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Figure 1. Conjectured QCD phase diagram with boundaries that define various states of QCD matter based on SχB patterns.

and sets a natural scale for the critical temperature of
chiral restoration. In the chiral perturbation theory (χPT)
the chiral condensate for two massless quark flavours at
low temperature is known to behave as ⟨ψ̄ψ⟩T /⟨ψ̄ψ⟩ =
1 − T 2/(8f 2

π ) − T 4/(384f 4
π ) − · · · with the pion decay

constant fπ ≃ 93 MeV [29]. Although the validity of
χPT is limited to low temperature, this is clear evidence
of the melting of chiral condensate at a finite temperature.
At low baryon density, likewise, the chiral condensate
decreases as ⟨ψ̄ψ⟩nB/⟨ψ̄ψ⟩ = 1 − σπN nB/(f 2

π m2
π )− · · ·

[30–32] where σπN ∼ 40 MeV is the π–N sigma term.
(For higher order corrections, see [33, 34].)
The chiral transition is a notion independent of the
deconfinement transition. In section 3.2 we classify the
chiral transition according to the SχB pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the
phase structure of QCD matter including conjectures which
are not fully established. At present, relatively firm statements
can be made only in limited cases—phase structure at a finite
T with a small baryon density (µB ≪ T ) and that at an
asymptotically high density (µB ≫ %QCD). Below we will
take a closer look at figure 1 from a smaller to larger value of
µB in order.

Hadron-quark phase transition at µB = 0. The QCD phase
transition at finite temperature with zero chemical potential
has been studied extensively in the numerical simulation on
the lattice. Results depend on the number of colours and
flavours as expected from the analysis of effective theories
on the basis of the renormalization group together with the
universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the
finite-size scaling analysis on the lattice [37], and the critical
temperature is found to be Tc ≃ 270 MeV. For Nf > 0

light flavours it is appropriate to address more on the chiral
phase transition. Recent analyses on the basis of the staggered
fermion and Wilson fermion indicate a crossover from the
hadronic phase to the quark–gluon plasma for realistic u, d
and s quark masses [38, 39]. The pseudo-critical temperature
Tpc, which characterizes the crossover location, is likely to be
within the range 150–200 MeV as summarized in section 4.2.

Even for the temperature above Tpc the system may be
strongly correlated and show non-perturbative phenomena
such as the existence of hadronic modes or pre-formed
hadrons in the quark–gluon plasma at µB = 0 [28, 40]
as well as at µB ̸= 0 [41–43]. Similar phenomena can
be seen in other strong-coupling systems such as the high-
temperature superconductivity and in the BEC regime of
ultracold fermionic atoms [44].

QCD critical points. In the density region beyond µB ∼ T
there is no reliable information from the first-principles lattice
QCD calculation. Investigation using effective models is a
pragmatic alternative then. Most of the chiral models suggest
that there is a QCD critical point located at (µB = µE, T = TE)
and the chiral transition becomes first order (crossover) for
µB > µE (µB < µE) for realistic u, d and s quark masses
[45–48] (see point E in figure 2). The criticality implies
enhanced fluctuations, so that the search for the QCD critical
point is of great experimental interest [49, 50].

There is also a possibility that the first-order phase
boundary ends at another critical point in the lower-T and
higher-µB region whose location we shall denote by (µF, TF)
as shown by point F in figure 2. As discussed in section 6,
the cold dense QCD matter with three degenerate flavours
may have no clear border between superfluid nuclear matter
and superconducting quark matter, which is called the quark–
hadron continuity.

In reality, the fate of the above critical points (E and F)
depends strongly on the relative magnitude of the strange quark
mass ms and the typical values of T and µB at the phase
boundary.
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Figure 1. Conjectured QCD phase diagram with boundaries that define various states of QCD matter based on SχB patterns.

and sets a natural scale for the critical temperature of
chiral restoration. In the chiral perturbation theory (χPT)
the chiral condensate for two massless quark flavours at
low temperature is known to behave as ⟨ψ̄ψ⟩T /⟨ψ̄ψ⟩ =
1 − T 2/(8f 2

π ) − T 4/(384f 4
π ) − · · · with the pion decay

constant fπ ≃ 93 MeV [29]. Although the validity of
χPT is limited to low temperature, this is clear evidence
of the melting of chiral condensate at a finite temperature.
At low baryon density, likewise, the chiral condensate
decreases as ⟨ψ̄ψ⟩nB/⟨ψ̄ψ⟩ = 1 − σπN nB/(f 2

π m2
π )− · · ·

[30–32] where σπN ∼ 40 MeV is the π–N sigma term.
(For higher order corrections, see [33, 34].)
The chiral transition is a notion independent of the
deconfinement transition. In section 3.2 we classify the
chiral transition according to the SχB pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the
phase structure of QCD matter including conjectures which
are not fully established. At present, relatively firm statements
can be made only in limited cases—phase structure at a finite
T with a small baryon density (µB ≪ T ) and that at an
asymptotically high density (µB ≫ %QCD). Below we will
take a closer look at figure 1 from a smaller to larger value of
µB in order.

Hadron-quark phase transition at µB = 0. The QCD phase
transition at finite temperature with zero chemical potential
has been studied extensively in the numerical simulation on
the lattice. Results depend on the number of colours and
flavours as expected from the analysis of effective theories
on the basis of the renormalization group together with the
universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the
finite-size scaling analysis on the lattice [37], and the critical
temperature is found to be Tc ≃ 270 MeV. For Nf > 0

light flavours it is appropriate to address more on the chiral
phase transition. Recent analyses on the basis of the staggered
fermion and Wilson fermion indicate a crossover from the
hadronic phase to the quark–gluon plasma for realistic u, d
and s quark masses [38, 39]. The pseudo-critical temperature
Tpc, which characterizes the crossover location, is likely to be
within the range 150–200 MeV as summarized in section 4.2.

Even for the temperature above Tpc the system may be
strongly correlated and show non-perturbative phenomena
such as the existence of hadronic modes or pre-formed
hadrons in the quark–gluon plasma at µB = 0 [28, 40]
as well as at µB ̸= 0 [41–43]. Similar phenomena can
be seen in other strong-coupling systems such as the high-
temperature superconductivity and in the BEC regime of
ultracold fermionic atoms [44].

QCD critical points. In the density region beyond µB ∼ T
there is no reliable information from the first-principles lattice
QCD calculation. Investigation using effective models is a
pragmatic alternative then. Most of the chiral models suggest
that there is a QCD critical point located at (µB = µE, T = TE)
and the chiral transition becomes first order (crossover) for
µB > µE (µB < µE) for realistic u, d and s quark masses
[45–48] (see point E in figure 2). The criticality implies
enhanced fluctuations, so that the search for the QCD critical
point is of great experimental interest [49, 50].

There is also a possibility that the first-order phase
boundary ends at another critical point in the lower-T and
higher-µB region whose location we shall denote by (µF, TF)
as shown by point F in figure 2. As discussed in section 6,
the cold dense QCD matter with three degenerate flavours
may have no clear border between superfluid nuclear matter
and superconducting quark matter, which is called the quark–
hadron continuity.

In reality, the fate of the above critical points (E and F)
depends strongly on the relative magnitude of the strange quark
mass ms and the typical values of T and µB at the phase
boundary.
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Questions
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•How is the phase diagram modified by B and μB?

- Consider the region where B and μB are small, and chiral 
perturbation theory is valid.

- Temperature and isospin chemical potential are not 
considered.

•Skyrmion plays an important role to determine the phase structure.

- Since pions do not carry baryon number, nothing seems to happen even if μB is considered.

?
<latexit sha1_base64="wI4XMJ/u4Hd72IeYIeXY9HLPnBE="></latexit>µB
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Chiral perturbation theory
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<latexit sha1_base64="IBJDcw+Zyw6olYhejRvWccLbPQc="></latexit>

⌃ = exp(i�a�a) , �a ⌘ ⇡a/f⇡

<latexit sha1_base64="PfpAjn8bXXsODuEKIWbJHEG4GzQ="></latexit>

hq̄qi = |hq̄qi|⌃

<latexit sha1_base64="PkCb/cVjbstV4U3V1L27AgGtCEg="></latexit>

Dµ⌃ = @µ⌃+ iAµ[Q,⌃] , Q = diag(2/3,�1/3)

•Order parameter is the chiral condensate:

•Nambu-Goldstone boson:

•Effective Lagrangian:



Skyrmion
•Can the baryons be made by pions (rather than quarks)?

Skyrme (1961)

•Baryon as soliton = Skyrmion •Topological charge :

<latexit sha1_base64="eOeDF5ph4u2WtjkWVAPWxECWpv8="></latexit>

jµB =
✏µ⌫↵�

24⇡2
tr(⌃@⌫⌃

†⌃@↵⌃
†⌃@�⌃

†)

- R3 surrounds the configuration space of 
the pions S3 : π3(S3)

Hedgehog
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ChPT w/ topological terms

•“trial and error” U(1)em gauging while preserving baryon number conservation.
<latexit sha1_base64="gfhgv/t3l3uulgLZ0ZYUMXVtuyo="></latexit>

jµB = �✏µ⌫↵�

24⇡2
tr{L⌫L↵L� � 3ie@⌫ [A↵Q(L� +R�)]}

Skyrimon charge U(1)em gauged part

Son and Stephanov (2008); Goldstone and Wilczek (1981); Witten (1983)

<latexit sha1_base64="PLGDG1O3QuGd0+l6m7q7Jcunosg="></latexit>

Lµ ⌘ ⌃@µ⌃
† , Rµ ⌘ @µ⌃

†⌃

Q = diag(2/3,�1/3)
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•Baryon current couples to U(1)B gauge field: <latexit sha1_base64="PghGzpp7NM6JErE6yvu0qTSMq5w="></latexit>

LB = �Aµ
BjBµ , Aµ

B = (µB,0)



Chiral Soliton Lattice
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•SG theory w/ total derivative

•EOM：
<latexit sha1_base64="h7JOKOnOxkiUJ9e/aLcJYgncD4A="></latexit>

@2
z�3 = m2

⇡ sin�3

•Energy：

- Consider only π0：
<latexit sha1_base64="UFqrBZ7c/vo7inZYusQNrSxzsKo="></latexit>

⌃ = ei�3⌧3

<latexit sha1_base64="GMzXtzU7GAgNk754Q8o3zgZaI2I="></latexit>

E =

Z 1

�1
dzH = 8m2

⇡f⇡�
eµBB

2⇡

<latexit sha1_base64="pmNjKRX+1rOIPvJ9ABYhYyFQmUw="></latexit>

BCSL =
16⇡m⇡f2

⇡

eµB

<latexit sha1_base64="PTNoBNHlB7rcTXX1+6saQXlcK5Q="></latexit>

Bẑ

- z-dependence of φ3 is nontrivial.

<latexit sha1_base64="BWVEY2/6MLssFOOdNKt/dz0QlTs="></latexit>

H =
f2
⇡

2
(@z�3)

2 + f2
⇡m

2
⇡(1� cos�3)�

eµB

4⇡2
B@z�3

π0 DW：
<latexit sha1_base64="1VWVGakgFwMx6gMklsG/xrHkBMY="></latexit>

�3 = 4tan�1em⇡z

•Critical B：
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•SG theory w/ total derivative

•EOM：
<latexit sha1_base64="h7JOKOnOxkiUJ9e/aLcJYgncD4A="></latexit>

@2
z�3 = m2

⇡ sin�3

•Energy：

- Consider only π0：
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⌃ = ei�3⌧3
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E =

Z 1
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dzH = 8m2

⇡f⇡�
eµBB

2⇡
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BCSL =
16⇡m⇡f2

⇡

eµB
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Bẑ

- z-dependence of φ3 is nontrivial.

<latexit sha1_base64="BWVEY2/6MLssFOOdNKt/dz0QlTs="></latexit>

H =
f2
⇡

2
(@z�3)

2 + f2
⇡m

2
⇡(1� cos�3)�

eµB

4⇡2
B@z�3

π0 DW

•Critical B：

π0 DW

π0 DW

・
・
・

・
・
・

<latexit sha1_base64="a6frbuAXISwXXR+okH51oj91s8Y="></latexit>

`(µB, B)

- Pack many DWs in ground state!

- Impossible to pack due to the repulsive force.
Dautry and Nyman (1979); Hatsuda (1986); Son and Stephanov (2008); 
Nishiyama, Kawasawa and Tatsumi (2015); Brauner and Yamamoto (2017) 
See also talks by Evans, Incera, Gyory.



Non-Abelian soliton
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•The single soliton:

•More general solution :

<latexit sha1_base64="cqnnbFQbLIP88b5cwdL9DbO3Rn4="></latexit>

⌃0 = ei�3✓ , ✓ = 4tan�1em⇡z

•SSB of SU(2)V → U(1)

<latexit sha1_base64="RS8tKp0mqT59NjS8jRVMBMlxZX0="></latexit>

⌃ = g⌃0g
† = exp(i✓g⌧3g

†)

- Σ0 is invariant under 
<latexit sha1_base64="Z/lD3HshXkBc0p2UILW2G96BL4A="></latexit>

g = ei⌧3✓
- The collective coordinate :

<latexit sha1_base64="k2lg0AEnJRGIrGATN9sc9Puhzm4="></latexit>

� 2 C2 , �†� = 1
<latexit sha1_base64="P1m1Jaq4/74Q0qLVpV35SIT4CVI="></latexit>

g�3g
† = 2��† � 1Nitta (2015); Eto and Nitta (2015)

S2 moduli on the domain wall



EFT for S2 moduli
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•Effective Lagrangian : <latexit sha1_base64="7WsdFvlQ/0He3QvKOOdTD/t+YVI="></latexit>

LEFT = Lconst + Lkin + Ltopo  Eto, KN and Nitta, JHEP 12 (2023) 032

•Kinetic term :

•Topological terms :
O(3) nonlinear sigma model

<latexit sha1_base64="qdrHyk0kVYgFh70e5xFsuK59W30="></latexit>

na ⌘ �†�a�
<latexit sha1_base64="Ut0i4L5w5h6sU/2RelVI+/Bv/5c="></latexit>

|n| = 1
<latexit sha1_base64="U9iA1g2r2ozAh5LDtSdE6Cw0xD8="></latexit>

Ltopo = �2µBq +
eµB

2⇡
✏03jk@j [Ak(1� n3)]

<latexit sha1_base64="TRHtYPrbyS2tqTkE97MnWHm1QC8="></latexit>

Lkin = C(`)[(�†D↵�)
2 +D↵�†D↵�]

- The red term stabilizes the configuration with finite k!

<latexit sha1_base64="fkYjW3oQIIP7mNmqQZbR+S183/Y="></latexit>

k =

Z
d2x q

=
1

4⇡

Z
n ·

✓
@n

@x
dx⇥ @n

@y
dy

◆

2 Z

π2(S2) topological charge (counting how many times xy plane covers S2 moduli)



Bogomol’nyi bound
•Baby Skyrmion naturally appears when minimizing the Hamiltonian.

•Critical μB :

•Completing the square of the kinetic term is useful!

<latexit sha1_base64="iGHBOmMprMofNMlDCoPytZCPOIQ="></latexit>

= 0 → BPS equation → Baby Skyrmion!

<latexit sha1_base64="iix0MMdaDXzK+ZWPV2MCOYfmqhw="></latexit>

(@in)
2 =

1

2
(@in± ✏ijn⇥ @jn)

2 ± 8⇡q � ±8⇡q

 Eto, KN and Nitta, JHEP 12 (2023) 032

<latexit sha1_base64="ruVaeOCyM0y+SiWXZPD7H8f2oh8="></latexit>

HDW =
C()

4
@in · @in+ 2µBq �

eµB

2⇡
✏03jk@j [Ak(1� n3)]

The total energy is negative μ>μc, and baby 
Skyrmion appears in the ground state!

Some constraints on the lump

<latexit sha1_base64="KXuS9GvjVCVgU/OpkXo5vf2C2lg="></latexit>

EDW � 2⇡C()|k|+ 2µBk � eµB

2⇡

Z
d2x✏03jk@j [Ak(1� n3)]
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µB > ⇡C()



Baby Skyrmion
•Configuration on DW surrounding S2 :

<latexit sha1_base64="ZfKV1KKzZf15xgO8a1IYrJQt0fY="></latexit>

R2
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<latexit sha1_base64="0O6wjYR6t0clJ8oH/uRzcpvBkao="></latexit>

n2 = 1

Polyakov and Belavin (1975)13
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µB [GeV]
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 Eto, KN and Nitta, JHEP 12 (2023) 032

Domain wall Skyrmion
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Summary
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•Pions couple to baryon as Skyrmion.

•At B>Bc, the stack of π0 DWs is energetically stable.

•At μ>μc, baby Skyrmion appears on π0 DWs.



Thank you for your attention!
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