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Introduction

5D squashed Kaluza-Klein black hole solutions asymptote to effective
4D spacetimes with twisted S* as extra dimension at infinity and
represent fully 5D black holes near S3 horizons.

» It could be regarded as candidates of realistic higher-dimensional models
and would describe geometry around astrophysical compact objects.

» Quasinormal modes, thin accretion disk, x-ray reflection spectroscopy,
gyroscope precession, strong gravitational lensing, light deflection, and
black hole shadow have been discussed in this spacetime.

v'In this work, we consider photon time delay in unmagnetized
cold homogeneous plasma medium by charged static squashed
Kaluza-Klein black holes in weak-field limit.

v"We derive corrections of time delay to general relativity, which are
related to size of extra dimension, charge of black hole, and ratio
between plasma and photon frequencies.



Kaluza-Klein black holes with squashed S* horizons
(H. Ishihara and K. Matsuno)

K? 2
ds? = —Fdi + dez + P2 K2(d6? + sin0d¢?) + % (dy + cos Ode)?
3 2
‘A“dXH:th. F:]_2M+Q , K2:]—|—@
2p p P p
po=\M2-Q2++r2/4a-M, M>0>0, ry>0

( M : Komar mass, Q : black hole charge, r, : extra dimension size at infinity )
* p—>©00 : twisted constant S* fiber over 4D Minkowski spacetime

* Parameter p, : typical scale of transition from five dimensions
to effective four dimensions

* po—~>0 limit : 4D Reissner-Nordstrém black hole with twisted
constant S fiber



Photon motions in unmagnetized cold homogeneous plasma medium

H = % (gﬁwp#py + a)(z) — 0 : Hamiltonian for photon

a)?, — eQNe/(eOm(,), N, = const :electron plasma frequency

oo = —P; : frequency ( W, > o, )
» constants of motion:
L:=py, and p, :angular momenta

v Assumption: p,, = 0 (nomomentum in extra dimensional direction )

| [),2 F ) p%}
>Il—leffzi —F+FPP+/}2K2

v" We can concentrate on orbits with & = z/2 and py = 0.

L . .
dt W , dp _ F D, d‘j) — 5 : Hamilton’s equat|0n5
A F  di K" Al pPK?

Z
1)(/)
p? K?sin’

+ 9—|—a)f:> = (0 : effective Hamiltonian

v" Energy conservation equation:

Po\ [(dp\? 5 ( 2M Q?‘) ( 5 L’ )
l+—)|— )] +Vpg=w5, Vig=|(1——+=])|w; +
( /)) (dﬂ} off = @ ! p P p(p + po)

Photon behaves as massive particle in 4D spherically symmetric spacetime.
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Shapiro time delay

, Spacecraft
A Sun
Pa
Sun
Ps
B Earth
Superior conjunction Inferior conjunction

* Accuracy and stability of laser-cooled atomic clocks have achieved at 10-1°~10-1 |evel.
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Shapiro time delay in superior/inferior conjunctions

* Coordinate time interval of light ray emitting from observer to reflector

and back to observer: T(p)) Z/i ;i; dp, To(p;) = \/(pg _ P?n) (02 + 1)

| Atsc =2[T(pa) +T(pr) — (To(pa) + To(pB))]

2
4
~aMyJo? 4+1 (1 -2 4 PO ) og (2PAPE
2 4M p2,

~ pm(pa+ PB))
PAPB

1+ 2M 02—|—1(1—|—0'2—|—'00) (2

2M
Atic =2[T(pa) —T(pB) — (To(pa) — To(pB))]

2
~caAMy o2 +1(1-2 4 PO Viog(PA
o ( 2+4M) . PB

oM 02+1(1+02+ PO)Pm(PA_PB)
2M PAPB




Observational effects in time delay in superior conjunction

» Difference between time delays in sqg. KK spacetime and in 4D Schwarzschild spacetime:

At — At
=C SCSCN ~ 55y — dsco + dsca
Atscsch
2M 4
Atscscn = 4M — pmp;p;B-F PB) 4 41 10g ( 'Opgp B)
™m
3wZM pm (pa + pB) _
55(:1: Q&te (2— m ~ 10 6
W5 LAlsSCSch PAPB
2 4
2M Atscsch PAPB Pin
>
4
Secn = T&o (2 _pmlpatep) o0 ( PgﬁB)) ~ 10-18
8M Atscsch PAPB Pin

(pa =40 au, pgp=1au, pm = 1.5Rs, M = Mgy,
wWoo/(27) ~ 3 X 108 Hz, Ne~ 5 x 1010 m_3, Q<4x 1017 C, 700 ~ 0.1 mm)

* Accuracy and stability of optical clocks on ground have achieved at ~10-18 level.

v" In near future, implement of planetary laser ranging and optical clocks would
provide us more insights on such compact extra dimension. 7



Lens diagram of squashed Kaluza-Klein black hole

Source plane

A * Lens equation:

Lens plane

A A

dLS

Observer plane YV

([_5‘

dr

> Y

tan B = tan 9 — D[tan 9 + tan(a@ — 9)]

D =d;s/ds

* Einstein ring radius: Jp = \/4DM/dL
* Impact parameter: ph — dL sin 9

* Weak-field gravitational time delay:

d
t=T(Rs) +T(Rp) — cosSlS’

Ry = \/d,%SdeL%tanzB, Ry =d;

0 =0+ 0,e+ 0, + O(&)



Differential time delay in plasma medium

* Difference between scaled time delays of primary and secondary images:

AT =%_—2, = Aty + Ate + O(&)

7y =714 /7p, Tp = d;9%/D :natural lensing timescale

= 5 (o 2 ()
| AT =wm [6 (5 _ @ 2‘?0) (i - %) + (3 (54 402) + (3 +207) (ng ) Qz))

16 M?2 0y 6F M M2
4—:zg?+4(9+) + po/M 4—2024-4(95)2-}-;}0/;\4
x —
g (4 + 20244 ( g) + pU/M) 0y (4 + 202 + 4 (95)2 + pD/M)
965 =3 (\/52 + 44+ 202 4 Pﬂo + |ﬁ|) : angular positions of positive and

negative-parity images

> 4D Sch. case: A7ys.y = BlVB2+4 (\/32+4+|B Ap e, — 15718
T2 NG




Lensing by supermassive black hole Sgr A

* Difference between differential time delays in sq. KK spacetime and in 4D Sch. one:

L Y
Ao 2 ~ U. S

7E (ATo — ATosch) s 2@ (VP et s) s
~ 601 — 602 + 003 an2 S\ raos)”

do1 =

603 = TETQ Frats ~ 10729 s
I 32M2 //82_*_4 /8
~ . 011 = 37;?;6% ~ 10" "s
e (AT1 — ATisch)
15 337TTE65Q <10~ 39
~ 011 — 012 + 013 12 = 12802
. OnTReBrs o 1A—33
13 ="5ion2 ~ 107

—

(d, =82 kpc, dig=0.01 kpc, B =10, M ~ 4 x 10°Mo,
woo/(27) ~ 3 x 108 Hz, Ne~5x 1019 m™3, Q <3x10% C, reo ~0.1 mm)

v With present accuracy of Very Long Baseline Interferometry (~1012 s),
only plasma effect on differential time delay would be measurable.



Observational effects in gravitational lensing

QKK — b/DL
Osen == \/4MD; s/ (D; Dyg)

QKK_QSch_\/l(l_'_[)O_'_ 1 )—1“—"51—52+53

* Relative change in angular position of Einstein ring images: {

Osch 2 2M 1 — w2/ wk

0)2 Q2 ’,.2

01 1= ¢ i On 1= ; 01 1= s
T 4002 > 16M? 5T 64M?

01 107> would be detected in near future radio spectra observations.
(woo/(27) ~ 3 x 10% Hz, Ne ~ 5 x 100 m~3)

do < 10738 for Sgr A* would not appear to be relevant for present and
near future observations. (M ~ 4 x 10%My, Q <3 x 108 C)

(10730 : Sgr A* (~ 4 x 10°Mo, 700 ~0.1mm)
63 =~ { 10718 : stellar mass black hole (~ 10Mg, roc =~ 0.1mm)
| 107> : Earth mass primordial black hole (~3x107°Mg, roc ~0.1mm)

v’ It would be challenging to detect extra dimension for primordial

black holes in future observations. 11



Summary

We study motions of photons around astrophysical compact
objects in unmagnetized cold homogeneous plasma medium in
5D charged static squashed Kaluza-Klein black hole spacetime.

 We derive time delay of photon in weak-field limit with
corrections by extra dimension, Maxwell field, and plasma.

v’ Correction by extra dimension might be detected in future
observations of Shapiro time delay by Sun and gravitational
lensing by primordial black holes.

* If precise observations of these phenomena by compact
objects agree with expected values of general relativity, it
would require rigorous upper limits of size of extra dimension,
or it would exclude squashed Kaluza-Klein metric for
describing geometry around such objects.
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Appendix



Photon motions in unmagnetized cold homogeneous plasma medium

1.00} : LOa
102}

w,—~> large

0.95F 5 1.00F
Vetr gk |1 Vg 0.98}
_______________ 0.96}
ossb V/ ~. . 0.94}
------------------------ 0.92}
010 20 30 40
p/M

v" Energy conservation equation:

po\ [dp\? 5 ( 2M Q?‘)( 7 iy )
1+2) (L) 4 v =ed, V= (1-—+Z (a2 +
( /))(dﬂ} eft = @ ! o 2 )\ b+ po)

Photon behaves as massive particle in 4D spherically symmetric spacetime.
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Gravitational time delay




Photon time delay by sq. KK BH in plasma medium

* Photon traveling time propagating from distance of closest approach p,,
to central object to arbitrary finite point p; 2 p,, of its trajectory:

pi | dt
o =["|

z\/(Pg—Pi)(gz+1)+M 2_|_1(1.|..5r _|_P_0) Pi — Pm

dp

e

2M pi + pm
2 ' 4M Pm
3M2 \ 0'2 +1 ( Q2 ) (Pm)
+ 5 — —I— cos | —

M2\/(o2 4+ 1) (o7 - )

otz o7 1) (201(2=0%) +om (5 - 0%))

po (3pi + pm (02 + 4 2(2p;: + 3pm 2
n O( M( ))+Po( iMQP )]’ 2 2()( :

Wg — W
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Observational effects in time delay in inferior conjunction

» Difference between time delays in sqg. KK spacetime and in 4D Schwarzschild spacetime:

| Atic — Aticsch
N~ S1c1 — S1co + dics
Aticsch
2M —_
e
P 3wgMpm (PA = PB) _ 1 -8
w2 pApBAtICSCh
2M Aticscn PAPB rB))
8M Aticsch PAPB PRB

(pa =40 au, pgp=1au, pm = 1.5Rs, M = Mgy,
wWoo/(27) ~ 3 X 108 Hz, Ne~ 5 x 1010 m_?’, Q<4 x 1017 C, 700 ~ 0.1 mm)

* Accuracy and stability of optical clocks on ground have achieved at ~10-18 level.

v" In near future, implement of planetary laser ranging and optical clocks would
provide us more insights on such compact extra dimension. 17



Gravitational lensing

BRIGHTNESS




Gravitational lensing
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Einstein ring




Einstein ring

N

J073728.45+321618.5

J095629.77+510006.6

J120540.43+491029.3

»

J125028.25+052349.0

J140228.21+632133.5

.

J162746.44-005357.5

-

J163028.15+452036.2

J232120.93-093910.2

Einstein Ring Gravitational Lenses
Hubble Space Telescope + Advanced Camera for Surveys

NASA, ESA, A. Bolton (Harvard-Smithsonian CfA), and the SLACS Team

STScl-PRC05-32




Weak-field gravitational time delay in plasma medium

| T = T(RS) .l T(RO) — C;ZSSB : from source S to observer O

R¢ = \/dl%S + ditan’ B, Rp =d; :radial coordinates

* Modified gravitational time delay of photon:

TEdS(\/(TH_l)+2deLSVUQ+1[4(1_1_02_9%)_'_2,00

dg M

va |14 drs (\,fcrg +1 - 1) N (252 4l P_O) 0 (dLﬂgﬂQE)- 2
dry/o? 41 M 4drs

2 2
n QdeLS\/m (37:' (5 B Q + 2.190) + 26, (202 _4_ 498 _ PO)) 3

dsbo M2 M M

23



Differential time delay components (a/m=0.03,r./M=0.1)

100F"

100

2 2
w,?*/w,?> > large

10f 1 10§
=) —_
a< N
q 1 1 q 1k
0.1F 3 0.1
0.01 0.050.10 0.50 1 5 10 0.01 0.050.10 0.50 1 5 10
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Differential time delay components (w*w.2=05,r./M=1)

100F

10

0.1

0.01

0.050.10

p

0.50 1

0.50¢

0.10¢
0.05¢

0.01

0.050.10

0.50 1

Q/M-> large

0.94 0.96

0.98

1.00

Q/M-> large

0.92

0.94 0.96

B

0.98

1.60
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Differential time delay components (w,*w.2=05,Q/M=0.03)

100F

10F ,

0.1

0.01 0.050.10 0.50 1 5 10

p

0.10
0.05¢

0.01 0.050.10 0.50 1 5 10

B




Lens diagram of squashed Kaluza-Klein black hole

A

Source plane

S

A A

dLS

Lens plane Y

|

* Lens equation:

tan B = tan 9 — D[tan 9 + tan(a@ — 9)]
D =d;s/ds
* Angular Einstein ring radius:

9 =+\/4DM/d,;

* Impact parameter: b = d; sind

([_5‘

dr

Observer plane YV

>y

B 9
=— (O=— ezﬁ

95 95 4D
0=0,+0,e+ 0, + O(e)

27



Light deflection by squashed KK BH in plasma medium

* Introducing coordinate u:=p™, energy conservation equation of photon:

[ du\? I 26°M + p, o*(Q% —2Mp,) 5 o 0% py 3 ) 4
(%) :b2-|- 3 u—(l—l— e )u—l—(ZM— 2 )u*—Qu

L? w?

b') 2 €
2 20 6 = 2 2
w2, — w? Wz, — w>

» Orbit of photon ( b: impact parameter ):
2 _
u() — co;(/) N (26° +3)M 2% cos(2¢) + po

((862%(0% + 6) + 37)M? + 24Mpy(c* + 1) + 2p5 — (862 + 9)0?) cos ¢

[
16b3
+(3M? + Q%) cos(3¢) + 4(3M?*(46*> +5) + (26° + 3)(2Mpy — Q?))¢p sin @)

- O(M3, [)3, M?py. MO?, Mp%, QZ[)O),

v’ Deflection angle of photon in weak-field limit:

~ 2M [P0 1
= b 2M 1 —w2/wi

3rM? 4 2Mp, — Q? 2
+Z (1+ 420 -© (1+ >)+O(b‘3)

4b* 1 —w? /w2, 3M? | —w? /w2,

28



Introduction

String theory
and
Supergravity etc.

-
Q

X

HA2DHERITERT
RAGERFTIFAVINNIMEESN TS

—p  EXtra
dimension

LHL. Fea D RAE R ThH D LIEE R AR
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15 R e b 22 D #R Bl

BRITDOERFTIE

TeVA— )L TOMNERFEER (LHC) [Z

B1+5. 3275y oR—ILE RO TR

= RITDBlack HoleAE B TLVS

q BRTERNEBRMICRIITESNE
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B RITtEFZE D Black Objects

4 RTTTEZEDEIinsteiniE |
EEEEL TSR EIRL R
Kerr Black Hole £20) &

5 Rt TEZEDEinsteini i |

RILEELAEGHEZRO. EREERL TLHEHLFEGHEN
BEHFELTLS
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Kaluza-Klein black holes

Kaluza-Klein black hole&lZ ?
AN MEFEH IR TTEFDblack hole

ds® = —dt* + dp® + p?dQ g
+ L?(dyp + cos 9dgb)2

4-dim Minkowski

32



Kaluza-Klein black holes Ml

\

Jo

Jy

Ishihara-Matsuno (’06)

Dobiasch-Maison (’82)

Rasheed (°95)

O

Gaiotto-Strominger-
Yin (C05)

<
I
O

Elvang-Emparan-
Mateos-Reall (’05)

O

<
I
O

Nakagawa-Ishihara-

Matsuno-Tomizawa (’08)

0100|000 =

O

0100|100
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Charged Kaluza-Klein black holes

5RITEinstein-Maxwel | FREf
5-dim. Reissner-Nordstrom black hole

1 1
ds? = — fdt® + }der +r2[ 2 (of + 05 +03) |
g3

Charged Kaluza-Klein black hole with squashed horizon ('06)

1 2
52 = ~jai? + [P ar? + (el [0 + 03]) + o]

?"2—?“2 ’}"2—‘?3 ?"go—?”z Tgo—?“g
f =" “ﬁ L k=1 (ng)_(rg)z )

r =r,:spatial infinity 34



S3 M metric-1

The metric of S3 |

dQ%5 = dx? + sin? x (dv? + sin? vd¢?)
O<x<m O<rv<<m O0<K<E&E<K2m)

23 = ((d92 + sin20d¢?) + (dip + cos 9d¢)2)
(O<<m O<p<2m, O< Y < 4m)

1
= (0 + 03+ 03)

N
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S3 M metric-1

The metric of §3

o1 = —Sinydf 4+ cosy sin Hde
oo = COSvdb + sin ¢ sin 0d¢
o3 = dy + CoSfd¢

6
y = ArcSin (\/1 — cos?  €os

0
Sln§

v = ArcSin
(\/ 1 — cos? ¢ cos? _¢>—|2-¢

=W —¢)/2

>¢ T Y
2

|

|
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S3 M metric-2
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Charged Kaluza-Klein black holes

5RITEinstein-Maxwel | FREf
5-dim. Reissner-Nordstrom black hole

1 1
ds? = — fdt® + }der +r2[ 2 (of + 05 +03) |
g3

Charged Kaluza-Klein black hole with squashed horizon ('06)

1 2
52 = ~jai? + [P ar? + (el [0 + 03]) + o]

?"2—?“2 ’}"2—‘?3 ?"go—?”z Tgo—?“g
f =" “ﬁ L k=1 (ng)_(rg)z )

r = roo:spatial Inflnlty 38



Squashing Transformation

T. Wang ('06)
2 2 > 2 T2 + CL2 2 a 2
ds® = —dt< + Zdr + [ crl + o5 |-|- 03] + - = o + 3 (dt — 503)

(5-dim Myers-Perry BH with two equal angular momenta)

“Squashing transformation”

ds® = —dt* + i dr2
2 2
4T —:a [‘k(T)l(lgf+g§ |)+a§] +—T2ﬁ+1a2 (dt_g%)z

— Dobiasch-Maison&—¥d 3,
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Charged Rotating black holes-1

Chern-SimonI8Z < 4,5 st Einstein-Maxwel I BE 5/

|
/de\/ R—F "’FW-I-I v(«\/ 9) " LPTNAL By F
L |

1

1671'
Chern-Simonlg

Einstein eq.

1

AL — ZQMVFPUFPJ)

7
Maxwell eq.

VPR 4 7(« 9) " LetPIAR, L F L\ = 0
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Charged Rotating black holes-2

M. Cvetic and D. Youm ('96) , M. Cvetic, H. Lu and C. N. Pope ('04)

+ Zrz ( 03 + 03 [ h(r)(f(r)dt + 03)?)

m, © mass parameter

g - charge

a - angular momentum parameter

‘ JelFE D Myers-Perry & metric D2 I1E2<ELC

41



FR D &R,

— #REFERBH f — — K-K BH f#
-di

Im Reissner- Ishihara-Matsuno
Nordstrom
ém Myers-Perry Dobiasch-Maison

VAV,

42



Solutions

Chern-SimonIBzZ& 5 FtEinstein-Maxwel IER 5f

2 ?.U(?“) 2 ) d?“z
i = =y O S

72 (O] 0B +h) it +03)2)

1M . Mmass parameter
q :charge
a .angular momentum parameter

roo . Spacial infinity

43



Solutions

_ (PP + )2 - 2(m+ ) (r2 — a?)

w(r) 7
(2 -r3)(2 —12)
— -
a?q? a?(m
r(ry=1- T 4 200 E D
2a 2m + -
f(r) = _?"2h(?") ( r2 = 34)
(13, ~ 2) (2, — 12)
i

T4 :outer horizon&inner horizonM i &




Parameter Region-1

fRIZ&EFEh dparameter

m) 1,4, a, Too

horizon M FEHET S

O<fr'_<fr'_|_<'roo

ri:mi\/(m—l—q)(m—q—Qaz)

no CTCs (Closed Timelike Curves)

45



Parameter Region-2

a 7= 0

m=—q

horizonh3H&iR
(Gaiotto-Strominger-Yin)

P

(-a*,a")

m=q+2a’

\ horizonH3#E:R

non-BPS solution
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7 N

ds? *‘:’\—dt"’ + dp? + p?(0F + 02)/+' L?0% )

—y ——
~———————_—

4-dim MinkowskKi

12 _ &= a?(e? = 2(m 4 9)r3)

4
Ard,

~ >

L

twisted 51
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g

| Rt 3REE

2rS (mr2, — ¢?) — 2a*(m + ¢)¢% — a2(q* — 4ma®rZ + (4m2 4 4mq + 3¢%)rd) I

M =T
Komar 2r5,(rS% — a?(¢? — 2(m + ¢@)r3.))po

SR
Jy=0 l
], = __a(a®® 43¢5 —2m+9r3)
L Ay rS — a”(¢® — 2(m + rg, |




Geometry of Horizon

2
.
ds? . = f (k(r4)d22, + h(ry)(dy + cosfdg)?)

\v v 7 N7

“oblate”
k(ry) > h(ry)

“prolate”
k(ry) < h(ry)
g

/
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Tangherlini

Breckenridge-Myers-Peet-Vafa (5-dim . Reissner-Nordstrom)

Cvetic-Y oum \i

Cwvetic-Lu-Pope
-
|

Asymptotic Flat Black Holes

m Myers-Perry *
|

Squashing Transformation

. Ishihara-Matsuno
QLo -

: Dobiasch-Maison
Kaluza-Klein Black Holes e

Gaiotto-Strominger-Yin
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squashed Kaluza-Klein BHs D —#&1t & G

» squashed Kaluza-Klein 75v27-— LD —1E
e BIERN\TA—REELTITVIHR—ILfR
« Z{KBPST SV R—ILf&
* DilatoniG WIS —U B S LEHEBRICH TSI IV IHR— LR

- BEBITEoNnf-CLITLY
« TEMGEDEHME. BAZE. "—F T . ..
« squashed Kaluza-Klein 7 Z5v97R—IL D EY DR ERFIF DIEE)
( geodetic precession, light deflection, E AL > X, ...)
= PEOBRABREOLEBRICKYRAKNICKREI ARG RTRHEET IV
o1




25v91—ILEDDRERBLFDIEE)

5 R 7t b S 1HBH 5% JT squashed Kaluza-Klein BH
52
V() = (1= =) |1+ ]
) D=0 )
‘i“rK?{
1.06p
1.04}
1.02
1t
0.98f
0.96
0.9 .
2 4 6 8 10 12 14 Ig - s _ - 10 15 20 r,
ZEMELZL ZEMENE

5k It squashed Kaluza-Klein BH: IRE D XAR D% Lk TES
> EHERBAYOYEHRR (FASBEFE) ICZHENSGSRITMHIE
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'+ — Toolimit-1

( (_Tgovrc%o)
(g,m) — < or
\ (’rc2>o o 2&2, Tc2>o)

b

‘ 7“:|: — T > ‘
=L r£IZHRIZHED
T2 ?"go — T2
pi:2fri2 JTQ —7“:2F
q o0 o0 +
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T+ — Too ||m|t‘2

(Q7 m) — (_Tc2>o> Tc2>o) 0)172,"%

C4(p—p4)(p—p-) —a?

ds? = dT?
4}92 AT T~ ~
dp 2¢ 2 4 2 4_/4p+19— —a®
g o g
P P ~ ~

-_— = =

4 _—a?
+a,\/ i dT o3, /
2p

BHECAREIRTDY A X L HR—5F!
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Black String Limit-1

(r2-2a% riy A Pt g;ﬁBE':1%157‘I75§BTiD
m=q+2a’ @ — D

=L Ly ZBERIZHED

-
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Black String Limit-2

| metric |
/,’—~\\
2[4 P4\ ;2 dp? 2 12 (_P_—) >
ds2 = (1 p)dt—k(l_i_)l_)(l_%)—l—pdﬂﬁﬂ\l ; dw/,
~ 7’

3
A = g /p+p— COSOdg

- magnetically charged Black String !!

(Horowitz-Strominger (°91))
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Summary

e Chern-SimonIBZ & d; 5XJT Einstein-Maxwell EEEGIZH (T 5
Kaluza-Klein Black Hole S22 CNETIZZ 8RR L=,

AN

e SEDFZETIIREIRTARIZCOAAEFH=ZTFD, DFVY
Black Hole (¥R E|RIT A RIZDHA[E

A

iR TULVELY,

aEzLTHY . 4RFTARIZIE

o BRLI-fZ LT TICHIONTW AL DERZR AT,

o p+ ZHMBICTERBLEMNErL — 700 ELVDIBEZ LD E. FEIR
TEDHAXMNUN=BEZAT—FEIZLS,

o ZMBE M 5I51Z magnetically charged Black String ~ D 1& R
NFHET D,
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Periapsis shift by squashed Kaluza-Klein black hole

* Energy conservation equation of neutral massive test particle:
du\> 1  26°M + p, o*(Q* — 2Mpy) o> 0%py
(%) :b2-|- 3 u—(l—l— e )uz—i— (ZM— 2 )u3—Q2u4
)2 _ L2 5 1

= — 0, g~ =
E2 -1 E2 -1

» Bound orbit of massive particle ( a: semimajor axis, e: eccentricity ):

w(6) _ 1+ ecos(ye) n 3M(2 + e?) + 4pg — 2Q?/M — e’ M cos(2¢)
 a(l—e?) 2a2(1 — e2)2
2 2 2 poQ* Q* _, 2(8M +pg) — Q*/M
+O(M :pU'.!Q aMpO& M 11\42): =1 2@(1—&2)

v Periapsis shift angle of massive particle in weak-field limit:

__ bnrM PO Q? 2
KK = 1) (1 T3 6M2) +0 ()
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Observational effects in periapsis shift

» Difference between shift angles in sq. KK spacetime and in 4D Schwarzschild spacetime:

Sk — 0 5+ 5. & S s 2
PKK Psch ~ —01+ 0o, 01 := @ oL dp 1= ?“002
Sdsch M 2

1 <107°% 85 ~1071° :Mercury around Sun
(R <4 %10 C, 700~ 0.1 mm)

=gl

51 < 10_5, 5 107>  :LAGEOS Il satellite around Earth
(R 3% 10" C, 700 ~0.1 mm)

1 S 10_37, 5o ~ 10722 : 52 around Sgr A*
(QS,3>< 108 C, 700 ~ 0.1 mm)

=gl

v’ Correction by extra dimension might be detected in future
observations around Earth.



Derivation of squashed Kaluza-Klein BHs-1

We assume a five-dimensional static spacetime with SO(3)x U(1) symmetry.

- ds? = —h%(z)dt? + N2(z)dz? + a®(z)o? + b*(z)(02 + o?)

_ .
do' = 5Cjy0” No*, Cly=Cf=Ch=1

v’ From Maxwell equation, F = %(hdt) A (Ndz)
@

> If we take N=hab?, EOM from Einstein equation:

AN AY @ W\NK 5 1, 5, 3,
2(2§+F)b+2(a+2b)h (2b a)ah— 2uh

“_’)’
( ) 1 2)a2h2 %u’hz,
(5) =

- -1-a4h2 —%ughz,
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Derivation of squashed Kaluza-Klein BHs-2

v If metric has a horizon; h—0, a—finite, b—finite at x—oo, we obtain

b= Q 2 |lu| sinh az b = |u|sinhaz sinha(z — x,)

usinhaz’ sinha(z — z,) sinh? a(z — z3)

» Introducing a coordinate and parameters:
4|u|sinhaz
r2/4 = 2(1:), ri = 4ue=nr, rgc - | | b

sinha(zp — z,)

we have the metric of squashed Kaluza-Klein black holes:

ds? = — fdt® + kzdr +—2[k(a +a3) cr]
f 1 2 + 3
(2 =) = ) (% = )L = 72)
flr):= d r+,.4r d , k(r):= - (,.;:_:2)2 -
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5D charged squashed Kaluza-Klein black holes

(H. Ishihara, K.M)

K? | 2 | |
ds® = —Fdt* + ol dp” + p*K* (dﬁQ + sin? Hdg}z) - 1 ;fz () + cos Qdc_;-'})z
| 305 p_ _ B
Apdat = i\/,{sz‘., F = (p—p+) (p f-‘*‘—): 2 _ PP
2p p? P

-rﬁc =4 (ps + Po) (,’J_ + [J'{]) : compact extra dimension size at infinity

| pr > p_ >0, p_+ pg >0 :parameterregions (p.: horizons)

» Mass, Charge, Hawking temperature, Entropy :

| T P+ + pP— i 2T oo P pP—
M=—=p++p-)=—F7— |Q=—F—Vp+r-="7
K — pP_ T :
Tik = — = P+ — | . Skx = AT _ TP+ \/ﬁ‘+ T(JO—F + o)
27 4?1-1{)4— \/p—l- (p-l— + :O'D) 4G G-l

v Smarr-type formula :
M —2QA, /3 = 2TxkSkk, |A+] = \/3;0—/,0+/2 -




Horizon and asymptotic structures

Squashed S3 horizons in the form of Hopf bundle :

2
2 . 212 2 2 2 oo 2
ds3 = p1 K*(p+) (d6? + sin® 0dg ) + o (dip 4 cos 0dg)

p+ = M + \/M2 — Q2 : outer horizon
p_ =M — \/MQ — Q2 : inner horizon

—

—

Surface gravity on outer horizon of black hole :
_ P+ — P—
K =
2p+\/p+(p+ + ro)

At infinity (o—>e°) :
2
ds? ~ —dt? + dp? + p? (d92 + sin? 9d¢2) + %‘3’ (dvp + cos 0dep)?

A twisted S! fiber bundle over 4D Minkowski spacetime

(r. : size of compactified extra dimension at infinity )
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Physical meanings of parameter p,
v'For observer pgp K p+ = p,

4D Reissner-Nordstrom black hole with a twisted constant S? fiber :

(p—p)p—p) , p’ )
p* : e (p—p)p — p-)dp

+ p2d02, + %‘"(M + cosfdp)>

ds? ~ —

v'For observer P+~ = p < Py,
5D Reissner-Nordstrom black hole with round S3 horizons :

2 .2 2 _ .2 4
(r r+)£r re) P : : r : :
r (r= —ri)rs-—r-)

+ rde%@,_

ds* ~ — dr?

» Parameter p, gives typical scale of transition from five dimensions
to effective four dimensions.
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SROEZE

‘ Squashing Transformation|Z L,’C‘

*FHIBEAYDEREICHLTIDLIGEMMNFE

ITHEDI?
HEHENFLIALEHT B (THLTD
EHIITFETHOMN?

| KY— MR REER T B

AN
*=7

A

BRL-RICFHEZANELD ., 2
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BT F D5 RITTI TV IH—ILIC
HlTHHMTHEDEREFE R

%y Bt AR FE
(RERTIiLKF)



B2 A
« Jo5vIiR—ILDIEE
r = ()

a3\ )LNBH
(Globally Hyperbolic)
e Structure of RN-BH

is unstable for some

| RN-BH
Not Globally Hyperbolic
field perturbations. | 290)5%5‘”;%%%(“25*/*)[,”
' a 67




BHRYE R DL EH

RN-BHf% > Sch. BHfZ: Tk xJ Fh7g ih S #3

. L%%E’J?&?éé’—%zét

$R ;AN D BH

JEFAFHHNDBH { BRAFFRDIEN

BHR EMNEEHR
Hh R DBR MNP DD

CHEZFBHRFE RITESEIET HH
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M EFR D 5 D BFZE

« Bl BHEE2MDEE R
6’ BH )9

— M ERE X — Rk Y R
— SV ERRFZE (X 2 EBHD B D BERICKELIKTF

— it SRR KU RBID A 3D




BHE—HRFH
* RN-BHf#4> Sch. BHf#

Hh S HR D
SMEN:-ERBO N DIE—Hk 5

Lil:R)E

=55

ey & 72 R B EEAE D
Wﬁu.@m’mio Fk > U

TR — R TIEEHLFTH

+RN-BHZ EXT LT B E 15
=EZB
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RN-BHD &R

ds? = —h2(r)dt2 + h=2(r)dr? + r2(d2)2,

T > (g h2(r) =1 —2mr 1 4+ Q%r—2

re=m+\m2 — Q2 : BT DI
lﬁﬁfﬂz r— <1 < ry CHRREAR

ds? 72 4 a2 (7)di? + h?(7)(d2)?,
< A
ST WFEﬁEI’JL—?I‘%éIE 1A T
r — r+ 7 — 0
h— 0 —> (T x T — 0

h_l _> o0 s 72/ _> COﬂSt 71



Xt FRE (Killing vec.) D 4

. EaRIBk R ERARITTRF (R x RY)x S?

B S (ch T2 fE) 1B +Ek S2 (SO(3)) 31E

B F FATE AL 5 5:50(2)=1{ ———— F121

ZRIRTHEIYE DL, IE—HE!
— sk FHE(RL x RL %

o ZERERYIZ—

ZE fE14

Bk FRE

]

15.5:%:50(3)=3{f ——
ZRERTHEFLL —HRDT

+3k 3 (50(4)) 6/E

=71

B

N G

~

at44

=4

4]

]

S3)
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T E DB EHH

K

452 = -2+ f2(1)0X2 4 02(0)(0)2 + (1) o) (t)(0%)
R X RI X EET
<dai = —%Czkcﬂ Aol C33 =03, =C3, =1,
\ (BT U FIXA (= S°) &Akk)
—+RI)LOAON
FEITHHED
“Hh R

AR

Hh S




Einstein-Maxwell %
1

- —
P =05 Pl p) =
(,u,r/—O 1,2,3,4)

— 0 : Maxwell eq.
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Maxwell 532 =X

(
laoF,u,u I (6‘0% | ao&y) Fgu] EOHuaﬁ
{lp, ay
1 Ao Qg
< 2 (CEM%FJU + OSU%FﬁLU) ePrvel =
1 1
\ ugEvEp \ P o 3
((I’UJ) — (13 a, ba C, f)
(Foi, Fji), (Foi, Fja), RN-BH Rk

(F043Fij): (FijaFk4) 7= 0=—> Foa 7{_& 0,Fi» =0

DIHFFIIVD,

| Foga = —F%* = —E/(abc), E = const > 0
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Einstein A2 =X

2(d /a) = [(bQ—C) —a* +U?| f?
2(6'/b) = |(c® — a®)? = b* + U?| f?

/ / 2\2 4 2 2 r
2(c/c) = (a — b)) —c"4+U f l=abcf%
(/")) = U3 U2 = 4E2/3
!bf | b! ! | CCL f! CL! | bf | C! . y
ab = be = ca | f (a b c)
—_ Z [&4 _|_ b4 _|_ (.:4 . 2({12b2 _I_ bQCQ _|_ CQGJQ) _|_ 3U2] — 0

Hh RS ]
t >t Ca,bjc——TF 1> fxt—0
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B2 >of F 7 — fi& 8% (b=c)

| __2b4f2~2 2/ 1N2 4 12 [7.242 312 2 12
dshx = gz +a% (@) + 07|07 + (0)?] + f2dxX
a?(7) = C1U cosh(7)sech(C17 + C5)
b2 (F) = v (Cl + i) cosh(7) cosh(C17 4+ C»)sech? (\/(61)2 + 3% + 03)
4 C1 2
2
£27) = (Sisech(m)) " (~o0 < 7 < o0)
(C; = const (i = 1,2,3,4) dt = ab’fd7/Cy)
[T, ’
01:1, 02203 Ta=b=c &7%»T
| BROARE (RN-BH) (2 J
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Bl X FRAZ D IR D SF L

E*JXH‘T% b $H3§‘]L$7T\(Cl — 1)
(C1 =1, O =C3)

a a

Dl

t; b T tf
=t TLEUMTEEEER
— IR F R TSN DR (2T -




fiee AT Fz e (B 0 R D

e a2 =1r2/4 LLTHEE

x=)

LR LA TR

. 4 2 O )
12 — _fg(r)dfg n AU sinh Cy ._dr ! ”
o | e
/’b af\\ ~
P [IMC 2y ) | N
gr)r
fz(r) =1-8U COSh(CQ)T_Q T 160214 > a
§(r) = sinh(Cy — C3) 4 4U sinh(C3)r 2 N K7
t = C4X/Usinh Cy
— r=0 [C FFHEIINFER




e

t =t T %i’m——ﬁ 5l 2
—_— 2 DDEFFEZF DS

ko R ILBORE &

tf ¢ tf i b

kLAY /
T=LEFYIC
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E7 X IXBEIFHEDEE

Solve eq. of f(7) and change variables as

A=af, B=bJ/f, C=cyf, dt = ABC/+/fdr,

then Einstein eq. are

f(r) = £Cysech (Cir+ C) JU, 1=d/dr
(4;'/ ) (BQ 02)2 A4 \
BBy =(C2- 225t | Sameas
2O = (R BY-Ct vac.Bianchi IX
AR BC oA 1 3(Cy)?
TR AR ~ A 4 B+ CY - 2(42B% + BA02 4 0247 - = =0
Velocity Potential

But this term leads end of oscillation!
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3B FDI5E ()
ot = i CHUEREH B
TDEk. t =1t T
(Velocity)/(Potential) — oo
Pot. FE£R 0] (D
| ENORLEREIBR AR
S ZEZFMNFERZZET

zkjr,Kasnerﬁ:p !
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o "HIEREH " T HASKH LT HERMIC— R

5RITF EHZRN-BHEED NEREHA7EL .

Bkt Rt AR D ER LA EEILZE AT

o MR

O I TR ZEZ DIEC U R ILRIEE IR AL

O3FWAZE: N R JLIZ., Sch. BHEEERIFRD
ITELEFY(EREER)NHEES
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