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Why tensor networks?

m Good

m Applicable to any models even for complex action

= no sign problem
m Extremely large volume (thermodynamic limit)

m High-precision is attainable in 2D system with simple

internal d.o.f.

m Bad

m Expensive for higher dimensional system



Why tensor networks?

m Good

m Applicable to any models even for complex action

= no sign problem

Challenge to

/" m QCD+u

m O-term

m Lattice SUSY

m Real-time dynamics
\- Chiral gauge theory

Other methos to overcome
sign problem

* Complex Langevin

* Lefshetz thimble

* Path optimization

*  Quantum computing



Notational rules

Rank 2 tensor (matrix)
J—o—; = A

A

)

Tensor : vertex
index : link




Notational rules

Rank 2 tensor (matrix) Rank 3 tensor

A
kB ™1

Rank 4 tensor

l J
Tensor : vertex
k - p— CZ]]CZ { index : link J




Contraction (summation) rule

? m
ol
s k
J z




Contraction (summation) rule

( m
A B
> < = ZAijkBklm
j < 2
[

index shared by two tensors : summation

index connecting with a single tensor : no summation



What’s tensor network?

Example: TN for square lattice

|1 "1 = T T

O O——0 o— = L5kl mnio T

k /) T —
l 0 o o o 7Z7J7k...




What’s tensor network?

Example: TN for square lattice

() ()
N\ N

|1 "1 = T T

O O——0 o— = L5kl mnio T

k /) T —
l 0 o o o 7Z7J7k...

A target quantity (wave function/partition function)
is represented by tensor network



Two approaches in TN

Hamiltonian approach

Lagrangian approach

TN is used . . : :
wave function partition function, path integral

to express

Classical statistical system,
target guantum many-body :

Path-integral rep. of quantum
system system :

field theory
combinin . coarse-graining (real-space

: & | variational method 5 . 8 | P

with renormalization group)

N\

This talk




Working flow of Lagrangian approach

[Target model in continuum space-time ]

‘ Lattice regularization

[Lattice model ] MC if no sign problem

$

[Tensor network representation of Z ]

T

T

]

| ]

- |
/[d¢]6_3[¢] : Z . Tijlemnio ..

ik

A



Working flow of Lagrangian approach

[Target model in continuum space-time ]

‘ Lattice regularization

[Lattice model ] MC if no sign problem
[TN rep. of Z ] * Non-trivial step, but

e OK for scalar, gauge, and fermion fields
/1 as long as the interaction is local

f?

/[d¢]€_S[¢] : Z . Tijlemn'io c. .

ik

A



Working flow of Lagrangian approach

[Target model in continuum space-time ]

‘ Lattice regularization

[Lattice model ] MC if no sign problem

$

[TN rep. of Z ] For each model, tensor is prepared

Bond dimension

\

cost < y?V for 1<i,j,...<x

N
Il

/[d¢]e_s[¢] — Tyt Tonio -+ -



Working flow of Lagrangian approach

[Target model in continuum space-time ]

‘ Lattice regularization

[Lattice model ] MC if no sign problem

$

[TN rep. of Z ] For each model, tensor is prepared

$

[Coarse_graining } like spin-blocking/real space renormalization group

A

S W L J

2 | | v 2>
I ij

\J



CO a rse-g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)
T 71 NJ
L] o
o T o
NE (1)
T T 4 ~ Tz'jij
u . .
t,J
Information compression using less modes

k=3

singular value decomposition (SVD)

original

truncated SVD

k
SVD: Moy = ¥ ttamNm (v )imp = Y tam A (0F) e
— m—1 many modes

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT



Progress of coarse-graining algorithm

Better precision
/ Evenbly & Vidal, PRL115,180405(2015)

-

Tensor Network Renormalization (TNR)

~

Loop-TNR Yang et al., PRL118,110504(2017)

Tensor Renormalization Group (TRG) Graph Independent Local Truncations (GILT)

Levin and Nave, PRL99,120601(2007) \_

Hauru et al., PRB97,045111(2018)j

\

Higher dimensional
System and cost
reduction

No truncation error but
introducing statistical error

d : dimensionality of system

/Higher Order Tensor Renormalization Group (HOTRG) O(X4d—1)\
Xie et al., PRB86,045139(2012)

Anisotropic TRG (ATRG)  Adachi et al,, PRB102,054432(2020) O (x24T1)

Triad TRG Kadoh & Nakayama, arXiv:1912:02414 O(Xd+3)

Minimally decomposed TRG(MDTRG) O(X2d+1)

\Triad MDTRG O (y*+?) Nakayama, arXiv:2307:14191 /

[ All-mode renormalization Ohki+ PRD107,114515(2023) ]




u 2D system

Spin model : Ising model

, X-Y model with Fisher zero

Abelian-Higgs

¢* theory

QED,

QED,+ 0

Gross-Neveu model + p

CP(N-1)+6

Towards Quantum simulation of O(2) model
N=1 Wess-Zumino model (SUSY model)
Hubbard model

U(N) and SU(N) gauge theory

m 3D system Higher order TRG(HOTRG) :

Ising, Potts model

Pure fermion system
Gauge Ising

Hubbard model

SU(2) gauge

SU(2) principle chiral + p

u 4D system

Ising model
Complex ¢+
NJL model

Real ¢* theory

Z, gauge-Higgs +
Z3gauge-Higgs + 1

Studies of Lagrangian approach

, X-Y model
, 0(3) model X-Y model + u

complexity of internal d.o.f.

A

Lattice QCD
SU(3)
SU(2)

QED, + 8
0O(3),CP(1) +6
¢*, XY model

2D Ising 3D Ising 4D Ising

>

dimensionality



Spectroscopy using TRG method

(to be published in PRD)
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Energy spectrum

(e.g., 0 for pion)

m Schrodinger eq.
BET €9 quantum number: JPC flavors, - - -

Hin,q) = Engln.q)  —o12..)

QCD Hamiltonian H|Q> =0 :vacuum

m Two-point function (Euclidean time)

lim Tr [OT( )0, (0 } Z] (0|0, (0)|n, g)|?eTEna

B—00



2200

(MeV)
Z 5 Ez = B

Hadron spectroscopy with MC

TEn,q

lim Tr {@;(T)@ } Z\ Q!O )n, q)|%e

B—00

2001 e
llllllllllllllllll
* = " = o)




Hadron spectroscopy with MC

(MeV)

lim Tr [(9 ()04 (0 } E (Q]O4(0)|n, g)[Pe™TFme
B—00
z::z:_h' S _l_ T T T T T T T T [_% Problems:
b "+ Need large time extent 8
1400 |- o N e - . .
L — LTl and time separation T
i e ] T f
o -
- - - * Need large statistics to
) _m\n | I L | L l | \ l l L - :‘ g‘z‘ extract higher eXCited States




How to get spectrum by TN?

m Hamiltonian formalism
—
m Lagrangian formalism
m Two-point function
m Large time extent and separation are easily realized

m nothing new! (just do it)

m Transfer matrix | We use here!

m No need to extrapolate time extent and separation



Transfer matrix
] T T T T _

O O O O O O O o
tr
C ) ( O ( Y ¢ )
( S 77 ¢ 9 T space
! ~’/ 1o _,_
S S I
time

(TW = e “la) for a =0, 172...)

TH€_H =  Wq HEn,q



Transfer matrix

tr

T T T T

But, the size of the transfer
matrix increases exponentially
with the volume of the system

O O O O O O O @)
(\ f) (\ f) (\ f) (\ f)
O O O O O O O @)
C O O O O O O O space
! AR _! _I/ 1o _I-

s s I

time
— W
(Tla) = e “|a) for a =0,1,2---)
—H

T < e = Wy & By g




Transfer matrix + Tensor network

T tensor network rep.

coarse-graining -
- %% = Ue_“"“ Ut

Get spectrum!

|
!
ST T T T




Spectroscopy for 1+1dim Ising

T=244>T. L=64 x=80 _

N (R Quantum number g = 1 is

0454 ® a=-1 o determined by selection rule

(Qsla) #0 = qo = —1

0.404

0.35 4

0.304

0.25 4

0.204

0.154

1 2 3 4 5 6 7T 8 % 1011121314 1516 17 18 19 20



Spectroscopy for 1+1dim Ising

T=244>T. L =64 X = 80
0.50
& g=+1 p=8n/L
0.45 4 4 .
e & & @
0.40 4 » = /L .@
0.35 - f :
= @-‘ s 8 @
% 0304
3 .
0.25 - T T T T O R
@-VP: dx L
0.20 -
0.15 - ED_>I"'=ET""'.‘{r
Or p-0
.10 —mw—m——————F—+——F—

1 2 3 4 5 6 7T 8 % 1011121314 1516 17 18 19 20
a

lattice: w(p) = cosh™ (1 — cos p + coshm)

continuum: w(p) = vm? + p?

Quantum number g = 1 is
determined by selection rule

(Qsla) #0 = qo = —1

The momentum is also
determined by selection rule

0.6 1 —— dispersion relation
® hotrg
continuum
0.5
0.4
3
0.3
0.2 7 d q=— 1
- g ’
—

0.0 0.1 0.2 0.3 0.4 0.5 0.6



Scattering phase shift

T=244>T. L=64 x=80 _

0.50

0451 & g=-1 *

0.40 4 @
™

0.35 4

‘e PO first excited state

£, 0301
0.25- : N

zero total momentum 2-particle state
ground state

0,20+

0.15 4

1 2 3 4 5 6 7T 8 % 1011121314 1516 17 18 19 20
a



]

MI""'r'i‘ 1

T =244 > T,

0.50

0.45

0.40 4

0.35 4

0.30 4

0.25 4

0,20+

0.15 4

L =64

X = 80

O

first excited state

'"'TE RN N

Scattering phase shift

. Get relative momentum from
2-particle energy

w=2\/k2+m2
r'd

relative momentum

1-particle rest mass

Luescher’s formula for 2dim

zero total momentum 2-particle state

ground state

1 2 3 4 5 6 7T 8 % 1011121314 1516 17 18 19 20

a

Elastic region
2m < w < 4m

2

Gattringer+Lang 1993

51511‘1@; -

-1.40

—1.45

'5 —1.50

—1.55 1

«—

-1.60

i26(k) _ —ikL
[ ™ = £

phase shift

Luescher+Wolff 1990

—— -n/2
e elastic
o inelastic

16y
Elastic R
— ]
Inelastic
° 8p
320 l-'F'I.I 32[ ©
Gdp 64y
0 1 3 3



Entanglement Entropy with TN

will appear in arXiv soon

HRHRE
MNE X (BHEFBK)
B =X (BHaFRX)
BiggX (£RX)



What and Why EE?

Def : measure of quantum correlation between two

subsystems A and B L
Sa = —Trapalogpa B | A
PA — ﬂBﬁA—l—B timeT_) —

space E

Quantum information
A key quantity to understand BH

EE can also be used as “order parameter” to study
guantum phase transition



Monte Carlo study

m 3+1dim pure SU(3) gauge theory

m Order parameter of confinement

m 1+1, 2+1dim Ising

m Computation of c-function

Renyi Entropy

replica trick

Difficulties in MC

S =

n —> 1
1

T n_ 8
1 —n A(,OA) A

e extrapolationn — 1 OK?
* Torealize zero temperature, one needs large Euclidean time

parp — [0)(0]  for T — 0



(previous) Tensor network study

EE can be directly computed without relying on replica method

m TN representation of p,

Tensor network rep. of -—
Transfer matrix =— (_|_|_|_|_|_|_)
time 4[

space



(previous) Tensor network study

EE can be directly computed without relying on replica method

m TN representation of p,
B

Coarse-grained Transfer matrix =— C |

time 4t |

space

-1 >



(previous) Tensor network study

EE can be directly computed without relying on replica method

B A
m TN representation of p,

pile up

J U U VUV

PA+B =~

time

r)f\f\f\f\
<

space



(previous) Tensor network study

EE can be directly computed without relying on replica method

TI'__i_'g

m TN representation of py A

J U U VUV

(p}l)n?n" — TI'B;OA—{—B ~

time

r)ﬂf\f\f\
C

space T



(previous) Tensor network study

EE can be directly computed without relying on replica method

: Irg
m TN representation of p, N
C D)
C D)
(p}l)n?n" — TI'B;OA—{—B ~ C D
C D)
v

= Sa=-Trapalogpam—) Nlogk



(previous) Tensor network study

EE can be directly computed without relying on replica method

TI'__i_'g

) n
m TN representation of p, N
C D)
C D)
(p}l)n?n" — T&'B;@A—{—B ~ C D
C D)
\J n'
= Sa=-Trapalogpam—) Nlogk
m 1+1dim O(3)
o ﬂ:, for off-critical y central charge
L c
///c (/ ] SA = — l{:}g£ &-—1 oc IEH—E’?:,&
//y '(,/ !3!
L correlation length

= ¢=1.97(9)



(Our) Tensor network study(

Entanglement Entropy: S

B T, s
il - by
i

" L L L M L L L i
2.2600 2.2625 2.2650 2.2675 2.2700 22725 22750 2.2775 2.2800

T

S, — :x:{ logé for T # T.

c
3 logl forT =1,

0.5

0.4

c-function: c

=]
[¥]

0.1

0.0

=
i

1+1D Ising\
Y = 96
c=3—— fL=1/2

5(1{}5 L) \time/space=16/

2.2600 2.2625 2.2650 22675 2.2700 2.2725 2.2750 2.2775 2.2800
T

- T=Tc < L=256 —+— L=1024
—— L=128 = L=512

Transition point and value of central charge can be precisely estimated



Summary

Tensor network is free of sign problem

For Lagrangian approach, key point of coarse-graining scheme
is information compression based on singular value
decomposition

Improvement of coarse-graining algorithm is essentially
important and currently developing

4D system with simple d.o.f. is now feasible, but the road to
lattice QCD is still long

As topical topics, we demonstrate the spectroscopy and
computation of EE by TRG method

TN can explore areas where MC cannot



Backup



CO a rse—g ra i n i n g Tensor renormalization group (TRG)




CO a rse—g ra i n i n g Tensor renormalization group (TRG)

I, \\
O—0—0
\\ /l
o——0—0
\ Bond dimension
1<4,7,... < x

k + i & ik



CO a rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

1<i,j,...<x Y2 X x* matrix

/
& Tijre = Mgy




CO a rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

M e CX xxX°

/ Singular Value Decomposition(SVD) \
Mab — Z Uamo-m(VT)mb

m

unitary matrix
01 Z 09 Z Z 0

\ : singular value (non-negative) /

& Tijre = Mgy




CO a rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

2 2
M € CX *X°" = TN s sign-problem-free

/ Singular Value Decomposition(SVD) \
Mab — Z Uamo-m(VT)mb
=N

unitary matrix

O——0—0
01 Z 09 Z Z 0
\_ : singular value (non-negative) )

Uvo

f S Tijr _M(’Lj)(kl)

i SVD
ve Z U(m)mamv (k1)

m=1




CO a rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

2 2
M € CX *X°" = TN s sign-problem-free

/ Singular Value Decomposition(SVD) \
Mab — Z Uamo-m(VT)mb

m

unitary matrix
01 Z 09 Z Z 0

\ : singular value (non-negative) /

RS f & Tijrr = My

truncation % ;
~ UtijymTm V., k)

m=1

[ truncation of SVD = information compression ]




Image compression

|Uam| S 1

200 x 320 pixels B&W photograph
=200 x 320 real matrix > My, = Z UG (V1) ms

Om /

i i i i i i i i i
20 40 60 80 100 120 140 160 180 200

numbering m

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT



i i i i i i i i i
20 40 60 80 100 120 140 160 180 200

numbering m

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT



CO a rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)
’
o ‘e o .,
‘. .0 0. .
* . o .,
., . K
o—0—0—0
o Of %o
Q
-O—O0—O—0-
., . K
O—O0—O0—©
., LR

f \ truncated SVD
‘ f




CO a rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)
"“0 ...“ “.‘0 ¢‘.‘
-O—O—e—0" SVD
-O—O—O0—0-
-0—0—0—0"

f \ truncated SVD
‘ f




CO a rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

f \ truncated SVD
‘ f




CO a rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

O—O0—O0—0

>—6—6—06 SVD contract
O—O0—O0—O0 ‘ -
O—O0—O0—0O

contraction

\ / renormalization!




CO a rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

O—O0—O0—0

| S G ¢ SVD contract
O—O0—O0—0O ‘ -
O—O0—O0—O

rescale rotation

Repeating this cycle,
one can attain large volume




Road to lattice QCD

m 4-dimensional space-time

m Efficient coarse-graining scheme even for higher
dimensional system

m Color

m “Armillary sphere”

m Flavor



Tensor network rep. of £

depends on property of field and interaction

m Scalar field (non-compact)
m Orthonormal basis expansion

m Gauss Hermite quadrature

m Gauge field (compact : SU(N), CP(N) etc.)

m Character expansion : maintain symmetry, better convergence

m Fermion field (Dirac/Majorana)

m Grassmann number 62=0 -> finite sum 1

e =1+¢0=> (40)"

In principle, we can treat any fields —
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MEATVIL =EME B >0
1 0 0 tanh 3 | 1 0 0 0 1%
T 0 tanh 5 tanh 3 0 |0 o000 N\
- 0 tanh3 tanhg 0 0 0 0 0 St = 0
| tanh3 0 0 (tanh 3)? | 00 0 0
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Hierarchy of singular value

2D Ising model D =32 j' T
10 ' ' T=1.70 L=32 e
Lk T=170 [=1024  ===-n-- i k=g
40 T, T=2.27 L=32 -
LT T=2.27 L=1024  -=-----
10 ey //\, T=2.70 [=32 . [
I e 7 T=2.70 L=1024  -=-=---

10 Ot N ] o — . :
P B e N \ Tt = D W(kjymOmUm (i)
;E 10 B " ‘\.__‘ BN m

104 | /1'.‘l “ 1, — 9#RG step

105 | T<T. . i}

o | NN . T. = 2/[n(1+v2)]

107 ' S Y . = 2.269...

0 20 40 60 80 100
m
e Off criticality: good hierarchy (small .S) o _
. like critical slowing

Near criticality: hierarchy gets worse (large \S)

down in MC

Tensor network renormalization (TNR)

can help the situation



Renormalization group

/) = RO

S : spins
Z = Z e PH
{s}

Block spin transf., Migdal-Kadanoff RG

Z KO

H = ZKO —>H’

K' = Ry (K)
K* =Rk (K™) :fixed point

Qget : critical exponent etc /

TRG

/ Tijr1(K)

1,7, k, [ :indexes

Z HTijk:l"'

i3.k,L,...

N

SVD + contraction

R
Z HTz’jkzl"'_>

i3k, ...

> 1T

i3, kL,

T = Rp(T)
T = R (T™) :fixed point tensor

k’carget : partition function etc /




F int of vi f MC
rom point of view o Space of theory

From point of view of TN

Entanglement problem

No sign problem

No entanglement problem

Is there a region where any method cannot access ?

Is entanglement problem NP-hard ?



SVD

For simplicity

4

rank-k m X nreal matrix A(m=>n2=k)is given by

A=UAVT  (uisvo)

U : m X morthonormal matrix : U=(uy, U,,..., U,,), UTU=UUT=1_
V : n X northonormal matrix : V=(vy, V,,..., V), VIV=VVT=I
A :m X ndiagonal matrix: A=diag(oy, 05,..., ;)

where 6,2 0,2... 20, > 0,,1=...=0,=0)

k
. 2 : T " :
A — o1uy Ul Decomposition using rank-1 tensor
[=1



Low-rank approximation

B 01 (<k) LTI RTOITIHIDH T, 3—
TykDITH AT B&ZREELNITH X (L2

min A — X
XeR™mXn rank(X)<r

p [EIEWL =72 X /)L L ||A-X| | DA Ex /D

VIE=> )Y vi=t YY) pgpco/nosss
i=1 j=1

n BRI xEE00]4T511E 2



Best approximation of A ?

k
A= E O'lulUlT A p—
=1

truncated at r

.
B = E oV} B —
=1




Proof of Eckart & Young theorem

UM (<k) DITHXEEZ. ||AX||E&/METHIEKL

UUt = Im]

A= X||g =tr [(A-X)(A-X)"] [
— tr [UUT (A~ X)VVT(A— X)T] D Vvt =1,

=tr [U"(A-X)V(U"(A—X)V)'] [

=t [A-G)A-G)T]

A=U"AV
G=U'"XV

k n
=) (oi—ga)’+ Y ga+ > g
1 =1

i=k+1 i ]

GEXDFEEIXRL



Proof of Eckart & Young theorem

UM (<k) DITHXEEZ. ||AX||E&/METHIEKL

|A - X||§ = tr
= tr
= tr

= tr

k n
= Z(Ui — gi)” + Z g5 + Z%‘Qj
i=1

(A-X)(A-X)"] [
UUT(A - X)VVT(A—-X)T] D Vvt =1,

U"(A-X)VU"(A-X)V)']

UUt = Im]

G=U'"XV
GEXDFEEIXRL

[A:UTAV]

A-G)A-G)T]

i=k+1 i ]

291 T ||AX||rZ&R/MET B G (X, g;=0; (i=1,...r) USNDERITTATEA

G:diag(0-170-27'°'7OT707"'7O) » X:UGVT :Zglu’lvlT
[=1



Tensor network rep. for 2D Ising

=> 11 epBs.sy)

{S} <$ay>

) e.g. 2D Ising model

zZ = ZGXP<Z B54:8y

(s} <z,y>

Nearest Neighbor

- |



Tensor network rep. for 2D Ising

e.g. 2D Ising model

Z = Zexp( Z ﬁsx5y> :Z H exp(3s4Sy)

{s} <z,y> {5} <z,y>

1
= (coshB)?V > " [] D (528, tanh )’ V = # of lattice sites

{s} <x,y> iyy=0

exp(Bsysy) = cosh(Bsys,) + sinh(Bsys,) s, = +1
= cosh 3+ s;s,sinh 8
= cosh 3(1 + sgs, tanh 3)

1
= coshpf Z (525, tanh 3)'=v

o < /

new d.o.f.

bond variable



Tensor network rep. for 2D Ising

e.g. 2D Ising model
Z = Zexp( Z ﬁsx5y> :Z H exp(3s4Sy)
{s} <z,y> {s} <z,y>
= (cosh ) QVZ H Z 525y tanh (3)%

{}<:13y>

= (cosh ) 2VZZ H (sz+/tanh 3 - s,4/tanh 3)"=v

{i} {s} <z.y>




Tensor network rep. for 2D Ising

e.g. 2D Ising model

Z = Zexp( Z ﬁsx8y> :Z H exp(3szsy)

<z, y> {s} <z,y>

= (cosh ) 2VZ H Z sxsytanhﬁ

{s} <x,y> iyy=0

= (coshf 2VZZ H (sz+/tanh 3 - s,4/tanh 3)"=v

{i} {s} <=y>

»
lattice
point




Tensor network rep. for 2D Ising

) e.g. 2D Ising model

Z H exp(3szsy)

}<a:y>

Z = Z@@(Z B82Sy

<z, y>

= (cosh ) 2VZ H Z sxsytanhﬁz”

{s} <x,y> iyy=0

= (coshf 2VZZ —[ (sz+/tanh 3 - s,4/tanh 3)"=v

{i} {s} <my>

= (cosh B 37> [T (su/tanh )= (s /tanh §)' (s0-y/tanth §)=* (s0-v/tanh §)

{i} {s} =
{i} {s} =
— h 2V t h Zmy+imz+iww+ixv 1xy+zwz+zmw+zmv . .
(cosh 3) {2}:1;[ o 8218@“ summation is done
= (cosh B)*" ) [ ]((v/tanh g)iev*ies e tiov 26 (mod iy + ias + iew + iav, 2))
{i} =

Y new d.o.f. : index of tensor



Tensor network rep. for 2D Ising

Z =2"(cosh 3)*"

.t,7,k,l,m,n,o,..

e.g. 2D Ising model

T Tijlemnio T

Tijre = (\/tanh B) 7754 §(mod (i + j + k +1),2)

Tooo0o
To100
T1000
| T1100

Tooo1
To101
T1001
T1101

Too10
To110
Tho10
Th110

Tho11

To111
T1011

Ti111 |

| tanh

0 0 tanh 3
tanh 6 tanh 0
tanh 6 tanh 0

0 0 (tanh 3)* |

size and elements of tensor depend on a model



(previous) Tensor network study

EE can be directly computed without relying on replica method

m TN representation of py, S
(PH){HAL{H}&} — :/‘//TA : B%\

IHI\' 1I iﬂlfl" :I
= SA = —T‘I'ﬂdqlﬂgﬂdq = —Zkllﬂg}kt . U

for off-critical
/, central charge

m 1+1dim O(3)

C
///_//Q’/.// ': SA — E ]_Dg g ‘E—l e IEE:—ETI,H'

e | correlation length
— =

= ¢=1.97(9)
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@ ¢ w entanglement entropy
© ¢ w Renyi entropy
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Figure 3: N; dependence of entanglement entropy at 3 = 1.5. The bond dimension is

Figure 11: n dependence of central charge ¢ obtained from nth-ordr Rényi (open) and
Dcut = 130.

entanglement (closed) entropies. Solid line denotes ¢ = 2 to guide your eyes.



	Slide 1: テンソルネットワークの進展
	Slide 2: Contents
	Slide 3: Contents
	Slide 4: Contents
	Slide 5: Why tensor networks?
	Slide 6: Why tensor networks?
	Slide 7: Notational rules
	Slide 8: Notational rules
	Slide 9: Contraction (summation) rule
	Slide 10: Contraction (summation) rule
	Slide 11: What’s tensor network?
	Slide 12: What’s tensor network?
	Slide 13: Two approaches in TN
	Slide 14: Working flow of Lagrangian approach
	Slide 15: Working flow of Lagrangian approach
	Slide 16: Working flow of Lagrangian approach
	Slide 17: Working flow of Lagrangian approach
	Slide 18: Coarse-graining
	Slide 19: Progress of coarse-graining algorithm
	Slide 20: Studies of Lagrangian approach
	Slide 21: Spectroscopy using TRG method
	Slide 22: Energy spectrum
	Slide 23: Hadron spectroscopy with MC
	Slide 24: Hadron spectroscopy with MC
	Slide 25: How to get spectrum by TN?
	Slide 26: Transfer matrix + Tensor network
	Slide 27: Transfer matrix + Tensor network
	Slide 28: Transfer matrix + Tensor network
	Slide 29: Spectroscopy for 1+1dim Ising
	Slide 30: Spectroscopy for 1+1dim Ising
	Slide 31: Scattering phase shift
	Slide 32: Scattering phase shift
	Slide 33: Entanglement Entropy with TN
	Slide 34: What and Why EE?
	Slide 35: Monte Carlo study
	Slide 36: (previous) Tensor network study
	Slide 37: (previous) Tensor network study
	Slide 38: (previous) Tensor network study
	Slide 39: (previous) Tensor network study
	Slide 40: (previous) Tensor network study
	Slide 41: (previous) Tensor network study
	Slide 42: (Our) Tensor network study
	Slide 43: Summary
	Slide 44: Backup
	Slide 45: Coarse-graining
	Slide 46: Coarse-graining
	Slide 47: Coarse-graining
	Slide 48: Coarse-graining
	Slide 49: Coarse-graining
	Slide 50: Coarse-graining
	Slide 51: Image compression
	Slide 52: Image compression
	Slide 53: Coarse-graining
	Slide 54: Coarse-graining
	Slide 55: Coarse-graining
	Slide 56: Coarse-graining
	Slide 57: Coarse-graining
	Slide 58: Road to lattice QCD
	Slide 59: Tensor network rep. of Z
	Slide 60: テンソルのフロー
	Slide 61: 高温相の自明な固定点テンソル
	Slide 62: 低温相の自明な固定点テンソル
	Slide 63: 臨界温度の非自明な 固定点テンソルは？
	Slide 64: MC法とTN法(TRG)の比較
	Slide 65: Hierarchy of singular value
	Slide 66
	Slide 67
	Slide 68: SVD
	Slide 69: Low-rank approximation
	Slide 70: Best approximation of A ?
	Slide 71: Proof of Eckart & Young theorem
	Slide 72: Proof of Eckart & Young theorem
	Slide 73: Tensor network rep. for 2D Ising
	Slide 74: Tensor network rep. for 2D Ising
	Slide 75: Tensor network rep. for 2D Ising
	Slide 76: Tensor network rep. for 2D Ising
	Slide 77: Tensor network rep. for 2D Ising
	Slide 78: Tensor network rep. for 2D Ising
	Slide 79: (previous) Tensor network study
	Slide 80: Kuramashi+Luo 2023

