
↵s

⇡

✓
1

✏UV
�

1

✏IR

◆
+O(↵2

s), (3.31)528

529

where the subscripts UV and IR indicate the origin of the 1/✏ poles. The UV divergence is530

removed through renormalization, which gives the following evolution equation531

d

d log⇤
E(⇤) = 12CF

↵s

⇡
+O(↵2

s), (3.32)532
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using the two-loop formula with nf = 5 light quark flavors and ⇤(5)
QCD = 226 MeV. The606

calculation in Ref. [29] also includes resummed logarithms in pT /mc at leading logarithmic607

accuracy. The short-distance coefficients �
QQ̄(3P

[1]
J )

depend on the scheme and scale ⇤ at608

which the color-octet matrix element h⌦|O�cJ (3S[8]
1 )|⌦i is renormalized, which we identify as609

the renormalization scale for E . We choose this scale to be ⇤ = mc in the MS scheme, where610

mc = 1.5 GeV is the charm quark mass. We estimate the uncertainty in the short-distance611

coefficients to be 30% of the central values, which account for corrections of relative order612

v2 that we neglect. The variations of the scales µF for the parton distribution functions613

and the renormalization scale µR for ↵s, which affect the short-distance coefficients by614

less than 25% of the central values. We use the pNRQCD expressions for the matrix615

elements in Eqs. (3.25). We neglect the uncertainty of order 1/N2
c compared to other616

uncertainties. Note that the wavefunction at the origin cancels in the ratio r21. In order to617

compare with measurements, we compute the values of r21 multiplied by B�c2/B�c1 , where618

B�cJ = Br(�cJ ! J/ �) ⇥ Br(J/ ! µ+µ�). We compute B�cJ from measurements in619

Ref. [30]. Since the measurements of r21 are given as functions of the transverse momentum620

pJ/ T of the J/ , we compute pJ/ T from the transverse momentum pT of the �cJ from621

pJ/ T =
mJ/ 

m�cJ

pT , (3.38)622

which is valid when mJ/ ⇡ m�cJ . By performing a least-squares fit to the measured values623

of r21 ⇥B�c2/B�c1 by CMS [27] and ATLAS [28], we obtain624

E(⇤ = 1.5 GeV) = 1.97± 0.06, (3.39)625

with �2/d.o.f. = 1.6/10. This value is compatible within uncertainties with a previous626

determination in Ref. [19], which was obtained by comparing to �c1 and �c2 cross section627

measurements from ATLAS. Compared to the determination in Ref. [19], our determination628

does not depend on the value of the wavefunction at the origin |R(0)0(0)|2. We show our629

result for r21 compared to ATLAS and CMS data in figure . In the following sections, we630

use this value of E in eq. (3.39) to compute cross sections of �cJ and �bJ at the LHC.631

3.4 Production and polarization of �cJ632

We now compute the inclusive production cross sections of �cJ from proton-proton collisions633

at the LHC based on our results for the matrix elements in eqs. (3.25) and the determination634

of E in eq. (3.39). We use the same short-distance coefficients as we used in section 3.3,635

and we take the value of E at the scale ⇤ = 1.5 GeV in eq. (3.39). We determine the value636

of the P -wave charmonium wavefunction at the origin from two-photon decay rates of �c0637

and �c2. For consistency with our calculation of the cross sections, we use the NRQCD638

factorization formulas for the decay rates at leading orders in v, while we include order-↵s639

corrections to the short-distance coefficients. The pNRQCD expressions for the two-photon640

widths at leading order in v read [6, 13, 14]641

�(�c0 ! ��) =
6⇡e4c↵

2

m4
c


1 +

(3⇡2 � 28)

24
CF

↵s

⇡

�2
3Nc

2⇡
|R(0)0(0)|2, (3.40)642
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r2, r0
1, and r0

2 act on the wavefunctions in eq. (2.18). The gluonic matrix elements can406

be computed as407

X

p 6=n

h0|T a
1�

†ab
` (0,x)|pi(0)

(0)
hp|gE1|ni(0)

(E(0)
n � E(0)

p )2
= �

X

p 6=n

Z
1

0
dt t(0)h0|T a

1�
†ab
` |pi(0)(0)hp|gE1(t)|ni

(0)
408

= �
1

2Nc

Z
1

0
dt t(0)h0|�†ab

` gEa
1 (t)|ni

(0), (3.14)409
410

where in the last line, we computed the color matrices tr(T a
1 T

c
1 ) = �ac/(2Nc)tr( c) by using411

the fact that both the states |0i and |ni have color indices that are proportional to c.412

Since the matrix element (0)
h0|�†ab

` gEa
1 (t)|ni

(0) does not contain any color matrices, the413

last line of eq. (3.14) vanishes unless n 2 S. This gives414

� V
O(1S

[8]
0 )

���
P -wave

= �Ncri
r�

(3)(r)rj
r0

E
ij

N2
cm

2
, (3.15)415

416

where the tensor E
ij is defined by417

E
ij =

X

n

Z
1

0
t dt

Z
1

0
t0 dt0(0)h0|�†ab

` gEa,i
1 (t)|ni(0)(0)hn|gEc,j

1 (t0)�†bc
` |0i(0)418

=

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,j(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.16)419

420

In the last line, we used tr( c)/Nc = 1, and we introduced the Schwinger lines �0(t, t0) =421

P exp[�ig
R t0

t d⌧Aadj
0 (⌧,0)] to restore the gauge invariance. The configurations of the adjoint422

Wilson lines in eq. (3.16) are given in the following way. The chromoelectric field at time t0423

is connected to the origin 0 via the Schwinger line �ec
0 (t0, 0), which then continues to infinity424

in the ` direction. Analogously, the chromoelectric field at time t is connected to the origin425

0 via the Schwinger line �†da
0 (0, t), which then continues to infinity in the ` direction. The426

orderings of gEe,j(t0)�ec
0 (t0, 0)�bc

` and �†ab
` �†da

0 (0, t)gEd,i(t) are opposite; for a suitable427

choice of the sign of `0, gEe,j(t0)�ec
0 (t0, 0)�bc

` is time ordered, and �†ab
` �†da

0 (0, t)gEd,i(t) is428

anti time ordered. Hence, eq. (3.16) can be interpreted as a cut diagram, which can be429

useful for perturbative QCD. We show this configuration of the Wilson lines graphically in430

figure 1.431

Now we can compute the color-octet matrix element h⌦|OhQ(1S[8]
0 )|⌦i. Since the prod-432

uct �(0)
1P1

(r)�(0)
1P1

⇤(r) is isotropic after summing over the polarizations of the 1P1 state, the433

differential operators ri
rr

j
r0 in eq. (3.15) can be replaced by 1

3�
ijrr ·rr0 . Then, we obtain434

h⌦|OhQ(1S[8]
0 )|⌦i = 3⇥

3Nc

2⇡
|R(0)0(0)|2

1

9Ncm2
E , (3.17)435

where E is a dimensionless gluonic correlator defined by436

E =
3

Nc

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,i(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.18)437

The correlator E corresponds to the isotropic part of E ij , which is given by Nc
9 �ijE . The438

factor 3/Nc in the definition of E has been chosen so that eq. (3.17) resembles the pNRQCD439
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where ⇤ is the scale at which E is renormalized. This, in turn, implies the following evolution533

equation for the NRQCD matrix elements534

d

d log⇤
hO

�QJ (3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�QJ (3P [1]
J )i. (3.33)535

The same evolution equation holds for hO
hQ(1S[8]

0 )i and hO
hQ(1P [1]

1 )i. Equation (3.33)536

agrees with the evolution equation derived from a perturbative calculation in NRQCD [6],537

and therefore the UV divergence in the one-loop correction to the color-octet matrix ele-538

ment is consistent with the pNRQCD expressions at one-loop level. Since loop corrections539

to NRQCD matrix elements are scaleless, UV poles cancel IR poles in the form of eq. (3.31),540

and hence, the one-loop infrared divergence in the color-octet matrix element is also con-541

sistent with our pNRQCD results.542

At two loops, explicit checks of the consistency of our pNRQCD results with NRQCD543

factorization can be inferred from the two-loop calculations in Refs. [16] and [17]. In544

Ref. [16], two-loop corrections to the infrared factor I2(p, q) that are associated with the545

gauge-completion Wilson lines were computed, which contribute to the infrard divergence of546

the matrix element hOQ(1S[8]
0 )i at order ↵2

s. This result was reproduced in Ref. [17] through547

explicit calculations of the matrix element hOQ(1S[8]
0 )i. Since the calculation of the infrared548

factor in Ref. [16] is equivalent to the calculation of infrared divergences in the contact terms549

V
O(1S

[8]
0 )

and V
O(3S

[8]
1 )

, our pNRQCD expressions for the color-octet matrix elements also550

have the same infrared divergences that are associated with the gauge-completion Wilson551

lines that are found in the calculations of Ref. [17].552

It is interesting to see that eq. (3.31) is the same as the order-↵s calculation of the553

correlator E3 defined in eq. (3.20), which appears in decay matrix elements. Indeed, the554

one-loop evolution equation in eq. (3.33) is the same as the one-loop evolution equation for555

the decay matrix elements that appear in inclusive decays of P -wave quarkonia [6]. This556

equality ceases to hold at two loops, because at this order, E receives contributions from557

the gauge-completion Wilson lines, which are absent in E3.558

An important issue in NRQCD factorization is whether the color-octet NRQCD matrix559

elements are independent on the direction of the gauge-completion Wilson lines, which is560

necessary in establishing the universality of the NRQCD matrix elements. While a general561

argument for the universality has been given in Ref. [21], an explicit verification has only562

been done at two-loop accuracy [16, 17]. In our results for the color-octet matrix elements,563

the dependence on the direction of the gauge-completion Wilson lines can come from the564

tensor E
ij in the contact terms. For the case of polarization-summed cross sections, where565

the polarization of the quarkonium in the final state is summed over, only the isotropic566

part of E ij , given by Nc
9 �ijE , contributes to the color-octet matrix elements, and therefore,567

the dependence on the direction of the gauge-completion Wilson lines disappear due to568

rotational symmetry. Hence, the pNRQCD expressions of the color-octet matrix elements569

support the universality of the NRQCD matrix elements for polarization-summed cross570

sections of P -wave quarkonia. On the other hand, for the case of polarized cross sections,571

the non-isotropic part of E ij can in principle contribute to the color-octet matrix element,572

and if such contributions are nonvanishing, the matrix elements can acquire dependence573
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where the sum over N contains all possible intermediate states, T and T̄ represent time493

ordering and anti time ordering, respectively, p is half the center-of-mass momentum of the494

QQ̄, and495

�p(�) = P exp


�ig

Z �

0
d�0 p ·Aadj(�0p)

�
, (3.29)496

497

is an adjoint Wilson line along p. In eq. (3.28) we make explicit the time ordering and498

anti time ordering, which was implicit in Ref. [16]. In eq. (3.28), a factor of q comes from499

each side of the cut in the squared amplitude, so that the infrared factor applies to the500

production of a color-singlet P -wave state. This result is obtained from standard methods501

in perturbative factorization, where eikonal approximations are employed that simplify the502

loop corrections gluons while preserving the infrared divergences. This factor includes the503

infrared divergences that come from the soft gluons of scale mv, but does not include the504

contributions from the scale mv2. Since this process corresponds to the production of a QQ̄505

in the color-octet 3S1 state, this divergence must match the infrared divergence in the color-506

octet matrix element h⌦|OQ(3S[8]
1 )|⌦i, when Q is replaced by a color-singlet QQ̄ state. This507

agreement has been confirmed explicitly through one-loop and partial two-loop calculations508

of the color-octet NRQCD matrix element in Ref. [17]; the two-loop calculations have only509

been done for the diagrams that involve the gauge-completion Wilson lines. Since the510

matrix element h⌦|OQ(3S[8]
1 )|⌦i appears in the NRQCD factorization formula at leading511

order in v, the same infrared divergence occurs in the operator h⌦|OQ(1S[8]
0 )|⌦i through512

heavy quark spin symmetry.513

It can be seen that at the rest frame of the QQ̄, where p = 0 and q0 = 0, �p(�p) is just514

the Schwinger line �0(0, t) = P exp[�ig
R t
0 d⌧A

adj
0 (⌧,0)] where t =

p
p2�, and pµq⌫Ga

⌫µ(�p)515

is given by the chromoelectric field as
p
p2qiEa i(t). Therefore, the infrared factor I2(p, q)516

in eq. (3.28) is given by517

E
ijqiqj , (3.30)518

519

multiplied by color and kinematical factors that are infrared finite. Here, the tensor E
ij is520

defined in eq. (3.16). We note that eq. (3.30) is equivalent to the contact terms V
O(1S

[8]
0 )

and521

V
O(3S

[8]
1 )

in Eqs. (3.15) and (3.21), respectively, when applied to a color-singlet QQ̄ state522

with relative momentum q. Hence, we expect our pNRQCD expressions for the color-octet523

matrix elements in Eqs. (3.17) and (3.25b) to have the same infrared divergences that are524

expected in NRQCD factorization. This is straightforward to check explicitly at one-loop525

accuracy. By computing the correlator E at order-↵s accuracy in dimensional regularization526

at d = 4� 2✏ spacetime dimensions, we obtain527

E = 6CF
↵s

⇡

✓
1

✏UV
�

1

✏IR

◆
+O(↵2

s), (3.31)528

529

where the subscripts UV and IR indicate the origin of the 1/✏ poles. The UV divergence is530

removed through renormalization, which gives the following evolution equation531

d

d log⇤
E(⇤) = 12CF

↵s

⇡
+O(↵2

s), (3.32)532
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using the two-loop formula with nf = 5 light quark flavors and ⇤(5)
QCD = 226 MeV. The606

calculation in Ref. [29] also includes resummed logarithms in pT /mc at leading logarithmic607

accuracy. The short-distance coefficients �
QQ̄(3P

[1]
J )

depend on the scheme and scale ⇤ at608

which the color-octet matrix element h⌦|O�cJ (3S[8]
1 )|⌦i is renormalized, which we identify as609

the renormalization scale for E . We choose this scale to be ⇤ = mc in the MS scheme, where610

mc = 1.5 GeV is the charm quark mass. We estimate the uncertainty in the short-distance611

coefficients to be 30% of the central values, which account for corrections of relative order612

v2 that we neglect. The variations of the scales µF for the parton distribution functions613

and the renormalization scale µR for ↵s, which affect the short-distance coefficients by614

less than 25% of the central values. We use the pNRQCD expressions for the matrix615

elements in Eqs. (3.25). We neglect the uncertainty of order 1/N2
c compared to other616

uncertainties. Note that the wavefunction at the origin cancels in the ratio r21. In order to617

compare with measurements, we compute the values of r21 multiplied by B�c2/B�c1 , where618

B�cJ = Br(�cJ ! J/ �) ⇥ Br(J/ ! µ+µ�). We compute B�cJ from measurements in619

Ref. [30]. Since the measurements of r21 are given as functions of the transverse momentum620

pJ/ T of the J/ , we compute pJ/ T from the transverse momentum pT of the �cJ from621

pJ/ T =
mJ/ 

m�cJ

pT , (3.38)622

which is valid when mJ/ ⇡ m�cJ . By performing a least-squares fit to the measured values623

of r21 ⇥B�c2/B�c1 by CMS [27] and ATLAS [28], we obtain624

E(⇤ = 1.5 GeV) = 1.97± 0.06, (3.39)625

with �2/d.o.f. = 1.6/10. This value is compatible within uncertainties with a previous626

determination in Ref. [19], which was obtained by comparing to �c1 and �c2 cross section627

measurements from ATLAS. Compared to the determination in Ref. [19], our determination628

does not depend on the value of the wavefunction at the origin |R(0)0(0)|2. We show our629

result for r21 compared to ATLAS and CMS data in figure . In the following sections, we630

use this value of E in eq. (3.39) to compute cross sections of �cJ and �bJ at the LHC.631

3.4 Production and polarization of �cJ632

We now compute the inclusive production cross sections of �cJ from proton-proton collisions633

at the LHC based on our results for the matrix elements in eqs. (3.25) and the determination634

of E in eq. (3.39). We use the same short-distance coefficients as we used in section 3.3,635

and we take the value of E at the scale ⇤ = 1.5 GeV in eq. (3.39). We determine the value636

of the P -wave charmonium wavefunction at the origin from two-photon decay rates of �c0637

and �c2. For consistency with our calculation of the cross sections, we use the NRQCD638

factorization formulas for the decay rates at leading orders in v, while we include order-↵s639

corrections to the short-distance coefficients. The pNRQCD expressions for the two-photon640

widths at leading order in v read [6, 13, 14]641

�(�c0 ! ��) =
6⇡e4c↵

2

m4
c


1 +

(3⇡2 � 28)

24
CF

↵s

⇡

�2
3Nc

2⇡
|R(0)0(0)|2, (3.40)642
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3

make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify �Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies

E(0)
n typically obtained by lattice QCD methods.

The wavefunctions �(0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions

�(0)
Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-

tions �(0)
Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions �(0)
Q(n)(x1,x2) with the

quarkonium wavefunction �(0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the

production LDMEs hO
�Q0(3P [1]

0 )i and hO
�Q0(3S[8]

1 )i in
strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate �(0)
�Q0(n)

(x1,x2) ⇡

�(0)
�Q0(x1,x2) as discussed above.

For the CS LDME hO
�Q0(3P [1]

0 )i, we obtain at leading
order in QMPT

hO
�Q0(3P [1]

0 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2, (9)

where R(0)
�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
�Q0(3S[8]

1 )i vanishes at leading order

in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:

hO
�b0(3S[8]

1 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2

E

9Ncm2
, (10)

where

E =
3

Nc

Z 1

0
dt t

Z 1

0
dt0 t0

⇥ h⌦|�†ab
` �ad

0 (0, t)gEd,i(t)gEe,i(t0)�ec
0 (0, t0)�bc

` |⌦i,
(11)

Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO�Q0(3S[8]
1 )i is

d

d log⇤
hO

�Q0(3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�Q0(3P [1]
0 )i, (13)

where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0

�c0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of �c0 and �c2 in Ref. [25]
with the pNRQCD expressions at leading order in v
and at next-to-leading order (NLO) in ↵s [19]. Be-
cause two-photon decay rates of �bJ have not been

measured yet, we take for |R(0)0

�b0(nP )(0)|
2 the averages

3

quarkonia in pNRQCD in Refs. [17–19] and consists of
the following steps: (i) replace in the LDMEs the projec-
tor PQ(P=0) with the expressions (6) and (5); (ii) using
QMPT, and in particular Eqs. (3) and (4), express the

LDMEs in terms of |n;x1,x2i
(0) and E(0)

n (x1,x2); (iii)
make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify �Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies

E(0)
n typically obtained by lattice QCD methods.

The wavefunctions �(0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions

�(0)
Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-

tions �(0)
Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions �(0)
Q(n)(x1,x2) with the

quarkonium wavefunction �(0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the

production LDMEs hO
�Q0(3P [1]

0 )i and hO
�Q0(3S[8]

1 )i in
strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate �(0)
�Q0(n)

(x1,x2) ⇡

�(0)
�Q0(x1,x2) as discussed above.

For the CS LDME hO
�Q0(3P [1]

0 )i, we obtain at leading
order in QMPT

hO
�Q0(3P [1]

0 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2, (9)

where R(0)
�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
�Q0(3S[8]

1 )i vanishes at leading order
in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:

hO
�Q0(3S[8]

1 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2

E

9Ncm2
, (10)

where

E =
3

Nc

Z 1

0
dt t

Z 1

0
dt0 t0

⇥ h⌦|�†ab
` �†da

0 (0, t)gEd,i(t)gEe,i(t0)�ec
0 (0, t0)�bc

` |⌦i,
(11)

Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO�Q0(3S[8]
1 )i is

d

d log⇤
hO

�Q0(3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�Q0(3P [1]
0 )i, (13)

where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0

�c0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of �c0 and �c2 in Ref. [25]
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make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify �Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies

E(0)
n typically obtained by lattice QCD methods.

The wavefunctions �(0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions

�(0)
Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-

tions �(0)
Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions �(0)
Q(n)(x1,x2) with the

quarkonium wavefunction �(0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the

production LDMEs hO
�Q0(3P [1]

0 )i and hO
�Q0(3S[8]

1 )i in
strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate �(0)
�Q0(n)

(x1,x2) ⇡

�(0)
�Q0(x1,x2) as discussed above.

For the CS LDME hO
�Q0(3P [1]

0 )i, we obtain at leading
order in QMPT

hO
�Q0(3P [1]

0 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2, (9)

where R(0)
�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
�Q0(3S[8]

1 )i vanishes at leading order

in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:

hO
�b0(3S[8]

1 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2

E

9Ncm2
, (10)

where

E =
3

Nc

Z 1

0
dt t

Z 1

0
dt0 t0

⇥ h⌦|�†ab
` �ad

0 (0, t)gEd,i(t)gEe,i(t0)�ec
0 (0, t0)�bc

` |⌦i,
(11)

Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO�Q0(3S[8]
1 )i is
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d log⇤
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�Q0(3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�Q0(3P [1]
0 )i, (13)

where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0

�c0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of �c0 and �c2 in Ref. [25]
with the pNRQCD expressions at leading order in v
and at next-to-leading order (NLO) in ↵s [19]. Be-
cause two-photon decay rates of �bJ have not been

measured yet, we take for |R(0)0

�b0(nP )(0)|
2 the averages

3

quarkonia in pNRQCD in Refs. [17–19] and consists of
the following steps: (i) replace in the LDMEs the projec-
tor PQ(P=0) with the expressions (6) and (5); (ii) using
QMPT, and in particular Eqs. (3) and (4), express the

LDMEs in terms of |n;x1,x2i
(0) and E(0)

n (x1,x2); (iii)
make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify �Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies

E(0)
n typically obtained by lattice QCD methods.

The wavefunctions �(0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions

�(0)
Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-

tions �(0)
Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions �(0)
Q(n)(x1,x2) with the

quarkonium wavefunction �(0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the

production LDMEs hO
�Q0(3P [1]

0 )i and hO
�Q0(3S[8]

1 )i in
strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate �(0)
�Q0(n)

(x1,x2) ⇡

�(0)
�Q0(x1,x2) as discussed above.

For the CS LDME hO
�Q0(3P [1]

0 )i, we obtain at leading
order in QMPT

hO
�Q0(3P [1]

0 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2, (9)

where R(0)
�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
�Q0(3S[8]

1 )i vanishes at leading order
in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:

hO
�Q0(3S[8]

1 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2

E

9Ncm2
, (10)

where

E =
3

Nc

Z 1

0
dt t

Z 1

0
dt0 t0

⇥ h⌦|�†ab
` �†da

0 (0, t)gEd,i(t)gEe,i(t0)�ec
0 (0, t0)�bc

` |⌦i,
(11)

Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO�Q0(3S[8]
1 )i is

d

d log⇤
hO

�Q0(3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�Q0(3P [1]
0 )i, (13)

where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0

�c0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of �c0 and �c2 in Ref. [25]
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We compute the color singlet and color octet NRQCD long-distance matrix elements for inclusive
production of P -wave quarkonia based on the pNRQCD e↵ective field theory. This allows a determi-
nation of the color octet NRQCD matrix element that does not rely on measured cross section data,
which has not been possible so far. We make first pNRQCD predictions for inclusive hadroproduc-
tion of �bJ and �cJ at the LHC, which are in fair agreement with data. The formalism developed in
this work can also be applied to inclusive production processes of other species of heavy quarkonia.

Understanding the inclusive production mechanism of10

heavy quarkonia is one of the most challenging problems11

in heavy quarkonium physics [1, 2]. While the nonrela-12

tivistic QCD (NRQCD) e↵ective field theory [3, 4] had13

enormous success in heavy quarkonium phenomenology,14

a satisfactory description of inclusive production pro-15

cesses from first principles is still beyond reach. Much16

of the di�culty stems from our limited knowledge in the17

NRQCD long-distance matrix elements (LDMEs), which18

describe the nonperturbative evolution of the heavy19

quark Q and antiquark Q̄ into a quarkonium. First-20

principles determinations have not been possible for a21

class of important LDMEs that are associated with the22

QQ̄ in a color octet state. On the other hand, phe-23

nomenological determinations of the unknown LDMEs24

based on di↵erent choices of observables have lead to in-25

consistent sets of LDMEs, which have resulted in con-26

tradicting predictions [5]. It is therefore highly desirable27

to be able to compute the unknown LDMEs from first28

principles.29

The potential NRQCD (pNRQCD) approach [6–8] has30

been successfully applied to annihilation and exclusive31

electromagnetic production processes of heavy quarko-32

nia [9–11]. It has been anticipated that pNRQCD could33

also be used to describe inclusive production processes.34

In this Letter, we compute, based on pNRQCD, the35

NRQCD LDMEs that appear in the inclusive production36

cross section of P -wave quarkonia. Specifically, we con-37

sider production cross sections of �QJ (Q = c or b, J = 0,38

1, and 2) at leading order in the heavy-quark velocity v.39

The cross section is given in the NRQCD factorization40

formalism at leading order in v by [4]41

��QJ+X = (2J + 1)�
QQ̄(3P [1]

J )
hO

�Q0(3P [1]
0 )i42

+ (2J + 1)�
QQ̄(3S[8]

1 )
hO

�Q0(3S[8]
1 )i. (1)43

44

Here, we use spectroscopic notation for the angular mo-45

mentum state of the QQ̄, while the superscripts 1 and 846

denote the color state of the QQ̄. We have used heavy-47

quark spin symmetry to reduce the �QJ LDMEs into48

LDMEs for the �Q0 state. The �
QQ̄(3P [1]

J )
and �

QQ̄(3S[8]
1 )

49

are the perturbatively calculable short-distance coef-50

ficients (SDCs), and the LDMEs hO�b0(3P [1]
0 )i and51

hO
�b0(3S[8]

1 )i are defined by52

hO
�Q0(3P [1]

0 )i =
1

3
h⌦|�†(� i

2

 !
D · �) P�Q053

⇥  
†(� i

2

 !
D · �)�|⌦i, (2a)54

hO
�Q0(3S[8]

1 )i = h⌦|�†
�
i
T

a
 �ab

` P�Q055

⇥ �bc
`  

†
�
i
T

c
�|⌦i, (2b)56

57

where |⌦i is the QCD vacuum, and  and � are Pauli58

spinor fields that annihilate and create a heavy quark59

and antiquark, respectively. The covariant derivative60
 !
D is defined by �

† !D = �
†D � (D�)† . The op-61

erator P�Q0 = a
†
�Q0

a�Q0 is a projection onto a state62

consisting of a �Q0 at rest, where a
†
�Q0

is the creation63

operator for the �Q0 state. The path-ordered Wilson64

line along the spacetime direction ` defined by �` =65

P exp[�ig
R1
0 dx `·A

adj(`x)], where Aadj is the gluon field66

in the adjoint representation, ensures the gauge invari-67

ance of the color-octet LDME [12–14]. The direction `68

can be chosen arbitrarily.69

We work in the strong coupling regime, where mv &70

⇤QCD � mv
2. This condition is fulfilled by non-71

Coulombic, strongly coupled quarkonia, such as the �QJ .72

In order to compute the LDMEs in strongly coupled pN-73

RQCD, we make use of the quantum-mechanical pertur-74

bation theory (QMPT) where we formally expand the75

NRQCD Hamiltonian in inverse powers of the heavy76

quark mass m [10, 15]:77

HNRQCD = H
(0)
NRQCD +

1

m
H

(1)
NRQCD + . . . , (3)78

The eigenstates in the heavy quark-antiquark sector are79
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P-WAVE PRODUCTION MATRIX ELEMENTS
▸ The dimensionless correlator     is defined in terms of 

chromoelectric fields gE with Wilson lines 𝚽 extending to 
infinity in the 𝓁 direction. 

▸     has a one-loop scale dependence that is consistent 
with the evolution equation for NRQCD matrix elements 

▸ In principle,     can be determined from lattice QCD.  
Since a lattice calculation is unavailable, we determine      
from measured 𝜒cJ cross section ratios to obtain 
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r2, r0
1, and r0

2 act on the wavefunctions in eq. (2.18). The gluonic matrix elements can406

be computed as407

X

p 6=n

h0|T a
1�

†ab
` (0,x)|pi(0)

(0)
hp|gE1|ni(0)

(E(0)
n � E(0)

p )2
= �

X

p 6=n

Z
1

0
dt t(0)h0|T a

1�
†ab
` |pi(0)(0)hp|gE1(t)|ni

(0)
408

= �
1

2Nc

Z
1

0
dt t(0)h0|�†ab

` gEa
1 (t)|ni

(0), (3.14)409
410

where in the last line, we computed the color matrices tr(T a
1 T

c
1 ) = �ac/(2Nc)tr( c) by using411

the fact that both the states |0i and |ni have color indices that are proportional to c.412

Since the matrix element (0)
h0|�†ab

` gEa
1 (t)|ni

(0) does not contain any color matrices, the413

last line of eq. (3.14) vanishes unless n 2 S. This gives414

� V
O(1S

[8]
0 )

���
P -wave

= �Ncri
r�

(3)(r)rj
r0

E
ij

N2
cm

2
, (3.15)415

416

where the tensor E
ij is defined by417

E
ij =

X

n

Z
1

0
t dt

Z
1

0
t0 dt0(0)h0|�†ab

` gEa,i
1 (t)|ni(0)(0)hn|gEc,j

1 (t0)�†bc
` |0i(0)418

=

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,j(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.16)419

420

In the last line, we used tr( c)/Nc = 1, and we introduced the Schwinger lines �0(t, t0) =421

P exp[�ig
R t0

t d⌧Aadj
0 (⌧,0)] to restore the gauge invariance. The configurations of the adjoint422

Wilson lines in eq. (3.16) are given in the following way. The chromoelectric field at time t0423

is connected to the origin 0 via the Schwinger line �ec
0 (t0, 0), which then continues to infinity424

in the ` direction. Analogously, the chromoelectric field at time t is connected to the origin425

0 via the Schwinger line �†da
0 (0, t), which then continues to infinity in the ` direction. The426

orderings of gEe,j(t0)�ec
0 (t0, 0)�bc

` and �†ab
` �†da

0 (0, t)gEd,i(t) are opposite; for a suitable427

choice of the sign of `0, gEe,j(t0)�ec
0 (t0, 0)�bc

` is time ordered, and �†ab
` �†da

0 (0, t)gEd,i(t) is428

anti time ordered. Hence, eq. (3.16) can be interpreted as a cut diagram, which can be429

useful for perturbative QCD. We show this configuration of the Wilson lines graphically in430

figure 1.431

Now we can compute the color-octet matrix element h⌦|OhQ(1S[8]
0 )|⌦i. Since the prod-432

uct �(0)
1P1

(r)�(0)
1P1

⇤(r) is isotropic after summing over the polarizations of the 1P1 state, the433

differential operators ri
rr

j
r0 in eq. (3.15) can be replaced by 1

3�
ijrr ·rr0 . Then, we obtain434

h⌦|OhQ(1S[8]
0 )|⌦i = 3⇥

3Nc

2⇡
|R(0)0(0)|2

1

9Ncm2
E , (3.17)435

where E is a dimensionless gluonic correlator defined by436

E =
3

Nc

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,i(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.18)437

The correlator E corresponds to the isotropic part of E ij , which is given by Nc
9 �ijE . The438

factor 3/Nc in the definition of E has been chosen so that eq. (3.17) resembles the pNRQCD439
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where ⇤ is the scale at which E is renormalized. This, in turn, implies the following evolution533

equation for the NRQCD matrix elements534

d

d log⇤
hO

�QJ (3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�QJ (3P [1]
J )i. (3.33)535

The same evolution equation holds for hO
hQ(1S[8]

0 )i and hO
hQ(1P [1]

1 )i. Equation (3.33)536

agrees with the evolution equation derived from a perturbative calculation in NRQCD [6],537

and therefore the UV divergence in the one-loop correction to the color-octet matrix ele-538

ment is consistent with the pNRQCD expressions at one-loop level. Since loop corrections539

to NRQCD matrix elements are scaleless, UV poles cancel IR poles in the form of eq. (3.31),540

and hence, the one-loop infrared divergence in the color-octet matrix element is also con-541

sistent with our pNRQCD results.542

At two loops, explicit checks of the consistency of our pNRQCD results with NRQCD543

factorization can be inferred from the two-loop calculations in Refs. [16] and [17]. In544

Ref. [16], two-loop corrections to the infrared factor I2(p, q) that are associated with the545

gauge-completion Wilson lines were computed, which contribute to the infrard divergence of546

the matrix element hOQ(1S[8]
0 )i at order ↵2

s. This result was reproduced in Ref. [17] through547

explicit calculations of the matrix element hOQ(1S[8]
0 )i. Since the calculation of the infrared548

factor in Ref. [16] is equivalent to the calculation of infrared divergences in the contact terms549

V
O(1S

[8]
0 )

and V
O(3S

[8]
1 )

, our pNRQCD expressions for the color-octet matrix elements also550

have the same infrared divergences that are associated with the gauge-completion Wilson551

lines that are found in the calculations of Ref. [17].552

It is interesting to see that eq. (3.31) is the same as the order-↵s calculation of the553

correlator E3 defined in eq. (3.20), which appears in decay matrix elements. Indeed, the554

one-loop evolution equation in eq. (3.33) is the same as the one-loop evolution equation for555

the decay matrix elements that appear in inclusive decays of P -wave quarkonia [6]. This556

equality ceases to hold at two loops, because at this order, E receives contributions from557

the gauge-completion Wilson lines, which are absent in E3.558

An important issue in NRQCD factorization is whether the color-octet NRQCD matrix559

elements are independent on the direction of the gauge-completion Wilson lines, which is560

necessary in establishing the universality of the NRQCD matrix elements. While a general561

argument for the universality has been given in Ref. [21], an explicit verification has only562

been done at two-loop accuracy [16, 17]. In our results for the color-octet matrix elements,563

the dependence on the direction of the gauge-completion Wilson lines can come from the564

tensor E
ij in the contact terms. For the case of polarization-summed cross sections, where565

the polarization of the quarkonium in the final state is summed over, only the isotropic566

part of E ij , given by Nc
9 �ijE , contributes to the color-octet matrix elements, and therefore,567

the dependence on the direction of the gauge-completion Wilson lines disappear due to568

rotational symmetry. Hence, the pNRQCD expressions of the color-octet matrix elements569

support the universality of the NRQCD matrix elements for polarization-summed cross570

sections of P -wave quarkonia. On the other hand, for the case of polarized cross sections,571

the non-isotropic part of E ij can in principle contribute to the color-octet matrix element,572

and if such contributions are nonvanishing, the matrix elements can acquire dependence573
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where the sum over N contains all possible intermediate states, T and T̄ represent time493

ordering and anti time ordering, respectively, p is half the center-of-mass momentum of the494

QQ̄, and495

�p(�) = P exp


�ig

Z �

0
d�0 p ·Aadj(�0p)

�
, (3.29)496

497

is an adjoint Wilson line along p. In eq. (3.28) we make explicit the time ordering and498

anti time ordering, which was implicit in Ref. [16]. In eq. (3.28), a factor of q comes from499

each side of the cut in the squared amplitude, so that the infrared factor applies to the500

production of a color-singlet P -wave state. This result is obtained from standard methods501

in perturbative factorization, where eikonal approximations are employed that simplify the502

loop corrections gluons while preserving the infrared divergences. This factor includes the503

infrared divergences that come from the soft gluons of scale mv, but does not include the504

contributions from the scale mv2. Since this process corresponds to the production of a QQ̄505

in the color-octet 3S1 state, this divergence must match the infrared divergence in the color-506

octet matrix element h⌦|OQ(3S[8]
1 )|⌦i, when Q is replaced by a color-singlet QQ̄ state. This507

agreement has been confirmed explicitly through one-loop and partial two-loop calculations508

of the color-octet NRQCD matrix element in Ref. [17]; the two-loop calculations have only509

been done for the diagrams that involve the gauge-completion Wilson lines. Since the510

matrix element h⌦|OQ(3S[8]
1 )|⌦i appears in the NRQCD factorization formula at leading511

order in v, the same infrared divergence occurs in the operator h⌦|OQ(1S[8]
0 )|⌦i through512

heavy quark spin symmetry.513

It can be seen that at the rest frame of the QQ̄, where p = 0 and q0 = 0, �p(�p) is just514

the Schwinger line �0(0, t) = P exp[�ig
R t
0 d⌧A

adj
0 (⌧,0)] where t =

p
p2�, and pµq⌫Ga

⌫µ(�p)515

is given by the chromoelectric field as
p
p2qiEa i(t). Therefore, the infrared factor I2(p, q)516

in eq. (3.28) is given by517

E
ijqiqj , (3.30)518

519

multiplied by color and kinematical factors that are infrared finite. Here, the tensor E
ij is520

defined in eq. (3.16). We note that eq. (3.30) is equivalent to the contact terms V
O(1S

[8]
0 )

and521

V
O(3S

[8]
1 )

in Eqs. (3.15) and (3.21), respectively, when applied to a color-singlet QQ̄ state522

with relative momentum q. Hence, we expect our pNRQCD expressions for the color-octet523

matrix elements in Eqs. (3.17) and (3.25b) to have the same infrared divergences that are524

expected in NRQCD factorization. This is straightforward to check explicitly at one-loop525

accuracy. By computing the correlator E at order-↵s accuracy in dimensional regularization526

at d = 4� 2✏ spacetime dimensions, we obtain527

E = 6CF
↵s

⇡

✓
1

✏UV
�

1

✏IR

◆
+O(↵2

s), (3.31)528

529

where the subscripts UV and IR indicate the origin of the 1/✏ poles. The UV divergence is530

removed through renormalization, which gives the following evolution equation531

d

d log⇤
E(⇤) = 12CF

↵s

⇡
+O(↵2

s), (3.32)532
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using the two-loop formula with nf = 5 light quark flavors and ⇤(5)
QCD = 226 MeV. The606

calculation in Ref. [29] also includes resummed logarithms in pT /mc at leading logarithmic607

accuracy. The short-distance coefficients �
QQ̄(3P

[1]
J )

depend on the scheme and scale ⇤ at608

which the color-octet matrix element h⌦|O�cJ (3S[8]
1 )|⌦i is renormalized, which we identify as609

the renormalization scale for E . We choose this scale to be ⇤ = mc in the MS scheme, where610

mc = 1.5 GeV is the charm quark mass. We estimate the uncertainty in the short-distance611

coefficients to be 30% of the central values, which account for corrections of relative order612

v2 that we neglect. The variations of the scales µF for the parton distribution functions613

and the renormalization scale µR for ↵s, which affect the short-distance coefficients by614

less than 25% of the central values. We use the pNRQCD expressions for the matrix615

elements in Eqs. (3.25). We neglect the uncertainty of order 1/N2
c compared to other616

uncertainties. Note that the wavefunction at the origin cancels in the ratio r21. In order to617

compare with measurements, we compute the values of r21 multiplied by B�c2/B�c1 , where618

B�cJ = Br(�cJ ! J/ �) ⇥ Br(J/ ! µ+µ�). We compute B�cJ from measurements in619

Ref. [30]. Since the measurements of r21 are given as functions of the transverse momentum620

pJ/ T of the J/ , we compute pJ/ T from the transverse momentum pT of the �cJ from621

pJ/ T =
mJ/ 

m�cJ

pT , (3.38)622

which is valid when mJ/ ⇡ m�cJ . By performing a least-squares fit to the measured values623

of r21 ⇥B�c2/B�c1 by CMS [27] and ATLAS [28], we obtain624

E(⇤ = 1.5 GeV) = 1.97± 0.06, (3.39)625

with �2/d.o.f. = 1.6/10. This value is compatible within uncertainties with a previous626

determination in Ref. [19], which was obtained by comparing to �c1 and �c2 cross section627

measurements from ATLAS. Compared to the determination in Ref. [19], our determination628

does not depend on the value of the wavefunction at the origin |R(0)0(0)|2. We show our629

result for r21 compared to ATLAS and CMS data in figure . In the following sections, we630

use this value of E in eq. (3.39) to compute cross sections of �cJ and �bJ at the LHC.631

3.4 Production and polarization of �cJ632

We now compute the inclusive production cross sections of �cJ from proton-proton collisions633

at the LHC based on our results for the matrix elements in eqs. (3.25) and the determination634

of E in eq. (3.39). We use the same short-distance coefficients as we used in section 3.3,635

and we take the value of E at the scale ⇤ = 1.5 GeV in eq. (3.39). We determine the value636

of the P -wave charmonium wavefunction at the origin from two-photon decay rates of �c0637

and �c2. For consistency with our calculation of the cross sections, we use the NRQCD638

factorization formulas for the decay rates at leading orders in v, while we include order-↵s639

corrections to the short-distance coefficients. The pNRQCD expressions for the two-photon640

widths at leading order in v read [6, 13, 14]641

�(�c0 ! ��) =
6⇡e4c↵

2

m4
c


1 +

(3⇡2 � 28)

24
CF

↵s

⇡

�2
3Nc

2⇡
|R(0)0(0)|2, (3.40)642

– 18 –

Hot problems of Strong Interactions                                   November 13, 2020                                                       Hee Sok Chung        

HEAVY QUARKONIUM PRODUCTION IN PNRQCD

P-WAVE PRODUCTION MATRIX ELEMENTS
▸ The dimensionless correlator     is defined in terms of 

chromoelectric fields gE with Wilson lines 𝚽 extending to 
infinity in the 𝓁 direction. 

▸     has a one-loop scale dependence that is consistent 
with the evolution equation for NRQCD matrix elements 

▸ In principle,     can be determined from lattice QCD.  
Since a lattice calculation is unavailable, we determine      
from measured 𝜒cJ cross section ratios to obtain 

17

r2, r0
1, and r0

2 act on the wavefunctions in eq. (2.18). The gluonic matrix elements can406

be computed as407

X

p 6=n

h0|T a
1�

†ab
` (0,x)|pi(0)

(0)
hp|gE1|ni(0)

(E(0)
n � E(0)

p )2
= �

X

p 6=n

Z
1

0
dt t(0)h0|T a

1�
†ab
` |pi(0)(0)hp|gE1(t)|ni

(0)
408

= �
1

2Nc

Z
1

0
dt t(0)h0|�†ab

` gEa
1 (t)|ni

(0), (3.14)409
410

where in the last line, we computed the color matrices tr(T a
1 T

c
1 ) = �ac/(2Nc)tr( c) by using411

the fact that both the states |0i and |ni have color indices that are proportional to c.412

Since the matrix element (0)
h0|�†ab

` gEa
1 (t)|ni

(0) does not contain any color matrices, the413

last line of eq. (3.14) vanishes unless n 2 S. This gives414

� V
O(1S

[8]
0 )

���
P -wave

= �Ncri
r�

(3)(r)rj
r0

E
ij

N2
cm

2
, (3.15)415

416

where the tensor E
ij is defined by417

E
ij =

X

n

Z
1

0
t dt

Z
1

0
t0 dt0(0)h0|�†ab

` gEa,i
1 (t)|ni(0)(0)hn|gEc,j

1 (t0)�†bc
` |0i(0)418

=

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,j(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.16)419

420

In the last line, we used tr( c)/Nc = 1, and we introduced the Schwinger lines �0(t, t0) =421

P exp[�ig
R t0

t d⌧Aadj
0 (⌧,0)] to restore the gauge invariance. The configurations of the adjoint422

Wilson lines in eq. (3.16) are given in the following way. The chromoelectric field at time t0423

is connected to the origin 0 via the Schwinger line �ec
0 (t0, 0), which then continues to infinity424

in the ` direction. Analogously, the chromoelectric field at time t is connected to the origin425

0 via the Schwinger line �†da
0 (0, t), which then continues to infinity in the ` direction. The426

orderings of gEe,j(t0)�ec
0 (t0, 0)�bc

` and �†ab
` �†da

0 (0, t)gEd,i(t) are opposite; for a suitable427

choice of the sign of `0, gEe,j(t0)�ec
0 (t0, 0)�bc

` is time ordered, and �†ab
` �†da

0 (0, t)gEd,i(t) is428

anti time ordered. Hence, eq. (3.16) can be interpreted as a cut diagram, which can be429

useful for perturbative QCD. We show this configuration of the Wilson lines graphically in430

figure 1.431

Now we can compute the color-octet matrix element h⌦|OhQ(1S[8]
0 )|⌦i. Since the prod-432

uct �(0)
1P1

(r)�(0)
1P1

⇤(r) is isotropic after summing over the polarizations of the 1P1 state, the433

differential operators ri
rr

j
r0 in eq. (3.15) can be replaced by 1

3�
ijrr ·rr0 . Then, we obtain434

h⌦|OhQ(1S[8]
0 )|⌦i = 3⇥

3Nc

2⇡
|R(0)0(0)|2

1

9Ncm2
E , (3.17)435

where E is a dimensionless gluonic correlator defined by436

E =
3

Nc

Z
1

0
t dt

Z
1

0
t0 dt0h⌦|�†ab

` �†da
0 (0, t)gEd,i(t)gEe,i(t0)�ec

0 (t0, 0)�bc
` |⌦i. (3.18)437

The correlator E corresponds to the isotropic part of E ij , which is given by Nc
9 �ijE . The438

factor 3/Nc in the definition of E has been chosen so that eq. (3.17) resembles the pNRQCD439
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where ⇤ is the scale at which E is renormalized. This, in turn, implies the following evolution533

equation for the NRQCD matrix elements534

d

d log⇤
hO

�QJ (3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�QJ (3P [1]
J )i. (3.33)535

The same evolution equation holds for hO
hQ(1S[8]

0 )i and hO
hQ(1P [1]

1 )i. Equation (3.33)536

agrees with the evolution equation derived from a perturbative calculation in NRQCD [6],537

and therefore the UV divergence in the one-loop correction to the color-octet matrix ele-538

ment is consistent with the pNRQCD expressions at one-loop level. Since loop corrections539

to NRQCD matrix elements are scaleless, UV poles cancel IR poles in the form of eq. (3.31),540

and hence, the one-loop infrared divergence in the color-octet matrix element is also con-541

sistent with our pNRQCD results.542

At two loops, explicit checks of the consistency of our pNRQCD results with NRQCD543

factorization can be inferred from the two-loop calculations in Refs. [16] and [17]. In544

Ref. [16], two-loop corrections to the infrared factor I2(p, q) that are associated with the545

gauge-completion Wilson lines were computed, which contribute to the infrard divergence of546

the matrix element hOQ(1S[8]
0 )i at order ↵2

s. This result was reproduced in Ref. [17] through547

explicit calculations of the matrix element hOQ(1S[8]
0 )i. Since the calculation of the infrared548

factor in Ref. [16] is equivalent to the calculation of infrared divergences in the contact terms549

V
O(1S

[8]
0 )

and V
O(3S

[8]
1 )

, our pNRQCD expressions for the color-octet matrix elements also550

have the same infrared divergences that are associated with the gauge-completion Wilson551

lines that are found in the calculations of Ref. [17].552

It is interesting to see that eq. (3.31) is the same as the order-↵s calculation of the553

correlator E3 defined in eq. (3.20), which appears in decay matrix elements. Indeed, the554

one-loop evolution equation in eq. (3.33) is the same as the one-loop evolution equation for555

the decay matrix elements that appear in inclusive decays of P -wave quarkonia [6]. This556

equality ceases to hold at two loops, because at this order, E receives contributions from557

the gauge-completion Wilson lines, which are absent in E3.558

An important issue in NRQCD factorization is whether the color-octet NRQCD matrix559

elements are independent on the direction of the gauge-completion Wilson lines, which is560

necessary in establishing the universality of the NRQCD matrix elements. While a general561

argument for the universality has been given in Ref. [21], an explicit verification has only562

been done at two-loop accuracy [16, 17]. In our results for the color-octet matrix elements,563

the dependence on the direction of the gauge-completion Wilson lines can come from the564

tensor E
ij in the contact terms. For the case of polarization-summed cross sections, where565

the polarization of the quarkonium in the final state is summed over, only the isotropic566

part of E ij , given by Nc
9 �ijE , contributes to the color-octet matrix elements, and therefore,567

the dependence on the direction of the gauge-completion Wilson lines disappear due to568

rotational symmetry. Hence, the pNRQCD expressions of the color-octet matrix elements569

support the universality of the NRQCD matrix elements for polarization-summed cross570

sections of P -wave quarkonia. On the other hand, for the case of polarized cross sections,571

the non-isotropic part of E ij can in principle contribute to the color-octet matrix element,572

and if such contributions are nonvanishing, the matrix elements can acquire dependence573
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where the sum over N contains all possible intermediate states, T and T̄ represent time493

ordering and anti time ordering, respectively, p is half the center-of-mass momentum of the494

QQ̄, and495

�p(�) = P exp


�ig

Z �

0
d�0 p ·Aadj(�0p)

�
, (3.29)496

497

is an adjoint Wilson line along p. In eq. (3.28) we make explicit the time ordering and498

anti time ordering, which was implicit in Ref. [16]. In eq. (3.28), a factor of q comes from499

each side of the cut in the squared amplitude, so that the infrared factor applies to the500

production of a color-singlet P -wave state. This result is obtained from standard methods501

in perturbative factorization, where eikonal approximations are employed that simplify the502

loop corrections gluons while preserving the infrared divergences. This factor includes the503

infrared divergences that come from the soft gluons of scale mv, but does not include the504

contributions from the scale mv2. Since this process corresponds to the production of a QQ̄505

in the color-octet 3S1 state, this divergence must match the infrared divergence in the color-506

octet matrix element h⌦|OQ(3S[8]
1 )|⌦i, when Q is replaced by a color-singlet QQ̄ state. This507

agreement has been confirmed explicitly through one-loop and partial two-loop calculations508

of the color-octet NRQCD matrix element in Ref. [17]; the two-loop calculations have only509

been done for the diagrams that involve the gauge-completion Wilson lines. Since the510

matrix element h⌦|OQ(3S[8]
1 )|⌦i appears in the NRQCD factorization formula at leading511

order in v, the same infrared divergence occurs in the operator h⌦|OQ(1S[8]
0 )|⌦i through512

heavy quark spin symmetry.513

It can be seen that at the rest frame of the QQ̄, where p = 0 and q0 = 0, �p(�p) is just514

the Schwinger line �0(0, t) = P exp[�ig
R t
0 d⌧A

adj
0 (⌧,0)] where t =

p
p2�, and pµq⌫Ga

⌫µ(�p)515

is given by the chromoelectric field as
p
p2qiEa i(t). Therefore, the infrared factor I2(p, q)516

in eq. (3.28) is given by517

E
ijqiqj , (3.30)518

519

multiplied by color and kinematical factors that are infrared finite. Here, the tensor E
ij is520

defined in eq. (3.16). We note that eq. (3.30) is equivalent to the contact terms V
O(1S

[8]
0 )

and521

V
O(3S

[8]
1 )

in Eqs. (3.15) and (3.21), respectively, when applied to a color-singlet QQ̄ state522

with relative momentum q. Hence, we expect our pNRQCD expressions for the color-octet523

matrix elements in Eqs. (3.17) and (3.25b) to have the same infrared divergences that are524

expected in NRQCD factorization. This is straightforward to check explicitly at one-loop525

accuracy. By computing the correlator E at order-↵s accuracy in dimensional regularization526

at d = 4� 2✏ spacetime dimensions, we obtain527

E = 6CF
↵s

⇡

✓
1

✏UV
�

1

✏IR

◆
+O(↵2

s), (3.31)528

529

where the subscripts UV and IR indicate the origin of the 1/✏ poles. The UV divergence is530

removed through renormalization, which gives the following evolution equation531

d

d log⇤
E(⇤) = 12CF

↵s

⇡
+O(↵2

s), (3.32)532
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using the two-loop formula with nf = 5 light quark flavors and ⇤(5)
QCD = 226 MeV. The606

calculation in Ref. [29] also includes resummed logarithms in pT /mc at leading logarithmic607

accuracy. The short-distance coefficients �
QQ̄(3P

[1]
J )

depend on the scheme and scale ⇤ at608

which the color-octet matrix element h⌦|O�cJ (3S[8]
1 )|⌦i is renormalized, which we identify as609

the renormalization scale for E . We choose this scale to be ⇤ = mc in the MS scheme, where610

mc = 1.5 GeV is the charm quark mass. We estimate the uncertainty in the short-distance611

coefficients to be 30% of the central values, which account for corrections of relative order612

v2 that we neglect. The variations of the scales µF for the parton distribution functions613

and the renormalization scale µR for ↵s, which affect the short-distance coefficients by614

less than 25% of the central values. We use the pNRQCD expressions for the matrix615

elements in Eqs. (3.25). We neglect the uncertainty of order 1/N2
c compared to other616

uncertainties. Note that the wavefunction at the origin cancels in the ratio r21. In order to617

compare with measurements, we compute the values of r21 multiplied by B�c2/B�c1 , where618

B�cJ = Br(�cJ ! J/ �) ⇥ Br(J/ ! µ+µ�). We compute B�cJ from measurements in619

Ref. [30]. Since the measurements of r21 are given as functions of the transverse momentum620

pJ/ T of the J/ , we compute pJ/ T from the transverse momentum pT of the �cJ from621

pJ/ T =
mJ/ 

m�cJ

pT , (3.38)622

which is valid when mJ/ ⇡ m�cJ . By performing a least-squares fit to the measured values623

of r21 ⇥B�c2/B�c1 by CMS [27] and ATLAS [28], we obtain624

E(⇤ = 1.5 GeV) = 1.97± 0.06, (3.39)625

with �2/d.o.f. = 1.6/10. This value is compatible within uncertainties with a previous626

determination in Ref. [19], which was obtained by comparing to �c1 and �c2 cross section627

measurements from ATLAS. Compared to the determination in Ref. [19], our determination628

does not depend on the value of the wavefunction at the origin |R(0)0(0)|2. We show our629

result for r21 compared to ATLAS and CMS data in figure . In the following sections, we630

use this value of E in eq. (3.39) to compute cross sections of �cJ and �bJ at the LHC.631

3.4 Production and polarization of �cJ632

We now compute the inclusive production cross sections of �cJ from proton-proton collisions633

at the LHC based on our results for the matrix elements in eqs. (3.25) and the determination634

of E in eq. (3.39). We use the same short-distance coefficients as we used in section 3.3,635

and we take the value of E at the scale ⇤ = 1.5 GeV in eq. (3.39). We determine the value636

of the P -wave charmonium wavefunction at the origin from two-photon decay rates of �c0637

and �c2. For consistency with our calculation of the cross sections, we use the NRQCD638

factorization formulas for the decay rates at leading orders in v, while we include order-↵s639

corrections to the short-distance coefficients. The pNRQCD expressions for the two-photon640

widths at leading order in v read [6, 13, 14]641

�(�c0 ! ��) =
6⇡e4c↵

2

m4
c


1 +

(3⇡2 � 28)

24
CF

↵s

⇡

�2
3Nc

2⇡
|R(0)0(0)|2, (3.40)642
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HEAVY QUARKONIUM PRODUCTION IN PNRQCD

P-WAVE PRODUCTION MATRIX ELEMENTS
▸ Color-singlet matrix element: we reproduce the known 

result in the vacuum-saturation approximation. 

▸ Color-octet matrix element: result is given in terms of the 
wavefunction and a universal gluonic correlator.  

▸     is a universal quantity that does not depend on quark 
flavor or radial excitation. Determination of     directly 
leads to determination of all 𝜒cJ and 𝜒bJ(nP) cross 
sections, as well as hc and hb production rates.

16

3

make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify �Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies

E(0)
n typically obtained by lattice QCD methods.

The wavefunctions �(0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions

�(0)
Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-

tions �(0)
Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions �(0)
Q(n)(x1,x2) with the

quarkonium wavefunction �(0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the

production LDMEs hO
�Q0(3P [1]

0 )i and hO
�Q0(3S[8]

1 )i in
strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate �(0)
�Q0(n)

(x1,x2) ⇡

�(0)
�Q0(x1,x2) as discussed above.

For the CS LDME hO
�Q0(3P [1]

0 )i, we obtain at leading
order in QMPT

hO
�Q0(3P [1]

0 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2, (9)

where R(0)
�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
�Q0(3S[8]

1 )i vanishes at leading order

in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:

hO
�b0(3S[8]

1 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2

E

9Ncm2
, (10)

where

E =
3

Nc

Z 1

0
dt t

Z 1

0
dt0 t0

⇥ h⌦|�†ab
` �ad

0 (0, t)gEd,i(t)gEe,i(t0)�ec
0 (0, t0)�bc

` |⌦i,
(11)

Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO�Q0(3S[8]
1 )i is

d

d log⇤
hO

�Q0(3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�Q0(3P [1]
0 )i, (13)

where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0

�c0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of �c0 and �c2 in Ref. [25]
with the pNRQCD expressions at leading order in v
and at next-to-leading order (NLO) in ↵s [19]. Be-
cause two-photon decay rates of �bJ have not been

measured yet, we take for |R(0)0

�b0(nP )(0)|
2 the averages

3

quarkonia in pNRQCD in Refs. [17–19] and consists of
the following steps: (i) replace in the LDMEs the projec-
tor PQ(P=0) with the expressions (6) and (5); (ii) using
QMPT, and in particular Eqs. (3) and (4), express the

LDMEs in terms of |n;x1,x2i
(0) and E(0)

n (x1,x2); (iii)
make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify �Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies

E(0)
n typically obtained by lattice QCD methods.

The wavefunctions �(0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions

�(0)
Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-

tions �(0)
Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions �(0)
Q(n)(x1,x2) with the

quarkonium wavefunction �(0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the

production LDMEs hO
�Q0(3P [1]

0 )i and hO
�Q0(3S[8]

1 )i in
strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate �(0)
�Q0(n)

(x1,x2) ⇡

�(0)
�Q0(x1,x2) as discussed above.

For the CS LDME hO
�Q0(3P [1]

0 )i, we obtain at leading
order in QMPT

hO
�Q0(3P [1]

0 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2, (9)

where R(0)
�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
�Q0(3S[8]

1 )i vanishes at leading order
in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:

hO
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(11)

Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO�Q0(3S[8]
1 )i is
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d log⇤
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�Q0(3S[8]
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�Q0(3P [1]
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where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0

�c0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of �c0 and �c2 in Ref. [25]
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make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify �Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies

E(0)
n typically obtained by lattice QCD methods.

The wavefunctions �(0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions

�(0)
Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-

tions �(0)
Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions �(0)
Q(n)(x1,x2) with the

quarkonium wavefunction �(0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the

production LDMEs hO
�Q0(3P [1]

0 )i and hO
�Q0(3S[8]

1 )i in
strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate �(0)
�Q0(n)

(x1,x2) ⇡
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�Q0(x1,x2) as discussed above.
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0 )i, we obtain at leading
order in QMPT
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�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
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in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:
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Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO�Q0(3S[8]
1 )i is
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where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0

�c0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of �c0 and �c2 in Ref. [25]
with the pNRQCD expressions at leading order in v
and at next-to-leading order (NLO) in ↵s [19]. Be-
cause two-photon decay rates of �bJ have not been

measured yet, we take for |R(0)0

�b0(nP )(0)|
2 the averages
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quarkonia in pNRQCD in Refs. [17–19] and consists of
the following steps: (i) replace in the LDMEs the projec-
tor PQ(P=0) with the expressions (6) and (5); (ii) using
QMPT, and in particular Eqs. (3) and (4), express the

LDMEs in terms of |n;x1,x2i
(0) and E(0)

n (x1,x2); (iii)
make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify �Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies
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n typically obtained by lattice QCD methods.

The wavefunctions �(0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions
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Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2
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If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-
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Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions �(0)
Q(n)(x1,x2) with the

quarkonium wavefunction �(0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the
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0 )i and hO
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strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate �(0)
�Q0(n)
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order in QMPT
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(0)|2, (9)

where R(0)
�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
�Q0(3S[8]

1 )i vanishes at leading order
in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:
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where
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0 (0, t)gEd,i(t)gEe,i(t0)�ec
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(11)

Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO�Q0(3S[8]
1 )i is
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d log⇤
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1 )i =

4CF↵s
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hO

�Q0(3P [1]
0 )i, (13)

where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0

�c0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of �c0 and �c2 in Ref. [25]
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tent of the states |n;x1,x2i

(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |⌦i
and |n;x1,x2i

(0) (evaluated at x1 � x2 = 0) in terms
of gluon field correlators; (v) identify �Q(n,P )(x1,x2) or
derivatives of them (evaluated at x1 � x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schrödinger equations, once the static po-
tentials have been determined from the static energies

E(0)
n typically obtained by lattice QCD methods.

The wavefunctions �(0)
Q(n)(x1,x2) depend on n and

may di↵er from the usual quarkonium wavefunctions

�(0)
Q (x1,x2) that correspond to the n = 0 case. For

n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [14, 20]. Similarly, for n 6= 0 and n 2 S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly a↵ect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2

c [23, 24].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-
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Q(n)(x1,x2) are independent of n. Hence, we will

approximate the wavefunctions �(0)
Q(n)(x1,x2) with the

quarkonium wavefunction �(0)
Q (x1,x2) making an error

of at most O(1/N2
c ).

Following the outlined procedure, we can compute the

production LDMEs hO
�Q0(3P [1]

0 )i and hO
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1 )i in
strongly coupled pNRQCD. Furthermore, in the case

of the CO LDME, we approximate �(0)
�Q0(n)

(x1,x2) ⇡

�(0)
�Q0(x1,x2) as discussed above.

For the CS LDME hO
�Q0(3P [1]

0 )i, we obtain at leading
order in QMPT
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|R(0)0

�Q0
(0)|2, (9)

where R(0)
�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
�Q0(3S[8]

1 )i vanishes at leading order

in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:
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Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1
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0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
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the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0
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�Q0(r) is the radial wavefunction of �Q0 at lead-

ing order in the velocity expansion (R(0)0

�Q0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [7].

The CO LDME hO
�Q0(3S[8]

1 )i vanishes at leading order
in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:

hO
�Q0(3S[8]

1 )i =
3Nc

2⇡
|R(0)0

�Q0
(0)|2

E

9Ncm2
, (10)

where

E =
3

Nc

Z 1

0
dt t

Z 1

0
dt0 t0

⇥ h⌦|�†ab
` �†da

0 (0, t)gEd,i(t)gEe,i(t0)�ec
0 (0, t0)�bc

` |⌦i,
(11)

Ea,i(t) being a chromoelectric field component computed
at the time t and at the space location 0, and �0(t, t0) =

P exp[�ig
R t0

t d⌧ Aadj
0 (⌧,0)] a Schwinger line. Note that

E is a purely gluonic quantity that does not depend on
the heavy quark flavor.
The expression for the CO LDME given in Eq. (10)

is very similar to the pNRQCD expression for the CO
LDME appearing at leading order in v in the decay of
�QJ into light hadrons [17, 19]. The only di↵erence is
that there the correlator E is replaced by the correlator

E3 =
1

2Nc

Z 1

0
dt t3 h⌦|gEa,i(t)�ab

0 (t, 0)gEb,i(0)|⌦i.

(12)
The two correlators would be the same if we could neglect
the contributions from the strings. At one loop, they have
the same logarithmic dependence on the renormalization
scale ⇤ and satisfy the same evolution equation. From
this [17], it follows that the one-loop evolution equation

for hO�Q0(3S[8]
1 )i is

d

d log⇤
hO

�Q0(3S[8]
1 )i =

4CF↵s

3Nc⇡m2
hO

�Q0(3P [1]
0 )i, (13)

where CF = (N2
c � 1)/(2Nc). Equation (13) agrees with

the evolution equation derived from a perturbative cal-
culation in NRQCD [7]. The agreement is a one-loop
consistency check of Eq. (10). At two loops however the
identification of E with E3 may not hold [8–11].
Equation (10) is our result for the CO LDME. The

result allows a first-principles determination of the CO
LDME, once E is known. The correlator E may be com-
puted in lattice QCD or it can be obtained from processes
involving heavy quarkonia.
We now compute the inclusive production cross sec-

tions of �cJ and �bJ(nP ) from proton-proton collisions
at the LHC based on our results for the LDMEs in
Eqs. (9) and (10). We use the value |R(0)0

�c0 (0)|
2 =

0.057 GeV5, which we obtain by comparing the mea-
sured two-photon decay rates of �c0 and �c2 in Ref. [25]
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and CMS
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Figure 3. Ratio r21 ⇥ B�c2(1P )/B�c1(1P ) of the �c2(1P ) and �c1(1P ) differential cross sections
at the LHC center of mass energy

p
s = 7 TeV and in the rapidity range |y| < 0.75, with fitted E ,

compared to CMS [40] and ATLAS [41] measurements.

with �2

min
/d.o.f. = 2.1/10. If we use the LP+NLO expressions of the short-distance coeffi-

cients, we obtain
E|LP+NLO(⇤ = 1.5 GeV) = 4.48± 0.14, (4.4)

with �2

min
/d.o.f. = 1.6/10. The difference between the values of E in eqs. (4.3) and (4.4)

reflects the difference between the fixed-order NLO and LP+NLO calculations of the short-
distance coefficients. We show our result for r21 compared to ATLAS and CMS data in
figure 3. In the following sections, we will use both values of E in eqs. (4.3) and (4.4) to
compute cross sections of �cJ and �bJ states at the LHC. More precisely, when computing
cross sections of �cJ , we will use the result in eq. (4.3) with the fixed-order NLO expressions
of the short-distance coefficients, and we will use the result in eq. (4.4) with the LP+NLO
expressions of the short-distance coefficients. When computing cross sections of �bJ , we
will combine the two determinations of E into

E(⇤ = 1.5 GeV) = 2.8± 1.7, (4.5)

where the central value is the average of the central values of the determinations in eqs. (4.3)
and (4.4), and the error is such to encompass both determinations.12.

4.2 Production of �cJ(1P )

We compute the inclusive production cross sections of �cJ(1P ) from proton-proton collisions
at the LHC based on the expression of the matrix elements given in eqs. (3.26). We use the

12The analysis done in ref. [23] contains a normalization error. After correcting for it, we get a value of E
that is compatible with the one in eq. (4.4). The value E = 1.94±0.04 reported in ref. [23] falls nevertheless
inside the range given in eq. (4.5).
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Figure 4. Production cross sections of the �c1(1P ) and �c2(1P ) at the LHC center of mass energy
p
s = 7 TeV and in the rapidity range |y| < 0.75 compared with ATLAS measurements [41].

LDMEs do not depend on the direction of the gauge-completion Wilson lines, and, there-
fore, do not depend on the polarization � (see for instance refs. [42, 49–53]). This amounts
at assuming that the polarized color-octet LDMEs h⌦|�†�iT a �†ab

` (0)P�QJ (�,P=0)�
bc
` (0)

 †�iT c�|⌦i can be related for any polarization � of the �QJ state to the polarization-
summed color-octet LDME h⌦|O�QJ (3S[8]

1
)|⌦i, which is independent of the direction of the

gauge-completion Wilson lines, through the relation

h⌦|O�QJ (3S[8]

1
)|⌦i = (2J + 1)⇥ h⌦|�†�iT a �†ab

` (0)P�QJ (�,P=0)�
bc
` (0) 

†�iT c�|⌦i, (4.8)

and similarly for hQ:

h⌦|OhQ(1S[8]

0
)|⌦i = 3⇥ h⌦|�†T a �†ab

` (0)PhQ(�,P=0)�
bc
` (0) 

†T c�|⌦i. (4.9)

These relations are consequences of the heavy quark spin symmetry and the assumption of
the universality of the NRQCD matrix elements for polarized quarkonia in the right-hand

– 26 –

sides of eqs. (4.8) and (4.9). Similar relations hold for the color-singlet LDMEs:

h⌦|O�Q1(3P [1]

1
)|⌦i = 3⇥ h⌦|

1

2
�†

✓
�
i

2

 !
D ⇥ �

◆i

 P�Q1(�,P=0) 
†

✓
�
i

2

 !
D ⇥ �

◆i

�|⌦i,

(4.10a)

h⌦|O�Q2(3P [1]

2
)|⌦i = 5⇥ h⌦|�†

✓
�
i

2

 !
D (i�j)

◆
 P�Q2(�,P=0) 

†

✓
�
i

2

 !
D (i�j)

◆
�|⌦i,

(4.10b)

h⌦|OhQ(1P [1]

1
)|⌦i = 3⇥ h⌦|�†

✓
�
i

2

 !
D i

◆
 PhQ(�,P=0) 

†

✓
�
i

2

 !
D i

◆
�|⌦i. (4.10c)

In this case, however, they are not assumptions, but follow from the vacuum-saturation
approximation and rotational symmetry.
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Figure 5. Polarization of �c2(1P ) and �c1(1P ) at the LHC center of mass energy
p
s = 7 TeV

and in the rapidity range |y| < 0.75, averaged over the range 8 GeV< pJ/ T <30 GeV, compared
with experimental constraints from CMS [54].

Under the universality assumption of the polarized color-octet LDMEs, we can compute
the polarization of �c1(1P ) and �c2(1P ) produced at the LHC. The polarization parameters
��c1
✓ and ��c2

✓ are defined by

��cJ
✓ =

1� 3⇠�cJ

1 + ⇠�cJ

, (4.11)

where ⇠�cJ is the fraction of J/ produced with longitudinal polarization from decays of
�cJ(1P ). We use the hadron helicity frame to define the spin quantization axis of the J/ .
The polarized cross sections can be computed by using the short-distance coefficients from
ref. [42] for the polarized production of �cJ(1P ), and eq. (4.8) to relate the color-octet
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Figure 6. Ratio of �b2(1P ) and �b1(1P ) differential cross sections at the LHC center of mass
energy

p
s = 7 TeV and in the rapidity range 2 < y < 4.5 compared with LHCb [59] and CMS [60]

measurements.

momentum pT of the �bJ(1P ) by

p⌥(1S)
T =

m⌥(1S)

m�bJ (1P )

pT . (4.13)

In figure 6, we did not include the feeddown contributions, which come dominantly from
decays of ⌥(2S) and ⌥(3S). Since the branching ratios into �b1(1P ) and �b2(1P ) are almost
the same, and our results for r21 is close to unity, we expect our results for r21 to be almost
unchanged by the inclusion of the feeddown contributions.

In pNRQCD, the wavefunction dependence factorizes in the cross sections, see eqs.
(3.28), and cancels at leading order in v when considering the ratio of states with the same
principal quantum number. Moreover, the ratio r21 for the �bJ(1P ) states in figure 6 is
almost independent of pT . It is, therefore, a specific prediction of (leading order) pNRQCD
that the ratio r21 is independent of the principal quantum number, i.e. that the ratios for
the �bJ(2P ) and �bJ(3P ) states is expected to be the same as the one shown in figure 6 for
the �bJ(1P ) states.

For the computation of the production rates of �bJ(nP ) we need the values of the
P -wave bottomonium wavefunctions at the origin. Since the decay widths of the �bJ(nP )

states are in general not well known, differently from the �cJ(1P ) states, we take the
central values of the wavefunctions at the origin to be the average of the potential-model
calculations considered in ref. [17]. They are

|R(0)

1P
0(0)|2 = 1.47 GeV5, (4.14a)

|R(0)

2P
0(0)|2 = 1.74 GeV5, (4.14b)

|R(0)

3P
0(0)|2 = 1.92 GeV5. (4.14c)

We take the uncertainties in the wavefunctions at the origin to be 10% of the central values,
which account for the uncalculated corrections of order v2.
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fix non pert coefficient here-> predict the rest 

•	e-Print: 2106.09417 , N.B., Hee Sok Chung, A. Vairo

https://arxiv.org/abs/2106.09417


We applied the same procedure to the study of S-wave quarkonium production-> 

3 octet LDMEs—> 3 nonperturbative correlators independent  of the flavour that could 
be could be calculates on the lattice • 	: 2210.17345
σ(pp → J/ψ+X), σ(pp → ψ(2S)+X) and σ(pp → Υ(nS)+X)

@ center of mass energy
√
s = 7 TeV.

◦ CMS coll JHEP 02 (2012) 011, PRL 114 (2015) 191802

ATLAS coll PRD 87 (2013) 052004

Polarization of J/ψ and ψ(2S)

@ center of mass energy
√
s = 7 TeV.

◦ CMS coll PRL 110 (2013) 081802, PLB 727 (2013) 381

https://arxiv.org/abs/2210.17345


 What about the XYZ?     



 What about the XYZ?     

let us start with the hybrids    



 Exotics: Hybrids 

In QCD there is not only the QQbar static energy,

the usual confinement potential but there is a tower

of static energies!
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r = |x1 � x2|
Juge Kuti Mornigstar 98-06 

Static quenched lattice energies II

unit r0 ≈ 0.5 fm

◦ Capitani Philipsen Reisinger Riehl Wagner PRD 99 (2019) 034502

Schlosser, Wagner 2111.00741, Bali Pineda 2004

 Exotics: Hybrids 

In QCD there is not only the QQbar static energy,

the usual confinement potential but there is a tower

of static energies!
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The BOEFT characterises the hybrids  static energy for short distance

octet potential

Gluelumps (in pNRQCD) II

• The gluelump static energy can be written as a (multipole) expansion in r:

Eg = 2M +
αs

6r
+ Λg + agr

2 + ...

• Λg is the gluelump mass:

Λg = lim
T→∞

i

T
ln⟨Ha(T/2)φadjab (T/2,−T/2)Hb(−T/2)⟩

◦ Foster Michael PRD 59 (1999) 094509

Bali Pineda PRD 69 (2004) 094001

Lewis Marsh PRD 89 (2014) 014502

• ag can be expressed as field correlators (single line = singlet, double line = octet), e.g.,

◦ Brambilla Lai Segovia Tarrus arXiv:1908.11699
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◦ Brambilla Pineda Soto Vairo NPB 566 (2000) 275
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Eg = non perturbative coefficient

 Hybrids static energies at  
short distances



 BOEFT for  HYBRIDS

Q!Q pair: Static Energies

12

Schlosser and Wagner Phys. Rev. D. 105, (2022)

• Static limit (m→ ∞): heavy quarks are fixed in position. Interquark potential given by LDF energy.

Ground state 
gluon: Quarkonium

First excited state gluon configuration: Hybrid

Focus on these two for low lying hybrids

Gluonic operators characterizing hybrids

Degeneracy

Brambilla, Pineda, Soto and Vairo, Rev. Mod. Phys 77, (2005)Foster and Micheal (UKQCD collaboration), 
Phys. Rev. D 59, 094509 (1999)
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Focus on the first hybrid 
static energy 

and construct BOEFT  
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Schrödinger equation for EΠu and EΣ−
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hybrids

The LO e.o.m. for the fields Ψ†
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offdiagonal terms change the radial Σ wave function to Π and vice versa, however, they can

not change the parity of the states. This means that ψ(N)
Σ mixes only with ψ(N)

−Π , and ψ(N)
+Π

decouples. We then have the following coupled radial Schrödinger equation for one parity

state,
⎡

⎣− 1

mr2
∂rr

2∂r +
1

mr2

⎛

⎝

l(l + 1) + 2 2
√

l(l + 1)

2
√

l(l + 1) l(l + 1)

⎞

⎠+

⎛

⎝

E(0)
Σ 0

0 E(0)
Π

⎞

⎠

⎤

⎦

⎛

⎝

ψ(N)
Σ

ψ(N)
−Π

⎞

⎠ = EN

⎛

⎝

ψ(N)
Σ

ψ(N)
−Π

⎞

⎠ ,

(51)

and for the other we get the conventional radial Schrödinger equation

[

− 1

mr2
∂r r

2 ∂r +
l(l + 1)

mr2
+ E(0)

Π

]

ψ(N)
+Π = EN ψ(N)

+Π . (52)

There is a special case for l = 0 in that the offdiagonal terms in the coupled equation

vanish, so the radial Schrödinger equations for ψ(N)
Σ and ψ(N)

−Π also decouple. In fact, ψ(N)
−Π

is irrelevant, since there are no orbital wave functions with |λ| = 1 for l = 0. The same

applies to ψ(N)
+Π . So for l = 0 there exists only one parity state, and its radial wave function is

given by an almost ordinary Schrödinger equation with the E(0)
Σ potential, the only unusual

element is that the angular part is 2/mr2 even though l = 0.

In Appendix C we describe the derivation of the radial Schrödinger equations in more

detail. For the uncoupled radial Schrödinger equations there exist well established numerical

methods to find the wave functions and eigenvalues. These can also be extended to the

coupled case, more details on the specific approach that we chose to get the numerical

results are given in Appendix D and [51].

C. Comparison with other descriptions of hybrids

We now compare the pattern of hybrid spin-symmetry multiplets that we have obtained in

our approach with the one obtained in different pictures. The BO approximation for hybrids,

as it has been employed in Refs. [19, 21, 22, 34], produces spin-symmetry multiplets with

the same JPC constituents as our Hi multiplets in Table II, however, in all the existing BO

papers the masses of opposite parity states are degenerate.

In Ref. [34] the underlying assumptions of the BO approximation are given in more

detail. Two main points are identified, an adiabatic approximation and a single-channel

approximation. The adiabatic approximation states that the time scales for heavy and
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Coupled radial Schrödinger equations

Projection vectors in matrix elements allow for two di↵erent solutions
(coupled or uncoupled) for the ⌃�

u
and ⇧u radial wave functions:

1st solution
"
�

1

2µr2
@rr

2@r +
1

2µr2

 
l(l + 1) + 2 2

p
l(l + 1)

2
p

l(l + 1) l(l + 1)

!
+

 
E

(0)
⌃ 0

0 E
(0)
⇧

!# 
 ⌃

 ⇧

!
= E

 
 ⌃

 ⇧

!

2nd solution

�

1

2µr2
@r r

2 @r +
l(l + 1)

2µr2
+ E(0)

⇧

�
 ⇧ = E  ⇧

energy eigenvalue E gives hybrid mass: mH = mQ +mQ̄ + E

l(l + 1) is the eigenvalue of angular momentum L
2 =

�
LQQ̄ +Lg

�2

the two solutions correspond to opposite parity states: (�1)l and (�1)l+1

corresponding eigenvalues under charge conjugation: (�1)l+s and (�1)l+s+1

Schrödinger equations can be solved numerically
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Mixing remove the degeneration 
among opposite parity states: 

->Lambda doubling  
existing also in molecular physics
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belonging to the H
0

1
multiplet after including the uncertainties in the gluelump mass. From Table IV, we see that the

states  (4230) and  (4390) decay both to the spin singlet charmonium, hc(1P ), and to the spin triplet charmonium,
J/ . This could be consistent with hybrid spin-conserving and spin-flipping decays, respectively. Instead, the states
 (4360) and  (4660) have only been observed to decay to spin triplet charmonium states, J/ and  (2S). Recently,
the BESIII collaboration has suggested the existence of two possible new states with quantum numbers JPC = 1��,
Y (4500) and Y (4710), from resonance structures in the e+e� ! K+K�J/ and e+e� ! K0

S
K0

S
J/ cross sections,

respectively [41, 43]. The masses and the quantum numbers of these states are compatible with the excited spin
singlet H

0

1
and H

00

1
hybrid multiplets after including the uncertainties from the gluelump mass.

M
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Figure 2: Comparison of the mass spectrum of the neutral exotic charmonium-like states shown in Table IV with
results for hybrids obtained by solving the coupled Schrödinger equations (2.18). The experimental states are
represented by horizontal solid blue lines with vertical error bars. Our results for the multiplets H1, H 0

1
, H 00

1
, H2,

H 0
2
, H3, H4 and H5 are plotted with error bands corresponding to a gluelump mass uncertainty of ±0.15 GeV. The

figure has been adapted and updated from Ref. [3].

The quantum numbers JPC = 1++ and the mass of the �c1(4140) and �c1(4274) suggest that they could be
candidates for the spin singlet 1++ member of the H2 hybrid multiplet within uncertainties. For the spin singlet
member of the H2 multiplet, a spin-conserving decay leads to a spin singlet ⌘c(1S) quarkonium in the final state and
a spin-flipping decay leads to a spin triplet �c(1P ) quarkonium in the final state. The states �c1(4140) and �c1(4274),
however, have been observed to decay only to � J/ . It has been suggested that these states could be isospin-0
charmonium tetraquark states [16, 51]. The JPC quantum numbers of the X(4160) have not yet been determined. A
positive charge conjugation and the mass could make it a candidate for the spin triplet (0, 1, 2)�+ member of the H1

multiplet or the spin singlet 1++ member of the H2 multiplet. Recently, the LHCb collaboration reported two new
exotic states, X(4630) and �c1 (4685), with quantum numbers JPC =??+ and JPC = 1++ in the B+

! J/ �K+

decay [42]. The favoured quantum numbers for X(4630) are JPC = (1 or 2)�+ [4, 42]. Based on the quantum numbers
and mass, the X(4630) state could be a candidate for the excited spin triplet (0, 1, 2)�+ member of the H1 multiplet
or the spin triplet (1, 2, 3)�+ member of the H5 multiplet after including the uncertainties from the gluelump mass.
The quantum numbers 1++ and the mass of �c1 (4685) are compatible with the spin singlet state of the excited H

0

2

multiplet after accounting for the uncertainties from the gluelump mass. For the X(4630) and �c1 (4685), only the
decay to � J/ has been seen until now.

The quantum numbers of X(4350) are JPC = (0 or 2)++ [52]. The mass of the X(4350) suggests that it could be a
candidate for the spin singlet 2++ member of the H4 multiplet. The quantum numbers JPC = 0++ and the masses
of the �c0(4500) and �c0(4700) suggest that they could be candidates for the spin singlet 0++ member of the H3

hybrid multiplet within uncertainties. For the spin singlet member of the H3 and H4 multiplets, the spin-conserving
transitions lead to the spin singlet ⌘c(1S) quarkonium in the final state and the spin-flipping transitions lead to the
spin triplet �c(1P ) quarkonium in the final state. However, the states X(4350), �c0(4500), and �c0(4700) have been
observed to decay only to � J/ .
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Figure 3: Comparison of the mass spectrum of the neutral exotic bottomonium-like states shown in Table IV with
results for hybrids obtained by solving the coupled Schrödinger equations (2.18). The experimental states are
represented by solid blue lines with vertical error bars. Our results for the multiplets H1 and H 0

1
are plotted with

error bands corresponding to the gluelump mass uncertainty of ±0.15 GeV. We only show the multiplets H1 and H 0
1

as there are only three exotic states with matching quantum numbers (see Table IV).

In the bottomonium sector, there are only three exotic candidates for the hybrid states with quantum numbers
JPC = 1��: ⌥(10753), ⌥(10860), and ⌥(11020). The quantum number 1�� corresponds to the spin singlet member
1�� of the bottomonium hybridH1 multiplet or its excitation. The mass of the ⌥(10753) and ⌥(11020) states suggests
that they could be identified with states in the H1 or H

0

1
multiplets, respectively. The mass of the ⌥(10860), besides

being consistent with a conventional ⌥(5S) bottomonium state, is compatible with both H1 and H
0

1
bottomonium

hybrid multiplets within uncertainties. From Table IV, we notice that the states ⌥(10860) and ⌥(11020) decay both
to the spin singlet bottomonium state hb(1P ) and to the spin triplet bottomonium states ⌥(nS). The decay to
hb(1P ) could correspond to a spin-conserving transition and the decay to ⌥(nS) could correspond to a spin-flipping
transition. The state ⌥(10753) has been observed to decay only to spin triplet ⌥(nS) bottomonium states. Recent
studies have suggested that some of these states could be conventional quarkonium or tetraquark states [51, 53–59].

B. Results for the decay rates

The exotic XYZ states in the charmonium sector shown in Fig. 2 have mostly quantum numbers JPC = 1��, 1++,
0++ and 2++ that correspond to the JPC quantum numbers of the spin-singlet members of the hybrid multiplets
H1 [1��], H2 [1++], H3 [0++], H4 [2++] and their excitations. The exotic state X(4630) could have JPC quantum
numbers 1�+ or 2�+, and be a spin triplet member of the hybrid multiplets H1 [(0, 1, 2)�+] or H5 [(1, 2, 3)�+]. The
exotic XYZ states in the bottomonium sector shown in Fig. 3 have quantum numbers JPC = 1�� that correspond
to the JPC quantum numbers of the spin-singlet members of the hybrid multiplet H1 [1��] and its excitations. In
the following, we focus solely on these hybrid states and compute the semi-inclusive spin-conserving and spin-flipping
transition rates to quarkonia. The spin-conserving decays of hybrids to quarkonia, Hm ! Qn +X, where X denotes
light hadrons, are induced by the chromoelectric-dipole vertex (3.12); the expression for the decay rate is given in
Eqs. (3.26) and (3.27). The spin of the QQ̄ pair is the same in the initial hybrid and the final quarkonium states:
spin-0 hybrids decay to spin-0 quarkonia and spin-1 hybrids decay to spin-1 quarkonia. For several charmonium
and bottomonium spin-0 hybrid states, members of the hybrid multiplets H1 [1��], H2 [1++], H3 [0++] and their
excitations, the values of the spin-conserving decay rates are shown in Table V. The spin-conserving decay rates

of the spin-1 hybrid states, members of the hybrid multiplets H1

h
(0, 1, 2)�+

i
, H2

h
(0, 1, 2)+�

i
, H3 [1+�] and their

excitations, are, at the precision we are working (LO in the nonrelativistic expansion), three times the corresponding
spin-conserving decay rates of the spin-0 hybrid states as the final state may assume three di↵erent polarizations, see

Band  in the mass value for each multiplet  
is due to the error (150 Mev) on the gluelump mass measured on the lattice

  Hybrid  multiplets as predicted by BOEFT (coloured rectangles) compared to the neutral isoscalar states observed in 
charmonium/bottomonium sector   (crosses)

Note:
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 Spin dependent interactions  



The BOEFT gives a prescription to calculate  the hybrids spin dependent potentials at 
order 1/m and 1/m^2 
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and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.
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• The nonperturbative part in V_i (r) depend on nonperturbative 
 gluonic correlators non local in time not yet calculated on the lattice: six unknowns, 

the octet perturbative part can be calculated in perturbation theory
• The only flavor dependence is carried by the perturbative NRQCD matching coefficients
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and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

• The nonperturbative part in V_i (r) depend on nonperturbative 
 gluonic correlators non local in time not yet calculated on the lattice: six unknowns, 

the octet perturbative part can be calculated in perturbation theory
• The only flavor dependence is carried by the perturbative NRQCD matching coefficients

USE LATTICE CALCULATION OF THE CHARMONIUM  
SPIN MULTIPLETS TO EXTRACT the  6 UNKNOWNs and PREDICT THE BOTTOMONIUM  

SPIN MULTIPLETS,  learn also about the DYNAMICS



Charmonium Hybrids  Multiplets H_1 lattice data from (violet)  from  

with a pion of about 240 MeV

Charmonium hybrid spin splittings

◦ Brambilla Lai Segovia Tarrus Vairo PRD 99 (2019) 014017

lattice data from Liu et al JHEP 1612 (2016) 089

[2+1 flavors, mπ = 240 MeV]



Charmonium Hybrids  Multiplets H_1 lattice data from (violet)  from  

with a pion of about 240 MeV

height of the boxes is an estimate of the 
uncertainty:  

estimated by the parametric size of higher 
order corrections, m alpha_s^5 for the 

perturbative part, powers of Lambda_qcd/m for 
the nonperturbative part, plus the statistical 

error on the fit

Charmonium hybrid spin splittings

◦ Brambilla Lai Segovia Tarrus Vairo PRD 99 (2019) 014017

lattice data from Liu et al JHEP 1612 (2016) 089

[2+1 flavors, mπ = 240 MeV]



Charmonium Hybrids  Multiplets H_1 lattice data from (violet)  from  

with a pion of about 240 MeV

height of the boxes is an estimate of the 
uncertainty:  

estimated by the parametric size of higher 
order corrections, m alpha_s^5 for the 

perturbative part, powers of Lambda_qcd/m for 
the nonperturbative part, plus the statistical 

error on the fit

the  perturbative part  produces a pattern opposite 
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the spin interaction 
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Charmonium Hybrids  Multiplets H_1 and H_2

H_1 and H_2 corresponds to l=1 and are negative and positive 
parity resp. The mass splitting  between H_1 and H_2 is a result of lambda-doubling

H_3 and H_4 are also calculated 
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here you find predictions for all H multiplets
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Comparison of our prediction to the  
existing lattice data on H1
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  Spin effects 

->difficult to insert in models 

->this  spin structure has huge impact in phenomenology : larger spin multiplets separation  than in quarkonium 

->less spin symmetry in decays due to quarkonium-hybrids mixing via a spin operator at 1/m 

38

Hybrid-quarkonium mixing (in progress)

• Hybrid states in the same energy range and same quantum #’s as quarkonium can mix. 

• Mixing  impact spectrum and decay properties of  hybrid. Implications on hybrid interpretation for 
exotics.

Ex.

Effect on decay:

• Hybrids with gluon quantum # 𝜿 = 𝟏+ −, mix with quarkonium through heavy-quark spin 
dependent operator. Mixing potential at 𝑂( Τ1 𝑚) in BOEFT. 

Brambilla, AM, Vairo,.... (in progress)

• Mixing potential              : determined from matching NRQCD and BOEFT at 𝑂( Τ1 𝑚) 

NRQCD

𝐻𝑚 𝑄′𝑚

BOEFT

=

Expression after matching:

Above expression can be computed on lattice if  we 
identify:

Oncala & Soto, Phys. Rev. D. 96, (2017)
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  BOEFT calculation of semi inclusive hybrids decays to quarkonium: H —> Quarkonium (S) plus X (anything light) 

we calculated spin conserving and spin flipping decays 
they are same size

EPJ Web of Conferences

the linear term to be equal to the one for heavy quarkonium (V⌃+g (r)) as dictated by the QCD e↵ec-
tive string theory (EST) [12], and the Coulomb term to be related to the one of V⌃+g (r) as dictated by
perturbation theory. Hence, only an additive constant is left as a free parameter, which can in turn be
related to the corresponding constant for V⌃+g (r) through the lattice data. The last constant is fixed by
fitting the heavy quarkonium spectrum. For V⇧u (r) a Cornell-like form does not fit lattice data well at
intermediate distances. Hence, we take a slightly more complicated function for it, we substitute the
Coulomb term by a rational function with five free parameters. At short and long distances we impose
V⇧u (r) � V⌃�u (r) to be compatible with the weak coupling pNRQCD results at NLO [3] and with the
EST results at NLO [12] respectively. The remaining two free parameters are fitted to lattice data.

Using the potentials above as an input we solve numerically (4) and obtain the results displayed
in tables 1 and 2. We also display the results for heavy quarkonium, obtained with a Cornell potential
that fits well the lattice data for ⌃+g of [4].

In table 3 we show possible identifications with XYZ states. According to this table only spin
zero hybrids would have been observed. It is interesting to notice that Y(4008), Y(4360) and Y(4660)
would correspond to the ground state and the lower excitations of the (s/d)1 state. However, the three
states have been observed to decay to vector quarkonium, which violates spin symmetry [13]. This is
also so for Yb(10890). In fact, from the 1�� candidates only for X(4630) no spin symmetry violating
decay has been observed. This motivates the study of mixing with heavy quarkonium in section 4. We
report in the next section on our results for the decay widths to lower lying heavy quarkonium states.

3 Decay

Since we are interested in the lowest lying heavy hybrid states, it is enough for us to consider an
e↵ective theory for energy fluctuations E ⌧ ⇤QCD around those states. The energy gap to the lower
lying heavy quarkonium states is greater than ⇤QCD. Hence the lower lying heavy quarkonium states
can be integrated out, which will give rise to an imaginary potential �V for the heavy hybrid states,
which in turn will produce a decay width for them, �H!S = �2 hH|Im�V |Hi. This is much in the
same way as integrating out hard gluons produces operators with imaginary matching coe�cients in
NRQCD [14]. Furthermore, if we assume that the energy gap �E fulfills �E � ⇤QCD, and that the
process is dominated by short distances, the integration can be done using the weak coupling regime
of pNRQCD [3, 15]

We obtain,

Im�V = �2
3
↵sTF

Nc

X

n

ri|S nihS n|ri (i@t � En)3 , (5)

TF = 1/2, Nc = 3, and ↵s is the QCD strong coupling constant. En is the energy of the n-th heavy
quarkonium state, S n. The calculation is reliable only for those states that fulfill �En � ⇤QCD, for
which we identify,

�(Hm!S n)=
4
3
↵sTF

Nc
hHm|ri|S nihS n|ri|Hmi(�Emn)3 , (6)

where m stands for NLJ , the quantum numbers of the heavy hybrid (Hm), n for N0L0, the quantum
numbers of the heavy quarkonium (S n), and �Emn is the energy di↵erence between them. For consis-
tency,

D
S n|ri|Hm

E
�Emn should also be small, otherwise the multipole expansion built in weak coupling

pNRQCD would not be justified. The structure of the decay width above implies that no heavy hybrid
with L = J decays to heavy quarkonium at this order. This selects X(4160) as the preferred candidate
for the 1p1 state in table 3 since no decay to charmonium has been observed, as opposite to X(4140).
The numerical values of the decay widths are given in table 4. The scale of ↵s is taken at µ = �Emn.
At this order, the decays respect heavy quark spin symmetry, and hence the spin of the heavy quarks

24

Hybrid-to-Quarkonium transition decay rate
=  spin-conserving + spin-flipping decay rates. 

Brambilla, Lai, AM, Vairo arXiv:2212.09187Results

ü Decay to open threshold states not accounted !!!!

Our estimate of  decay rate are lower-bounds for the total width of  hybrids

For exotic states (which are possible hybrid candidates), our results sets 
lower-bounds on the inclusive widths of  physical states.
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• Comparison: bottom exotic states with corresponding bottomonium hybrid state:

spin-conserving + spin-flipping decays 
=

lower bound on the total decay widths of  
hybrids which is compared with inclusive 
rate of  physical states in PDG.



• Comparison: charm exotic states with corresponding charmonium hybrid state:
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Hybrid: Summary

✓ Isoscalar neutral mesons (Isospin=0)

Brambilla, Lai, AM, Vairo arXiv:2212.09187

✓ Candidates for hybrids based on mass, quantum numbers, and decays to quarkonium:

• Hybrids (QഥQg): Color singlet state of  color octet QഥQ + gluon. (Q = c, b)

Charm sector:

Bottom sector:

➢ 𝑿 𝟒𝟏𝟔𝟎  : could be  charm hybrid  𝑯𝟏[𝟐−+](𝟒𝟏𝟓𝟓).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟕𝟏𝟎  : could be  charm hybrid  𝑯𝟏[(𝟏− −)](𝟒𝟖𝟏𝟐).

➢ 𝚼 𝟏𝟎𝟕𝟓𝟑  : could be bottom hybrid 𝑯𝟏[(𝟏− −)](𝟏𝟎𝟕𝟖𝟔).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟑𝟗𝟎  : could be  charm hybrid  𝑯𝟏[𝟏−−](𝟒𝟓𝟎𝟕). ➢ 𝝌𝒄𝟏 𝟒𝟔𝟖𝟓  : could be  charm hybrid  𝑯𝟐[(𝟏+ +)](𝟒𝟔𝟔𝟕).

DISCLAIMER!!! 
 All the above interpretation can differ accounting for decays to 
meson-pair threshold states and hybrid-quarkonium mixing. 

18

Hybrid: Summary

✓ Isoscalar neutral mesons (Isospin=0)

Brambilla, Lai, AM, Vairo arXiv:2212.09187

✓ Candidates for hybrids based on mass, quantum numbers, and decays to quarkonium:

• Hybrids (QഥQg): Color singlet state of  color octet QഥQ + gluon. (Q = c, b)

Charm sector:

Bottom sector:

➢ 𝑿 𝟒𝟏𝟔𝟎  : could be  charm hybrid  𝑯𝟏[𝟐−+](𝟒𝟏𝟓𝟓).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟕𝟏𝟎  : could be  charm hybrid  𝑯𝟏[(𝟏− −)](𝟒𝟖𝟏𝟐).

➢ 𝚼 𝟏𝟎𝟕𝟓𝟑  : could be bottom hybrid 𝑯𝟏[(𝟏− −)](𝟏𝟎𝟕𝟖𝟔).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟑𝟗𝟎  : could be  charm hybrid  𝑯𝟏[𝟏−−](𝟒𝟓𝟎𝟕). ➢ 𝝌𝒄𝟏 𝟒𝟔𝟖𝟓  : could be  charm hybrid  𝑯𝟐[(𝟏+ +)](𝟒𝟔𝟔𝟕).

DISCLAIMER!!! 
 All the above interpretation can differ accounting for decays to 
meson-pair threshold states and hybrid-quarkonium mixing. 

18

Hybrid: Summary

✓ Isoscalar neutral mesons (Isospin=0)

Brambilla, Lai, AM, Vairo arXiv:2212.09187

✓ Candidates for hybrids based on mass, quantum numbers, and decays to quarkonium:

• Hybrids (QഥQg): Color singlet state of  color octet QഥQ + gluon. (Q = c, b)

Charm sector:

Bottom sector:

➢ 𝑿 𝟒𝟏𝟔𝟎  : could be  charm hybrid  𝑯𝟏[𝟐−+](𝟒𝟏𝟓𝟓).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟕𝟏𝟎  : could be  charm hybrid  𝑯𝟏[(𝟏− −)](𝟒𝟖𝟏𝟐).

➢ 𝚼 𝟏𝟎𝟕𝟓𝟑  : could be bottom hybrid 𝑯𝟏[(𝟏− −)](𝟏𝟎𝟕𝟖𝟔).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟑𝟗𝟎  : could be  charm hybrid  𝑯𝟏[𝟏−−](𝟒𝟓𝟎𝟕). ➢ 𝝌𝒄𝟏 𝟒𝟔𝟖𝟓  : could be  charm hybrid  𝑯𝟐[(𝟏+ +)](𝟒𝟔𝟔𝟕).

DISCLAIMER!!! 
 All the above interpretation can differ accounting for decays to 
meson-pair threshold states and hybrid-quarkonium mixing. 

18

Hybrid: Summary

✓ Isoscalar neutral mesons (Isospin=0)

Brambilla, Lai, AM, Vairo arXiv:2212.09187

✓ Candidates for hybrids based on mass, quantum numbers, and decays to quarkonium:

• Hybrids (QഥQg): Color singlet state of  color octet QഥQ + gluon. (Q = c, b)

Charm sector:

Bottom sector:

➢ 𝑿 𝟒𝟏𝟔𝟎  : could be  charm hybrid  𝑯𝟏[𝟐−+](𝟒𝟏𝟓𝟓).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟕𝟏𝟎  : could be  charm hybrid  𝑯𝟏[(𝟏− −)](𝟒𝟖𝟏𝟐).

➢ 𝚼 𝟏𝟎𝟕𝟓𝟑  : could be bottom hybrid 𝑯𝟏[(𝟏− −)](𝟏𝟎𝟕𝟖𝟔).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟑𝟗𝟎  : could be  charm hybrid  𝑯𝟏[𝟏−−](𝟒𝟓𝟎𝟕). ➢ 𝝌𝒄𝟏 𝟒𝟔𝟖𝟓  : could be  charm hybrid  𝑯𝟐[(𝟏+ +)](𝟒𝟔𝟔𝟕).

DISCLAIMER!!! 
 All the above interpretation can differ accounting for decays to 
meson-pair threshold states and hybrid-quarkonium mixing. 

18

Hybrid: Summary

✓ Isoscalar neutral mesons (Isospin=0)

Brambilla, Lai, AM, Vairo arXiv:2212.09187

✓ Candidates for hybrids based on mass, quantum numbers, and decays to quarkonium:

• Hybrids (QഥQg): Color singlet state of  color octet QഥQ + gluon. (Q = c, b)

Charm sector:

Bottom sector:

➢ 𝑿 𝟒𝟏𝟔𝟎  : could be  charm hybrid  𝑯𝟏[𝟐−+](𝟒𝟏𝟓𝟓).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟕𝟏𝟎  : could be  charm hybrid  𝑯𝟏[(𝟏− −)](𝟒𝟖𝟏𝟐).

➢ 𝚼 𝟏𝟎𝟕𝟓𝟑  : could be bottom hybrid 𝑯𝟏[(𝟏− −)](𝟏𝟎𝟕𝟖𝟔).

➢ X 𝟒𝟔𝟑𝟎  : could be  charm hybrid 𝑯𝟏[( Τ𝟏 𝟐− +)](𝟒𝟓𝟎𝟕).

➢ 𝝍 𝟒𝟑𝟗𝟎  : could be  charm hybrid  𝑯𝟏[𝟏−−](𝟒𝟓𝟎𝟕). ➢ 𝝌𝒄𝟏 𝟒𝟔𝟖𝟓  : could be  charm hybrid  𝑯𝟐[(𝟏+ +)](𝟒𝟔𝟔𝟕).

DISCLAIMER!!! 
 All the above interpretation can differ accounting for decays to 
meson-pair threshold states and hybrid-quarkonium mixing. 



17

Hybrid  Decays
• Hybrid decays to meson-pair threshold states: ΔE ≲ ΛQCD
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Born Oppenheimer quantum numbers for hybrids and ground state meson pair 
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Figure 1: Improved lattice data points (7) and (11) together with the parameterizations
(5) and (9) for the ordinary static potential and the ⇧u and ⌃�u hybrid static potentials.
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XYZ  are a formidable opportunity to learn more about the fundamental  strong force! 
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Figure 1: Static potential determined using the full mixing matrix; the three lowest lying energy
levels Vn(r), n = 0, 1, 2 are shown. The grey line corresponds to twice the static-strange meson
mass, its error is too small to be visible. The black line corresponds to twice the static-light meson
mass; the error is automatically taken into account by using the ratio given in Eq. (2.6). For all
distances, the fixed GEVP with t0/a = 5, td/a = 10 is used.

The matrix of correlation functions Eq. (2.3) we use contains three very different operators,
which should have strong overlap onto the three lowest physical energy eigenstates. Following
Ref. [19], we expect problems with determining energies from the GEVP using a finite basis will
arise when higher states for which no good operator appears in the basis are close in energy. We
can estimate where the next energy levels should be around the breaking region and they are all
higher by a scale of about 500MeV, substantially larger than the gaps observed.

The string breaking region is reproduced in more detail in Fig. 2. Both avoided crossings are
visible and the energy gap between the ground state and first level is larger than the gap between
first and second levels. Qualitatively, the first mixing region appears to be broader, but it is not
possible to determine the difference between the first string breaking distance rc and the second
string breaking distance rcs by eye. The quantification of string breaking involving three levels
is more complex in comparison to the two-level situation. For the Nf = 2 vacuum, the string
breaking distance rc can be defined by the minimum of the energy gap �E [6]. When the strange
quark is included, an alternative definition of the two string breaking distances rc and rcs is needed
as there is not necessarily a minimum energy gap.
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can estimate where the next energy levels should be around the breaking region and they are all
higher by a scale of about 500MeV, substantially larger than the gaps observed.

The string breaking region is reproduced in more detail in Fig. 2. Both avoided crossings are
visible and the energy gap between the ground state and first level is larger than the gap between
first and second levels. Qualitatively, the first mixing region appears to be broader, but it is not
possible to determine the difference between the first string breaking distance rc and the second
string breaking distance rcs by eye. The quantification of string breaking involving three levels
is more complex in comparison to the two-level situation. For the Nf = 2 vacuum, the string
breaking distance rc can be defined by the minimum of the energy gap �E [6]. When the strange
quark is included, an alternative definition of the two string breaking distances rc and rcs is needed
as there is not necessarily a minimum energy gap.
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avoided level crossing 
between quarkonium 

and tetraquarks 

Quarkonium, Tetraquarks 
and heavy-light pairs 

  

 tetraquarks and 
heavy-light overlap at 

large distance   

the X(3872)

arises from coupled

channels between quarkonium

and the two first tetraquarks 



 Our ability to achieve precision calculations and control strongly interacting systems is closely linked to bridging perturbative 
methods with nonperturbative tools, notably numerical lattice gauge theories
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GAIN: Inside the EFT:Model independent predictions,   
power counting

Lattice Calculation of only few nonperturbative objects, 
 universal and depending only on the glue—> 

at variance with the state dependent calculation of  
each single observable with the full dynamics!

Inside the EFT: flexible phenomenological applications, 
understanding of the underlying degrees of freedom  

and dynamics

CHALLENGE:

Need  techniques to reduce noise and improve convergence to continuum for  
calculation of chromelectric and chomomagnetic fields—> Gradient flow

Avoid change of scheme between  continuum and lattice (cutoff) regularization> 
Gradient flow (composite operators renormalisation in cutoff scheme is painful) As TUMQCD Lattice collaboration we


are addressing theseproblems

problem of slow 
convergence to continuum—> 

cured in gradient flow! 
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 Combining pNREFTs  and other EFTs (Chiral, HTL..) , lattice calculations and new concepts (open quantum systems)  we 
can address relevant contemporary problems:

• Quarkonium production:  we can  factorize  the LDMEs in low energy correlators to be calculated on the lattice! 

• Quarkonium  potential and spectrum at finite temperature: pNRQCD +HTL ,  new paradigm on suppression

• Nonequilibrium evolution of quarkonium in QGP:  pNRQCD + HTL+open quantum systems+ lattice: Linblad eqs
• Dark matter pairs in early universe:  pNREFT + HTL+open quantum systems: cross section and evolution

•  The XYZ world

• Applications to Jets, neutrinos, cosmology, quantum information  



Backup



BASED on CLASSIC PAPERS 



NOTICE THAT: The potential is a Wilson coefficient of the EFT.  
In general, it  undergoes renormalization, develops scale 

dependence and satisfies renormalization 
group equations, which allow to resum large logarithms.
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VA

The first contributing diagrams are of the type:

Therefore

VA(r, µ) = 1 +O(α2
s )

Chromoelectric field correlator: ⟨E(t)E(0)⟩

Is known at two loops.

× ×

LO

× × × ×

(a) (b)

× × × ×

(c) (d)

× × × ×

(e) (f)

× × × ×

(g) (h)

NLO
◦ Eidemüller Jamin PLB 416 (1998) 415

Static octet potential

lim
T→∞

i

T
ln

⟨φadj
ab ⟩

=
1

2N

αs

r
(1 + #αs +#α2

s +#α3
s +#α3

s lnµr + . . . )

Is known at three loops.

◦ Anzai Prausa A.Smirnov V.Smirnov Steinhauser PRD 88 (2013) 054030

Some building blocks for the calculation:

now known NNLO  
Kniehl et al. 2021



Poincare’ Invariance in NREFTs 



Poincare’ Invariance in NREFTs
EFTs preserve all the invariances of the fundamental QFT.

Therefore NREFTs are constrained by the Poincaré invariance of the fundamental QFT,

although Lorentz invariance is apparently broken by the nonrelativistic expansion.

It has been suggested, even before the establishing of EFTs, that Poincaré invariance

provides non trivial constraints on the form of the potentials.

◦ Dirac RMP 21 (1949) 302

Within NREFTs these constraints may be implemented in a rigorous setting. They allow

to fix some of the matching coefficients/potentials of the NREFT to all orders and

nonperturbatively without computing them. In QCD, these constraints can be tested

against lattice determinations.

◦ Brambilla Gromes Vairo PRD 64 (2001) 076010, PLB 576 (2003) 314

Berwein Brambilla Hwang Vairo PRD 99 (2019) 094008
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Poincare’ invariance gives the same constraints as reparameterization invariance (relations 
among the matching coefficients of the bilinear fermion terms in NRQCD) PLUS new relations,  

among the coefficients of the 4 fermions terms in NRQCD and among the potentials in pNRQCD  

EFTs preserve all the invariances of the fundamental QFT.

Therefore NREFTs are constrained by the Poincaré invariance of the fundamental QFT,

although Lorentz invariance is apparently broken by the nonrelativistic expansion.

It has been suggested, even before the establishing of EFTs, that Poincaré invariance

provides non trivial constraints on the form of the potentials.

◦ Dirac RMP 21 (1949) 302

Within NREFTs these constraints may be implemented in a rigorous setting. They allow

to fix some of the matching coefficients/potentials of the NREFT to all orders and

nonperturbatively without computing them. In QCD, these constraints can be tested

against lattice determinations.

◦ Brambilla Gromes Vairo PRD 64 (2001) 076010, PLB 576 (2003) 314

Berwein Brambilla Hwang Vairo PRD 99 (2019) 094008 Heinonen, Hill, Solon PRD86 (2012) 094020



Poincare’ algebra
Poincaré Algebra

For any Poincaré invariant theory the generators H, P, J, K of time translation, space

translations, rotations, and Lorentz boosts satisfy the Poincaré algebra:

[Pi,Pj ] = 0

[Pi, H] = 0

[Ji,Pj ] = iϵijkP
k

[Ji, H] = 0

[Ji,Jj ] = iϵijkJ
k

[Pi,Kj ] = −iδijH

[H,Ki] = −iPi

[Ji,Kj ] = iϵijkK
k

[Ki,Kj ] = −iϵijkJ
k

Once P, J are written in terms of the EFT fields and H, K have been matched, the

algebra constraints the matching coefficients of H, which include the potentials, and K.
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H and K have been matched, the algebra constraints   

the matching coefficients of H, which include the 
potentials, and K.

The Poincaré algebra imposes the following constraints on the potentials:

V
(1)
LS (r)− V

(2)
LS (r) +

1

2r
V (0)′(r) = 0

4V
(1)
L2 (r)− 2V

(2)
L2 (r) + rV (0)′(r) = 0

4V
(1)
p2

(r)− 2V
(2)
p2

(r) + V (0)(r)− rV (0)′(r) = 0

The constraints are generic and do not depend on the dynamical content of the EFT.

They are satisfied by any potential defined in an EFT and derived from a relativistic QFT.

◦ Gromes ZPC 26 (1984) 401

Barchielli Brambilla Prosperi NCA 103 (1990) 59

Brambilla Gromes Vairo PRD 64 (2001) 076010, PLB 576 (2003) 314

—>The Poincare algebra imposes  
the following constraints  

on the potentials

The constraints are 
generic  and do not 

 depend on the 
dynamical content  of 

the EFT. They are  
satisfied by any 

potential defined in an 
EFT and derived 

from a relativistic QFT. 



LDMEs in pNRQCD

The pNRQCD factorization formulas for P -wave quarkonium em production are

⟨Ω|OχQJ (3P
[1]
J ; em)|Ω⟩ =(2J + 1)

3Nc

2π
|R′(0)|2

[

1 +
2

3

iE2
m

+O
(

v2
)

]

⟨Ω|T χQJ (3P
[8]
J ; em)|Ω⟩ =(2J + 1)

3Nc

2π
|R′(0)|2

4

3

E1
m

⟨Ω|PχQJ (3P
[1]
J ; em)|Ω⟩ =(2J + 1)

3Nc

2π
|R′(0)|2

[

mε−
2

3
E1 +O

(

v3
)

]

R′(0) is the derivative of the radial wavefunction at the origin, and ε the binding energy.

Matching the contact terms in pNRQCD

After matching with pNRQCD, the contact terms VO(N) read

V
O

χQJ (3P
[1]
J

;em)
(r,∇r) =(2J + 1)NcT

ij
1J ∇i

r

(

1 +
2

3

iE2
m

)

δ(3)(r)∇j
r

V
T

χQJ (3P
[8]
J

;em)
(r,∇r) =(2J + 1)NcT

ij
1J ∇i

r

4

3

E1
m
δ(3)(r)∇j

r

V
P

χQJ (3P
[1]
J

;em)
(r,∇r) =(2J + 1)NcT

ij
1J ∇i

rδ
(3)(r)

(

−∇
2
r −

5

3
E1

)

∇j
r

• r = x1 − x2.

• T ij
1J are spin projectors: T ij

10 = σi ⊗ σj/3, T ij
11 = ϵkimϵkjnσm ⊗ σn/2,

T ij
12 =

(

(δimσn + δinσm)/2− δmnσi/3
)

⊗
(

(δjmσn + δjnσm)/2− δmnσj/3
)

.

• En are correlators of two chromoelectric fields E (located at 0):

En =
1

2Nc

∫ ∞

0
dt tn⟨Ω|gEi,a(t)Φab(0, t)gEi,b(0)|Ω⟩

Φab(0, t) is a Wilson line in the adjoint representation connecting (t,0) with (0,0).



Chromoelectric correlators for electromagnetic production

The wavefunctions at the origin may be computed solving the equation of motion of

pNRQCD with potentials determined from lattice QCD or via phenomenological models.

The correlators can be fitted on data for χc0(1P ) → γγ, χc2(1P ) → γγ and

σ(e+e− → χc1(1P ) + γ) (= 17.3+4.2
−3.9 ± 1.7 fb at

√
s =10.6 GeV from Belle).

◦ Belle coll PRD 98 (2018) 092015

The correlators are universal: they do not depend neither on the flavor of the heavy

quark nor on the quarkonium state:

E1 =− 0.20+0.14
−0.14 ± 0.90 GeV2

iE2 =0.77+0.98
−0.86 ± 0.85 GeV

The universal nature of the correlators allows to use them to compute cross sections

(and decay widths) for quarkonia with different principal quantum number and bottomonia.



LDMEs in pNRQCD

The pNRQCD factorization formulas for P -wave quarkonium hadroproduction are

⟨Ω|OhQ (1P
[1]
1 )|Ω⟩ =3×

3Nc

2π
|R(0)′(0)|2

⟨Ω|OhQ (1S
[8]
0 )|Ω⟩ =3×

3Nc

2π
|R(0)′(0)|2

1

9Ncm2
E

⟨Ω|OχQJ (3P
[1]
J )|Ω⟩ =(2J + 1)×

3Nc

2π
|R(0)′(0)|2

⟨Ω|OχQJ (3S
[8]
1 )|Ω⟩ =(2J + 1)×

3Nc

2π
|R(0)′(0)|2

1

9Ncm2
E

R(0)′(0) is the derivative of the radial wavefunction at the origin at leading order in v.

LDMEs are polarization summed in the case of χQJ states.

The above expressions imply (at leading order in v) the universality of the ratios

m2⟨Ω|OχQJ (3S
[8]
1 )|Ω⟩

⟨Ω|OχQJ (3P
[1]
J )|Ω⟩

=
m2⟨Ω|OhQ (1S

[8]
0 )|Ω⟩

⟨Ω|OhQ (1P
[1]
1 )|Ω⟩

=
E

9Nc

The chromoelectric correlators E ij and E

For a suitable choice of ℓ0, the fields in gEe,j(t′)Φec(0; t′)Φbc
ℓ are time ordered (T ) and

those in Φ†ab
ℓ Φ†ad(0; t)gEd,i(t) are anti-time ordered (T̄ ).

Hence the correlator Eij may be interpreted as a cut diagram:

For polarization-summed cross sections or for production of scalar states only the

isotropic part of Eij is relevant. This is the dimensionless gluonic correlator E :

E =
3

Nc

∫ ∞

0
dt t

∫ ∞

0
dt′ t′ ⟨Ω|Φ†ab

ℓ Φ†ad(0; t)gEd,i(t)gEe,i(t′)Φec(0; t′)Φbc
ℓ |Ω⟩



Color octet LDMEs in pNRQCD

⟨OV (3S
[8]
1 )⟩ =

1

2Ncm2

3|R(0)
V (0)|2

4π
E10;10(µ)

⟨OV (1S
[8]
0 )⟩ =

1

6Ncm2

3|R(0)
V (0)|2

4π
c2F (µ)B00(µ)

⟨OV (3P
[8]
0 )⟩ =

1

18Nc

3|R(0)
V (0)|2

4π
E00

R
(0)
V (0) is the vector quarkonium radial wavefunction at the origin.

2cF (µ) = 2 +
αs

π

[

N2
c − 1

2Nc
+Nc

(

1 + log
µ

m

)

]

+O(α2
s) is the quark magnetic moment.

c2F (µ)B00(µ) is scale independent, whereas the scale dependence of E10;10(µ),

d

d log µ
E10;10(µ) = E00 ×

2αs

3π

N2
c − 4

Nc
+O(α2

s),

cancels against σ̂3P
[8]
J

.

Correlators

E10;10 =
∣

∣

∣
ddac

∫ ∞

0
dt1 t1

∫ ∞

t1

dt2 gE
b,i(t2)

× Φbc
0 (t1; t2)gE

a,i(t1)Φ
df
0 (0; t1)Φ

ef
ℓ |Ω⟩

∣

∣

∣

2

B00 =
∣

∣

∣

∫ ∞

0
dt gBa,i(t)Φac

0 (0; t)Φbc
ℓ |Ω⟩

∣

∣

∣

2

E00 =
∣

∣

∣

∫ ∞

0
dt gEa,i(t)Φac

0 (0; t)Φbc
ℓ |Ω⟩

∣

∣

∣

2

Fit results (from data for prompt J/ψ and ψ(2S) production rates @ CMS and inclusive

Υ(2S) and Υ(3S) cross sections @ ATLAS):

pT cut E10;10 (GeV2) c2FB00 (GeV2) E00 (GeV2)

pT /(2m) > 3 1.14± 0.12 −7.13± 2.89 18.9± 2.16

pT /(2m) > 5 0.96± 0.29 −1.29± 6.63 16.0± 5.11






