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QCD phase diagram
K. Fukushima and T.Hatsuda,
Rept.Prog.Phys.74,014001(2011)

What happens between hadronic phase and color superconductor?
Can we distinguish the boundary?

Global symmetry
𝐺 = 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 × 𝑈 1 𝑄

𝑆𝑈 3 …flavor (u,d,s)
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K. Fukushima and T.Hatsuda,
Rept.Prog.Phys.74,014001(2011)

In high density…
Color Flavor Locking 
(CFL) phase
diquark condensate

Φ𝐿 𝑎
𝑖 = 𝜖𝑖𝑗𝑘𝜖𝑎𝑏𝑐 𝑞𝐿 𝑗

𝑏 𝐶𝑞𝐿 𝑘
𝑐

Φ𝑅 𝑎
𝑖 = 𝜖𝑖𝑗𝑘𝜖𝑎𝑏𝑐 𝑞𝑅 𝑗

𝑏 𝐶𝑞𝑅 𝑘
𝑐

Φ ≡ Φ𝐿 = −Φ𝑅 =

Δ𝐶𝐹𝐿 0 0
0 Δ𝐶𝐹𝐿 0
0 0 Δ𝐶𝐹𝐿

Indices are 
color (r,g,b) and flavor (u,d,s)
because of the Cooper pairing

Global symmetry breaking pattern
𝐺 = 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 × 𝑈 1 𝑄 → 𝐻 = 𝑆𝑈 3 𝑉
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K. Fukushima and T.Hatsuda,
Rept.Prog.Phys.74,014001(2011)

Global symmetry breaking pattern
𝐺 = 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 × 𝑈 1 𝑄 → 𝐻 = 𝑆𝑈 3 𝑉

In low density…Hadronic phase
2 Λ (uds)= dibaryon condensate

Λ = 𝜖𝑎𝑏𝑐𝜖𝑖𝑗𝑘𝑞𝑎
𝑖 𝑞𝑏

𝑗
𝑞𝑐
𝑘

ΛΛ ≠ 0
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K. Fukushima and T.Hatsuda,
Rept.Prog.Phys.74,014001(2011)

Global symmetry breaking pattern
𝐺 = 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 × 𝑈 1 𝑄 → 𝐻 = 𝑆𝑈 3 𝑉

Same! 

Possibility 1…These two phase cannot be distinguished.
Schafer and Wilczek,PRL82,3956(1999)

Hatsuda,Tachibana,Yamamoto,Baym,PRL97.122001(2006)
Alford,Baym,Fukushima,Hatsuda,Tachibana,Phys.Rev.D99,036004 (2019)

Chatterjee, Nitta,Yasui Phys.Rev.D99,034001(2019)
Hirono,Tanizaki,PRL122,212001(2019)
Hayashi PRL132.221901(2024)
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K. Fukushima and T.Hatsuda,
Rept.Prog.Phys.74,014001(2011)

Global symmetry breaking pattern
𝐺 = 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 × 𝑈 1 𝑄 → 𝐻 = 𝑆𝑈 3 𝑉

Same! 

Possibility 2…There is quantum phase transition
Cherman, Sen, Yaffe, PRD 100, 034015 (2019)

Cherman, Jacobson, Sen, Yaffe Phys.Rev.D 102 (2020) 10, 105021
Cherman, Jacobson, Sen, Yaffe JHEP06 (2024)200



Today…

No phase transition on bulk, 
but phase transition on vortex in 
𝑈 1 × 𝑈(1) model in 3+1 dim



Action

𝑆 =
𝛽𝑔

2
෍

𝑥

𝑈𝑝(𝑥) −
𝛽𝐻
2
෍

𝑥,𝜇

𝜙1
∗ 𝑥 𝑈𝜇 𝑥 𝜙1 𝑥 + Ƹ𝜇 −

𝛽𝐻
2
෍

𝑥,𝜇

𝜙2
∗ 𝑥 𝑈𝜇 𝑥 𝜙2 𝑥 + Ƹ𝜇 + 𝑐. 𝑐

or

𝑆 = −
𝛽𝑔

2
෍

𝑥

𝑈𝑝 𝑥 − 𝛽𝐻෍

𝑥,𝜇

(cos Δ𝜇𝜃1 + 𝐴𝜇 𝑥 + cos Δ𝜇𝜃2 + 𝐴𝜇 𝑥 )

𝑈𝜇(𝑥)…𝑈(1) valued link variable

𝜙1 𝑥 = 𝑒𝑖𝜃1 𝑥 , 𝜙2 𝑥 = 𝑒𝑖𝜃2(𝑥)…charged scalar field
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෍
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𝜙1
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𝜙2
∗ 𝑥 𝑈𝜇 𝑥 𝜙2 𝑥 + Ƹ𝜇 + 𝑐. 𝑐

𝑈𝜇(𝑥)…𝑈(1) valued link variable

𝜙1 𝑥 = 𝑒𝑖𝜃1 𝑥 , 𝜙2 𝑥 = 𝑒𝑖𝜃2(𝑥)…charged scalar field

Symmetry

𝑈(1) gauge : 𝜙1 𝑥 → 𝑒𝑖𝜆(𝑥)𝜙1, 𝜙2 → 𝑒𝑖𝜆(𝑥)𝜙2

𝑈(1) global : 𝜙1 𝑥 → 𝑒𝑖𝛼𝜙1, 𝜙2 → 𝑒−𝑖𝛼𝜙2

𝑍2 Flavor : 𝜙1 𝜙2

Charge conjugation : 𝜙1 → 𝜙1
∗, 𝜙2 → 𝜙2

∗ , 𝑈𝜇 → 𝑈𝜇
∗
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𝑆 =
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𝑈𝜇(𝑥)…𝑈(1) valued link variable

𝜙1 𝑥 = 𝑒𝑖𝜃1 𝑥 , 𝜙2 𝑥 = 𝑒𝑖𝜃2(𝑥)…charged scalar field

Put a domain wall that exchange 𝜙1 and 𝜙2,
and study the expectation value by path integral.

Or evaluate 𝑍′ = 𝑒𝑆
′
 action after exchanging 𝜙1 and 

𝜙2 to compare the original 𝑍 = 𝑒𝑆 .



𝑆 =
𝛽𝑔

2
෍

𝑥

𝑈𝑝(𝑥) −
𝛽𝐻
2
෍

𝑥,𝜇

𝜙1
∗ 𝑥 𝑈𝜇 𝑥 𝜙1 𝑥 + Ƹ𝜇 −

𝛽𝐻
2
෍

𝑥,𝜇

𝜙2
∗ 𝑥 𝑈𝜇 𝑥 𝜙2 𝑥 + Ƹ𝜇 + 𝑐. 𝑐

In bulk structure (no vortex)

𝜙1 = 𝜙2 = 1 or 𝜃1 = 𝜃2 = 0 minimize the action.

𝜙1 𝜙2 does not change anything.

𝑍′

𝑍
= 1



On the vortex



On the vortex

Configuration is specified by winding number 𝑛1, 𝑛2



On the vortex

Configuration is specified by winding number 𝑛1, 𝑛2

On each 𝑧, winding number is 1; either (1,0) or (0,1)



Strong coupling 𝛽𝑔 = 0

Integrate the gauge field 

𝑍 = න𝐷𝑈𝜇𝐷𝜙1𝐷𝜙2 exp 2𝛽𝐻෍

𝑥,𝜇

cos
Δ𝜇𝜃1(𝑥) − Δ𝜇𝜃2(𝑥)

2
cos

Δ𝜇𝜃1(𝑥) + Δ𝜇𝜃2(𝑥)

2
+ 𝐴𝜇

= න𝐷𝜙1𝐷𝜙2ෑ

𝑥,𝜇

𝐼0 2𝛽𝐻 cos
Δ𝜇𝜃1(𝑥) − Δ𝜇𝜃2(𝑥)

2



Strong coupling 𝛽𝑔 = 0

Integrate the gauge field 

𝑍 = න𝐷𝑈𝜇𝐷𝜙1𝐷𝜙2 exp 2𝛽𝐻෍

𝑥,𝜇

cos
Δ𝜇𝜃1(𝑥) − Δ𝜇𝜃2(𝑥)

2
cos

Δ𝜇𝜃1(𝑥) + Δ𝜇𝜃2(𝑥)

2
+ 𝐴𝜇

= න𝐷𝜙1𝐷𝜙2ෑ

𝑥,𝜇

𝐼0 2𝛽𝐻 cos
Δ𝜇𝜃1(𝑥) − Δ𝜇𝜃2(𝑥)

2

Δ𝜇𝜃1 − Δ𝜇𝜃2 = 0

Both 1 and 2 vortex can be put on each 𝑧



Weak coupling 𝛽𝑔 ≫ 1

Gauge field is in pure gauge 𝑈𝜇 𝑥 = 𝑒𝑖Δ𝜇𝛼(𝑥)

𝑍 = න𝐷𝑈𝜇𝐷𝜙1𝐷𝜙2 exp 𝛽𝑔𝑃 + 𝛽𝐻෍

𝑥,𝜇

(cos Δ𝜇𝜃1 + Δ𝜇𝛼 𝑥 + cos Δ𝜇𝜃2 + Δ𝜇𝛼 𝑥 )

𝑃… # of Plaquets



Weak coupling 𝛽𝑔 ≫ 1

Gauge field is in pure gauge 𝑈𝜇 𝑥 = 𝑒𝑖Δ𝜇𝛼(𝑥)

𝑍 = න𝐷𝑈𝜇𝐷𝜙1𝐷𝜙2 exp 𝛽𝑔𝑃 + 𝛽𝐻෍

𝑥,𝜇

(cos Δ𝜇𝜃1 + Δ𝜇𝛼 𝑥 + cos Δ𝜇𝜃2 + Δ𝜇𝛼 𝑥 )

𝑃… # of Plaquets

When Δ𝜇𝜃1 = Δ𝜇𝜃2 = 0, they are in the same form of kinetic term 

→maximize the action.



Weak coupling 𝛽𝑔 ≫ 1

Gauge field is in pure gauge 𝑈𝜇 𝑥 = 𝑒𝑖Δ𝜇𝛼(𝑥)

𝑍 = න𝐷𝑈𝜇𝐷𝜙1𝐷𝜙2 exp 𝛽𝑔𝑃 + 𝛽𝐻෍

𝑥,𝜇

(cos Δ𝜇𝜃1 + Δ𝜇𝛼 𝑥 + cos Δ𝜇𝜃2 + Δ𝜇𝛼 𝑥 )

𝑃… # of Plaquets

When Δ𝜇𝜃1 = Δ𝜇𝜃2 = 0, they are in the same form of kinetic term 

→maximize the action.

→Either 1 or 2 vortex is put on  each 𝑧



𝑍 = න𝐷𝑈𝜇𝐷𝜙1𝐷𝜙2 exp 𝛽𝑔𝑃 + 𝛽𝐻෍

𝑥,𝜇

(cos Δ𝜇𝜃1 + Δ𝜇𝛼 𝑥 + cos Δ𝜇𝜃2 + Δ𝜇𝛼 𝑥 )

Put a domain wall at 𝑧 =
1

2
tend to align for neighboring 𝑧 
→domain wall arises.

The evaluation for domain wall 

Z′ ⊃ exp 2𝛽𝐻 cos 𝜃1 𝑥⊥ + cos 𝜃2(𝑥⊥) = exp 4𝛽𝐻cos 𝜃1(𝑥⊥)

𝑍′

𝑍
= exp −2𝐶𝑇𝛽𝐻 1 − cos 𝜃(𝑥⊥) → 0 as 𝐶, 𝑇 → ∞

𝐶…area of each 𝑧 slice
𝑇…time duration



ℤ2 flip

Domain wall

Vortex (𝑛1, 𝑛2)

Result 
𝑍′

𝑍

Bulk…1 for strong/weak coupling

Vortex strong coupling…1

Vortex weak coupling…0

SSB of 𝑍2𝐹 is happens on the vortex when the coupling is weak.
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Action

𝑆 = −𝛽𝑔 ෍

𝑥,𝜇<𝜈

cos 𝐹𝜇𝜈 − 𝛽𝐻 ෍

𝑥,𝜇,𝑎

cos 𝜃𝑎 𝑥 + Ƹ𝜇 − 𝜃𝑎 𝑥 + 𝐴𝜇 𝑥 + −1 𝑎𝑎𝜇(𝑥)

𝑈𝜇(𝑥)…𝑈(1) valued link variable

𝜙1 𝑥 = 𝑒𝑖𝜃1 𝑥 , 𝜙2 𝑥 = 𝑒𝑖𝜃2(𝑥)…charged scalar field

𝐹𝜇𝜈 = 𝐴𝜇 𝑥 + 𝐴𝜈 𝑥 + ො𝜇 − 𝐴𝜇 𝑥 + Ƹ𝜈 − 𝐴𝜈(𝑥)…Plaquett

𝑎𝜇 𝑥 =
𝜋

0

If 𝜇 = 2, 𝑥1 >
𝑁1

2
− 1, 𝑥2 >

𝑁2

2
− 1

otherwise



𝑎𝜇 𝑥 =
𝜋

0

If 𝜇 = 2, 𝑥1 >
𝑁𝑥

2
− 1, 𝑥2 =

𝑁𝑦

2
− 1

otherwise

vortex Anti-vortex

𝑁1
2
− 1,

𝑁2
2
− 1 𝑁1 −

1

2
,
𝑁2
2
− 1

Non-zero flux…𝑓12 = 𝑎1 𝑥 + 𝑎2 𝑥 + ෠1 − 𝑎1 𝑥 + ෠2 − 𝑎2(𝑥)

𝑓12 =

𝜋 at 
𝑁1

2
− 1,

𝑁2

2
− 1

−𝜋 at 𝑁1 − 1,
𝑁2

2
− 1

𝜋 −𝜋



vortex Anti-vortex

𝑁1
2
− 1,

𝑁2
2
− 1 𝑁1 −

1

2
,
𝑁2
2
− 1

𝜋 −𝜋

Correlation function

Wilson loop 𝑊 𝑥3, 𝑥4 = 𝑒ׯ 𝐴𝜇 = 𝑒
𝑖𝐹12

𝑁1
2
−1,

𝑁2
2
−1,𝑥3,𝑥4

Dynamical circulation Γ 𝑥3, 𝑥4 =
1

𝜋
log𝑊 𝑥3, 𝑥4

Correlation function

𝐶 𝑙 =
1

𝑁3𝑁4
σ𝑥3,𝑥4 Γ 𝑥3 + 𝑙, 𝑥4 Γ 𝑥3, 𝑥4



Dynamical circulation Γ 𝑥3, 𝑥4 =
1

𝜋
log𝑊 𝑥3, 𝑥4

Correlation function

𝐶 𝑙 =
1

𝑁3𝑁4
σ𝑥3,𝑥4 Γ 𝑥3 + 𝑙, 𝑥4 Γ 𝑥3, 𝑥4

Correlation remains as 
coupling becomes weak.



Susceptibility… 

𝑚 =
1

𝑁3𝑁4
෍

𝑥3,𝑥4

Γ 𝑥3, 𝑥4

𝜒 = 𝑚2 − 𝑚 2

showing the same phase transition as quantum Ising model.



Fitting 𝛽𝑔 vs 𝐿−
1

𝜈

𝛽𝑐 = 1.853 ± 0.006

𝜈 = 1 for quantum Ising
universality class



Renormalized dependence

𝜒𝐿−
𝛾

𝜈 vs 𝛽𝑔 − 𝛽𝑐

1

𝜈

𝛾 =
7

4

Volume independence

Quantum Ising universality class
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In 𝑈 1 × 𝑈(1) model, we saw that as we decrease the coupling,
bulk does not change, but vortex goes through a phase transition.

ℤ2 flip

Domain wall

Vortex (𝑛1, 𝑛2)

Analytical way

Numerical way
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