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I. Introduction



Questions

Einstein equation
<latexit sha1_base64="4MlPlz/4ZZkyUJdqbav/w4VcXa4="></latexit>

Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ = 2Tµ⌫
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 = 4⇡GN

spacetime matter

Bianchi identity for Rμν
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covariant conservation

but what we naively need for a conserved is
<latexit sha1_base64="nFmDlfSLrJVfD75JJPfWKQy5OCo="></latexit>

@µ(
p
�gTµ

⌫) = 0

2nd and 3rd terms are obstructions.

Is there a covariantly conserved quantity in general relativity ?  
If exists, what is its physical meaning ?

Is energy conserved in general relativity ?

Energy Momentum Tensor (EMT)



1. Einstein’s (pseudo-)energy
<latexit sha1_base64="Tmqmy3KPdbDH2hKnSy1PPM2pWlE="></latexit>

@µ[
p
�g(Tµ

⌫ + tµ⌫)] = 0
<latexit sha1_base64="HSvJFhJz67Etrlkxv6KidaVyw9A="></latexit>

tµ⌫

pseudo-tensor (non-covariant)

2. Quasi-local energy

<latexit sha1_base64="rukLVgmaCRbt/JH2IkrsVM6PXLw="></latexit>

E =

Z

⌃
d⌃µ(T

µ
0 + tµ0)

ADM, Komar, Bondi

The standard definitions

<latexit sha1_base64="YjOpt1wWmvHKbQU31Kq+oWvDIQ0="></latexit>

E =

Z

r!1
dS (quasi-local energy) absence of local energy density

There exists no covariant definition of conserved energy in general relativity, due 
to Noether’s 2nd theorem. 

SA and T. Onogi,  “Conserved non-Noether charge in general relativity: Physical definition vs. Noether’s 
2nd theorem”, Int. J. Mod. Phys. A36 (2022) 2250129, 

I will not discuss this anymore in this talk,  due to the limitation of time.

For more details, please take a look at



Results

1. There exists a covariant and geometric conservation for a general class of 
energy momentum tensor in curved spacetime.

2. The geometric conserved charge becomes “entropy” for a perfect fluids. 

I.  Introduction 
II. Our set up 
III. Conserved current and conserved charge 
IV. Geometric conservation and entropy 
V. Conclusion

content

In this talk, we propose a covariantly conserved quantity and discuss its physical meaning.

PPP2023では、重力系の保存量「重力荷」の存在を示し、それをエントロピーと
考えると、膨張宇宙での熱力学的関係式を満たすことを示した。
今回は、「重力荷」を幾何的に表現し、完全流体の場合にはそれがエントロピー
と一致することを示す。



II. Our set up 
(which may not be found in textbooks)



<latexit sha1_base64="Pf4Tx61sVqUpvC3AxPW/4YynqR4="></latexit>

Pµ⌫ : pressure tensor

This EMT, classified as the Hawking-Ellis type I, covers standard classical matters 
in 3+1 dimensions.

Energy Momentum Tensor (EMT)

Hawking&Ellis 1973, Martin-Moruno&Visser 2018

1. Decomposition of energy momentum tensor

In this talk, we consider the EMT in the following form:

<latexit sha1_base64="Kl1WD+3jPD1STQQzE46r08ogHH0="></latexit>

uµ: a time-like unit vector

<latexit sha1_base64="DV5Aj3ElTfLO+swdlCHEspCCHWI="></latexit>

rµT
µ⌫ = 0Conservation law

We also assume that other conserved currents such as electric charge or baryon number exist:

<latexit sha1_base64="pbkBmkYFW8zsrYRoNZkRjyElu7o="></latexit>

rµN
µ
i = 0

<latexit sha1_base64="tOxdhsvIKiSWyz8/K7ii0OoyBfo="></latexit>

i = 1, 2 · · · , f

<latexit sha1_base64="b9UiFf9kK+1bvU0k5NRJwzkLhT8="></latexit>

Tµ⌫ = "uµu⌫ + Pµ⌫ , Pµ⌫u
⌫ = uµPµ⌫ = 0

<latexit sha1_base64="z7I5EeMLvSYhETqWbU533SvVuQU="></latexit>

": energy density

is satisfied as mentioned before.



2. Initial hyper-surface

First we pick up an initial space-like hyper-surface   .ℋd−1
<latexit sha1_base64="ac/tp6+1/aUj+JVp33yKbNyocEQ="></latexit>

uµ(x)
<latexit sha1_base64="ac/tp6+1/aUj+JVp33yKbNyocEQ="></latexit>

uµ(x) EMT is non-zero on  :ℋd−1

<latexit sha1_base64="plTEqn3aJpBJRnnlzebJOF8K/HA="></latexit>

Hd�1

<latexit sha1_base64="xWNrohq1Zo/ps7OPaYMZT97miFg="></latexit>

ya

<latexit sha1_base64="HmrS94BJAVql+juRkn/L92vTIAc="></latexit>

yb

<latexit sha1_base64="/juufPuPaFfXt1v8oGNSmrFUu/I="></latexit>

xP (y)

<latexit sha1_base64="WWsC17C12Y4ZTn0mJypOes7cM4o="></latexit>

uµ(xP (y))

 is a  dimensional subspace of , 
which may not be necessarily connected.
Hd−1 d − 1 ℝd−1

We introduce a coordinate   
on  .

ya (a = 1,2,⋯, d − 1)
ℋd−1

<latexit sha1_base64="qqNcQ4pheKyk89ryydfJqQIt1TA="></latexit>

Hd�1 = {x
µ
P (y) | y 2 Hd�1}

<latexit sha1_base64="2hZ5E753/lmm4PeXl2TAxu92WIk="></latexit>

Hd�1

 may not be connected.ℋd−1

”初期”時刻での部分宇宙

<latexit sha1_base64="u0U6N0U+fE0aooo+cu1893/ZtFE="></latexit>

"(x) 6= 0 at 8x 2 Hd�1

初期時刻での空間座標



3. Time-like curves and a foliation of hyper-surfaces

We define a time-like curve   starting from an arbitrary point  on  :xμ(τ, y) xP(y) ℋd−1

<latexit sha1_base64="By4hGnjCMiS5rYE3aqgZlTQeEzA="></latexit>

xµ(⌧, y)
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xµ(0, y)
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Hd�1(0)
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Hd�1(⌧)
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uµ(⌧, y)

<latexit sha1_base64="HQT1wu9G+fwiCWBLoMgnoBd3Bec="></latexit>

uµ(0, y)

<latexit sha1_base64="68hSFTaJNlez5UIgtBtu/VaahR8="></latexit>

dxµ(⌧, y)

d⌧
= uµ(xµ(⌧, y)),

xµ(0, y) = xµ
P (y)

We can construct a foliation of hyper-surfaces  using these time-like curves.ℋd−1(τ)
<latexit sha1_base64="eP526HxtwpdSzEqek8KKCcYwnoI="></latexit>

Hd�1(⌧) :=
�
x
µ(⌧, y) | 9

⌧,
8
y 2 Hd�1

 

Hereafter, we use simplified notations such as 
 .uμ(τ, y) := uμ(x(τ, y))

<latexit sha1_base64="97BhMYIedyGKlRawA85qG3ZB0FA="></latexit>

xµ(⌧, y) = xµ
P (y) +

Z ⌧

0
d⌘ uµ(x(⌘, y))

<latexit sha1_base64="npJHC+GKqP2/emEWVWpsRFXQ9ds="></latexit>

Hd�1(0) = Hd�1

 can be negative.τ

Assumption:  implies  never 
end or emerge.

∇μTμν = 0 uμ(τ, x)

これはエネルギー条件( )より導かれる
（であろう）。

ε ≥ 0

つまり 上で はゼロにならない。uμ(τ, y) ϵ(τ, y)



4. “3+1” decomposition (standard)

We consider a new coordinate (3+1 decomposition）as  with  :yA = (y0, ya) τ = f(y0)

<latexit sha1_base64="F76W+sOcrfzZiyC4BOPcG/gHlyg="></latexit>

Hd�1(⌧)

<latexit sha1_base64="RRVN/xq9V1bhKY2MhbhAlHNKjJ4="></latexit>

eµa(⌧, y)
<latexit sha1_base64="ZYhwk+gYG/5G4ER05jDgh+NlJEg="></latexit>

xµ(⌧, y)

<latexit sha1_base64="qBoSEIo0F7LF5qMXYDdfWnW25IE="></latexit>

uµ(⌧, y)

<latexit sha1_base64="+wwy4LLQD8nW8xQgHk0F/o5wt3U="></latexit>

nµ(⌧, y)

On the other hand,  is expressed asuμ

Therefore

<latexit sha1_base64="wMQi6i3oRIbxXI6J6Bo1E7N83VY="></latexit>

hab := gµ⌫e
µ
ae

⌫
b

<latexit sha1_base64="+GR2xTW/omwl4Kh43Nf117BmwVE="></latexit>

Na := gµ⌫u
µe⌫a

<latexit sha1_base64="g8piMX/knkumJDF34q9LJxqBsK4="></latexit>

e⌫a :=
@xµ

@ya

In the new coordinate, the unit vector normal to  is given by ℋd−1(τ)

<latexit sha1_base64="yC+bvUkUCCPpnyexneV1UpVYDv8="></latexit>

g̃ABdy
AdyB = �N2(dy0)2 + hab(dy

a +Nady0)(dyb +N bdy0)

<latexit sha1_base64="jN5gSa8m2cwNeQMYoc+c3QIAzXM="></latexit>

g̃AB =

✓
�N2 +NaNa, Nb

Na, hab

◆ <latexit sha1_base64="SiCs1HT5vUXOpAu93Stnt120S2g="></latexit>

g̃AB =
1

N2

✓
�1, N b

Na, N2Bab

◆

<latexit sha1_base64="w4dli6SbmHCEnzI/SC79JivrSck="></latexit>

N :=
p

(f 0)2 +NaNa
<latexit sha1_base64="k+PhYFV7TTlSJroZhEv2G5mvvBU="></latexit>

Bab := gµ⌫
@ya

@xµ

@yb

@x⌫
= hab � NaN b

N2

<latexit sha1_base64="+yh96vuMBTN8V7jNUWyurCivm8U="></latexit>

ñA =
@xµ

@yA
nµ = �N �0A

<latexit sha1_base64="KWhdBj5OzrMm1K8VP44plulZFd4="></latexit>

u · n = ũ · ñ = �N

f 0

<latexit sha1_base64="XaiGGYhIakJwnNKgEugCviDmD90="></latexit>

N : laps, Na: shift

<latexit sha1_base64="WLl33NcH9c+ZaJKdzTZKBmOTKkU="></latexit>

ũA =
@yA

@xµ
uµ =

@yA

@xµ

@xµ

@⌧
=

@yA

@⌧
=

�A0
f 0



5. Evaluation of  (non-standard)K := ∇μuμ

For a latter use, we calculate    asK = ∇μuμ

<latexit sha1_base64="p7uSdvoADA15Wu6xXs8JEGy/0EI="></latexit>

g := det gµ⌫
<latexit sha1_base64="EA2ob1JNe6O2N+jaDgiCjMeHaHo="></latexit>

K = @µu
µ + �⌫

µ⌫u
µ = @µu

µ + uµ@µ ln
p
�g

In the   coordinate, we haveyA
<latexit sha1_base64="OAwWMLkNIOVhJp20605PlwXWpok="></latexit>

@Aũ
A = �ũA@A ln f 0 = �@⌧ ln f

0

<latexit sha1_base64="MmyBEcOoXWWMz+OCCCSpiJZL7FE="></latexit>

g̃ := det g̃AB = �N2h

<latexit sha1_base64="jN5gSa8m2cwNeQMYoc+c3QIAzXM="></latexit>

g̃AB =

✓
�N2 +NaNa, Nb

Na, hab

◆
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h := dethab

<latexit sha1_base64="CTuB1dZELkROpsXwtEVcGlnuhLI="></latexit>

K = �@⌧ ln f
0 + @⌧ lnN

p
h = @⌧ ln


N

f 0

p
h

�
= @⌧ ln[(�n · u)

p
h]

Therefore, we finally obtain

<latexit sha1_base64="KWhdBj5OzrMm1K8VP44plulZFd4="></latexit>

u · n = ũ · ñ = �N

f 0

<latexit sha1_base64="7a0E9tXyHZigsLiUE6rNGmsN0wk="></latexit>

ũA =
�A0
f 0

<latexit sha1_base64="ejWbJp8isrdsp9/ZU0FuANCGRik="></latexit>

ũA@A ln
p
�g = @⌧ ln(N

p
h)



<latexit sha1_base64="X4qdrFcTODqtJMC+uy5XQVbYrbA="></latexit>

gµ⌫dx
µdx⌫ = gµ⌫

✓
@xµ

@⌧
f 0(y0)dy0 +

@xµ

@ya
dya

◆✓
@x⌫

@⌧
f 0(y0)dy0 +

@x⌫

@ya
dyb

◆
<latexit sha1_base64="pP7Nns8YTd0b3CQgTjCNgSyrFUk="></latexit>

@xµ

@⌧
= uµ
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ñA / �0A

規格化

<latexit sha1_base64="OBmilt4LumctTfw2LE//q6fypFw="></latexit>

ñA = �N�0A
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ñA =
1

N
(�A0 �NA) future-directed 

<latexit sha1_base64="allYiT+LvMtTIc7yAGs4BRV9KFA="></latexit>

�⌫
µ⌫ =

1

2
g⌫↵@µg⌫↵ =

1

2g
@µg = @µ ln

p
�g

定義より
<latexit sha1_base64="L0pF+kDaLnn2uq0yYvvgfaCPIgs="></latexit>

�↵
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1

2
g↵� [@µg�⌫ + @⌫g�µ � @�gµ⌫ ]



III. Conserved current and conserved charge 
(Our proposal)



This definition is coordinate independent.

We determine  in order to satisfy the conservation law , which readsζ(x) ∇μJμ = 0

1. Construction of conserved current

Conserved current

We construct the conserved current from the EMT using  asuμ(x)
<latexit sha1_base64="7tGeH0wrjJ7Sl0Kv3V3V3+0iyJI="></latexit>

Jµ(x) := Tµ
⌫(x)⇣(x)u

⌫(x) = �"(x)⇣(x)uµ(x)

refinement of the proposal in Aoki, Onogi & Yokoyama 2021

<latexit sha1_base64="2BPL1IYRCOASkCmG6aNXC9yNnbQ="></latexit>

⇣(⌧, y)"(⌧, y) = ⇣(0, y)"(0, y) exp


�
Z ⌧

0
d⌘K(⌘, y)

�
= ⇣(0, y)"(0, y)

(n · u)
p
h(0, y)

(n · u)
p
h(⌧, y)

Therefore the conserved current is determined as
<latexit sha1_base64="I9YzORCsLECZmKy+pE3mfA0UKmw="></latexit>

Jµ(⌧, y) = �⇣(0, y)"(0, y)n(0, y) · u(0, y)
p
h(0, y)

uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p

h(⌧, y)

where we use

<latexit sha1_base64="MsOXKM5XsbG4acEPm5TlXNINNDg="></latexit>

⇣⌫(x)

<latexit sha1_base64="qQHIfxF9UvCTcdDjO8S39cOJtQI="></latexit>

dxµ

d⌧

@

@xµ
=

d

d⌧

<latexit sha1_base64="yShSFMfPWqk7wSzY+bnKBvt6iNI="></latexit>

rµJ
µ(x) = �uµ@µ(⇣")� ⇣"K = � d

d⌧
(⇣")� ⇣"K = 0

<latexit sha1_base64="5it1mVTjaymMCnRs+wQztBdF+zE="></latexit>

K := rµu
µ =

@

@⌧
log

n
�(u · n)

p
h
o



2. Conservation law and conserved charge (standard)

<latexit sha1_base64="vekqnJdkzZDW4QFvIiQ9ap46r7U="></latexit>

Hd�1(⌧1)

<latexit sha1_base64="x4fxsXr45qbPL76BaiEdRJoaWSQ="></latexit>

Hd�1(⌧2)

<latexit sha1_base64="FpcRc1ilK6MWU3GLF/i33+uvj8k="></latexit>

@sMd
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Md(⌧1, ⌧2)
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nµ

<latexit sha1_base64="fvgUxby16o86sfCppIqG6z8plps="></latexit>

uµ
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uµn
µ = 0

<latexit sha1_base64="nYEAXlTjUO4ulJqS6EGAoh2/5Jg="></latexit>

on @sMd

<latexit sha1_base64="LeD2VIm9tVfcvyXcvq2yK1kWiQU="></latexit>

Md(⌧1, ⌧2) := {Hd�1(⌧) | ⌧1  ⌧  ⌧2}We consider a foliation of  asℋd−1(τ)

<latexit sha1_base64="jFJWzUp7sMTjfXA0pMo8VygTKoI="></latexit>

= Q(Hd�1(⌧2))�Q(Hd�1(⌧1)) +

Z

@sMd

d⌃µJ
µ

<latexit sha1_base64="gtX0sVUqD7/KJEjymOk2bRlY/l4="></latexit>

Q(Hd�1(⌧)) :=

Z

Hd�1(⌧)
d⌃µ J

µwhere we define

By construction, the current is zero on   as∂sℳd

<latexit sha1_base64="+JSXgVsl7PEeIAu9adWn+wPvFrc="></latexit>

d⌃µ J
µ / d⌃µu

µ / nµu
µ = 0

<latexit sha1_base64="mHnmaUGZ4QoPmPK8BB5U+74l9LI="></latexit>

Q(Hd�1(
8⌧2)) = Q(Hd�1(

8⌧1)) := Q

conserved charge

Integral of conservation law on ℳd(τ1, τ2)
<latexit sha1_base64="vW5Zqvr1rh19NBLfqxaAwChLnAc="></latexit>

0 =

Z

Md(⌧1,⌧2)
ddx

p
�grµJ

µ



3. Explicit form of the conserved charge
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Q(Hd�1(⌧)) :=

Z

Hd�1(⌧)
d⌃µ J

µ

<latexit sha1_base64="FpcRc1ilK6MWU3GLF/i33+uvj8k="></latexit>

@sMd

<latexit sha1_base64="FpcRc1ilK6MWU3GLF/i33+uvj8k="></latexit>

@sMd

<latexit sha1_base64="vekqnJdkzZDW4QFvIiQ9ap46r7U="></latexit>

Hd�1(⌧1)

<latexit sha1_base64="x4fxsXr45qbPL76BaiEdRJoaWSQ="></latexit>

Hd�1(⌧2)

<latexit sha1_base64="KZvhVc7AzzfbCjtLyeoWV0rUzhE="></latexit>

⌃
<latexit sha1_base64="ytqffd3UWoEkv/lxcXxMdbgeJh0="></latexit>

d⌃µ

<latexit sha1_base64="ZYhwk+gYG/5G4ER05jDgh+NlJEg="></latexit>

xµ(⌧, y)

<latexit sha1_base64="fvgUxby16o86sfCppIqG6z8plps="></latexit>

uµ

The charge  takes the same value even if we 
replace  with an arbitrary hyper-surface  
as in the left figure.

Q
ℋd−1(τ) Σ

<latexit sha1_base64="eUYllazU4rmBI1PkjLtxJPyL03g="></latexit>

Q(Hd�1(⌧)) = Q(⌃) = Q

<latexit sha1_base64="I9YzORCsLECZmKy+pE3mfA0UKmw=">AAAC73ichVHNSuRAEK5k/3Rc19EFWdiDwUEZQYeaRXdFEAQvy578GxWMO3Riq41JOiadgTHMC/gCHgRZBVlkH8OLL+DBRxAvgoIXD9YkkV0V3Q7p+uqr+qqquy3fEaFCPNP0V6/fvH3X0ppre9/+oSPf2TUfyiiwecWWjgwWLRZyR3i8ooRy+KIfcOZaDl+wNiab8YUaD0IhvTlV9/myy9Y8sSpspoiq5rd//DTdqGgqFg3WB4 xxY8jc4ooVcdCoD5g1FnA/FI70iKBwakx7RSojSnG4Gah4PcGNOPq3mCmpsUGaez+T3buZMnMbjWq+gCVMlvEUlDNQgGxNyfxvMGEFJNgQgQscPFCEHWAQ0rcEZUDwiVuGmLiAkEjiHBqQI21EWZwyGLEbtK+Rt5SxHvnNmmGitqmLQ39ASgP68BSP8ApP8A+e4+2zteKkRnOWOlkr1XK/2rH9afbmvyqXrIL1v6oXZ1awCqPJrIJm9xOmeQo71de2dq5mx2b64n48wAuafx/P8JhO4NWu7cNpPrMLOXqA8uPrfgrmv5TKX0sj08OFidHsKVrgM/RCke77G0zAd5iCCvW91Lq1Hs3QN/UdfU//labqWqb5CA+WfnQH9qy51w==</latexit>

Jµ(⌧, y) = �⇣(0, y)"(0, y)n(0, y) · u(0, y)
p
h(0, y)

uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p

h(⌧, y)

<latexit sha1_base64="ys2eKCOjbZc387nbE9sSna8kOjA="></latexit>

d⌃µ = �dd�1y
p
hnµ

<latexit sha1_base64="tlcYLlty9AwzqkCspu1dGP5qAh8="></latexit>

Q(Hd�1(⌧)) = �

Z

Hd�1

dd�1y
p
h(⌧, y)nµ(⌧, y)J

µ(⌧, y) =

Z

Hd�1

dd�1y ⇣(0, y)"(0, y)nµ(0, y)u
µ(0, y)

p
h(0, y)

The charge is indeed  independent, and thus conserved.τ

 is the conserved charge of Noether’s 1st Theorem 
for a global translation generated by  .  
Q

ζμ = ζuμ

SA  PTEP 2023(2023)1,013B03.



IV. Geometric conservation and entropy 
(trivial conservation but non-trivial interpretation) 



1. (No memory) initial condition for ζ

The conserved current depends on an initial value   .ζ(0,y)

geometric conserved charge 
(“gravitational charge”)

geometric conserved current 
(no memory at  )τ = 0

<latexit sha1_base64="IKUJmuMMVwX3LfmrWoiAM02HDMg="></latexit>

Q =

Z

Hd�1

dd�1y

These are coordinate independent, but depend on your choice of coordinate  and  . τ ya

 is invariant under the volume preserving diffeo. of  .Q ya

(An existence of) the conserved current looks “trivial”.  
As we will show, however, ”entropy current” in the case of perfect fluids.Jμ =

<latexit sha1_base64="B7g1jhts9l6NyKbLzcwNG8miIQU="></latexit>

Jµ(⌧, y) = � uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p

h(⌧, y)

We take “no memory” initial condition :
<latexit sha1_base64="1l82AB8LaRpwddqAoqPg+ZeTFeM="></latexit>

⇣(0, y)"(0, y)n(0, y) · u(0, y)
p
h(0, y) = 1

( We take the y-coordinate Cartesian or similar.)

<latexit sha1_base64="dlXrMPDaIGNgGOPjfkcYK0aw/uk=">AAADGHichVHLahRBFL3dvuL4yGg2ipvGITKBcbjTiTOTgBhwE13l4SSB6clQ3alMmvTL6uqBSdM/kB8QdKUgIi79AcGFZhtwkU8QlxHcuPD2I/gIajVd99xT99w6VWUGjh1KxENFPXX6zNlzY+dLFy5eujxevnJ1NfQjYfGO5Tu+WDdZyB3b4x1pS4evB4Iz13T4mrlzP11fG3IR2r73SI4C3nPZwLO3bItJovrltw83DDeqGp JFtdGUdle7HRtZ164YmL0Y67Ptpn5Hr2EdsaVPN1Ogt2b06cTY5ZJVsaaNphJjyAQPQtvxPWKoTx4Ma9OXWpTj8LGQ8XaGkzj6dVfDJ4caaY7zQnacFsoiTZJ+uZLaSYd2EjQKUIFiLPrlV2DAJvhgQQQucPBAEnaAQUhfFxqAEBDXg5g4QcjO1jkkUCJtRFWcKhixOzQPKOsWrEd52jPM1Bbt4tAvSKnBJH7C13iEH/ENfsbvf+0VZz1SLyOKZq7lQX9879rKt/+qXIoStn+q/ulZwha0M682eQ8yJj2FleuHu0+OVuaWJ+Nb+AK/kP/neIjv6QTe8Kv1cokvP4MSPUDjz+s+CVb1eqNZ15dmKvPt4inG4AbchCrddwvmYQEWoQOWcl25pywoD9Sn6jv1g7qfl6pKoZmA34Z68AMiWMXj</latexit>

Jµ(⌧, y) = �⇣(0, y)"(0, y)n(0, y) · u(0, y)
p
h(0, y)

uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p

h(⌧, y)



余因子行列
<latexit sha1_base64="43sxu8fImHMIDdc7K81dFwSfwB4="></latexit>

M�1
AB =

M̃AB

detM
, M̃AB = det [cofactor of MAB ]

<latexit sha1_base64="12Yu+5Fe/8Z1ibdgl7OCQ36qLK4="></latexit>

�
p

h(⌧, y)nµ(⌧, y)J
µ(⌧, y) = ⇣(0, y)"(0, y)n(0, y) · u(0, y)

p
h(0, y)

n(⌧, y) · u(⌧, y)
p
h(⌧, y)

n(⌧, y) · u(⌧, y)
p
h(⌧, y)

<latexit sha1_base64="kFdYnKf0rsbQPP/VWt6OvImIcu0="></latexit>

rµJ
µ / "µ···↵i···↵d�1rµ@↵iy

ai = "µ···↵i···↵d�1
�
@µ@↵y

ai � ��
µ↵i

@�y
ai
 
= 0

対称反対称

<latexit sha1_base64="TSwRNox4zdqRpSMQuYQbX+u6T1g="></latexit>

Jµ@µy
a / "µ···↵i···↵d�1@µy

a@↵iy
ai=a = 0

反対称 対称
<latexit sha1_base64="cGaNn3jNioC3d7/sgCFhMVmnHmg="></latexit>

@
p
detBab

@gµ⌫
=

b

2
Bab

@
p
B

ab

@gµ⌫
= � b

2
Babg

µ↵g⌫�@↵y
a@�y

b

<latexit sha1_base64="idB+i6dSANM8k/J/mpYOPGD+GAw="></latexit>

Tµ
⌫ = (F � Fzz)�

µ
⌫ + (Fzz � Fbb)(�

µ
⌫ + uµu⌫) = (F � Fbb)�

µ
⌫ + (Fzz � Fbb)u

µu⌫

<latexit sha1_base64="DsaXPrF53zuDwEJHJox/lWlv7Po="></latexit>

g̃⌧⌧ = g̃�1
⌧⌧ =

detBab

det g̃AB



2. Geometric conserved current

An essence of the geometric conservation law is an existence of time-like vectors  ,  
generated by time-like curves ,  which never end or emerge as

uμ(τ, y)
xμ(τ, y)

<latexit sha1_base64="4JgYPFDaKN3towJX5ADqJZbE0u4="></latexit>

u
µ(⌧, y) 6= 0 at 8

⌧ for y 2 Hd�1

<latexit sha1_base64="PGhkrbhK+RNdlat1HrYFDeYfYvg="></latexit>

u
µ(⌧, y) = 0 at 8

⌧ for y /2 Hd�1

<latexit sha1_base64="df5e5pATk6pLjYbBFtIRrww2F7o="></latexit>

Hd�1

<latexit sha1_base64="NCJ/yLXsq0bU+/fRue+E4glbSEw="></latexit>

uµ(⌧, y)

<latexit sha1_base64="RRKaK88IiQ3fGKfcZxTN9Y85uo4="></latexit>y

<latexit sha1_base64="kds99dFXkXBGZQC77wbR7QDV9h0="></latexit>

Bab = gµ⌫
@ya

@xµ

@yb

@x⌫

A formula for cofactor 

<latexit sha1_base64="oO72EBwj6h0LhtND48IVUFONwlE="></latexit>

Jµ = buµ

Geometric current

implies

Here we can forget the original “set-up”.

<latexit sha1_base64="SiCs1HT5vUXOpAu93Stnt120S2g="></latexit>

g̃AB =
1

N2

✓
�1, N b

Na, N2Bab

◆

<latexit sha1_base64="g6dI5bkcgr6izcmsBUHXgllmVUo="></latexit>

b :=
p
detBab =

f 0
p
�g̃

= � 1

(u · n)
p
h

<latexit sha1_base64="bPiXLQU71P/R9/hFvPnULweliNs="></latexit>

detBab

det g̃AB
= g̃00 = �(f 0)2

<latexit sha1_base64="B7g1jhts9l6NyKbLzcwNG8miIQU="></latexit>

Jµ(⌧, y) = � uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p

h(⌧, y)

<latexit sha1_base64="MmyBEcOoXWWMz+OCCCSpiJZL7FE="></latexit>

g̃ := det g̃AB = �N2h



Other representation

<latexit sha1_base64="FiDqO0wCxh5UK1FIVcGP1IzjVtw="></latexit>

�µ⌫ = �
✏µ⇢1···⇢d�1✏⌫⇢1···⇢d�1

(d� 1)!

<latexit sha1_base64="HlerKcUPDJ+RTcpFjXD6uMCGRBg="></latexit>

= �
✏µ⇢1···⇢d�1@⇢1y

A1 · · · @⇢d�1y
Ad�1 ✏̃AA1···Ad�1

(d� 1)!

@yA

@x⌫

Here it is easy to check  and  . ∇μJμ = 0 Jμ∂μya = 0

<latexit sha1_base64="HvUhSbL6p69OehRH1J6GoP8qb3I="></latexit>

Jµ / 1p
�gFurthermore, we see

Geometric current

<latexit sha1_base64="Ihkd8akXbg9Pen4IgeYepPBw2Xo="></latexit>

Jµ = buµ = � f 0
p
�g̃

uµ = � f 0
p
�g̃

�µ⌫ u
⌫

<latexit sha1_base64="9nLRM1V7J55qJGRF9ywlrWDg7sg="></latexit>

"µ↵1···↵d�1 / 1p
�g

<latexit sha1_base64="pxtZiSEMjznp1laDoR/Pf/7Lww4="></latexit>

Jµ = � 1

(d� 1)!

f 0
p
�g̃

eµ↵1···↵d�1 ẽAa1···ad�1@↵1y
a1 · · · @↵d�1y

ad�1u⌫@⌫y
A

= � 1

(d� 1)!

1p
�g̃

eµ↵1···↵d�1 ẽ0a1···ad�1@↵1y
a1 · · · @↵d�1y

ad�1



3. Effective field theory for perfect fluids

We extend an argument in Dubovsky, Hui, Nicolis & Son 2012 to a curved spacetime.

：co-moving coordinate of fluids,  ：phase of a conserved quantity.ya(x) ψ(x)

Poincare symmetry (= translation + Lorentz)

phase transformation: ψ(x) → ψ(x) + c

Dynamical variable

Symmetry in flat spacetime

volume preserving diffeo:   with   
(volume = a number of particles in the fluid)

ya → f a(y) det(∂b f a) = 1

<latexit sha1_base64="c5MUHSGZttWaYpfRdoe+3dfYJas="></latexit>

uµ : fluid 4-velocity

Curves spacetime
<latexit sha1_base64="8pL+1ZM9k2dYXK4684k/BUrFGQE="></latexit>

⌘µ⌫ ! gµ⌫

general coordinate transformation 
in a curved spacetime



Conserved current for  :ψ(x) → ψ(x) + c
<latexit sha1_base64="HcVluisaOuCIqwhNH/gZcz6tIZQ="></latexit>

Nµ
1 (x) :=

�S

�@µ 
= n1(x)u

µ(x)

<latexit sha1_base64="n3Fm2ka1atRadKF0No9dLsJDASQ="></latexit>

n1 = Fz := @zF charge density

<latexit sha1_base64="pb46jFHDJ6tRAepSlM8MlkjtmrU="></latexit>

S =

Z
ddx

p
�gF (b, z)

<latexit sha1_base64="EJ6FlXw+b9FMNIb/dPiUYJ89M2U="></latexit>

b =
p
detBab, z := uµ@µ =

Jµ

b
@µ 

Geometric current
<latexit sha1_base64="khiuWoFOox4atCQKP00BFWLMqJU="></latexit>

Jµ = � 1

(d� 1)!

1p
�g̃

eµ↵1···↵d�1 ẽ0a1···ad�1@↵1y
a1 · · · @↵d�1y

ad�1

low energy effective theory

derivative expansion

<latexit sha1_base64="uli5N7JyTaY6AdTBt8c4F78U23E="></latexit>

Jµ = buµ

<latexit sha1_base64="kds99dFXkXBGZQC77wbR7QDV9h0="></latexit>

Bab = gµ⌫
@ya

@xµ

@yb

@x⌫

<latexit sha1_base64="RjWrvIPf9Dy6peB2nD00SF929gw="></latexit>

b =
p
detBab

ネーターの定理

<latexit sha1_base64="8Ri2mvoQOPOql9ieCz3YTtwA64M="></latexit>

Tµ
⌫ = "uµu⌫ + P (uµu⌫ + �µ⌫ )完全流体



4. Expression of entropy current for perfect fluids

EMT

<latexit sha1_base64="9j6kVY7N4NHn78Xvm21S2S/m604="></latexit>

@(Jµ@µ )

@gµ⌫
= �bz

2
gµ⌫

<latexit sha1_base64="lyeMHGefAUzPyi6qOpso9jrnsms="></latexit>

@b

@gµ⌫
= � b

2
gµ↵g⌫�Bab@↵y

a@�y
b = � b

2
(gµ⌫ + uµu⌫)

<latexit sha1_base64="4WOtlcKcr8/HeRR11y4+xfwERUY="></latexit>

= g↵� + u↵u�

<latexit sha1_base64="uO4gWnrlMf3voIeIPmXI41jCOkU="></latexit>

Tµ
⌫ = (F � Fbb)�

µ
⌫ + (Fzz � Fbb)u

µu⌫

P ε + P

<latexit sha1_base64="qerds3SH3huV6aJEA2j4g2gjVEo="></latexit>

" = Fzz � F
<latexit sha1_base64="5yb6Xqkqc0Lgo4qfsqN8M216+GA="></latexit>

P = F � Fbb
<latexit sha1_base64="Sgq+J3lj2KPoUbzZDPC7ah3pkkA="></latexit>

n1 = Fz+ charge density

<latexit sha1_base64="8EaTdoboXi9mmRDFNjMoW2yT4zI="></latexit>*
<latexit sha1_base64="K7gFTECLQx2ePntdoc41tG0Vk3k="></latexit>

(Bab@µy
a@⌫y

b)g⌫↵@↵y
c = BabB

bc@µy
a = @µy

c

<latexit sha1_base64="8bXnWF4WmhIsIvDUIjCevlirf94="></latexit>

(Bab@µy
a@⌫y

b)u⌫ = Bab@µy
a @y

b

@⌧
= 0

<latexit sha1_base64="fD5Obp1SJzY65oZlHj5Kjf2dzZo="></latexit>

Tµ⌫(x) :=
2p
�g̃

@S

@gµ⌫(x)
= gµ⌫F + 2Fz

@z

@gµ⌫
+ 2Fb

@b

@gµ⌫
<latexit sha1_base64="bcyyEDDIAPmBa0D3wSiHoeVbyOw="></latexit>

= gµ⌫F +
2Fz

b

@(Jµ@µ )

@gµ⌫
� 2

Fzz � Fbb

b

@b

@gµ⌫

<latexit sha1_base64="HvUhSbL6p69OehRH1J6GoP8qb3I="></latexit>

Jµ / 1p
�g

<latexit sha1_base64="c4ryfyhWJbVC27QEBiZ6a7Y8UjE="></latexit>

z =
Jµ

b
@µ 

<latexit sha1_base64="ILEYIPuAB/06Uthk1T4DvIIfwzk="></latexit>

b =
p
detBab

<latexit sha1_base64="kds99dFXkXBGZQC77wbR7QDV9h0="></latexit>

Bab = gµ⌫
@ya

@xµ

@yb

@x⌫



<latexit sha1_base64="5yb6Xqkqc0Lgo4qfsqN8M216+GA="></latexit>

P = F � Fbb
<latexit sha1_base64="Sgq+J3lj2KPoUbzZDPC7ah3pkkA="></latexit>

n1 = Fz

compared with thermodynamic relation dε = Tds + μ1dn1

<latexit sha1_base64="qplduvpnZETG85M/HjunF+hPdaY="></latexit>

s = b, T = �Fb, µ1 = z  is an entropy density !b

 Other thermodynamics relation automatically follows as

<latexit sha1_base64="GsNThKBA7zsvu36jam30mfpi55I="></latexit>

" = Fzz � F = zn1 � F

<latexit sha1_base64="ukrand+Ldw8VO0do03MBVR6/4Qc="></latexit>

d" = zdn1 + Fzdz � Fzdz � Fbdb = zdn1 � Fbdb

<latexit sha1_base64="Nqq2zkxQel9Db3jfBkAnykKlwa0="></latexit>

"+ P � µ1n1 = zFz � Fbb� zFz = �Fbb = Ts

<latexit sha1_base64="eFm+eU7g7ySoxbqwsFySIT7ha3c="></latexit>

Jµ = buµ = suµ The geometric current is the entropy current !



Ex. Expanding Universe (scalar+radiation)

<latexit sha1_base64="fr7wENJnFSK4T3t8T6v0NWkLYqo="></latexit>

⇢ = ⇢� + ⇢R
<latexit sha1_base64="sfB4kigTuvCXXY6elUWwyJvTems="></latexit>

P = P� + PR

Radiation
coupling to scalar field

Scalar field
<latexit sha1_base64="GDYx+brE9fNBT7bBOI2kSLUe89w="></latexit>

�̈+ (3H + �)�̇+
@V

@�
= 0 EoM

<latexit sha1_base64="/kRGsQK0ZWZrEOI7dgpCn6awqdg="></latexit>

⇢� =
1

2
�̇2 + V (�)Energy density

<latexit sha1_base64="B25q/FVIr+xyaGq3I33LiPBUx7U="></latexit>

P� =
1

2
�̇2 � V (�)Pressure

<latexit sha1_base64="octneZ0/NQLRcIL+iiwbnFirlVg="></latexit>

V (�) =
m2

�

2
�2 +

�

4!
�4Potential

coupling to radiation

<latexit sha1_base64="G3ZQaSLwLCkNehi24WbXHXvcYtQ="></latexit>

PR =
⇢R
3

SA and K. Kawana, “Entropy and its conservation in expanding Universe’’,  
International Journal of Modern Physics A38 (2023) 2350072  [arXiv:2210.03323 [hep-th]].

<latexit sha1_base64="p/pfdKtIlqf5xMVgoYMLqAa9w2Q="></latexit>

⇢̇R + 4H⇢R = �(⇢� + P�)



Numerical results
<latexit sha1_base64="bunb9WkpmUWuk18IvX/XN8yQNh4="></latexit>

� = 10�2, m� = 0.1MPl, � = 10�2m�

<latexit sha1_base64="2Gde/0nYrgMus6egQmjyM2KSA1Y="></latexit>

MPl :=
1p
GN

Planck mass
<latexit sha1_base64="Jb8/n4bNeqFqTZM8RKlDtiUvcF0="></latexit>

�(0) = 5MPl, �̇(0) = 0, �(0) =
2⇡

H(0)
slow roll de Sitter temperature

Q

S

E

E (analytical)
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<latexit sha1_base64="UzIgcCKsf7tXYbwFuXqMqXUL+ZQ="></latexit>

P = w⇢

Inflation
<latexit sha1_base64="NKakCo+HoCQDwh1c9IohXIwsvgI="></latexit>

! ' �1

<latexit sha1_base64="f9QfnVAGqVCpS+IXe9bHOOZN/KE="></latexit>

! ' 1

3

Radiation

ρϕ(t)

ρR(t)
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V. Conclusion



Conclusion

1. Geometric conservation always holds in a curved spacetime. 

<latexit sha1_base64="IKUJmuMMVwX3LfmrWoiAM02HDMg="></latexit>

Q =

Z

Hd�1

dd�1y

conserved current

gravitational charge

2. The geometric conserved charge is entropy for perfect fluids.

<latexit sha1_base64="QNirLeZEZJISQv9jYu2Q5JoicGs="></latexit>

Jµ(⌧, y) =
�uµ(⌧, y)

n(⌧, y) · u(⌧, y)
p
h(⌧, y)

Interpretation

1. A source of gravity is “entropy”, as the electric charge is the source of EM interaction.

c.f.  “Gravity is entropic force”. T. Jacobson 1995, E.P. Verlinde 2011.

2. Through Einstein’s equation  , the geometric conservation holds in 
spacetime . What is its mathematical/geometric meaning ?

Gμν + Λgμν = 2κTμν



A magic (universal) formula for “entropy” density

<latexit sha1_base64="F76W+sOcrfzZiyC4BOPcG/gHlyg="></latexit>

Hd�1(⌧)

<latexit sha1_base64="RRVN/xq9V1bhKY2MhbhAlHNKjJ4="></latexit>

eµa(⌧, y)
<latexit sha1_base64="ZYhwk+gYG/5G4ER05jDgh+NlJEg="></latexit>

xµ(⌧, y)

<latexit sha1_base64="qBoSEIo0F7LF5qMXYDdfWnW25IE="></latexit>

uµ(⌧, y)

<latexit sha1_base64="+wwy4LLQD8nW8xQgHk0F/o5wt3U="></latexit>

nµ(⌧, y)

Please calculate “entropy” density 
in your favorite spacetime. 

<latexit sha1_base64="NddclOXylSRN80lZrT+jK1nfJVA="></latexit>

s(x(⌧, y)) =
�1

n(⌧, y) · u(⌧, y)
p
h(⌧, y)

<latexit sha1_base64="tUtJsbiPmGanEgNZau2WLffcnH4="></latexit>

h(⌧, y)

EMT

Future studies

1. What is a physical interpretation of the geometric conservation for dissipative fluids ?

2. Applications of the geometric conservation.

Thank you for your attention.



Backup



Backup: Noether’s 2nd theorem

Local (gauge) symmetry

E. Noether, Gott. Nacho. 1918(1918)235-257 [arXiv:physics/0503066[physics]]

Conservation laws as constraints or identities

<latexit sha1_base64="6YK5PQB9vsxYfxfYKFsYXvZcnBg="></latexit>

@µJ
µ[⇠] = 0conserved current for an arbitrary vector  without using EoMξμ

<latexit sha1_base64="fIEWhMeVbczr/T2NnhxM0RrfLyM="></latexit>

Jµ[⇠] =
1

4

p
�gr⌫

h
r[µ⇠⌫]

i
<latexit sha1_base64="ZycAE42eTCf+TR5Ob5rdF3f1lWM="></latexit>

= Aµ
⌫⇠

⌫ +Bµ
⌫
↵⇠⌫ ,↵ + Cµ

⌫
↵�⇠⌫ ,↵�

<latexit sha1_base64="JqoDw4iWVzRYSd1EK3COiaLYKzA="></latexit>

@µA
µ
⌫ = 0 non-covariant conserved current

<latexit sha1_base64="mUR8qWTkaGnbE+c61ymjDBQd5E8="></latexit>

Aµ
⌫ pseudo-tensor 

<latexit sha1_base64="opyuU8te+u5K+Wshn/rP5H4Hp2M="></latexit>

Jµ[⇠] quasi-local energy ( by Stokes theorem)

Trivial conservation due to Noether’s 2nd theorem



3a. Entropy current conservation for perfect fluids

Perfect fluid
<latexit sha1_base64="8Ri2mvoQOPOql9ieCz3YTtwA64M="></latexit>

Tµ
⌫ = "uµu⌫ + P (uµu⌫ + �µ⌫ )

conservation
<latexit sha1_base64="mF1ZUUJZJXc3IVGHt0p90qYP36M="></latexit>

u⌫rµT
µ
⌫ = �@⌧"� ("+ P )K = 0

<latexit sha1_base64="bs0T3bDsSMhfCnhZtcJVDafba2Q="></latexit>

@⌧" = �("+ P )K

An other conserved current
<latexit sha1_base64="PFwWUvPDKiVP40kNXacMU8RJjY4="></latexit>

Nµ
1 = n1u

µ
<latexit sha1_base64="rMBGInKUzE87CLJfNPaIxfVZJLI="></latexit>

rµN
µ
1 = @⌧n1 + n1K = 0

Entropy current
<latexit sha1_base64="c82iOmZRM9HqHOkNpPA0jBINZqk="></latexit>

sµ = suµ

Thermodynamics relations
<latexit sha1_base64="WT+ojFzrG9KiAAm88Fn+FZcKp44="></latexit>

ds = d"� µ1dn1

<latexit sha1_base64="sxuuweUhUFJGcAPJNnHP/YomLfk="></latexit>

Ts = "+ P � µ1n1

<latexit sha1_base64="K82SGbuJkaUBTrdtnGifwog8rwU="></latexit>

chemical potential µ1

<latexit sha1_base64="YpQNGTsXcMywqK6SiBeoLZwBM5w="></latexit>

temperature T

<latexit sha1_base64="X8ET7QWGhqyyY+inPW6wDPQ8k+I="></latexit>

rµs
µ = @⌧s+ sK =

1

T
(@⌧"� µ1@⌧n1 + sTK) =

K

T
(�"� P + µ1n1 + sT ) = 0

Entropy current is conserved.

(We here consider one conserved current, but an extension to more is straightforward. )



 Expanding Universe 
(A simple example)



1. Homogeneous and isotropic expanding Universe

ds2 = �(dx0)2 + a2(x0)g̃ijdx
idxj FLRW metric

EMT (perfect fluid)

covariant conservation rµT
µ
⌫ = 0

<latexit sha1_base64="ZeC/vdhcgAXHbUbxI2y5gsEp40A="></latexit>

T 0
0 = �"(x0), T i

j = P (x0)�ij , T 0
j = T i

0 = 0

<latexit sha1_base64="i+HVHuc/uqUPvmpUIutW2RMYCoA="></latexit>

"̇+ (d� 1)("+ P )
ȧ

a
= 0

energy
<latexit sha1_base64="mxYsJ7PY4Ubcz9hMmpHTGyvVyJY="></latexit>

E(x0) := �
Z

dd�1x
p
�g T 0

0 = Vd�1a
d�1", Vd�1 :=

Z
dd�1x

p
g̃.

<latexit sha1_base64="Sii+O1kSubu1Ic7xoPcpFmuwEhM="></latexit>

Ė

E
= �(d� 1)

ȧ

a

"+ P

"
+ (d� 1)

ȧ

a
= �(d� 1)

ȧ

a

P

"
6= 0

The energy is indeed not conserved in expanding Universe.

General relativity should have no generic conserved energy.

entropy current 
<latexit sha1_base64="zsgkK6K3+slDUOMxdkCFE0FRo+E="></latexit>

sµ(x0) = � 1

(n · u)
p
h
uµ =

c0�
µ
0

ad�1(x0)
p
g̃

<latexit sha1_base64="K7OWlsKres1gL4rEEYtfHrtcztI="></latexit>

c0: constant,
p
h = a(d�1)

p
g̃

<latexit sha1_base64="5lQ20FQyt/HHDHASDE25dBbazhE="></latexit>

rµs
µ = ṡ0 + �µ

µ0s
0 = �(d� 1)

ȧ

a
s0 + (d� 1)

ȧ

a
s0 = 0

<latexit sha1_base64="Vlc6Xmq4DGS1PGpa3tcyTwBLzcY="></latexit>

�i
j0 =

ȧ

a
�ij



2. Constant equation of state (EOS)
Einstein equation

<latexit sha1_base64="RnxUzGsP93F2VTUC+jKL9XoSSjo="></latexit>

(d� 2)


Ḣ +

d� 1

2
H

2

�
= �2P

<latexit sha1_base64="EunwZ/Isa4WxfbxjRfdLppOT4Mo="></latexit>

H :=
ȧ

a

constant EOS

<latexit sha1_base64="7RezY5k7C3+CsATKZSgtwwAgZ2Q="></latexit>

C0 :=
(d� 1)(1 + w)

2

<latexit sha1_base64="Jy9p6ZnoH7idDVE/RFnok4F/n30="></latexit>

a(x0) = (1 + C0H0x
0)1/C0

<latexit sha1_base64="bBFPIKvU150lAtpi1LferAzbSTY="></latexit>

a(x0 = 0) = 1

internal energy

volume

entropy

<latexit sha1_base64="Xv8xroqIylxsTdjTACZZOrBIJpI="></latexit>

V (x0) = Vd�1a
(d�1)(x0)

flat space case

entropy current
<latexit sha1_base64="yj4yEpm4D3N4EezEW5+GuLmvMhc="></latexit>

sµ(x0) =
c0�

µ
0

ad�1(x0)

<latexit sha1_base64="hjEH5SpPamdpF6a162d3A8fdAac="></latexit>

Vd�1 =

Z
dd�1x,

p
g̃ = 1

<latexit sha1_base64="uS1oi1O/4wR/Lu49i5bdFnwA5UI="></latexit>

S(x0) = Vd�1c0

<latexit sha1_base64="0/bgL53mloO2Qmgo1n4tQiC+y5I="></latexit>

(d� 2)(d� 1)

2
H

2 = 2"

<latexit sha1_base64="NMIwxka82y1pNGqkAEyWfLUEOWw="></latexit>

"(x0) = "0

✓
1

a(x0)

◆(d�1)(1+w)

<latexit sha1_base64="kCBTuVsw8pQcgZuOlsi5IOrDulk="></latexit>

P (x0) = w"(x0)

<latexit sha1_base64="BU5fPAaFkLTVI0v/EIW7s7sH+FU="></latexit>

U(x0) = Vd�1
"0

a(d�1)w(x0)



凸 for each variable

<latexit sha1_base64="x62OWEBpIC9k1RdOdbY/72PZ/HY="></latexit>

S(�U,�V,�N) = �S(U, V,N)property 1.

2nd derivative with respect to each variable is negative semi-definite. 

Thermodynamic entropy
<latexit sha1_base64="RaO1u8mKA2xi5eFLbG8rCwLkEA0="></latexit>

S = S(U, V,N)
<latexit sha1_base64="k0GB/oEqqvuGPH3ti7G5JV25Gxk="></latexit>

N : conserved charge

property 2.



<latexit sha1_base64="QmZPxU2/Bx9v+g2MjeYfLpyFAUc="></latexit>

Ḣ +
(d� 1)(1 + !)

2
H

2 = 0

<latexit sha1_base64="QgKbR84Dt2Q4B8am9WnxXzn3Vt4="></latexit>

H(x0) =
H0

1 + C0H0x
0

<latexit sha1_base64="kC96N7qmBD4UvZYhdoAeiWc2Ye0="></latexit>

log
a(x0)

a0
=

1

C0
log(1 + C0H0x

0)

<latexit sha1_base64="mDBEeKULpUhj7OKk0rggD4pY860="></latexit>

"(x0) =
H

2
0

2
(1 + C0H0x

0)�2 =
"0

a(x0)2C0



2-1. Radiation era

fundamental relation for radiation
<latexit sha1_base64="DCExVDZRSrQhMgQ8d4L8vluXNbI="></latexit>

S = UG(U/V ) = c U

✓
U

V

◆↵
<latexit sha1_base64="CC7g9rVS7FVQFqX4qPepM9oyJjM="></latexit>*

<latexit sha1_base64="tiNn43QGERlxS2gGFlUJwE3xHx4="></latexit>

U ⇠ a�1(x0), U/V ⇠ a�d(x0)

<latexit sha1_base64="fG9UCjIYyD+gk7+L2VrY6/n4Poc="></latexit>

S ⇠ 1
<latexit sha1_base64="e8hvED1vAryi6s3+LJQ2sfflQsM="></latexit>

↵ = �1

d
<latexit sha1_base64="VGxHUm8/vaLbparMtDWLLhe2YAs="></latexit>

S = cVd�1⇢
d�1
d

0

fundamental relation is determined.
concave conditions are satisfied.

<latexit sha1_base64="UtUhKsGVbKDZvgbMUdYly3mqQf0="></latexit>

no Ni for radiation

by conservation

<latexit sha1_base64="gN1XPL5wqYANEKJoJCT8y3N7cnA="></latexit>

c0 = c⇢
d�1
d

0

<latexit sha1_base64="5IgpNxacqcMn6SyYxXVuYJtKin8="></latexit>

S(U, V ) = c U1� 1
dV

1
d

<latexit sha1_base64="BAqHyEoXnCmzz7FNbB4huE5r37w="></latexit>

P (x0) =
1

d� 1
"(x0)

<latexit sha1_base64="EEoj+b0FMzZoxjkNIaw29V/l99s="></latexit>

"(x0) =
"0

ad(x0)
,

p
�g = ad�1(x0)

<latexit sha1_base64="lgvgKrbocCQ4B2se2R6BafwGawk="></latexit>

U = Vd�1
"0

a(x0)
, V = Vd�1a

d�1(x0), S = Vd�1c0

<latexit sha1_base64="fXpWy/G1BMB29WZT24O3zbNBw2w="></latexit>

! =
1

d� 1

<latexit sha1_base64="Jy9p6ZnoH7idDVE/RFnok4F/n30="></latexit>

a(x0) = (1 + C0H0x
0)1/C0

<latexit sha1_base64="p9pYlDBn0MqZpXYeyHEYj+MJams="></latexit>

C0 =
d

2

<latexit sha1_base64="rIS7ZxJAhqeapL7tY/rxcG0+2aI="></latexit>

a(x0) =

✓
1 +

d

2
H0x

0

◆2/d



various thermodynamic quantities

(Inverse) temperature

Pressure

consistency

Entropy density thermodynamic relation

Stefan-Boltzmann

various thermodynamic quantities are correctly reproduced from the fundamental relation

<latexit sha1_base64="y+Sygzca4RtUSK71G9T2BvxVGBI="></latexit>

�d :=

✓
d� 1

d
c

◆d

<latexit sha1_base64="P8KMVjX9/2iL3RLkhryJ0EWii+o="></latexit>

P

T
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@S

@V
=

c

d

✓
U

V

◆1� 1
d

=
1

d� 1

"

T

<latexit sha1_base64="D8C7wdPoSS/nxRsV2/2EB4o5znk="></latexit>

P (x0) =
1

d� 1
"(x0)

<latexit sha1_base64="waf9ZUCUv3arSpuZBQY/JOzNmOI="></latexit>

s :=
S

V
= c

✓
U

V

◆1� 1
d

=
d

d� 1

"

T
=

"+ P

T

<latexit sha1_base64="5IgpNxacqcMn6SyYxXVuYJtKin8="></latexit>

S(U, V ) = c U1� 1
dV

1
d

<latexit sha1_base64="xLIu2azSYB0ouZSywpHzljXgIfM="></latexit>

1

T (x0)
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@S

@U
= c

d� 1

d

✓
V

U

◆ 1
d
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d� 1

d

c

"
1
d
0

a(x0)

<latexit sha1_base64="Wjybt+rwFrSqt0oBE+2/aet3x0M="></latexit>

" =
U

V

<latexit sha1_base64="o+Yg/gfegE/ehIgpF6CFQFRepRs="></latexit>

1

T
= c

d� 1

d

✓
V

U

◆ 1
d

<latexit sha1_base64="Fua00Y7vPjKLr3y0f7N9N7K6CKA="></latexit>

"(x0) =

✓
d� 1

d
cT (x0)

◆d

= �dT
d(x0)



2-2. Dark energy (Inflation)

exponential expansion = inflation

The metric is equivalent to (static) de Sitter spacetime
<latexit sha1_base64="RlhawAEX0HTOTwIvnhanKj3Ihm4="></latexit>

Hubble constant HI := H0

<latexit sha1_base64="7hXBPvFrmJVhkC1yrNFmmls+YU0="></latexit>

x
0 = t+

1

2HI

log(1�H
2
I
r
2), R =

re
�HIt

p
1�H

2
I
r2

.

<latexit sha1_base64="z2H6YR/z+tTRSSnav4jqx2oGkCY="></latexit>

ds
2 = �(1�H

2
I r

2)dt2 +
dr

2

1�H
2
I r

2
+ r

2
d⌦2

d�2

<latexit sha1_base64="lujNNDjd0eL1lfcimNa/BDi/iAc="></latexit>

⇤ =
(d� 1)(d� 2)

2
H

2
I
:=

(d� 1)(d� 2)

2R2
H

cosmological constant 

radius of de Sitter horizon

<latexit sha1_base64="bnGLAq/ROUIWzDb/D5RSfwLlxts="></latexit>

unform matter with w = �1 (dark energy) de Sitter spacetime

<latexit sha1_base64="sAjUWwN68ui2saOEAjS7E3/AuTo="></latexit>

RH =
1

HI

=radius of Hubble horizon

<latexit sha1_base64="BkmVNp3sdCSlWYuqvAd3nRphCYI="></latexit>

P (x0) = �"(x0)

<latexit sha1_base64="nOtcdsrwRoiVGv212LT2YeMNerk="></latexit>

a(x0) = e
H0x

0

, "(x0) = "0 =
(d� 1)(d� 2)

16⇡2
H

2
I

<latexit sha1_base64="Ul8WJPrry3x7aIi0GwKN+eWfpgw="></latexit>

ds2 = �(dx0)2 + e2HIx
0

(dR2 +R2d⌦2
d�2)



fundamental relation

<latexit sha1_base64="M4DG6MppuEahBuNixD77RIEbePo="></latexit>*

consistency
<latexit sha1_base64="sC6MahZ2c+M6uK7tLYgIM3WlQQE="></latexit>

� = 1
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N := Vd�1n0a
�(x0)

<latexit sha1_base64="FMtdhjryl0eXwBZFh0H7/33RRK4="></latexit>

� = 0

fundamental relation

concave condition

<latexit sha1_base64="5bt0Kz0ZoMYk7deVe3OjUXLbTV8="></latexit>

S(U, V,N) = UG(U/V,N/V ) = c U
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<latexit sha1_base64="3L1A+X0D51L5DnzmtLgLfVoADLc="></latexit>

1

T
= c

✓
N

V

◆�

(↵+ 1)

✓
U

V

◆↵

,

<latexit sha1_base64="Vl14G8UPqp6UDfI5WKdnfxv5MC0="></latexit>

↵ = �1

<latexit sha1_base64="3gAPQXE9Vvd8h3f9NPelR4tBAmg="></latexit>

S = cN = c Vd�1n0
<latexit sha1_base64="tlYZpKhjpiku5L9A9/N8Rto1EaI="></latexit>c0 = c n0

<latexit sha1_base64="QCkSem4o4JyBSPzfb89sR2g9/lo="></latexit>

P (x0) = �"(x0)
<latexit sha1_base64="adi0A1f5BOGH6I9+uFRV/GS4jdg="></latexit>

U = Vd�1"0a
d�1(x0), V = Vd�1a

d�1(x0), S = c0 Vd�1

<latexit sha1_base64="N79EhZl5wvPrAlZ2bz5WvF7ZOfA="></latexit>
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U

V
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<latexit sha1_base64="c3wbMbWWF8vyYNGiZLDgnGRrYZ8="></latexit>
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a�(x0)
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conserved charge

co-moving volume
<latexit sha1_base64="Gm+oItDo13IOJKgafTvYtbg6RB8="></latexit>
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Z
dd�1x

p
g̃ = ⌦d�2

Z rmax

0
rd�2dr =

rd�1
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d� 1
⌦d�2
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<latexit sha1_base64="BGbG7EeZURmgch/lsdx6KcBo2I8="></latexit>
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dx0
=

1

a(x0)
=

e�HIx
0

a0

<latexit sha1_base64="FelX7FJgX534c+dtUvs0SVigF5c="></latexit>

rmax =

Z 1

0

dr

dx0
dx

0 =
1

a0HI

Bekenstein-Hawking entropy
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area of de Sitter horizon

an initial condition de Sitter temperature
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cf. Gibbons-Hawking 1977

An alternative derivation of entropy for de Sitter spacetime

Entropy, carried by dark energy, is uniformly distributed 
inside the de Sitter horizon, but  NOT only on the horizon.
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rmax: a maximal distance a light can travel from x0 = 0 to x0 = 1.
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