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Flavor puzzle

Origin of flavor and CP : important issue in the SM
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Hierarchical structure of quarks/lepton masses
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—  Non-trivial flavor structure of quarks and leptons



“Traditional” flavor symmetry
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Abelian and/or non-Abelian symmetries
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Non-invertible symmetry

Many examples in 2D CFT

. E.PVerlinde (1988),
Ordlna ry Symmetry . G.W.Moore and N. Seiberg (1989),...

- Fusion rule of symmetry operator :

Ug,Ug, = Ug,g, d1,.92 €G

EX., U(l) . elelelez — el(81+82)



Non-invertible symmetry

Many examples in 2D CFT

. E.PVerlinde (1988),
Ordlna ry Symmetry . G.W.Moore and N. Seiberg (1989),...

- Fusion rule of symmetry operator :

Ug,Ug, = Ug,g, d1,.92 €G

EX., U(l) . elelelez — el(81+82)

Non-invertible symmetry :

- Fusion rule of symmetry operator :
EX., U61U62 — U91_|_32 + U91_92

Ug = %(eie + e~ exceptfor = 0,7



Short summary

6RItYang-Mills¥E2E% on T2 /Zy
[Z#& [T Bnon-invertible symmetries

- Fusion rules of Zy-invariant operators :

For TZ/ZZ, UllU/lz — Ull+12 + U/ll_lz

- Representations of chiral zero-modes

Chiral zero-modes will correspond to
3 generations of quarks/leptons
Non-invertible symmetries = flavor symmetries
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6D QED on RY3 x T4 with magnetic flux
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6D QED on RY3 x T4 with magnetic flux

L=—=FE  F™ 4+ i{9YIrmp,_ ¥

m,n = x”»yl»}’z
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- U(1) magnetic flux

FY13/2 = 2miM (M € Zso)



6D QED on R¥3 x T4 with magnetic flux

1 _
L=—=F, F™ 4 {Prmp g

4‘ m,n=x“,yl,y2
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- U(1) magnetic flux

E, y, = 2niM (M € Z)

- Index theorem

%f trF = M MA{E @) Zero-modes




6D QED on RY3 x T4 with magnetic flux

1 _
L=—=F, F™ 4 {Prmp g

4‘ m,n=x”,y1,y2

- Kaluza-Klein FE 7

Y(x,y) = x(0)P(y) + (KK modes)

- Dirac FZ 2=t (for zero-modes

m _ . Y (y)
o) =0 o= (L)
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6D QED on RY3 x T4 with magnetic flux

1 _
L=—=F, F™ 4 {Prmp g

4‘ m,n=x”,y1,y2

Wy) = ) /() () + (KK modes)
J

- Dirac FZ 2=t (for zero-modes

m _ . Y (y)
o) =0 o= (L)
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M1E D #E1E LT-zero modes on T4

D.Cremades, L.E.Ibanez, F.Marchesano (2004),
H. Abe, K.Choi, T.Kobayashi, H.Ohki (2009),
M.Berasaluce-Gonzalez, P.G.Camara, F.Marchesano, (2012)

V1

¢0,3 11)1'3 lp2,3

3 chiral zero-modes ~ 3 generations of quarks/leptons .,
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k=)

1 _
L= =2 B F™ 4 (0T (O — iqA) ¥

m,n = x”»}’p}’z

- Kaluza-Klein FE 7

P(x,y) = ) (P () + (KK modes)
J
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k=

1 _
L= =2 B F™ 4 (0T (O — iqA) ¥

m,n = x”»}’p}’z

W(x,y) = ) F Y () + (KK modes)

Ay (x,y) = <le (x)$1(y) + (KK modes)
Ay, (x,y) = ¢2(x) P, (y) + (KK modes)
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b=y

1 _
L = =5 FyunF™™ A{i%T" @ = 1947 ¥

m,n = x”»yp}’z

Wy) = ) @Y 5| KK modes)
Ay (x,y) = 010 p, (v) + (1 hdes)

Ay, (x,y) = @2 (x) P2 (y) + (Ki  pdes)
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U(N) Yang-Mills P27/ Z #h 5k a] BE

1 _
L= =2 EngF™ + (BT™ (3, — iqAp) ¥

m,n =x"y1,5;
- U(1) magnetic flux
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> (Maf beMc € Z)
- T=XIPEDKIL

U(N) = U(Ng) x U(Np) X U(N¢)
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Flavor symmetry of chiral matters on T2

H. Abe, K.Choi, T.Kobayashi, H.Ohki (2009),
M.Berasaluce-Gonzalez, P.G.Camara, F.Marchesano, (2012)

M =3 / /
V1
YO3 i3 23

Flavor symmetry :

M {E @ Chiral matters Y/ 'M& ANE Z 5% FiiE

Hy, =~ (ZM x 2 ) % 2

271l

Zy = e M diag(1,1, ...)
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Flavor symmetry of chiral matters on T2

Y2 H. Abe, K.Choi, T.Kobayashi, H.Ohki (2009),

M =3 / / M.Berasaluce-Gonzalez, P.G.Camara, F.Marchesano, (2012)

Flavor symmetry :

M {E @ Chiral matters Y/ M&E ANE Z DX FrtE

Y1 Hy, =~ (ZM x 2 ) % 2
3 1,3 ,
Y Y >3 "

Zy = e M diag(1,1, ...)

Under the discrete translations :

1 1
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1 . ]
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6 R ItYang-Mills¥2E% on T2 with magnetic fluxes
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Quantum mechanical system

D.Cremades, L.E.Ibanez, F.Marchesano (2004)
T.h.Abe, Y.Fujimoto, T.Kobayashi, T.Miura, K.Nishiwaki,
M. Sakamoto (2014)

- Hamiltonian
1 2
H=(-A4)*= <23—§F)7>
19, 0] = i6;; ij=1,2
BiSTOEFNY
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Quantum mechanical system

D.Cremades, L.E.Ibanez, F.Marchesano (2004)
T.h.Abe, Y.Fujimoto, T.Kobayashi, T.Miura, K.Nishiwaki,
M. Sakamoto (2014)

- Hamiltonian
1 2
H=(-A4)*= <I5—§F)7>
19, 0] = i6;; ij=1,2
WSt 0BT N

{ylt ny ﬁlt 132} = {?: p: TlJTZ}

. . ~ 1. W
Harmonic oscillator : H = E P2 + 3 Y2

|V,P|=i,|T,T,]| = 2miM , (others=0)
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Quantum mechanical system

D.Cremades, L.E.Ibanez, F.Marchesano (2004)
T.h.Abe, Y.Fujimoto, T.Kobayashi, T.Miura, K.Nishiwaki,
M. Sakamoto (2014)

- Hamiltonian
1 2
A=@-A)?= <13—5F37>
19:,0,] = i6;; ij=1.2
WisHhDEFHEF

{?1; yZ' ﬁl) p\Z} = {?: p: TlJTZ}

, _ ~ 1. W .
Harmonic oscillator :  H = 5 P2 + 5 Y2

|V,P|=i,|T,T,]| = 2miM , (others=0)

T,, T,1&. Hamitonian IR NG LMRTFE D, statesIZHIBE 5 2 5
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Quantum mechanical system

- REBENTFILIZ3 T BHIIR (~ BBEH =5 T SIEIREA)

e'Talyp) = 1)

Operators Ty, Ty I&. MABIDHERL 7= 5 [/ M) = ‘ﬁ) Z X5
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Quantum mechanical system
- LEENTRILIZHT T EFIR (~ KB =X T SRR
eTaly) = [)
Operators Ty, T, /. MIBOOMEL 2B [W) = |2) #55)

- We choose the eigenstate of T, for the state s.t.

eiT2|¢j,M> _ ezmjhbj,M)
Ti: T, ARAIQIMEIZHT S

momentum operator

i) = i o)
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Quantum mechanical system

- REENDRJLIZHT T BHIR (~ KEIETH =4 T BLE R
eTalyp) = 1)

Operators Ty, Ty 1F. MABD#HELR L /=K 52

M) = |L)EEs
- We choose the eigenstate of T, for the state s.t.

eiT2|¢j,M> _ ezmjhbj,M)
Ti: T, ARAIQIMEIZHT S
. - J A momentum operator
/M) = e~ o) p
For two-dimensional spinor,
E,=wn

Hlw/My=F jM n = 0 : zero modes
hb ) n|1/J ) n # 0 : KK modes

- Schrédinger eq.
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T2 /Zy orbifolds~L 5k

- Non-invertible symmetries



Orbifolding

2RI ZERHITBEREFY (v, =y, =0)D[E]Ex

Yy = Rgy Ry — (cos@ sin@)

sinf cos@

- In the operator formalism: Tih.Abe, Y.Fujimoto, TKobayashi, TMiura, K. Nishiwaki
M. Sakamoto (2014)

y — Up9U; = Ry
P - UgPU, = RoPp
H-H dueto [Rg,F] =0

(T, T} ISE S THRE SN B LERR M ILEIE

Qﬂ)

o (. 1 .. _
- UpToUg = (Rgea) (p - 5FTy>



Ex., Z, -twist

€1

ﬂ ZZ - twist

- BREMERTET SEEFT,,T,

7A11 — —T1 Tz N —Tz
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Non-invertible symmetry on T2 /Z, with magnetic flux

- 7, Mgaugeikt (leave all operators invariant under Z.) \k
2 DD Z,-invariant operators: < >

ﬁill) = el}ll’j\wl _I_ e_ial’f'l ’

ﬁZ(AZ) = ellz’fz _I_ e_iAZTZ



Non-invertible symmetry on T2 /Z, with magnetic flux

\

- Z, Mgaugeik (leave all operators invariant under Z,) \k
2 D Z,-invariant operators: < >

ﬁfll) = el)ll’j\wl _I_ e—i)ll’f"l ’

ﬁZ(AZ) = elAZTZ _I_ e_iAZTZ

- Fusion rule :

U\l()l)(’]\l()l) _ U\1(7L+/'l) n U\l(/'l—/'l)
U\Z(/l)ﬁz(l) _ U\2(7L+A) n U\Z()l—)l)

U(AZ)U(M) olP U(Al)U(/lz)

If e'? =1 : Abelian structure
e'P = —1 : Non-abelian structure 32



Non-invertible symmetry on T2 /Z, with magnetic flux

\

- Z, Mgaugeik (leave all operators invariant under Z,) \k
2 D Z,-invariant operators: < >

ﬁfll) = el)ll’j\wl _I_ e—i)ll’f"l ’

ﬁZ(AZ) = elAZTZ _I_ e_iAZTZ

- Representations of chiral matters:

/11:/12 :1/M

U, [Wy™ = |y 70" 4 gy, =M

U, [py;™ =2 cos (2 ) )M

7, -even state : [p)M = (|¢)1M + |yY)” ]M)



Non-invertible symmetry on T2 /Z, with magnetic flux

- M=2 Z, -even state : [p)." = %(ll/J)j'M + [y M

B . )22 0 1)/(1¥y?
A=1/2 : * '
/ U; : (lx/»i'z)_’ 2(1 o) (w»i'z)
_ |¢>°+'2)_> 1 0 (|w>°+'2)
; 2
U, (|¢>1'2 (o —1) )3

| Dy = (2, x 23%P) = 15P D2 LT RERI B
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Non-invertible symmetry on T2 /Z, with magnetic flux

Z., -even state : |1/J){';M = %(Il/))j'M + i) IM)

- M=2:

=g (k)= 2@ o) ()
0 (ix)~ 2 5D (i)
| Dy = (2, x 23%P) = 15P D2 LT RERI B
- M=3: Z, : (

_ ~ |zp>°'3) ( 0 1 )(|¢>°'3)
A=1/3 . + +
7 U (W > 2 172\
~ |¢>2’3) (1 0 )(lzm‘i“‘)
U, : <|¢>};3 - 2 0 cos(2m/3)) \Iy)?

- No “invertible “symmetry remains .

0 -1




Non-invertible symmetry on T2 /Z, with magnetic flux

- M=2k : Z, -even state : [p)." = %(ll/J)j'M + [y M

- Similarly, we discuss transformations of chiral matters
under the non-invertible symmetries.

- They belong to 2-dim. or singlet irreducible rep. of

Dy = (2, x 237/%) % 7/



ex
ﬂ Z3 - twist

/e

€y

- BRE M FRETBEEFT, and T, :
7\11 — _T1 — Tz; Tz — T1
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Non-invertible symmetry on T2 /Z5 with magnetic flux

\

- Z3 Mgaugeit (leave all operators invariant under Z.) \&
Z3-invariant operator : >

!

U\éALAZ) = eill’fl_l_iAZTZ _I_ eillTZ_iAZ(Tl-l'TZ) _I_ e—ill (T1+T2)+i127\11
3

- Fusion rule :

U‘glb/lz) U‘gtsﬂz}) — eniM (AxA3—241144) U‘gtl +A3,A2+44)
3 3 3

TIM (A A3 = A3+ 2,2,) (- A1+ A2—=A4,—A1 +A3—A4)
+ e 143~ A2A3TA244 UZB

TIM (A Ag =254 =1 A3) fT(A1— A4, A2+ A3—A4)
4+ e 14— A2A4— A1 A3 UZ3
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Non-invertible symmetry on TZ/Z4,6 with magnetic flux

\
—

- Symmetry operators: >

U(ALAZ) = ei),1T1+i12T2 + e—i)[1T2+i)[2T1

U(/ll,lz) = i T1+idoTy 4 ik (Ti-To)+ido Ty
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Conclusion

6RItYang-Mills¥E2E% on T2 /Zy
[ZH [T+ BHNon-invertible symmetries

- Fusion rules of Zy-invariant operators :

For TZ/ZZ, UllU/lz — Ull+12 + U/ll_lz

- Representations of chiral zero-modes

Chiral zero-modes will correspond to
3 generations of quarks/leptons
Non-invertible symmetries = flavor symmetries
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Discussion

nmiE e (BEXEEF) DSelection rule

T®/Zy or T® /Ty X Ty ™~DIts FH

Non-invertible symmetriesD K 11

- T4" /7y orbifoldsD4F R R fEHIC K> TEIR

- blowup modes A¥non-invertible symmetries M IENZ R TE

Thank you!
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