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QCD phase diagram
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What happens between hadronic phase and color superconductor?
Can we distinguish the boundary?
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In low density---Hadronic phase K. Fukushima and T Hatsuda,
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Temperature T

Global symmetry breaking pattern
Same!
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Global symmetry breaking pattern
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Possibility 2:--There is quantum phase transition
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Today---

No phase transition on bulk,

but phase transition on vortex in
U(1) x U(1) model in 3+ 1] dim



AC"‘ion Uy(x)=U (1) valued link variable
b1 (x) = 1) ¢ (x) = ei%2™)...charged scalar field

B
=2 Uy )——Z P1COUL ()P (x + 1) — qu;(x)zfﬂ(x)qbz(x Fi)+ec
X,

or

B
S = —7‘92 Uy,(x) — By Z(COS (Ay@l + A#(x)) + cos (Aﬂgz T AH(X)))
b XU



AC"‘ion U,(x)+=-U(1) valued link variable
b1 (x) = 1) ¢ (x) = ei%2™)...charged scalar field

= %‘Jz U, (x )——Z 1)U, ()P (x + ) — qu;(x)lfu(x)c/)z(x ) +cc
X X, U

Symmetry
U(1) gauge : ¢;(x) » e*® ¢y, ¢, - e,
U(1) global : ¢,(x) = e'*¢,, P, - e %,
Z, Flavor : ¢, < ¢,

Charge conjugation : ¢, - ¢1, ¢, = ¢35, U, = U}
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AC"‘ion U,(x)+=-U(1) valued link variable

d1(x) = i1 ¢ (x) = e!92(...charged scalar field

s =25 0,00 - 21N 9100U, e G+ ) PN 93000, e + )+ c.c
X xX,U XU

Put a domain wall that exchange ¢, and ¢,
and study the expectation value by path integral.

Or evaluate 7' = ¢S5 action after exchanging ¢, and
¢, to compare the original Z = e~.



In bulk structure (no vortex)

s =% 0,00 - 21N 910U, e+ ) PN 93000, e + )+ c.c
X xX,U XU
®, = ¢, =1 0r 0, =0, =0 minimize the action,

b, < ¢, does not change anything.
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Configuration is specified by winding number (n,,n,)




On the vortex

|

Configuration is specified by winding number (n,,n,)

On each z, winding number is 1: either (1,0) or (0,1)

> u-—




Strong coupling g, = 0

Integrate the gauge field

= j DU,D¢1Dp, exp |2[y z COS (AM91 (x) — 88> (%)

2
X, U

o

A, 01(x) +4,0,(x) N

= fD¢1D¢2 1_[10 IZ,BH cos (Aﬂel(x) ; AHHZ(x)>]
X,

2

)




Strong coupling £, =
Integrate the gauge field

Z = jDUuD¢1D¢z exp |20y Z COoS <AM91(x) _ AMQZ(x)> COoS <A”91(x) + 2,05(%) + Au)

R

fD¢1D¢2 1_[10 IZ,BH COs( 8,61 (x) ; AMHZ(x)>]

<

A6y — A0, =0 \

Both 1 and 2 vortex can be put on each z

- u-_—l




Weak coupling g, » 1

Gauge field is in pure gauge U, (x) = pidpax)

7 = f DU,D¢p1Dp, exp |fyP + By ;(cos (AH01 + Aﬂa(x)) + cos (AHQZ + Aua(x)))

p--- # of Plaquets



Weak coupling g, » 1

Gauge field is in pure gauge U, (x) = pidpax)

7 = f DU,D¢, D¢, exp |fyP + Bu ;(COS (Aﬂﬁl + Aua(x)) + cos (A,ﬂz T Aua(x)))

p--- # of Plaquets

\4

When A0, = A,0, = 0, they are in the same form of Kinetic term
—>maximize the action,



Weak coupling g, > 1

Gauge field is in pure gauge U, (x) = pidpax)

Z —_ fDUMD¢1D¢2 eXp

ByP + Bu Z(COS (Aﬂﬁl + Aua(x)) + cos (AHHZ + Aua(x)))
XU

p--- # of Plaquets

\4

When A0, = A,0, = 0, they are in the same form of Kinetic term
—>maximize the action,

—>Either ] or 2 vortex is put on each z

N




Z — fDUMDd)lDd)Z eXp

ByP + Bu E(COS (Au91 + Aua(x)) + cos (AHHZ + Aﬂa(x)))
XU

Put a domain wall at z = % tend to align for neighboring -

—>domain wall arises,

C
b

The evaluation for domain wall

Z' D exp[2By(cosB;(x,) + cosB,(x,))] = exp[4BycosB;(x,)]

~ = exp[~2CTBy(1 - cos8(x,))] - 0as C,T - oo

C---area of each z slice
T---time duration

\)



Result Z Domain wal g
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BulK---1 for strong/weak coupling

Vortex strong coupling---1

Vortex (n,n,)

Vortex weak coupling:--0

SSB of Z, . is happens on the vortex when the coupling is weak,
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AC"‘ion U,(x)+=-U(1) valued link variable

d1(x) = i1 ¢ (x) = e!92(...charged scalar field

S5 =-py z cos F, — Py z cos(@a(x +4) —0,(x) +A,(x) + (—1)aau(x))

x'l'l’<v x).u';a

Frp=A4,(x)+A,(x+ 1) —A,(x +7) — A,(x)---Plaquett

N N
n IfM:29x1>71_1,X2 >72—

u(x) = 0 otherwise



NOH—ZBPO {qu.“flz — al(x) + az(x + i) — al(x + 2) — az(x)

fi2 =

gum—

T at (%—1,%—1)

—m at (N, —1,2-1)

vortex

Anti-vortex



Correlation function
) N N
Wilson loop W (x5, x,) = %41 = oiF12(S5H-1F

—1,x3,x4)

vortex Anti-vortex

Dynamical circulation I'(x;,x,) = %log W (x3,x,)

Correlation function

C(l) = N31N4 ng,x4(r(9€3 + [, x4)T'(x3, x4)) T —1T




Dynamical circulation T'(x;, x,) = ~log W (x3, x,)

Correlation function

1

C() =

N3Ny

ng,x4<r(x3 + l' x4)F(x3, X4))

By =12
By=14
By=1.6
By =17
By=138
By =1.9
By =2.0

e e e+

He |

Correlation remains as
coupling becomes weak



Susceptibility---

1
m = NN, Z ['(x3,x4)

X3,X4

x = (m?) —(m)*

showing the same phase transition as quantum Ising model.



Fitting 5, vs L
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v = 1 for quantum Ising
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Renormalized dependence

)4

XL_; Vs (lgg o ,Bc);

7
¥=3%

Volume independence

Quantum Ising universality class
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In U(1) x U(1) model, we saw that as we decrease the coupling,
bulk does not change, but vortex goes through a phase transition,

‘ Analytical way ‘

Domain wall | Numerical way |
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