FRNFYIEZOER 2024 @EH 2024. 8. 22.

Grassmann Tensor Renormalization Group for
Ny = 2 Schwinger model with a 6 term

%E% ﬁE\LA (Hayato Kanno)

RIKEN Nishina Center, RIKEN BNL Research Center

.

Based on the work with
ol E—ER (GRIEKR),
£ BREE (BRIK),

HH Bi#% (&RX)
(in preparation)




FRNFYIEZOER 2024 @EH 2024. 8. 22.

Grassmann Tensor Renormalization Group for
Ny = 2 Schwinger model with a 6 term

%E% ﬁE\LA (Hayato Kanno)

RIKEN Nishina Center, RIKEN BNL Research Center

.

Based on the work with
ol E—ER (GRIEKR),
£ BREE (BRIK),

HH Bi#% (&RX)
(in preparation)




Motivation in the phenomenology

What is an axion potential?

?
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Motivation in the phenomenology

What is an axion potential?

V(¢) = cos(N¢)
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Motivation in the phenomenology

What is a axion potential?
+ 21Tk
g.) V(¢) = min cos ((p )
k N ¢

(Np: # of flavor)
Only valid for small quark mass m < Agcp
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Motivation in the phenomenology

How can we derive it (from QCD)?
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Motivation in the phenomenology

How can we derive it (from QCD)?

|

For finite quark mass,
Numerical calculation

by (or other tensor network methods)
IS iImportant!

Introduction (3/8) Schwinger (2) TRG (2) Results (6) Conclusion (1)




Short summary

B=1,D=100,K=18,Bm3=0.25

We numerically calculate ., - ox
the axion potentia oazs| X xx
of Nr = 2 Schwinger - %
m O d e | 0.050 x"x xxx | xxx
by TRG. R o
0.000 | >0r>< | ,vlv\
-1.0 -0.5 0.0 09;)’_[ 1.0 1.5 2.0
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What is a 8 term?

What is a 6 term? Jvs :/DA o5 5 3 int
« A topological term in 4d QCD or Yang-Mills theory. n
« Related to the instanton number.

Strong CP problem

« QCD in our world, 8 < 10719, (from neutron EDM
experiments)

« Why is it too small? ( )
pon vy

« Axion = scalar field which couples to the QCD like 6.

« Candidate for a dark matter

« Axion potential = N/ NS/ NS
(6 = 0 (mod 2m) is the stable point) oren g o
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Axion potential

Natural inflation

« Axion = inflaton? (Natural inflation)
e Can this model be favored?
« Depending on the potential shape.

« Axion potential =

« Axion = field version of the 6 parameter -3n -2n -
* Free energy = axion vacuum potential

free energy

D o
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Axion potential

Natural inflation

« Axion = inflaton? (Natural inflation)
e Can this model be favored?
« Depending on the potential shape.

« Axion potential =

« Axion = field version of the 6 parameter -3n -2n -
* Free energy = axion vacuum potential

free energy

D o

—>

* Free energy of QCD in finite 6 region is

« How can we derive it?
e (i) By hands (with some approximations)
e (ii) By numerical calculations
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Known facts for the free energy (i) By hands
SU(N.) QCD with N > 2 flavors

quark mass m
i (0]

@
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(i) By hands

Known facts for the free energy

SU(N.) QCD with N > 2 flavors

quark mass m

O
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Known facts for the free energy (i) By hands

SU(N.) QCD with N > 2 flavors .
Lark mass m ( SU(N,) Yang-Mills theory ) o

: @ 0 dependence: known for large N, v

o0 @ _ Freeenergy « 02 ) é

-3m -2n -m O m It

2n 3
6
-3r -2m -m 0 m 2m 3m

6
Schwinger (2) TRG (2) Results (6) Conclusion (1)

f QCD with mass perturbation A

@ 0 dependence: known for small m
Free energy « cos(6/Ny)

0 N

)

free energy
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Known facts for the free energy (i) By hands
SU(N.) QCD with N > 2 flavors

4 )

SU(N,) Yang-Mills theory

quark mass m (1) 6 dependence: known for large N,

2 NN NN
00 ﬂ L Free energy «< 6 ).
Intermediate mass g/ X
(3) 6 dependence: unknown o
@ Numerical calculation is needed b
f QCD with mass perturbation A W

@ 0 dependence: known for small m -3n -2nm -nm 8 T 2m 3m
Free energy « cos(6/Ny)

0 N Y,
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Known facts for the free energy
SU(N.) QCD with N > 2 flavors

quark mass m
i (0)

@
e

Introduction (7/8)

4 )

SU(N,) Yang-Mills theory
@ 0 dependence: known for large N,

Free energy « 02

N Y,
Intermediate mass
@ 0 dependence: unknown
Numerical calculation is needed
<

f QCD with mass perturbation
@ 0 dependence: known for small m

N Free energy « cos(6/Ny)

)
N

[@ Massless QCD, chiral symmetry
"~ No 6 dependence (U(1)4 anomaly) |

(i) By hands

free energy

-3m -2n -m O m

free energy

W
\/

m

-3n -2n -m 0 m2n

o
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How to calculate QCD with the 6 term .2 "umerea

Monte Carlo method: Zy m =/DA oS 5y eind

« With finite 9, the partition function includes imaginary part.
— The Monte Carlo simulation does not work well.

 There are some studies by the Monte Carlo.
e.g.) 4d SU(2) YM theory

« But, 6 = w point is tough...

methods do not have the sign problem!
It is hard to use tensor network methods for 4d QCD.

« However, tensor networks work well for 2d theories.

— We calculate the (2d toy model of the QCD) by tensor
renormalization group (TRG).
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3. TRG (2)
e TRG
« Lattice action

4. Results (6)
« 27 periodicity
e Large mass limit
 Small mass limit

2. Schwinger model (2) - Intermediate mass
 What is the Schwinger model?
« What we want to calculate 5. Conclusion (1)
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What is the Schwinger model? (scwinger 1962 coloman 1976, -

Schwinger model =

; 1 [y, _ _ _
2 LV LV N P iy A " 2/ 1/l
S = / d Q’{J;qz F,,F" + = —c"F,, + iy (0, +1A4,)0 + mbo}

 U(1) gauge theory + (fundamental) fermions (2dim u(1) gauge theory has a strong coupling.)
For N = 2 case,
« Bosonization — pion theory

« In the massless point, SU(Nf)1 WZW model in the IR limit

T,
« First order phase transition @9 =« Ist-order
phase transition
u L \
— How much does the vacuum structure similar? A

gapless
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What is the Schwinger model? (scwinger 1962 coloman 1976, -

Schwinger model =

‘ 1 ig - - -
2 . L/ L1/ o2 ~ I o . Al . nlvaly

 U(1) gauge theory + (fundamental) fermions (2dim u(1) gauge theory has a strong coupling.)

For N = 2 case, This 8 = m line
« Bosonization — pion theory can be J_[he axion
« In the massless point, SU(Nf)1 WZW model in the IR limit frriomam wall
* First order phase transition @8 =« Ist-order
phase transition
— How much does the vacuum structure similar? 7 \W D

gapless
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What we want to calculate

N = 2 Schwinger model

fermion mass m
o A (6}

@
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What we want to calculate

N = 2 Schwinger model V = J d*x (volume)
4 N
fermion mass m @ Ul(l)Zl\glaxvveII tTeory >
— Og2 ( ) :mln—2(9—27rn)2 GCJ
> @ = ) &
Q
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What we want to calculate

Nf = 7 Schwinger model V = [ d%x (volume), y = 0.577 ... (Euler constant)
farmi f U(1) Maxwell theory A
ermion Mmass m @ log Z(6) 1

05 — min — (0 — 27n)”

42 n Q2

free energy

f Mass perturbation 2 A >
@ U mr}n{(e’?f)g 323 (7;”*_22) cos' (9—22m>} ! \/ v
0 NG /Elé
-3n —-2mn -n nm 2m 31
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What we want to calculate

Nf = 7 Schwinger model V = [ d%x (volume), y = 0.577 ... (Euler constant)
farmi f U(1) Maxwell theory A
ermion Mmass m @
log Z(60) 1 5 |
oy mﬂ}n = (0 — 27n)
1@ |

free energy

Intermediate mass
@ 0 dependence: unknown

) ) ) -3mr -2 -n 0 m 2m 3m
@ Numerical calculation is needed 6
4 : N\
Mass perturbation >
O dependence: unknowwn o
Numerical calculation is needed %
0 - J ¢

—-3m -2m -n 3
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What we want to calculate

N = 2 Schwinger model

fermion mass m
8 ()

@
e

Introduction (8)

V= [d?*x

-

\_

@ U(1) Maxwell theory A
_log Z(0) L 2
2V mﬂ}n - (0 — 27n) )

Intermediate mass

@ 0 dependence: unknown

Numerical calculation is needed

-

. I
Mass perturbation
O dependence: unknowwn
Numerical calculation is needed
J
N

-

e
@

.

Massless, chiral symmetry su@), wzw model

No 6 dependence (U(1), anomaly)

J

Schwinger (2/2)

TRG (2)

Results (6)

(volume), y = 0.577 ...

free energy

free energy

—3n —-2n -n n

(Euler constant)
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TRG

Tensor Renormalization Group

Results (6) Conclusion (1)
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T RG [Levin, Nave 2007]

Real space renormalization for one initial tensor
 From the translation invariance, we just focus on single tensor.

e Singular value decomposition (SVD)
* Finite cut off for singular values : bond dimension
« Approximation for TRG.

« Grassmann-TRG
 Fermion has less d.o.f. by Grassmann path integral.

) L E B D

Results (6) Conclusion (1)
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T RG [Levin, Nave 2007]

Real space renormalization for one initial tensor
 From the translation invariance, we just focus on single tensor.

e Singular value decomposition (SVD)
* Finite cut off for singular values :
« Approximation for TRG.

« Grassmann-TRG
 Fermion has less d.o.f. by Grassmann path integral.
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Lattice action for Schwinger model

5 = Z[ Beos(Ay(n)) = 5 Apln) + 3 [} (XU, (0)x(1-+ ) = X0+ DULIX()} + mox(mx(o)]|

U, = el4u: link variable

Staggered fermion (y) n. =1, n, = (—1)™: staggered phase
« 2d one staggered fermion < 2-flavor Dirac fermion

Gauge field (4,)
* log U, type 6 term (21 periodicity of 9 is realized.) Ay(n) = —ilog Uy (n)

Results (6) Conclusion (1)
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Lattice action for Schwinger model
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U, = el4u: link variable

Staggered fermion (y) n. =1, n, = (—1)™: staggered phase
« 2d one staggered fermion < 2-flavor Dirac fermion

Gauge field (4,)

* log U, type 6 term (27 periodicity of 6 is realized.) Ay(n) = —ilog Uy (n)

 We use to discretize gauge field.
(TRG for 2dim Maxwell with the 8 term) Ay, € U(1) — K points
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Lattice action for Schwinger model

5 =3 | - peoslay(a) ~ 1 Apln) 4 [Tt ) 30+ UL} o)

U, = el4u: link variable

Staggered fermion (y) n. =1, n, = (—1)™: staggered phase
« 2d one staggered fermion < 2-flavor Dirac fermion

Gauge field (4,)

* log U, type 6 term (27 periodicity of 6 is realized.) Ay(n) = —ilog Uy (n)

 We use to discretize gauge field.
(TRG for 2dim Maxwell with the 8 term) Ay, € U(1) — K points

Continuum limit: § — oo, w/ Bmgy and B/L? fixed
D —> oo, K>

Parameters of this study
e =4 (=1/a%g?, (8, mo)(mo = ma, we search for these parameters.)
e D = 120 (bond dimension), K = 25, L* = 232 (12 = v /a?, we take large volume limit)

TRG (2/2) Results (6) Conclusion (1)

Introduction (8) Schwinger (2)




Lattice action for Schwinger model

=3 [ {B)ost) — 57 o) + 5 [ (KT ) 560+ U0} + o]
i U, = e*4u: link variable
Staggered fermion (y) n: =1, n, = (—1)™: staggered phase

« 2d one staggered fermion < 2-flavor Dirac fermion
Gauge field (4,)

* log U, type 6 term (21 periodicity of 9 is realized.) Ay(n) = —ilog Uy (n)
 We use to discretize gauge field.
(TRG for 2dim Maxwell with the 6 term) A4, € U(1) — K points

Continuum limit: § — oo, w/ Bmgy and B/L? fixed
D —> oo, K>

Parameters of this study
=4 (g =1/a2g?), (8, mo)(mo = ma, we search for these parameters.)
e D = 120 (bond dimension), K = 25, L* = 232 (12 = v /a?, we take large volume limit)
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Lattice action for Schwinger model

5= Z[ eos(Ay(n)) ~ 2 Ay(m) + 3 [} (XU, (m)x(n-+ ) = X0+ DU )x()} +ma(mx(o)]|
] U, = e'4u: link variable
Staggered fermion (y) n: =1, n, = (—1)™: staggered phase

« 2d one staggered fermion < 2-flavor Dirac fermion
Gauge field (4,)

* log U, type 6 term (21 periodicity of 9 is realized.) Ay(n) = —ilog Uy (n)
 We use to discretize gauge field.
(TRG for 2dim Maxwell with the 6 term) A4, € U(1) — K points

Continuum limit: § — oo, w/ Bmgy and B/L? fixed
D —> oo, K>

Parameters of this study
e =4 (=1/a%g?, (6, 1m,) (my = ma, we search for these parameters.)
e D = 120 (bond dimension), K = 25, L* = 232 (12 = v /a?, we take large volume limit)
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Lattice action for Schwinger model

5 =3 | - peoslay(a) ~ 1 Apln) 4 [Tt ) 30+ UL} o)

U, = el4u: link variable

Staggered fermion (y) n. =1, n, = (—1)™: staggered phase
« 2d one staggered fermion < 2-flavor Dirac fermion

Gauge field (4,)

* log U, type 6 term (27 periodicity of 6 is realized.) Ay(n) = —ilog Uy (n)

 We use to discretize gauge field.
(TRG for 2dim Maxwell with the  term) A4, € U(1) = K points

Parameters of this study Continuum fimit: £ — e, w/ fmo and f/L* fixed

* [ =4 =1/a%g?, (8, mo)(mo = ma, we search for these parameters.)
= 120 (bond dimension), K = 25, L? = 232 (12 = v /a?, we take large volume limit)
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Lattice action for Schwinger model

5 =3 | - peoslay(a) ~ 1 Apln) 4 [Tt ) 30+ UL} o)

U, = el4u: link variable

Staggered fermion (y) n. =1, n, = (—1)™: staggered phase
« 2d one staggered fermion < 2-flavor Dirac fermion

Gauge field (4,)

* log U, type 6 term (27 periodicity of 6 is realized.) Ay(n) = —ilog Uy (n)

 We use to discretize gauge field.
(TRG for 2dim Maxwell with the 8 term) Ay, € U(1) — K points

Continuum limit: § — oo, w/ Bmgy and B/L? fixed
D —> oo, K>

Parameters of this study
e =4 (=1/a%g?, (8, mo)(mo = ma, we search for these parameters.)
e D = 120 (bond dimension), K = 25, = 232 (12 = V/a?, we take )
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Results

Results (6) Conclusion (1)
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21 periodicity

What we calculate

H
_ (logz(6) logz(6=0)
- _{ 9 g }
log Z(0) log Z(6 = 0)
= _{'B LZ _'B LZ }

(Dimension-less free energy
density normalized at § = 0)

« We also check af /06

Results (1/6)
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21 periodicity

What we calculate

0.175
H
0.150
_ log Z(0) _logZ(H =0)
- { g%V gzv } 0.125
_ —{,8 logLZZ(H) _'BlogZEJH2 = O)} . 0100
_ _ 0.075
(Dimension-less free energy
density normalized at 8 = 0) o.050
« We also check af /06 0.025
* Plot for free energy density 0000

Vs 6

Introduction (8) Schwinger (2)

B=1,0=100,K=18,Bmg=0.25

X X|X

X X X X
X X X
X X X
X X X
X X X
X X X
X X X
X X X
X X
XX ><)( )(><
>S<X)()ﬂe()(x)e( >S(x)()ﬂg(L)(
~1.0 —0.5 0.0 0.5 1.0 1.5 2.0
e/n
TRG (2) Results (1/6) Conclusion (1)



. =4, = 10000
Ground state degeneracy in TRG s EoA BT 00
Y g=0
/j\ —
« We can calculate ground state (or vacuum) e < 6=0.99997
degeneracy in TRG s 6=1-0001n
g y : X < 6=1.001m
2.25 ¥
X' . (ZT‘L{ .TT‘U?“U-)Q _ (a)z T TB TB L>; X o
L ZT-uEd'TTulu.ﬂdrd B m ij g 200 e \:(:;@-\_/1\ S
e - =
(a) (b) 5175
)
« WWe checked at 6 = m for T, < <
large mass parameters. Y
: 1.25 x
* § =1+ 0.00017 shows a single vacuum! <
— is obvious! 100 Frrrrrrem

* In the following parts, we just focus on 6 € [0, 7]

Results (2/6)
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Large mass limit

] | | 3=4| | | B=4{ X
fermlon Mass m analytic(lattice) x"x analytic(lattice) K
0.147 « Bm2=10000 y < Bm2 =10000 X
o0 @ / 0.08 y
0.12 X X
X X><
X X
0.10 X X
| X 0.06 va
Xx m )(><
. 008 y = J
X t'l:-: 4
X e x)(
0.06 £ 0.04 ;
Vi X
X V4
0.04 X %
X Vo
0 . 0.02 X
. XXX
X X
0.00 | e £
0.00 =%
log Z(0) .1 0 _9-py2 00 02 04 06 08 10 00 02 04 06 08 1.0
T v T 2 (0 —2mn) o/n o/m
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Small mass limit (1)

: : B=4
_ @ mass|ess pOInt masszperturbatifn
fermion massm « There is a lattice artifact @ 0012f ppme ol
2 _ 0= y
o0 ﬁmo — O ( ) X :[prrﬁé=1u’4)—f(m0=0) fx >
. |t disappears in 8 — oo limit. 0010 X
0.008 ;f
Y— X
0.006 S
0.004 <+
0 “\'ii' 0.002 S
et g
0.000 { 200860000 ;
00 02 04 06 08 1.0
o/n

Results (4/6)
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Small mass limit (1)

_ @: maSSleSS pOint mass perturbgtTo4n
fermion massm .« There is a lattice artifact @ 0012 * f10ms = 2307
2 0~
0 pmg = 0. ( ) X ﬂﬁm§=10‘4)—f(m0=0)fxxﬁ(x
- |t disappears in f — oo limit. 0010 X
0.008 xxx
(2: small mass .- ;
> _4 0.006 5
« We calculate pm§ = 107*. E
@ (BI’OWH p|OtS) 0.004 _xx
0 4[: « We the lattice artifact
ﬁ@ from small mass results. 0:002 -
f(mo) = f (mq = 0) 000 | i s
Black plots 00 02 04 06 08 1.0
( P ) o/mn

Results (4/6) Conclusion (1)
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Small mass limit (2)

Check of the finite 5 effect ¢ InpB =4, we found discrepancy from the mass
perturbation.

fermion mass m : :
 Larger B calculations are required.

= min

ng 11 00 02 04 006 08 1.0

OO o
Results (5/6)

2

We analyze the Bmi =1 x 10-4 oo Bmi =1 x 104
Su btra Cted |OtS - mass perturbation - @ ' mass perturbation
P 0.0016{7 B =2.44140625 T v B =2.44140625 -
. xB=4 xB=4 oY
f(mg) — f(my = 0) +B=6.25 2 D xoT
X 78 0.0008 X
0.0014 v ¥
K = R 0"
T } Y g
v o Y %
S 0.0012 X I X s
Yx ++ o 0.0006 * \I';T(x o X
S X
£ 0.00101 | T £ e g
= 5 & X X
| 0-00087 | g | 0.0004
N * .
—_ Y;H‘ D ¥ X
& 0.0006 a D TQ?
t —_— \r>( v
o v 4
0 0.0004 f g 00002 X
2 5 |7 |
0.0002 - cd £
™ o000 3
log Z(6) s o1 (m2\® 4 [0 —2mn 000005 x >
— (e7)3 w7323 [ — | cos3 00 02 04 06 08 1.0

Introduction (8) Schwinger (2) TRG (2) Conclusion (1)




Intermediate mass

fermion mass m

0.12
CO

0.10

0.08

0.06

0.04

0.02

0.14 1

F=14 0.10
m=20 X '
xBm2=1x10"* =1
vBm§ =64 x10"* X
{4Bm§=4x 107" 0.08
<Bm3 =16 x 1072 5
x BmZ = 10000 NS
_{
x| 0.06
x| D
X« <
<L A E
_{
S 0.04
<SS
yx —(_{ Al‘l‘ﬂ
5
4 ff" Aﬁl‘ opr?TTY 0.02
)%X{_{ e adl
Y ’1:&. W‘T’l
0.00 4
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yBmi=64x10"1 X
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A
AL
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Conclusion

Nr = 2 Schwinger model in TRG

« Schwinger model : 2dim QED
« 4dim QCD-like theory (chiral sym, vacuum structure, ...)
is also similar.
« Good to calculate by TRG (Smaller d.o.f. than 4dim theory)

 We calculated 6 dependence of the free energy by Grassmann-TRG.
of 0 is obvious.
e Large mass region is consistent.
« Small mass region is not consistent enough. (finite g effect)
for the intermediate mass regime. (smoothly changed)

e Future directions

- Larger B calculations for small mass parameters (To check the consistency
with the mass perturbation.) — Larger D calculation is required!
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D, K dependence
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