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I. Introduction



Questions

Is there a covariantly conserved quantity in general relativity ?

If exists, what 1s 1ts physical meaning ?

Is energy conserved in general relativity ?

spacetime matter
: : : 1 _
Einstein equation Ry — Sgu R+ Agu = 26T, k= drGy

Energy Momentum Tensor (EMT)
Bianchi identity for R,

— Vu(\/ngMV) — au(\/?gT'uV) + Fﬁa(\/ngaV) _ ng(\/nguoz) =0

covariant conservation

but what we naively need for a conserved is  9u(v/—9T",) =0

2nd and 3rd terms are obstructions.



The standard definitions

1. Einstein’s (pseudo-)energy  Oulv—g(T*, +t*,)] =0 th,

seudo-tensor (non-covariant
E=/dZM(T“O+t“0) p ( )
>

2. Quasi-local energy ADM, Komar, Bondi

E — / dS (quasi-local energy) absence of local energy density
r—00

There exists no covariant definition of conserved energy in general relativity, due
to Noether’s 2nd theorem.

I will not discuss this anymore 1n this talk, due to the limitation of time.

For more details, please take a look at

SA and T. Onogi, “Conserved non-Noether charge in general relativity: Physical definition vs. Noether’s
2nd theorem™, Int. J. Mod. Phys. A36 (2022) 2250129,



In this talk, we propose a covariantly conserved quantity and discuss its physical meaning.

PPP2023Tld., HIIRDORAFE "H M, ODFEEZRL, ZNZ faobE—¢
225 E, IEFHTORNENERA 27T 2R LT,
SN, TEIMM, Z2RMAICRE L, B0 aIlidznsny Fad—

E—HTBHIEERT,

1. There exists a covariant and geometric conservation for a general class of

It

energy momentum tensor in curved spacetime.

2. The geometric conserved charge becomes “entropy” for a perfect fluids.

. drtroduction-

l. Our set up

. Conserved current and conserved charge
V. Geometric conservation and entropy

V. Conclusion




I1. Our set up

(which may not be found in textbooks)



1. Decomposition of energy momentum tensor

Energy Momentum Tensor (EMT)

In this talk, we consider the EMT in the following form:
T, =¢euyuy, + P, Ppu =u'P,, =0
e: energy density ut: a time-like unit vector P, : pressure tensor

This EMT, classified as the Hawking-Ellis type I, covers standard classical matters

in 3+1 dimensions.
Hawking&Ellis 1973, Martin-Moruno& Visser 2018

Conservation law V L THY =0 1s satisfied as mentioned before.

We also assume that other conserved currents such as electric charge or baryon number exist:

V,N!'=0 i=1,2---.f



2. Initial hyper-surface

First we pick up an initial space-like hyper-surface #,_; . EA” R4 T D S8

A uh () ut () EMT is non-zero on #;_; :

e(x) A0 at or € Hy_y

Z ,_; may not be connected.

Ha—1

We introduce a coordinate y“ (a = 1,2,---,d — 1)
on %d—l .

Ha1 ={zp(y) | y € Ha—1}

IR 21 C D 22 ] AT

H,_,1s ad — 1 dimensional subspace of R4

which may not be necessarily connected.



3. Time-like curves and a foliation of hyper-surfaces

We define a time-like curve x*(z,y) starting from an arbitrary point xp(y) on Z ;_; :

dzt (1, y)
dr

= uf(z"(1,y)),

o (ry) = ab(w) + [ " dnut(z(n, y))
" (0,y) = 25 (y) 0

T can be negative.

We can construct a foliation of hyper-surfaces # ;_,(7) using these time-like curves.

Ho1(r) = {a"(ry) | ¥y € Hy 1} Ha1(0) = Has

Assumption: V, T" = 0 implies u*(z, x) never

end or emerge.

DF Dut(r,y) L Te(r, )IZX I 5 78\,

ZHUFZ RV X =5 (e >0k DEILND
(thH b)) .

Hereafter, we use simplified notations such as

uh(z,y) 1= ut(x(z,y)) .



4. “3+1” decomposition (standard)

We consider a new coordinate (3+1 decomposition) as y* = (yY, y%) with = = f(y) :

Gapdy?dy? = —N?(dy®)? + hap(dy® + N%dy®)(dy® + Nbdy®)

_ ~N2 4+ N,N°, N, ap_ 1 (-1, N
JAB = Na, /’Lab 9 N2 ]\[a,7 NZBab

N :=+/(f)2+N,No  Ng:=guu'e, b Loyt oyt . NoN
B .= gt = h%” —
5 L, Oz* OxH Oz N?
hap = g€l ey €= 54
/ N: laps, N%: shift
In the new coordinate, the unit vector normal to #°,_,(7) is given by
5 Oxt 0
na — &U—Anﬂ = —N 5A
n*(7,y)

On the other hand, u* 1s expressed as

@A:%uu: Oy* Oz zﬁzﬁ
OxH OxH Ot ot f!

Therefore “'n:“’”:_F




S. Evaluation of K := V u” (non-standard)

For a latter use, we calculate K=V ”u/“‘ as

K = 0ut + T v = 0 u” + ut0,In/—g g :=det g,
5A
In the y? coordinate, we have " = f?’ » 0407 = -0 Inf' = -0, In f

jg:=detgap =—-N?h ——  @%94ln\/—g =98, n(NVh)

~ —N2 —|—N NCL Nb h . d
— S .= det h,
JAB ( Ncw hab ) ’

Therefore, we finally obtain

K=-8,Inf +8.InNVh=29,In [%\/E] = 8, In[(—n - ©)Vh]

f/



oxt oxt oxY

y a " ozt
Judrtdr” = g, (Wf’(yo)dyo + @—yady > ( - F(y”)dy” + dyb) i

fa o< 09 > 74 =-—N& Th

ALl

o 1 o
%% J: D F,uy — 59 b [a,ugﬁu + 81/95# _ aﬁg,ul/]

1 1

I, = 59’/0‘ e = Q_ga“g =0,Inv/—g

Oy or

1 :
_ N(dé‘ — N*)  future-directed



II1. Conserved current and conserved charge
(Our proposal)



1. Construction of conserved current

refinement of the proposal in Aoki, Onogi & Yokoyama 2021

We construct the conserved current from the EMT using u*(x) as
JH(x) :=T", (2)((z)u"(z) = —e(z)((z)u" (z)

(@) This definition 1s coordinate independent.

We determine {(x) in order to satisfy the conservation law vV, J# =0, which reads

d dx* 0 d
/’l/ —_— /’l’ S _— — p— = —
V,JH(z) = —u"0,(Ce) — (e K = - (Ce) — (e K =0 ir 9z,  dr

¢(r,y)e(r,y) = €(0,9)e(0, y) exp [_ /OT dnK(n,y)] ~ 0w EZ Z;gig’ Zi

0
=V, ut = ]
where we use K : pl o7 108‘{ (u n)\/ﬁ}

Therefore the conserved current 1s determined as

ut (7, y)

(i, y) = —C(0,4)e(0,y)n(0,y) - u(0,y)y/ h(0,
74(7.9) = =60 9)0,)(0:9) - w0 9) VA0 )P




2. Conservation law and

conserved charge (standard)

We consider a foliation of #;,_,(z) as Ma(11,72) := {Ha-1(7) | 1 <7 <72}

Integral of conservation law on % 7, 7,)

0= / dda? \/TQVMJ“ = Q(Hd_l(Tg)) — Q(Hd_l(Tl)) —|-/ dEIuJ’u
Mg(11,72) 5,

st

where we define  @(Ha—1(7)) == / d>,, J"

Os Mg

Hag—1(71)

By construction, the current is zero on 0.4 ; as

dx, J* oc dX, u" o< nyut =0

QHa-1("m)) = QHa-1("11)) == Q

conserved charge



3. Explicit form of the conserved charge

ut (7, y)
n(Tv y) ' U(T, y) h(Tv y)

QMa1(7)) = / a5, J* 05, = —d 'y,
Hd 1(7’)

Ju(Tv y) — _C(an)s(ovy)n(()?y) ' U(O,y) h(oay)

O(Ha1(r /H VRO 9) () T4 (7, ) = /H 491y ¢(0,1)(0, ) , (0, 1)u(0, ) /{0, )

The charge 1s indeed 7 independent, and thus conserved.

Ha—1 72
The charge Q takes the same value even if we
replace # ;_(r) with an arbitrary hyper-surface X
(1,9) as in the left figure.
Ds My u"- 0s M Q(Ha-1(7)) =Q(X) =0Q
u WE .
u/

0 1s the conserved charge of Noether’s 1st Theorem

L for a global translation generated by ¥ = (u# .
Ha—1(71)

SA PTEP 2023(2023)1,013B03.



1V. Geometric conservation and entropy

(trivial conservation but non-trivial interpretation)



1. (No memory) initial condition for

ut (1, y)
“(ry) = —=C(0,4)e(0,y)n(0,y) - u(0, 7 (0,
JH(T,y) = —C(0,9)e(0,9)n(0,y) - u(0,3) /2 (0 y)n(T, y) - u(t,y)\/h(T, y)

The conserved current depends on an initial value £(0,y) .
We take “no memory” initial condition :  {(0,¥)e(0,y)n(0,y) - u(0,y)+/h(0,y) =1

( We take the y-coordinate Cartesian or similar.)

geometric conserved current  ju(; ) — _ ut(7,y)

(no memory atz =0) n(7,y) - u(t,y)\/ h(T,y)
geometric conserved charge Q= 41y
(“gravitational charge”) Hy—1

These are coordinate independent, but depend on your choice of coordinate 7 and y“ .

O is invariant under the volume preserving diffeo. of y“ .

(An existence of) the conserved current looks “trivial™.

As we will show, however, J# = “entropy current” in the case of perfect fluids.



—V/h(7,y) nu(m,9) (1, 9) = ((0,9)e(0,3)n(0,3) - u(0,3)1/h(0, y)

M
L 1 Masp
?ﬁ?ﬂ MAB " det M’

M 45 = det [cofactor of M 4p]|

ZR

n(7,y) - u(T, YT, y)

W y)\/h(r,y)

~det Bab
~ det gAB

o ~—1
T gTT

~TT

g

V,JF oc gl a1y g, gt = gheiea g g gt T8 gayti} = 0

SR TR SO
J'uauya o glu...oéi..-oéd_lauyaaaiyai:a — O
SRR X R
Vet B® b ovBY b
__Ba :__Ba J1%e" Vﬁaa b
&(JW 5 b &(JW 9 59" 9" Oy (%y

T, = (F — F.2)0L + (F.z — Fpb) () + v'uy) = (F — Fpb)dh + (Foz — Fyb)ufu,



2. Geometric conserved current

An essence of the geometric conservation law 1s an existence of time-like vectors u*(z,y),

generated by time-like curves x#(z, y), which never end or emerge as

ut(T,y) #0 at V7 for y € Hy_y ul(T,y) =0 at V7 fory ¢ Hy 1
ut (7_7 y) ~AB __ L _17 Nb ab v aya ayb
7T N2 ( N®, N?B® BT =4" OxH OxV
det B* N2 . :
A formula for cofactor det 5AB =goo = —(f")" implies
f 1
b:=Vdet B = —— = —
V=g (u - n)Vh
G:=detgag = —N°h
: ut(7,y)
Geometric current JH(T,y) = — -
Hd—l n(Ta y) ) U’<7_7 y) (7_7 y)
J" = but

Here we can forget the original “set-up”.



. f/ f/
Other representation J" =bt" = ———=u" = ———=0d)u”
P V=i V=i

P —= _Euplmpd_leummpd—l _ _€”p1'°°pd_15’p1yA1 e 8pd_1yAd_1€AA1---Ad_1 8y‘4
’ (d—1)! (d—1)! REZ
JH = — 1 f’ pHO1 Qd—1 5 0. y® ... ad—14,V 9 oA
(d L 1)| \/?g Aai-rag—1 Oé1y ad_ly I/y
R B ) )
- (d — 1)' \/?g o d_leoal'“ad—laaly EERE 8ad—1y -t

Geometric current

Here it is easy to check V J¥ = 0and J#9 y* = 0.

1 1
Furthermore, we see  J"' oc — <
/_g /_g




3. Effective field theory for pertect fluids
We extend an argument in Dubovsky, Hui, Nicolis & Son 2012 to a curved spacetime.
Dynamical variable
y4(x) * co-moving coordinate of fluids, y(x) : phase of a conserved quantity.

ut . fluid 4-velocity

Symmetry in flat spacetime

general coordinate transformation

Poincare symmetry (= translation + Lorentz) — ; .
in a curved spacetime

volume preserving diffeo: y“ — f“(y) with det(0, f“) = 1

(volume = a number of particles in the fluid)

phase transformation: w(x) — w(x) + ¢

Curves spacetime Muv =" Juv



derivative expansion

low energy effective theory

JH

Oy* Oy®

d — a R _ - ab __ v
S:/d v/ —gF(b, z) b = Vdet B, 2z =ur0, = 7 o,y  BY =g Srh Dyt

J=bu'  bp=+det Bab

: 1 1 5
Geometric current JHh — _ _ehonrGdmig gL, gt

(d=D!'v=g

Conserved current for y(x) — w(x) + c:

S
N () = g5 = m@p @) 2= —DEE

==

ny=F,:=0,F charge density

ST T, = eutu, + P(ufu, + o*)



4. Expression of entropy current for perfect fluids

2 0S 0z 0b JH
T 1" (x):= = =g F + 2F, + 2F; _ 7
EM ( ) vV —g ag/ﬂ/(x) ag,ul/ bag,uy o b Mb
o 2F, O(J*0,1) B 2Fzz — Fpb Ob b /et Bab
‘b/ agMV b ag,uu
o(JH*0,) bz |, 0b b o B 5 b
— v — oV Ba aa aa — _ uv W, vV
D9rm 59 gmm 59" 9" BavOay " Ipy 5 (9" + uu”)
— Jap + U Up
a v aa ’ a yaya ayb
L (Babuy*0uy”)u” = BapOpy 8_%- =0 B =" oxH OxV
-9

T, = (F — Fpb)oh + (Foz — Fyb)utu,
P e+ P

P=F—Fb e=F,z—-F + charge density  n1 = F;




P=F—Fyb e=F,z— F=2zny — F ny = F,

de = zdny + F,dz — F.dz — Fydb = zdn1 — Fydb

compared with thermodynamic relation de = Tds + p,dn,

s=b T=—-F, u ==z b is an entropy density !

Other thermodynamics relation automatically follows as

e+ P —puiny =zF, — Fpyb—zF, = —F,b="1's

JH = but = su” The geometric current is the entropy current !

3 ¥V ¥




Ex. Expanding Universe (scalar+radiation)
SA and K. Kawana, “Entropy and its conservation in expanding Universe”,

International Journal of Modern Physics A38 (2023) 2350072 [arXiv:2210.03323 [hep-th]].

p =Pyt PR P =Py + Pr

. PR
Radiation pr+4Hpr = L(py + Py) Pr = 3

coupling to scalar field

. ) Vs
Scalar field ¢+ GH +1')¢+ 96 o EoM
coupling to radiation
. : 1.
Energy density ;= %ng + V(o) Pressure FP; = 5 > —V(¢)

2
Potential V(g) = %gﬂ n %&



Numerical results

1
A=10"2, my=01Mp, I =10"%m Mpj 1= ———
’ B L VG
: T
6(0) = 5Mpi, 9(0) =0, 5(0) = 7o
slow roll de Sitter temperature

Go=5Mpi, my=0.1My, T=0.01my

Planck mass

106: camm s LN
1 04"_ energy / i: : |
£Entropy : :

100} 5 :

1 : a Rac_:liation Entropy
1074} -E—--- E (a§1alytical)

1074 0.01 1 100

Inflation m gt Matter Radiation

time >



Inverse temperature ~ #0=oMoi, my=0.1Mp, T=0.01m,

adiation

0% 001 1 100
EoS P=uwp Mt Energy density

Po=5Mpi, Myp=0.1Mp,, '=0.01my

¢O=5Mp|, m¢=0-1Mp|, r=OO1m¢ o
1.0F | | | | - ' ] 10+
f ” 0.100}
[ 0.001
3 o.o; o5l oolt
~ Inflation 107
05 — pR(1)
e~ 107°
-1.0} . . . | | | | 5 | | | | | |
1074 0.01 1 100 1074 0.01 1 100
m¢t m¢t




V. Conclusion



Conclusion

1. Geometric conservation always holds in a curved spacetime.

—ut T, Y
conserved current JH(T,y) = (7, 9)
n(Ta y) . U(T, y) h(T, y)
gravitational charge Q = di1y

Hg 1

2. The geometric conserved charge 1s entropy for perfect fluids.

Interpretation

1. A source of gravity 1s “entropy”, as the electric charge is the source of EM interaction.

c.f. “Gravity 1s entropic force”. T. Jacobson 1995, E.P. Verlinde 2011.

2. Through Einstein’s equation G, + Ag,, = 2xT,, the geometric conservation holds in

spacetime . What 1s 1ts mathematical/geometric meaning ?



Future studies

1. What is a physical interpretation of the geometric conservation for dissipative fluids ?

2. Applications of the geometric conservation.

A magic (universal) formula for “entropy” density

s(z(T,y)) = ! Please calculate “entropy” density

(7, y) - ul(T, y)\/ h(T, y) in your favorite spacetime.

n*(7,y) \

EMT

Hd—l (7‘)

Thank you for your attention.



Backup



Backup: Noether’s 2nd theorem

E. Noether, Gott. Nacho. 1918(1918)235-257 [arXiv:physics/0503066[physics]]

Local (gauge) symmetry * Conservation laws as constraints or identities

conserved current for an arbitrary vector £# without using EoM O, J"El =0
1 14
J/J[f] — E«/_gvy |:V[:“§ ]} _ A,ul/gz/ + B,uyozé-z/’a 4+ Cuyaﬁfy,aﬂ
0,A%, =0  non-covariant conserved current

A*, —— pseudo-tensor

JE§] ——> quasi-local energy ( by Stokes theorem)

Trivial conservation due to Noether’s 2nd theorem



3a. Entropy current conservation for pertfect fluids

Perfect fluid T, = eutu, + P(u'u, + OF)

conservation u’'V,T", = —0;e —(e+ P)K =0 > O.e =—(e+ P)K

An other conserved current N = nyu” V.N{=0n1 +n K =0
(We here consider one conserved current, but an extension to more 1s straightforward. )

Entropy current st = sut

ds = de — pui1dnq

Thermodynamics relations chemical potential p;

ITs=¢ec+P—puim temperature T

1 K
Vst =0;s+ sK = T(ﬁTe—ulﬁTnl—l—sTK) = ?(—5—P—|—,u1n1—|—sT) =0

Entropy current is conserved.



Expanding Universe

(A simple example)



1. Homogeneous and isotropic expanding Universe
ds? = —(dz°)? + a*(2°)§s;dx' da? FLRW metric

EMT (perfect fluid) 7T70 = —e(a”), T"; = P(2")8%, T°; =T =0

covariant conservation V,T", =0 —> St (d—1)(e+ P)E — 0
a

energy E(:CO) = —/dd_lm \/ _gTOO — Vd_lad_ls, Vi1 = /dd_la} \/5

E P
_— _:_(d_l)as—l-

E a €

a a P
d—1)—-=—-(d—-1)—— #0
FA-1)2 = —(d-1)2= 4
The energy 1s indeed not conserved 1n expanding Universe.

General relativity should have no generic conserved energy.

t t s'(z”)=— Lo %%
CHLropy curren (n - u)\/ﬁ ad=1(29)\/g co: constant, vVh = a4~V /g




2. Constant equation of state (EOS) flat space case

Einstein equation

(d_z)(d_l)H2:2/{5 (d—2) [H‘F—d;lHQ] = —2KkP H::g
2
constant EOS  P(z”) = we(z”)
d—1)(1
a(z°) = (14 CoHoa)'/ a(z’ =0) =1 Cy = ( )2( +w)
. L @D (+w)
)= (75)
. €0
internal energy U(xO) = Vi a(d—l)w(xo) Vi1 = /dd_lw, \/5 — 1

volume V(2% = Vy_1a4 1 (20)

7
entropy current  $”(z") a?=1(z0)

entropy S(z°) = Vy_ico



Thermodynamic entropy S=SU,V,N) N: conserved charge
property 1. S(AU,A\V,AN) = AS(U,V, N)

property 2. 2nd derivative with respect to each variable 1s negative semi-definite.

'Y for each variable



— log(1 + CoHyx")



2-1. Radiation era w=-—7
0 1 0 d 2/d
C d
E _ 0O — =<
— 5(560): d OO ) V_g:ad 1(330) 2
a®(z?)
E
— U= Vd—1a(50), V=Via" 2", S=Viic

fundamental relation for radiation S =UG(U/V) =cU (%) @ no N; for radiation

S ~1 by conservation

U ~ a—l(xO)’ U/V ~ a—d(mO) —_—) =

fundamental relation 1s determined.

concave conditions are satisfied.



various thermodynamic quantities

: L 98 _ d—1(V %_d—1ca(xo) L d-1/V\
(Inverse) temperature T T ov - d \U) T 4 5§ = (U)
11 [ ™
Pressure p_05_c(U oLt ¢ 0 1 0
“ v d\V T d—1T —> | Pl)=-—ela)
. J
consistency
1—3
Entropy density s := é —c (%) — d%dl% = ;P thermodynamic relation
d—1 ! d—1\"*
Stefan-Boltzmann e(x?) = ( ¥ cT (:1:0)> = oqT%(2°) 04 = ( ¥ c)

various thermodynamic quantities are correctly reproduced from the fundamental relation

Q=
Q=

S(U,V)=cU'" 3V



2-2. Dark energy (Inflation)

. . d—1)(d—2)
P(:BO)Z—F:(:UO) —_— CL(.’,E)ZG , 8($)=€0=( 127(_‘_2 )HI

exponential expansion = inflation

The metric i1s equivalent to (static) de Sitter spacetime

ds® = —(dz")* + p2H 1" (dR? + R?*dO?_,) Hubble constant H; := H|
1 reHrt
0 2.2
r° =t+ ——1log(l — H;ir*), R= .
2H7 \/1 — H#r?
\ 4
2 2 2\ 142 ’ 2 192
ds? = —(1 = H}r)e* + 1o + 2%
d—1)(d— 2 d—1)(d— 2
cosmological constant A= ( ) )H? = ( )(2 )
2 OR?,
Ry = IR radius of de Sitter horizon =radius of Hubble horizon
I

unform matter with w = —1 (dark energy) <+—— (e Sitter spacetime



P(2") = —e(2’) — > U=V _160a® (2%, V=V_1a*1(z®), S=coVy_:

Al
1 (N g U\°
r=c(v) @ (y)

— — % po_ ot
P N\* U\ ° atl
= (v) e (7).

consistency P=—¢ —» (=1

concave condition = o = —1

[ S=cN =cVy_1ng ] fundamental relation =———» Co = CTny




_ _d—1
conserved charge S(x%) = Vy_1ad teolo co = ay €0Go

T'max d—1
co-moving volume Vy_; = /dd‘lx\f — Qd_Q/ rd=2dr = ;m"”i Oy
0 _
rmax: & maximal distance a light can travel from z° = 0 to 2° = oo.
—Hiz’ °° 1
llght ﬁ — ! — ‘ : — > I'max — / _rOdZEO =

dz®  a(x9) ag o dx aoH
AH d— 2 HI d—9 _ _
iOn 3 o Co g =Ry Q42  area of de Sitter horizon

... .. d— 9 2 1
an initial condition 5 Co = Fﬂ[- = T de Sitter temperature
Ay . : . .
S = e Bekenstein-Hawking entropy cf. Gibbons-Hawking 1977
N

An alternative derivation of entropy for de Sitter spacetime

Entropy, carried by dark energy, is uniformly distributed
iInside the de Sitter horizon, but NOT only on the horizon.



