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introduction
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements
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theory vs experiment

lattice QCD = for hadronic inputs o ‘_
st simulations: 0.8 fm box, 2 GeV cut-off, quenched, 1 MFLOPS computer 22 [Speddion
| dominant uncertainty < 2015 s -~
| 4 BMW'15 ¢
Fugaku 0.5 EFLOPS, N, = 2+1(+1), physical m,,, .. 10 fm and/or 4.5 GeV o 1%o n-p splitting —

this talk : status of lattice QCD in comparison with experiment



simulation of flavor physics

multi-scale problem — e

L'< M.(m,) < Mg(m,) < Mp(m,) < Mg(m,) < a*

+ hierarchical quark masses (m,=m,, top=perturbation)

+ lattice size L> M1 < finite volume effects

+ cutoff a! >m, & discretization effects

B physics

— need high resolution L/a > O(100) and cost « (L/a)’L?
= O(10) EFLOPS for fully realistic simulation of b hadrons = Fugaku NEXT?

= current simulations are limited to a’! < m,

+ QCD action for b quarks w/ unphsically small m, < sizable O((am,)") errors
+ effective-theory-based action w/ physical m, < perturbative matching to QCD

kaon, charm physics : cost suppressed by (M ,/M,)” = realistic studies w/ controlled systematics

iImproving accuracy by developing algorithms & new powerful computers



multi-hadron or unstable hadron state

e.g. B—>DK for UT angle D
(O (t,p)Op(t',p) He (1) O5(0,q) ) W <D (0) K (0) | H o B> e 0
correlation functions on a finite volume (V) Euclidean lattice 1%

= “ground-state” + “signal of interest” x e A£(-) x finite V corrections...

(D "gold-plated”: < 1"hadron stable in QCD" for initial/final state

Lischer ‘86, 91
— B—tv, B—altv, B—>Kw, .. Uscher ‘86, 2

— lattice correlation functions = MEs of interest e Ejr\(L) -
T T
(2) non "gold-plated” : w/ muti-hadron states, unstable particles
— K—nm, B—ptv, B—>K't¢, B—X, v, ...
— need a framework to extract MEs of interest from lattice corr. functions
T T

wider application w/ newly developed frameworks



Outline

status and prospects of lattice studies in comparison w/ experiment

NOT comprehensive : SUBJECTIVELY selected studies

— Introduction: challenges in lattice QCD
~ kaon decays

- B, exclusive decays

—- B and rinclusive decays

- D, decays



FLAG & B2TIP

two references for lattice and Belle Il precision

Flavor Lattice Averaging Group (FLAG) Belle Il Theory Interface Platform (B2TIP)
review of recent lattice studies on Belle Il and theory expected precision

flavor physics and world average & impact to new physics search

~ ~ 40 lattice experts — led by E. Kou & P. Urquijo

~ > 400 pages — > 500 theorists & experimentalists

— reqgularly published reviews 10, 13, 16, - ~ 650 pages

19, '21 editions
— 2111.09849 @ '23 web update

~ white paper 19 :



kaon decays



V. |/|V., from leptonic decays (KX,,, z,,)

Marciano ‘04

F(K%um)_<|vus|>2 fi\> My (1—mmM2)? ) W ¢
M(r—=evly])  \IV.d <f> MW<1—m3/Mz>2(H5EM) W

(0|A,|P)=1ip,fr w/strong isospin correction

exactly cancel in the ratio f../f,

— renormalization factor of Aﬂ

. often limit lattice precision of MEs
— lattice scale by (aMp) s a' =M

Hexp
may partially cancel can be corrected by ChPT
- M_, M, dependences - NNLO SU(3) ChPT [Ananthanarayan+ "17]
—~ finite volume corrections (FVCs) - NNLO [Bijnens-Rossler "14]
— isospin correction - NLO [Cirigliano-Neufeld "11]

— a#+0errors



FLAG 23 web update
FLAG2023
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FLAG average for Ny=2

ETM 14D (stat. err. only)
ALPHA 13A
ETM 10D (stat. err. only)

ETM 09
QCDSF/UKQCD 07

1.14

1.22

1.26

independent calculations w/ different setups

Nielsen-Ninomiya ‘82 = doublers or ehiral-sym
— Wilson-type : break chiral symmety

- staggered-type : keep doubler d.o.f.

— chiral fermions : chiral symmetric

— twisted mass : O(a?) parity violation

= consistency among precision calculations

FLAG average

N,=4 1.1934(19) [0.16%]
Ny=3 1.1917(37) [0.31%]
& HALQCD 2406.16665 1.1875(35)

= average = 1.1899(26)
S |V | feil [V, for=0.27599(37) [0.13%] PDG'22

< 0.2% accuracy comparable to experimental input



K—=tv (K,;) semileptonic form factors (FFs)

Gr > ()2
I(K = mtv) = 2025 Vol *Ck Spw f£7 (0)° M Lo L+ 885 + 6570) " “’Wp)_(f

v
S

) VK Dy =(p-+ 9+ M ) fo@)+ MM g g ) ng%) %7

basic strategy for hadronic uncertainty
— chiral expansion of £.(0) : NNLO in SU(3) ChPT Post-Schilcher ‘01, Bijnens-Talavera ‘03

frO)=14+f,+Af (f-~0(p?))

- NLOf, ~ O((m,-m,;)*) Ademollo-Gatto ‘64 = no O(p*) couplings L; = fixed in & — expansion (F—F)

1 2Ms M M
f2 HKTF—|— HKT{‘—|— HKn—|_\/§8(HK7r HKn) = -0.023 HPQ:_1287T2F7%{M1%+M622+MPP]\4QQ1 |:Mji:|}

— task of lattice QCD : estimate small higher-order correction Af

e.g. 10% lattice error for small correction Af = sub-% determination of f.(0)



10)

FLAG "23 web update N,=4 0.9698(17) [0.18%]

FIAG2023 f+(0) & |V, | £.(0) = 0.21654(41) [0.19%] CKM16
3 it — dominated by Fermilab/MILC 18
& ETM 16 : .
i FNAL/MILC 13 ~ Iindependent calculations are very welcome !

il FLAG average for N;=2+1
Ok PACS 22
ik RLCSHI N,.=3 0.9677(27) [0.28%]
- H—L JLQCD 17 f . .
: o e |
: ._;:H E R PACS PRD 19, '22 : only two a's
JLQCD 11
O RBC/UKOCD 07 PACS Lattice 24w/ a' = 2.3, 3.1, 49 GeV
o —— FLAG average for Ny=2 T T T T T
L —1— ETM 10D (stat. err. only) Preliminar
=
— ETM09A N=2+1+1 J .L._HA_,. W FNAL/MILC 19
v H——H Kastner 08 H——H AETM 16
£ O | Cirigliano 05 | e e B FNAL/MILC 14
'_é" O o i Jquin 04(1)3 H-@-H @ This work (preliminary)
I { Ijnens —_ I‘e'l' i

g —— Léutwyler 84 N=2+1 O ::22: 35

0.95 0.97 0.99 1.01

< 0.2% accuracy comparable to experimental input / welcome more studies



FLAG ‘23 web update

“Cabibbo angle anomaly”

FCAG2023
0.228 A )
0.226 A _-="
02244, . . ... ...y TN .
)
N
0.222 4" t unitarity
[ lattice results for f.(0), N,=2+1+1
/‘y Q,V I lattice results for fy+/fr=, N, =2 +1+ 1
0.220 - Q/v{’f‘ lattice results for f.(0), N, =2+ 1
' K 1 lattice results for fx=/fr=, N,.=2 + 1
[ lattice results for N,.=2 + 1+ 1 combined
[ lattice results for N,.=2 + 1 combined
0.218 - I nuclear B decay, PDG 20 [169]
' nuclear B decay, Hardy 20 [258]
I 1 I . 1 -.
0.955 0.960 0.965 0.970 0.975
Vud

0.980

Ky 70 = [V, J/[V,| = 0.23131(50) [0.22%]

K, =  [V,]=0.22328(56)[0.22%]

us| -

0*—=0* nuclear decay= |V, = 0.97373(31) [0.03%)]
V.| = 0.004 from B—ztv, X £v: too small

Acin = Vel > + IVl + Vi > — 1
= - 0.0180(5M) g2(41) 43 [2.80] [K(p+K 5]
= - 0.00198 (25)445(60),, [3.00] [K; + 0+ —=0"]
= - 0.00112(22) 1, (64), [1.70] [K,, + 07 —07]

PDG'24: inconsistency in |V, | b/w the latter two
= scale factor Vy2=2.5 = 2.3c¢ tension

30 anomaly w/ K, ; independent calculations are very welcome .



isospin correction for K ,,/z,,

FLAG "23 web update + EM O(e’p?) ChPT [Cirigliano-Nerfeld "11]

FCAG2023

Oemsu)= ~0.56(0.11)% [LEC, higher orders]
0.228 A

Rome-SOTON 19 for K—¢v+Evy

0.226 -
F€u+ Lvy
0.224 - = I8 () + TE, (1) pr + L0 (L) = TE(L) ]
0
S
0,295 - ~divide into IR safe pieces
[ latticeresultsforf, . (0), N, =2+1+1 _
I lattice results for fg=/fr+, le= 2+1+1 - 5E|\/|+SU(2)_ _063(7)%
0.220 - :a’g’gce resu:’gs ;or ;+ (/(?c), NI,;I= 22+ 1l
' attice results for fi«/fp, N,=2 + . .o . ;
[ lattice results for I<I<f= 2+ 1f+ 1 combined o Improvable W/ reallstlc SImU|at|0nS
[ lattice results for N,.=2 + 1 combined ) o
] I nuclear B decay, PDG 20 [169] _ ! -
0.218 e B e T 2 oo iIndep. calc. by RBC/UKQCD 22 -0.43(21)%
I 1 1 . 1 .
0.955 0.960 0.965 0.970 0.975 0.980 fOr K
{3
Vud

— Christ+ '23: proposal of a framework



B, exclusive decays



V.| and |V ,| tensions

tension b/w exclusive and inclusive decays

S 4‘8 T T T

,'3 4.6
— 4.4
>4
4

3.8

3.6

3.4

3.2

3

2.8

> 8%, 30 tension for more than 10 years ...

- | T T T | T T T | T T (*) T :
— Exclusive |Vcb| B — X{U,C} EV ]
= ) Inclusive -
- Exclusive [V_| v, :GGou 3
- vV YV | |Vcb|: global fit ]
| ub cb —
E - HFLAV Average E
- B—7ly .
3 B DWey _HFLAV
- 2021 .
— B. —D (%) 0, P(x%) = 8.9% ]
C A Y it vl Lt -
36 38 40 42

44
V| [10°]

Crivellin-Pokorski “18

d’® [1/GeV]

- V.| B— 1y B — mly
S 4 Box.m :
%
N 3 I
B— plv
2 ,
-0.10 -0.05 0.00 0.05 0.10

BSM tensor interaction can explain ...

= new tension w/ B—tv; too large I'(Z—bb)

th. and/or exp. uncertainties have NOT yet been fully understood < hadonic inputs



B meson decay constant

1
FLAG "21 fs [MeV]
i our average for Ny=2+41+1
T q FNAL/MILC 17
M y HPQCD 17A
> ETM16B
= L ETM13E

Hilk HPQCD 13

our average for Ny=2+1

—— RBC/UKQCD 14 1
t { RBC/UKQCD 14 2

i

2+1
[

H T RBC/UKQCD 13A (stat. err. only)
H H—1— HPQCD 12

HlHH HPQCD 12 / 11A

FNAL/MILC 11

HPQCD 09

I+ [

N¢

our average for Ny=2

bl

™~
Il
-

160 175 190 205 220 235 250

HQET, static

- independent studies= f, = 190.0(1.3) MeV [0.7%]
— [Vl = 4.05(3),1(64) ¢y, x 107 & helicity suppression

= B2TiP 19 A|Vub|exp ~ 3% @ Belle Il 50 ab’!
= competitive to conventional B — xfv

decay constant of other mesons

Parisi ‘83, Lepage ‘89

—~ud — s, ¢c quarks = less statistical error

M- + M-
~exp [at], ag =My — QQQ -

ACSE (#)
O (1)
Op :()5]., Qg :031, A p. :008

B

- needed for new physics search on B.—uu
~ Ny, ~ 0.6% => AB ~ 4%
< 11% CMS@ICHEP'22 = 4% [HL-LHC]

B

C

- HPQCD "5 f3. = 434(15) MeV [3.5%)]
& FCC-ee tera-Z AB ~ 2% Amhis+ 21



toward radiative leptonic decay B—{vy ({=e, u)

— lift helicity suppression Belle: B < 4(e) - 3(u) x 10°® & SM: v < 101 - 10°
- |V, | from {=e, u channel < Belle Il (B2TIP 19) (AB)..: ~ 4% (1)
— hard y = structure of B meson (LCDA, ...)

Tw = - i/d4x e O|T (1M (2) 12 (0)) | B(p)) = Epupo D5 VEFy 40 (= g0 Py V5 + U5, Do) Fa =+
flrSt |attlce StUdIeS Of DS—>5V)/ o | , | | Spline intorpo‘lation ]
0.09 ET M 2 3 This work e~
GiUSti"‘ 230201298 [Cl'l — 18Ge\/, Mn ~ 340 MeV] 008 L Phys. Rev. D 103, 014502 (2021)
ETM 2306.05904 [@ myg my, m,, s @ —0] . + Ny
[, 0.06 ]
— exponentially suppressed signal 0.05] g ) i
- 5-10%accuracy for FFs (50% at E ;, .., by a—0) 0041 O . % *
o 0.03} | i _ “~0
_ ETM B[SM] = 4.4(3) x 106 : 7% accuracy 1 full kinematical range =, = =
0.025 02 01 0.6 0 i
+ consistent w/ BESIII upper limit 1.3 x 104 | Zy
extension to B—{vy = muchlargr £, .. = Mp/2 — My/2 (somewhat straightforward)



B—xtv for |V |

- B—mev, muv = conventional determination of |V |

& 2.26 (12%) tension w/ inclusive deca
o (127%) / 4 B2TIP "19 : |V ,| expected accuracy (tagged)

7

— to be improved by Belle I

+ CKM suppressed: B ~ 1.5x104 % & 2-5% DOy
+ non-small statistical error reduced by x50 data
+ 1—2 % accuracy @ 10 ab™ (~20287?)

6

Lh

AV 1 [%]
v o

— B—mv : new physics in LFUV?

+ not yet measured : B < 2.5 x 104 %
+ 14% LFUV ratio by Belle |l 1

R(m)~I'(B— mrv)/I"(B— mw{e,u}v) 0 150 25() 350 450 550

| | * Llab™]
& 3.4 tension w/ SM in R(D®)



B—xtv for |V, |
-2020

- 3 studies using NRQCD, HQET b & unphysically large M

inclusive

HPQCD *06
RBC/UKQCD ’15

— best accuracy AlV,,| ~ 5% : Fermilab/MILC @ M_ > 165MeV

JLQCD 2203.04938 : chiral fermions @ M_ > 230MeV

Fermilab/MILC *15
- 10% accuracy: largest from stat. and chiral extrap to M, HELAV *21
T R ) FLAG *21
2 wo (amg) stat HMChPT (Bijnens-Jemos "11) | |............l L.
<8 e JLQCD 22
R = §f=- —(1—|—3gB ) M2 h{ - } o —
é ’0::,'__,:_'__:T_;__’_’:____rf:’:_g__'__f:fl___jEElif;_
_57_’,._ ......................................................... ] B 7‘-7-‘- B.j' = Kh"
0 072 074 . 0[(6 ; 08 10 12 A B — plv
¢ II|IIII EEIII|IIII|IIIIII
— STILL, world average dominated by “OLD" Fermilab/MILC .. 3 4 5
3
= Fermilab/MILC, RBC/UKQCD, JLQCD: high statistics @ M, V1 x10

18

a target : a few % accuracy by different groups in 5 years



B —K{v: an alternative for |V |

"advantages” in lattice QCD
. — suppressed chiral log. = better control of chiral extrap

A ) %3\ K W/ i risi IEE’ Lelcage ‘89 = |eSS StatiStical error
¥ | % S
/

Ferm|lab/l\/|ILC 19

“B—mlv”

X > ' e ey, 1B Kpy Vil [T
6:_ é é LHCb 4 B, — D,uv |Vcb| . Fermilab/MILC 18
5 : o = . — RBC/UKQCD 16
N ) _ﬁ — 2 2
i I 2 A 9 > 7§eV ——m—— | HPQCD 14
4 '_l\]ubI Inclusive ‘ 2 >7 Ge\] Ii — W/ |attICe FFS S
IV T Exclusive B, TRV 1 (Fermilab/MILC'19)| "¢ | Khodjamirian 17 {LCSR)
' ] FY Faustov 13 (RQM)
W g% < 7GeV?
- —a— Wang 12 (pQCD
S w/ LCSR FFs g 12 (pAsh)
- KIaver (LHCb) @ I\/Iorlond 22 (Khodjamirian+17) —*— | Duplancic 08 (LCSR)
35 10 5 o 01 02 03 04

IVl 1107 £ ol — 0)



B —K{v: an update

inclusive

RBC/UKQCD 2303.11280 W/ Iarger al ~ 2.8GeV (Mﬂ ~ 260 I\/IeV) I I 2L N O O Y OO
. HPQCD 06
- 5% error at simulated g2 2 — RBE!UK o
> 10% towards ¢?= 0 m=osenaie P =& 2=
— 30 Bl renormalization . |-.-| Ferlnilabm:lLC * ]_ 5
- largest from stat., extrap. X, W isospin breaking <
. . . NS 2 dlscre‘tlzatlon (light) J5 § I'D'I HFL Av 32 .I.
— consistent w/ previous studies 5 o Qs =
3 | | FLAG 21
R 04|V /ps™ T7 )|V /ps™  T[Afgl/ps™  I[Agg]/ps™ Q'ii _________________________________
RBC/UKQCD 23 ———| —eo— —e—| —e— —e— f—eo— e 13 JLQCD ,22
HPQCD 144 e+ —e— —e— —e— —e— od|  —e— 1o .
FNAL/MILC 191 Fod |- o e o e o _22 5 1l H:H FLAG 23
RBC/UKQCD 151 F—e— [Fe— - e e e— e B — KNV
A B — plv
-w/ LHCb B(B,—Ktv) /B(B,—~Dv) ® BB—~Dlv) @ 15 - R
= |V, = 3.78(61) x 103w/ 16% error = 10% th, 13% ex vV 1x10°

20

= on-going JLQCD (indep), HPQCD, Fermilab/MILC, RBC/UKQCD (smaller a) : better than B—zfv in by

Lat ‘24



B—plv : non-gold-plated for |V,

Bernlochner+ 2104.05739
—w/ LCSR estimate for FFs
— V5| = 2.96(29) x 103 [ 10% error, -2.1c below from B—ztv]

Leskovec+ @ Lattice '22-23, CKM'23

—unstable p (non-gold-plated), but decays almost only to p—zx

— framework to extract MEs from lattice corr. functions (Briceno+ ‘21)

(nmm|V,|B) =ie

evv' v’ Fy (q?,E*)
15t lattice attempt
~ no a—0/ chiral extrap.s

— no axial FFs

uvpo

amplitudes as a func.
of 2 Lorentz invariants

{

inclusive

HPQCD 06
RBC/UKQCD "15
Fermilab/MILC °15
HFLAV ’21

FLAG 21

JLQCD 22
FLAG ’23

.
Cv,Ix 10
may extend to B—K*(—Kn)ll & P;

J

21




B—D*{v FFs

(D*(p', e)|V*|B(p)) = ige"* s pyp,.

(D*(p'. €)|A*|B(p)) = fe" + (€ - p)lar(p+ P ) + a(p—p')"

1 1

Fi= e {2k2q2a+— §(q2—M§—|—M§*)f} Fy= ]\;* {f+(M3—M2.)a, +q%a_}
D D

dF G}% 2 2 2 2 2 2 2 2 2 2

-2020 : only fwas calculated @ w=1 on the lattice [Fermilab/MILC 14, HPQCD "17]
- other FFs (fiw#l), g, ‘F,, F>) fixed to reproduce experiment = “SM value of R(D*)" w/ exp input

2021-: 3 lattice calculations of all FFs also @ w#T
- Fermilab/MILC "21: 1" calc w/ HQET-based b quarks @ physical m,

- HPQCD '23: inexpensive relativistic (ehtrat-syr:, toeatity) b quarks @ unphysically small m,
- JLQCD 23: relativistic b quarks w/ chiral symmetry @ unphysically small m,



tension on FFs ?

comparison of FFs : Bordone+ 2406.10074

0.4 -

3 y VS W
2.0 1
0.3 1
A FNALMILC 21
—— combined fit “lat” %
0.2 1 . | |
10 1 combined fit © lat+exp

“lat” fit to JLQCD 23 ~a
“lat” fit to HPQCD 23
“lat” fit to FNALMILC 21

1.1 1.2

1.0 1.1 1.2 1.3 1.4 0 13 14

—reasonably consistent @ w~1 = individual fits develop difference
-~ fit of all lattice data w/, w/o exp data = y,/dof <1, difference ~w, .,

& |ess constrained @ large recoils even w/ model-indep parametrization

w/ HPQCD's update Jan ‘24
& conservative renorm. error

- const, slope of g
Fermilab/MILC vs JLQCD
-~ const of F,
HPQCD vs others

- slope of F,
Fermilab/MILC vs JLQCD



tension on FFs ?

comparison of FFs : Bordone+ 2406.10074

V)
OV

I'''dli/dw (b=e,p)

fit to lattice + exp : :
| I
| |
2- : :
. | I
Y >

1 fit to lattice data i || does NOT

| : necessarily

| : 1 | means JLQCD
g LW Fermilab/MILC + HPQCD data } | | | w/JLQCD | || s correct
1.0 1.2 W 1.4 1.0 1.2 1.4

—reasonably consistent @ w~1 = individual fits develop difference

—fit of all lattice data w/, w/o exp data = y,/dof <0.1, difference ~w

Mmax
& |ess constrained @ large recoils even w/ model-indep parametrization

= need “safe” simulations @ large recoils for theoretical predictions & (maybe) OK for [V |



V| from B decays

inclusive

B — D*lv
HFLAV ’21
FNAL/MILC 21
HPQCD ’23
JLQCD ’23
Gambino+

Bordone+ '24
B — Dlv
BS — Dshr

B — D *|[y
5 5

50 60
3
|V | %10

| Vcbl

~ HFLAV —'21: fiw=1) from lattice QCD (Fermilab/MILC ‘14, HPQCD "17)

recent 3 lattice calculation of all FFs = consistent w/ previous
~ Fermilab/MILC: bin analysis = bin-dependent |V,
- HPQCD: w/ Byy—D,tv & total [(B—D"tv) = |V, = 44.6(1.6) x10~

V., tension remains unsolved ? & “Belle Il Physics Week 23" @ KEK

T T T T T T T T T T T T T

RE ,_ I'(e'e” — hadrons) | D'Agostini effects [Gambino]
L2 I'le'e —p'p) i '

1 -~ due to stong correlation of ex data
1 JLQCD |V,,|x103 = 39.2(9) = 40.8(+1.8/-2.3)

LOF

335 1 parametrization of FFs [Ligeti, Gambino, ...]
i D'Agostini '94 ! N _
e R Y e o= YV
. w+1++/2

VS (GeV)
Bordone+ '24: Akaike information criteria + recent Belle [Il] data ‘23

need more discussions among theorists & experimentalists 2



inclusive

alternatives : B.—D O¢v, B.—J/wtv

V| from B_decays

B — D*lv
HFLAV ’21
FNAL/MILC 21
HPQCD ’23
JLQCD ’23
Gambino+

Bordone+ '24

B — DIv

B —=DIv
5 5

B — D *|[y
5 5

50 60

|V | x 10°

B, — D ¢y for |V |

— advantageous on the lattice
statistical accuracy, chiral extrap (log), gold-plated (e.g. D,"—D.y)

HPQCD 2105.11433

—relativistic b, m, < 3.6 GeV
V| X 1073 = 42.3(1.2)|at(1.2)eXIO [B—D,]
43.0(2.1)|at(1.7)eX|O(O.4)EM [B—D.]
— consistent w/ both B exclusive & inclusive w/ 4-6 % error

HPQCD, RBC/UKQCD @ Lattice '24: reduce largest err from stat, a0

B.— J/wtv for LFUV: HPQCD 2007.06957(PRD), 2007.06956

R(J/w) = 0.258(4) < 0.71(25) LHCb 18

~ LHCb 1808.08865: A(R(J/w)) = 0.07 (Run-3), 0.02 (HL-LHC)
- HPQCD @ Lattice '24:al =45 — 6.6 GeV



inclusive decays



B meson inclusive semileptonic decays

B—X_ tv inclusive rate

dI'(B— X tv) G}
dququEg o 87'('3

| B
W~ Y (BIJI|IX) (X.|J,|BY =im(B|J}®J,|B) }
X.

hadronic tensor optical theorem

|Vcb| QL'LWW,LW

conventional analysis : OPE

W= 32 (50| By

(@)

double expansion in a,, 1/m,: convergence?

how to provide non-perturbative MEs?
& lattice QCD @ e.g. JLQCD ‘02

inclusive # NOT simple sum of exclusive = non-trivial crosscheck of CKM MEs

lattice QCD < direct determination of W, from 15t principles



new idea

> T
CMV(QQ):(BUJL(“Q)eHtJJ(Q)|B>=/ dwW,,(w,q)e Jo(0) Ju(®)

0
C,(t) = W, : ill-posed inverse problem B @ B
— finite V= severely deformed W, (o)

— limited info of C, (1) @ discrete ¢ w/ stat. error

/ dwK () P B / dwK; (W)

L — o0 finite V

Hashimoto 17, Hansen+ ‘17, Gambino-Hashimoto ‘20

may evaluate the energy integral of W, (@) w/ good precision (various technical issues)

al’
= s VTR @) K@) = [ oK (gD Wi (00"

29



feasibility study

Gambino+ 2203.11762 3
tationally i i t |f ¥ Xy
— ionally inexpensiv N
computationally inexpensive setup " Xy,
+ B s —)X;Cfv ™ + XAAJ_
+a=01tm m,=24m, — 2 {\\\ X 44
3
— inclusive rates for J,, J, comb. & polarization % t\ __________
= o0 ) 0 11 ::3* """ v
X(Q ) — dw K,uz/,a (w,q )W,UJ/,L ((U, q ) .’," \\\ i
0 > adl \\\\*
dF L G}% 2 2 Y 2 ,’,-‘, \\\
dq2 - 247_‘_3 |Vcb| V q X(q ) O-‘f-,:"""," _____ ""__,_'.' _____ .___I:::\
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
q° [GeV?]

— close to dominant exclusive rate B,—D v(VV), D,"tv(AA)

= validity of the strategy

— too close? = limited phase space by m, ~ M, ohys

30



vs OPE

even at unphysical m,'s, rigorous comparison w/ conventional OPE is possible

_ 3% ] Gambino+ 2203.11762 (cont'd)

> I — ]

i 2.5; V-A ETMC | - B X tv
513 200 — V-AOPE | — unphysical m, both for lattice & OPE
I 15[ | _

= Tiszz i o3¥3y 3 3 3 ] OPE

S 0 —— \5 + NP MEs from fit to exp

o L |

NG j + O(1/m,?) correction

I + O(a,) radiative correction

B OO}\ A R S R R AR

00 01 02 03 04 05 06 07 — lattice inclusive : statistical error only

q’ [Ge\fﬂ
confirmed good consistency b/w lattice and OPE calculations
Gambino-Hashimoto 20 : better consistency w/ higher order for OPE



toward quantitative calculation

D, — X v inclusive decay

— all conventional errors controlled = good testing ground of systematics

all valence m,'s to physical / a'>>m,_ / statistics
— most non-trivial systematics ~ finite V effects (FVEs)

Kellermann+ (KEK-CERN) @ Lattice ‘23, 24

— develop a model to evaluate non-trivial FVEs via D,—®(—KK){v
— for a chosen set of parameters, 5% calculation of dI'/dg? is possible

ETM @ Lattice 24

— study FVEs by directly simulating different V's
— 3-7% calculation of I'is possible

next target : B decays w/ systematics controlled

CLEO-C (2010)
+ BESIII (2021)
A this work

vol > a— o

combined kernels
® this work

vol >0 —a

erf kernel
® this work

vol >0 —a

sigmoid kernel

I'(D, — X, ¢tv)

8.5

10T [GeV]

9.5




inclusive Tt decays

t—X v inclusive rate

G 2 d’q v
F(T%XudVT): |Vud| (27T)32E LN (p7'7p1/)pw/(Q)

P~ > 01T} X sy {XualJ,10y =im<0|J} ® J,]0)
X.
no initial/final state hadron = lattice 2-pt funcions

normalized rate to determine |V,

I'(r— X v.)
I'(r—ev,v,)

G:im?

Rud —

— 67TSEW|Vud| / o D Puv (5) F(T_> BDBVT) - 19272

_ [TdE p
Cuv(t7Q)_L 27_‘_6 p,w/(an)

— p,, largely distorted in a finite volume = C,,— p,: ill-posed problem again
— may evaluate its energy integral (=inclusive rate) a la Hashimoto-Gambino, Hansen+
— 2pt func = much better control of systematics than 4-pt for B decays ! 33



first lattice study of “fully” inclusive t decays

ETM 2308.03125 calculation of R /|V, >

— physical m,; — no m, extrapolation w/ HFLAV R , = [V, | = 0.9752(37)4(10).,
— 3 a's — controlled a=0 limit

— 2 V's — study of finite V effects
— independent determination from inclusive r decay

- ALEPH — 0.4% determination - error dominated by theory
statistics, isospin (m,-m;)/Aqcp ~ 0.5%, finite V effects
—=— OPAL
— consistent w/ conventional 0.03% determination from
= HELAY nuclear B decay : Hardy-Towner '20 |V, | = 0.97373(31)
— (would-be) competitive to |V | determinations from
. e “‘“i‘ . n—pev [0.1 - 0.2%] and z"—ne*v [0.3%)]

D . (D
BT/ 1Vial?



extension to |V_ |

long standing tension b/w 7 and K decays

© K—ntv, Ka—tv D K—ntv, K,r—tv = 0.3% determination of |V

usl

@ t—Kv = 0.8% determination consistent w/ kaon decays

I*I @ Ky 3 finite energy sum rule (FESR) + OPE: Gamiz+ ‘06
FO4 || ® FESR (OPE) R, :/ ds W, (8) p,u (8) = — Q—M%ds W, ()11, (s)
0 N
co (a)
1, = 3 < ojojo)
O
— Sy = m,

—w(s) : phase factor ® leptonic
—vacuum saturation for D>6

| I I | ||| 1 1 | | [ A | . —_— 2_ 2 —_— 1
02l om0 omd 025 AR =R, J/|V "= RV il (=010 SUQR))

v, 1V | = 0.2184(21) 1% determination, 3o tension w/ kaon decays..




extension to |V |

long standing tension b/w 7 and K decays

@O K—ntv, Kx— v

(3 FESR (OPE)
@ FESR (OPE)

® w/ lattice

0.21

0.22

| i e Bl
0.23 0.24

WV I

0.25

So 1
R, = / ds w,, (8) p,u(s) =~ 5 ?{ ds w,,(s)I1,,(s)
0 So

@ finite energy sum rule (FESR) + OPE: Maltman+ "15-
—w(s) : modified to suppress higher order OPE corrections
—non-perturbative MEs for D>6 : fixed from fit to lattice data
—slightly different exp data for Kzv (Babar preliminary)

V,,| = 0.2228(23) 1% determination, consistent w/ kaon decays

® w/ 2pt func from lattice: RBC/UKQCD 18

—avoid OPE
—w(s) : enhanced weight for Kv, Kzv = “partially” inclusive

V..l = 0.2240(18) 0.8% determination, consistent w/ kaon decays

'V | tension resolved ? 36



first lattice study of “fully” inclusive t decays

ETM 2403.05404 calculation of R /|V|?

— physical m,,, — no m, extrapolation O K—ntv, Kzt
— 4 a's — controlled a=0 limit BERREE RN
— 2V's — study of finite V effects
e @ —Kv
R, /|V, > =3.407(22)
HOH || ®FESR (OPE)
V| = 0.2189(7),(18).,
| @ FESR (OPE
— no OPE — use R, rather than 4R . @ FESR (OPE)
— 0.6% error of R /|V,|> dominated by stat, finite V ® lat [RBC/UKQCD]
better statistical accuracy W/ m, o1~ m, a1 |

— 0.9% determination of |V | w/ error dominated by exp

— consistent w/ conventional FESR/OPE result !! T T
: . 021 022 023 024 025
'V | tension revived v |

37



D, decays



CKM unitarity in the 2" row

CKM elements a concern
[V s from Dy—€v - limited by exp (HFLAV'22) - tensions in f, and f; near ¢*,., (= 1.88GeV?)
D,—tv = V| = 0.9820(96).,,(20),,; [1.0%] N -
D—tv = |V, = 0.2181(49) ., (7) 5 [2.3%] m— ETM
L41 I HPQCD
[V caies)) from D—z(K)tv - limited by lat — theory % E%L/ e

1.2- /
HPQCD 21

1.01 +Fermilab/MILC ‘22

DK

= ¢HPQCD'21 °Fermilab/MILC 22

fi

D—Ktv |V, | = (53)5:(44) ey [0.8%]4 ETM "17,"18
0.9589(23)exp(40)|at(96)EW [1.1%]° 08,
D—rnlv |V, | = 0.2238(11)exp(15)|at(22)EW [1.3%]° Bolognani+ 2y
000 0.0 0.5 1.0 1.5 2.0

unitarity ¢ [GeV?)

— . , o |
Vol + Vol Vo> =0.984(1) ,(15) (), © @ rattice 7 mlorgeremstionsoym

consistency b/w HPQCD+Fermilab/MILC and ETM?, |V for unitarity in 2" row



summary
recent progress in lattice QCD to determine CKM MEs

gold-plated
— becoming accurate, more calculations, systematics to be studied carefully
Tobi Tsang @Lattice '24: tensions < interpolation to m, .6 g% ---

— tensions to be understood : B.—K¢v, B—D*tv, D—K{v

— systematic error as |"fit A"-"fit B"| & 10" ?

non gold-plated
— new applications: inclusive analysis for B, = decays, finite volume framework B—ptv, ...

— a realistic calculations for inclusive T; and B in the "near” future



MRBNF KEKRZMHR tHxH24-6

EPRGLEBIAE [R—/NX—B7 77 M) —ARICLZHENFYEZ 70V T4 TORBEEFHEEDERK]

L. AZRAE - AB
WHgEE - 14

2. WrgE (BE) WA
SRABIRG. O D WIE, F&+F QCD DIFJEEAT 9, KER SRR IR e pr Bl 2 o
S —|AEFE L, e RPEEPm R & ) U TR E 2 HEE 5, fEEHIR 0o B34 A
VL B3 AR OB FERE B E L TRV EIR TOT7 L — =BT D078 21152 8%
HELE 2 (R - E R 20 T7D) .

4.  FEIEKFY]
2025 4 1 A LI (SFHR)

5. (T
HARFESH)C, HE0 0 3HM, FHIC LV, H&ET20294 3 H 31 HE THEHAHE

_

(SREES
R & U TR P R B 2 6 1 9%, (A7 LEESIFRE] © 1 B 7 Il 45 57)
fa5- H%H 45 T FRAE

NEREY) 202459 H30H (A):  https://www.kek.jp/ja/career/researcher24-6
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leptonic decays of other mesons

B," = most simplest matrix elements of ¥, = ratio method w/ more involved MEs

— HPQCD @ Lattice 24

HPQCD 15 (NRQCD)
@ | B*/B " fp/fB
o pp e ke fp./fp | ETMC 1707.04529
| S S
u, d, s, ¢ sea J5/ 15
Becirevic+ 14 (twisted mass) I
% @ ————i HPQCD 1503.05762
. d sea § Ny=241+1
: | ALPHA @ Lattice ‘23
| Ny=2+1
i N —— twisted mass 1407.1019
A | Ny =
. 1410.6684
‘ L 2 1305.5432
sum rqles ‘ | sum rules
08 09 1 .11 0.90 0.95 1.00 1.05 110
fB;;/qu [/ /B

B.= easierthanf, cf HPQCD 15 £, = 434(15) MeV, f,./f,, = 0.988(27)

good phenomenological applications?



B*n contamination

review by Hashimoto @ Lattice ‘18 possibly large eftects in f, (!)

— Hr state contamination towards M, ;.. 0
0.0

-0.2

Bar, Mon, 15:00-, Broll, Mon, 15:20- > |
B state contamination within HMChPT ; E :
B q -0.6;
LEC J |
+ LO: f=f,, Ggupe= 0.5
+ NLO: B, B’ : unknown 1o
-A = 6,8 = A} ‘

— source-sink separation t = 1.3 fm - depending on NLO LECs

. o — smearing may help ?
= B'm contamination to My ¢ f5 B—m FFs, ...
’ = how to calculate NLO LECs from 3pt func



B anomalies

tantalizing 2-4 o tensions b/w the SM and experiments

o I~ T T T T T T T ——r——TT—7—T—T—T——7—T
a C *=1.0 contours ] 1= ]
E’oA T eonous - B, gy LHCDRun1+2016 ]

" LHCbIS N 1 "] SM from DHMV ]
- BaBarl2 N 0.5 —
0.35 . 30 ] - -

‘23 L LHOCbIg A . E E

Q o3 :_ e Average _: EN } 0' —e— ] ¢e

T F ‘ - . i i

0.25 — & Bellel9 . Bellel5 — C l ]

m g Bellel7 World Average g -0.5 N + = + _F an d c | >€

0.2 ™ 3 Bigi 16, Gambino 19 §€31)==0'03;g;£093?§¢069(1)?o ] N * i
- p=-0.38 _ L -
P et e 1=, . . :l ]

0.2 0.3 04 0.5 0 5 10 15

R(D
B — Dlv ) g* [GeV?/ c4]
lepton flavor universality violation (LFUV) b—stt, svv FCNC induced
I'(B— D% 1)
R(DW) = B, — ppu, B— K¢, B— Kvy, - -
P = TB D) ““

but “SM” values is not purely theoretical

we need more careful/detailed studies and other hints to clarify new physics



SM w/ exp mput
Gambino+ "19 HH
Bordone+ "19 H
Bernlochner+ 22 H
FNAL/MILC 21 H
HPQCD °23 H
JLQCD °23 H
Bordone+ 24 H

B ; ]
I TRar=atal AT
Ll LA L)

FNAL/MILC 21 e

HPQCD °23

JLQCD °23 —e-

Bordone+ *24 Hel
BT

R(D*)  HFLAV 21

R(D%)

R(D*)=TI(B—D*m)/I'(B—D*{v) ({=e,n)

“SM value” w/ experimental input for FFs [Belle 18 [+BarBar 19]]

— lattice flw=1) + exp FFs = 3% accuracy, 2.60 from R(D*),,,
— lattice (1) + HQET + exp FFs = 1%, 3.10
— lattice + exp FFs = <1%,>3.10

"'SM" w/ experimental input [Belle '23, Belle Il '23] = 0.6%, 2.80

pure SM value only from lattice FFs
—individual : ~ 5%, <2.30FFs

pure SM value using all lattice FFs
—~ 2%, <2.20FFs

phase factor (W2-1)2, w .., < Wha e © extension to large w «



B—D**{v
“1/2 vs 3/2 puzzle”

excited state D™ B—D™"tv B s D¥(D¥) £y

_ - important background for B— D¢y, wlv I £ %

D™ ,=D,", D, 1/2 . 15% of B—>X_fv = may serve as a probe of NP
D™, =D, Dy’ 3/2

Uraltsev ‘s sum rule on FFs @ w=1 = and "1/2 vs 3/2 puzzle”

for mgy=o0, w=1 from experiments
ALEPH, DELPHI, DO
T (1) < T3 (1)

[(B—D,tv) < T(B—Dj,tv) < T(B-D,iv)~T(B—D,v)

lattice study of relevant FFs (z,;/, 3,,,) may provide hints



B—D**{v

Bailas+ (JLQCD) @ Lattice "19 [, =24m, w=1] @ w=I
l @ | | | | 144 ] * . vpo .k
éxi@@® JTJ:VOVODB%DKV 3030: ] e.g. {D*(,0)|V*|B(0))=iMpgMp-€"*e}6,;6;=0
ooty XS o @®@ A A, = D* v YN . .-
_ & dg o | lassume that even higher state are negligible...
Gl N =i .
o _ * ¢ % 4 ®e & & B Tin (1) — 0'45(7)stat > T3 (1) - 0'39(6)stat
A, A, = D,lv By @@EEE
10°°L . . AT R -~
1 10 VIVI :>D1( )f\/ ¥$% ®@§§] T1/2(1)~’C3/2(1)
wo®.  suppressed but clear signal! %T%«%? __ consistent w experiment (!)
<B‘JT(At)J(O)‘B> vs Af (w=1) ZF Blossier et al. ‘09, vs LQCD @ m,= oo
1x10“0 : m v i ; s 7.,(1) =0.38(5), 73,,(1) = 0.53(3)

— Hu+ (JLQCD) @ Lattice '24: 7;, = 0.16(5) & 1,3 = 0.28(4) @ my, ;p
— 1/m," corrections are key to be consistent w/ experiments (?) - need more simulations

— interesting to study D™ at non-zero recoils



B—>Kf[\ Kvv

AM?

K () 1V, B () ={P TQ} £ (g?)+

HPQCD:2207.12468, 2207.13371

— gold-plated

— share FFs

— physical ud, s; b w/ my/my, ;..o = 0.85
< HPQCD 13, Fermilab/MILC 15

— full ¢? region
— 4-7% uncertainty, dominated by stat. error

- B—K"tt, B—Kv : non gold-plated
& framework for B—pfv may be used

AM?

2

2'[:]\4-3231(7]c 9
MB—’_MK fT(q )

0.f0(q?) <K(p')I|TwlB(p))=

{7 Set1m0S605 [ ] Set6m0566 [ Set S m0S
Sy Set 2 m0.643 [ Set 6 m0.683 <] Set 0 m0.440
Tr Set3m0433 [ | Set6m08 <] Set 9 m0566 |
% Set 3 m0.683 7 Set7Tm0274 <] Set 0 m0.683
7F Set3mbS ) Set7m045 <] Set 9 m0S
1.0+ Set 4 ml).888 7 Set 7 m0.6 () Set 10 m0.274 | 1.0
Set 5 m0.664 ) Set 7 m0S8 () Set 10 m0.45
Set 5 m.8 [ Set 8 m0.194 1 Set 10 m0.6
Set 5 m0.9 [> Set & m0.45 () Set 10 m0.§ L
[1 Set6m0449 [ Set&m0G
D
+ i F: P Al
Ny i ool 1 ;
;oo )
- - e
o1 fim bvrlnl kg B - -‘"“--...
= e 4 e e 0
| T 1 b= (KT R [ | ) I
T .
i i ‘--..:'::-..
\"'\-—-F/ P '
e,
05«1 | TV -3 | =" BT 0.5
------
...........................................
—0.3 —0.2 —0.1 0.0 0.1




B—>K[[\ Kvv

B— KL BT—K vy
o S0 ﬁﬁﬁrage Home-cooked comparison

—— Belle 1T (362 fb-!, Combined)

2.440.7 This analysis, preliminary

Belle 1T (362 fb-!, Hadronic)

1.1+1.1 This analysis, preliminary

CDF 11 _O 5
Belle '19

LHCh '12B
LHCD '14A —0.4
LHCh '14C
LHCh 21 0.3

Q

—_—— Belle 1T (362 fb!, Inclusive)

2.840.7 This analysis, preliminary

Belle II (63 fb!, Inclusive)
1.9+15 PRL127, 181802

*
Belle (711 fb'!, Semileptonic) “Belle reports
10406 PRDY6, 091101 only upper

Belle (711 fb!, Hadronic)#< limits.
3.0+1.6 PRDS87, 111103
We calculate

Babar (418 fbt, Combined)
0.840.6 PRDS87, 112005 BF ourselve:

Babar (418 fb™!, Semileptonic)

0.240.8 PRD87, 112005

Babar (429 fb"!, Hadronic)

1.5+1.3 PRDS87, 112005
1 L | 1 1 1

(0}

® © 6 6 1 >

+ 0.2 ~0.2

Lt

e it

0.1- 0.1 o
ulow 1 \Ij ) ' ' 1
0.0 |< | > | | ~0.0 i

0 5 10 15 20 0 2 4 6 8 10
qQ[Ge\/Q} 10° x Br Belle Il @ EPS-HEP'23

~ Fermilab/MILC 15 ~ 20 tension — Belle Il ; 1t observation (2.7 from SM?, 5GeV DM
= 470 (vs LHCb 21 @ low “q2") B = 4.97(37) x 10° [7.5%]

— significant shift in tensor couplings from SM o 11% @ Belle Il 50 ab-’

Cy (g’)’uPLb) (Z’Y,ug)a Cho (§7uPLb) (Z7u75€)7



B PRFRE

BERBBRREBOEEZE o bag parameter

GPZ’ m[%/ * 2/ A — 8 2 2
AM(S) — 1672 MB(S) SO,EWU?B,DQCD |th th(S)' <Bq |Q1|BQ> <Bq |Q1|BQ> — §MB<5) fB(s)BB(s)
O =VV + AA
070 34 HFLAV (tOxerrory . .
- TP b Luzio et al 48] — 20 tension b/w Fermilab/MILC 19 vs HPQCD 19
0'65_ -_-_;1;\-(3“1;-—- ;;IAL/MILCWG ',"'/ _____ ‘,.»'fj +/ﬁi§~§- /J:b = Qz VV-AA
- i} RBC/UKQCD '19 py”
- 060; :g;l Sum rules '19 /'/ .-"" ";,,:‘:_. il - *L'L/(IZIF\ *%%QCDO) }:I/\\\ L/
2 i HPQCD 19 - o P .
E-D I D Avg.'19 o — gl_é’%ﬁ ‘i%'ﬁﬁck— ﬁ*%}g
< 0.55¢ o 1
| ~ JLQCD+RBC/UKQCD @ US+UK
080r T A4 0 — +domain-wall = EEFRES
oash i h error : +JLQCD : fine lattices w/ a”! < 4.5GeV
15 16 17 18 19 20 21 22 +RBC/UKQCD : physical M, (=K—s7z)

AM[ps™]
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