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Noisy intermediate scale quantum devices

Unprecedented control in manipulating many-body systems (and measurements)
<latexit sha1_base64="PvNzNwJa/yctuVn6JXC/gHmotC0=">AAACGXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1ItQ9NJjBfsBTSiT7bZdutmE3Y1QYv+GF/+KFw+KeNST/8ZNm4NtfTDweG+GmXlBzJnSjvNjFVZW19Y3ipulre2d3T17/6CpokQS2iARj2Q7AEU5E7Shmea0HUsKYcBpKxjdZn7rgUrFInGvxzH1QxgI1mcEtJG6tsOwNwxAYi8GqRnwrsaPXl0xT4IYcIqvcW1O6Nplp+JMgZeJm5MyylHv2l9eLyJJSIUmHJTquE6s/TTbRjidlLxE0RjICAa0Y6iAkCo/nX42wSdG6eF+JE0Jjafq34kUQqXGYWA6Q9BDtehl4n9eJ9H9Kz9lIk40FWS2qJ9wrCOcxYR7TFKi+dgQIJKZWzEZggSiTZglE4K7+PIyaZ5V3IuKe3dert7kcRTRETpGp8hFl6iKaqiOGoigJ/SC3tC79Wy9Wh/W56y1YOUzh2gO1vcvi8CgBg==</latexit>

i~@t| i = H| i
Understanding how quantum resources evolve is a key question
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Quantum information dynamics is challenging
Quantum resources are non-linear objects in the system state, system sizes are 
exponentially large with the degrees of freedom.


These same resources sometime constrain the numerical efficiency of 
simulation algorithms.

<latexit sha1_base64="fhHudg9OuWfPAmsTT/jo+8dQ/EI="></latexit>
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⇢A = trB | ih |Example: 

It limits the computational efficiency of simulating a given state via tensor networks. 
Bond dimension , and  for generic evolutions. χ ∼ exp(Sent

1 ) Sent
1 ∝ t

U. Schollwock, Annals of Physics 326, 96 (2011)
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Desiderata
Obtain quantitative, possibly analytical, insights on quantum dynamics for large 
systems and any given evolution.


but 

Hamiltonians are complicated. Their fine structure determine the effective 
degrees of freedom, quasiparticles and their interactions and decays, etc. 
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Desiderata
Obtain quantitative, possibly analytical, insights on quantum dynamics for large 
systems and any given evolution for typical quantum evolution, based solely on 
minimal principles:


1. Locality


2. Unitarity (for noisy dynamics complete-positive-trace-preserving-ness)


3. Symmetry


4. Topology


5. ….
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Random quantum circuits
• Typicality: each gate is randomly iid 

from ensemble  


• Locality: The gates act on a given 
geometry and architecture


• Unitarity: The ensemble  is a 
subspace of  unitary gates


• Symmetry: The elements  of  
commute with each symmetry 
generator , i.e. 

ℰ

ℰ
𝒰

U ℰ

G [U, G] = 0

M. Fisher, et al. Annual Review of Condensed Matter 
Physics 14, 335 (2023)
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Random quantum circuits
• A single realisation of the circuit is 

exponentially costy to simulate (for 
generic chaotic systems)


• It is ensemble-averaging that 
leads to substantial simplifications: 
emergent statistical mechanics 
description and tensor network 
simulability.

M. Fisher, et al. Annual Review of Condensed Matter 
Physics 14, 335 (2023)
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Receipt
We focus on a particular class of operators which are written for 


Up to pre-factor, these formulae include as magic measures and participation 
entropies, and entanglement entropy, etc.


The general receipt for analytical insights and efficient tensor network 
representation requires three ingredients


1. The replica trick 
2. Self-averaging of the ensemble 
3. The Weingarten calculus for 

ρ = Uρ0U†

ℰ

<latexit sha1_base64="oRmvpH6LNdV3PK75+Dptu0WtSHc="></latexit>
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B = � log
⇥
tr
�
[trX(U | ih |U †)]m

�⇤

XT, P. Sierant, Phys. Rev. Lett. 132, 140401 (2024)
A. Nahum, et al. Phys. Rev. X 8, 021014 (2018)
A. Nahum, et al. Phys. Rev. X 7, 031016 (2017)
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Receipt: observable and replica-trick

Consider the doubled space , , 
. Simple algebra leads to 

ρ ↦ |ρ⟩⟩ UρU† ↦ U ⊗ U† |ρ⟩⟩
tr(A†B) = ⟨⟨A |B⟩⟩

Using properties of the tensor product we find

Where we have defined the operator

<latexit sha1_base64="aH7N1ihmi7LoE748mkoHEqHX6Jw="></latexit>
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W2W
tr
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V =
X

W2W
W⌦m

<latexit sha1_base64="hlVmMPQXIbXRTUpGzo1dEgFZo8k="></latexit>

A = � log
⇥
hhV|(U ⌦ U⇤)⌦m)| ii⌦2m

⇤
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Receipt: self-averaging
We have  the time evolution of the circuit, with each 

. Since this is a stochastic space, we can consider multiple proxies


U = ∏
t

∏
i,i+1

Ui,i+1,t

Ui,i+1,t ∈ ℰ

Quench average <latexit sha1_base64="aGmDwmu5xpd+3WEwVliQFyqTXx8=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0Wom5JI0W6EqhRcVrAPaEKYTCft0MmDmYlQQn7Fjb/ixoUi3Yk/46QNUlsPDJw5517uvceNGBXSML60wtr6xuZWcbu0s7u3f6AfHnVEGHNM2jhkIe+5SBBGA9KWVDLSizhBvstI1x3fZX73iXBBw+BRTiJi+2gYUI9iJJXk6HXLRTyxfCRHGLHkJoUpvIazv+smzdT5tZppZaHs3NHLRtWYAa4SMydlkKPl6FNrEOLYJ4HEDAnRN41I2gnikmJG0pIVCxIhPEZD0lc0QD4RdjK7MIVnShlAL+TqBRLO1MWOBPlCTHxXVWY7imUvE//z+rH06nZCgyiWJMDzQV7MoAxhFhccUE6wZBNFEOZU7QrxCHGEpQq1pEIwl09eJZ2LqnlZrT3Uyo3bPI4iOAGnoAJMcAUa4B60QBtg8AxewTv40F60N+1Tm85LC1recwz+QPv+AQ0ApBI=</latexit>

Ā = EE(A)

<latexit sha1_base64="hlVmMPQXIbXRTUpGzo1dEgFZo8k="></latexit>

A = � log
⇥
hhV|(U ⌦ U⇤)⌦m)| ii⌦2m

⇤

Annealed average

In general the results for  and  can be different. However, if the measure  
in  is concentrated, then self-averaging emerge. E.g., when  the unitary  
group with Haar measure

𝒜̄ 𝒜̃
ℰ ℰ = 𝒰

<latexit sha1_base64="3IUzMX8Kl4swRaKkFk+EVEFV8VA="></latexit>

Ã = � logEEhhV|(U ⌦ U⇤)⌦m| ii⌦2m
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Receipt: Weingarten calculus
The annealed average translate into a tensor network by linearity 


This requires the calculation of 



Where  is the set of operators  such that  and  is a 
representation of .

𝔼[(Ui,i+1 ⊗ Ui,i+1)⊗m] = ∑
T1,T2∈Comm

WgT1,T2
R(T1)R(T2)

Comm O [O, U⊗m] = 0 R(Tα)
Tα

<latexit sha1_base64="0sXk8jTnvENugFKbW8QKKf6pQ78="></latexit>

Ã = � loghhV|EE [(U ⌦ U⇤)⌦m]| ii⌦2m

D. Gross, S. Nezami, M. Walter, Communications in 
Mathematical Physics 385 (2021), 1325-1393 12



Receipt: Weingarten calculus
The annealed average translate into a tensor network by linearity 


<latexit sha1_base64="0sXk8jTnvENugFKbW8QKKf6pQ78="></latexit>

Ã = � loghhV|EE [(U ⌦ U⇤)⌦m]| ii⌦2m

<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E

<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m
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Efficient tensor network implementation
• Everything now maps to the 

problem of computing this partition 
function/ tensor network 
contraction. 


• Caveat: the qubit dimension is fixed 
by the dimension of the commutant 
space. E.g., for random Haar gates 
this is 


• The choice of operator to study 
fixes mostly the boundary 
conditions. 

m!
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Showcase of examples:
• Entanglement growth 


• Anticoncentration aka Hilbert space delocalization 


• Magic propagation


• Quantum Mpemba effect 

• Error-resilient phase transitions

No symmetry  
1+1 architecture  

<latexit sha1_base64="m6Pux224ucv4hIdop/95g3vL9cU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXr1ae6hVGrd5HEU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1UZj5Q=</latexit>

}
U(1) symmetry 

1+1 Architecture 

No symmetry  
all-to-all architecture  
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Renyi-2 entanglement entropy
Requires the calculation of  for a bipartition of my system 

. The problem becomes that of a boundary defect 
S2 = − log tr(ρ2

A)
A ∪ B

<latexit sha1_base64="5OOYwESWisXTNdQSs02zbvhN5iE=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUGICHEmBPUiBL0IXiKYBZJx6OnpSZr0LHT3BMKQP/HiQRGv/ok3/8bOctDEBwWP96qoquclnEllWd9GbmV1bX0jv1nY2t7Z3TP3D5oyTgWhDRLzWLQ9LClnEW0opjhtJ4Li0OO05Q1uJ35rSIVkcfSoRgl1QtyLWMAIVlpyTfPe9dE1qvjnJf+pcmafumbRKltToGViz0kR5qi75lfXj0ka0kgRjqXs2FainAwLxQin40I3lTTBZIB7tKNphEMqnWx6+RidaMVHQSx0RQpN1d8TGQ6lHIWe7gyx6stFbyL+53VSFVw5GYuSVNGIzBYFKUcqRpMYkM8EJYqPNMFEMH0rIn0sMFE6rIIOwV58eZk0K2X7olx9qBZrN/M48nAEx1ACGy6hBndQhwYQGMIzvMKbkRkvxrvxMWvNGfOZQ/gD4/MH7rORRQ==</latexit>

Kd = 2d/(d2 + 1)
<latexit sha1_base64="V/TDXzR/2K1oFoSYBTm5hUy+s6Q=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgxpKUom6EohuXFe0DkhAm00k6dJIJMxOlxH6KGxeKuPVL3Pk3TtsstPXAhcM593LvPUHKqFSW9W2UVlbX1jfKm5Wt7Z3dPbO635U8E5h0MGdc9AMkCaMJ6SiqGOmngqA4YKQXjK6nfu+BCEl5cq/GKfFiFCU0pBgpLflm9c5vwEt46jIeQTegkeObNatuzQCXiV2QGijQ9s0vd8BxFpNEYYakdGwrVV6OhKKYkUnFzSRJER6hiDiaJigm0stnp0/gsVYGMORCV6LgTP09kaNYynEc6M4YqaFc9Kbif56TqfDCy2mSZookeL4ozBhUHE5zgAMqCFZsrAnCgupbIR4igbDSaVV0CPbiy8uk26jbZ/XmbbPWuiriKINDcAROgA3OQQvcgDboAAwewTN4BW/Gk/FivBsf89aSUcwcgD8wPn8ABPySkw==</latexit>

S2 = � log
⇥ <latexit sha1_base64="luTonfAVoZq9QyK4zfeuDVKDc1w=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vZAPg3615tbdOcgq8QpSgwLNfvWrN0hYFqM0TFCtu56bmiCnynAmcFrpZRpTysZ0iF1LJY1RB/n82Ck5s8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJroJci7TzKBki0VRJohJyOxzMuAKmRETSyhT3N5K2IgqyozNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4w4PAMr/DmSOfFeXc+Fq0lp5g5hj9wPn8AswuOoA==</latexit>⇤

A. Nahum, et al. Phys. Rev. X 7, 031016 (2017)
XT, P. Sierant, Entropy, 26, 471 (2024) 16



Participation entropy 
Measures how much the system is localised in the basis . We consider  
the computational basis. Then the inverse participation ration and participation 
entropy are 

ℬ { |n⟩}

XT, P. Sierant, Entropy, 26, 471 (2024) 17



Stabilizer and CSS entropy 
Scalable measures of magic (nonstabilizerness). We consider two examples, for 
qubits (4 replica) and qutrits (3 replica)

<latexit sha1_base64="LiAVAkfBVPRXyJg9J//cS1iLYxg="></latexit>

Y2 ⌘ � log
X

P2PN

h t|P | ti4

2N

<latexit sha1_base64="gdESmWthQo1TAOCiSOg91pFcKiA="></latexit>

Y3 ⌘ � log
X

P2PN

h t|P | ti3

3N

XT, E. Tirrito, P. Sierant, arXiv: 2407.03929 18



Lessons 
A main result is that the timescale for both Hilbert space delocalisation 
(“anticoncentration”) and magic spreading is logarithmic in system size 

, while entanglement requires timescales  to saturate.τ ∼ log(N) τ ∼ N

XT, E. Tirrito, P. Sierant, arXiv: 2407.03929
XT, P. Sierant, Entropy, 26, 471 (2024)
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Qualitative explanation

T. Zhou, A. Nahum, Phys Rev B 99, 174205 (2019) 

Identity PermutationSwap Single domain wall configuration

Entanglement

Localization features correspond instead of free (quasi-free) boundary conditions. The sum  
over all possible configurations of domain walls among all  permutations. 
Random strings in   Domain walls annihilate faster  In large  this gives an exp. decay. 

d!
ℤd → → d

XT, P. Sierant, Entropy, 26, 471 (2024)
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Quantum Mpemba effect
A non trivial example is when symmetry is present. Symmetry increase the 
dimension of the commutant space.


A case of study is the Quantum Mpemba effect. Roughly this states that the 
farther from the equilibrium, the fastest I equilibrate. While non-universal, its 
appearance is ubiquitous. 


For isolated quantum systems, a version of Mpemba effect has been recently 
discussed in the framework of asymmetry. 


Quantum circuits allow to unveil the origin of the Mpemba physics for generic 
chaotic (isolated) systems. 

E B Mpemba and D G Osborne 1969 Phys. Educ. 4 172
M. Moroder, O. Culhane, K. Zawadzki, J. Goold, arXiv: 2403.16959
F. Ares, S. Murciano, P. Calabrese Nat Commun 14, 2036 (2023)
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Quantum Mpemba effect in random circuits
The evolution  preserves the global  symmetry 

generated by the operator . Consider a state that breaks the  

symmetry, like the tilted ferromagnet .


For any bipartition,  because of simple thermodynamic 
principles. In particular, it restores the symmetry. How fast is this restoration 
obtained?

Ut = ∏
s

∏
i,i+1

Ui,i+1,t U(1)

Q = ∑
i

Zi U(1)

|Ψ(θ)⟩ =
N

⨂
i=1

e−iθYi |0⟩

ρA ↦t→∞ 𝕀/2NA

XT, A. De Luca, P. Calabrese, arXiv:2405.14514
S. Liu, H.-K. Zhang, S. Yin, S.-X. Zhang, arXiv:2403.08459
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Quantum Mpemba effect in random circuits
Entanglement asymmetry

<latexit sha1_base64="degX7T42L2Fp2veXzO15HVkiHCE="></latexit>

⇢A = trBUt| (✓)ih (✓)|U†
t

<latexit sha1_base64="bC/AIM6Gl/TMSQwWz5TnAKTAsP4=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwISUpRd0IrW5cSQv2AU0Ik+mkHTp5MDMRSsh/uPFX3LhQxJXgwr9x0kbU1gMDh3PO5c49bsSokIbxqRWWlldW14rrpY3Nre0dfXevI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru+Crzu3eECxoGt3ISEdtHw4B6FCOpJEevWnwUOknjpJXCC2iJ2HeSG6eRQqtJv1mWaPwIjl42KsYUcJGYOSmDHE1Hf7cGIY59EkjMkBB904iknSAuKWYkLVmxIBHCYzQkfUUD5BNhJ9PbUniklAH0Qq5eIOFU/T2RIF+Iie+qpI/kSMx7mfif14+ld24nNIhiSQI8W+TFDMoQZkXBAeUESzZRBGFO1V8hHiGOsFR1llQJ5vzJi6RTrZinlVqrVq5f5nUUwQE4BMfABGegDq5BE7QBBvfgETyDF+1Be9JetbdZtKDlM/vgD7SPLwYIoC4=</latexit>

⇢A,Q =
X

NA

⇧NA⇢A⇧NA

F. Ares, S. Murciano, P. Calabrese Nat Commun 14, 2036 (2023)
23



Quantum Mpemba effect in random circuits
• Mpemba physics visible from the 

crossing of the entanglement 
asymmetry.


• Microscopic understanding is also 
possible. Quite technical: 
macroscopic fluctuation theory at 
large qudit dimension + operator 
spreading arguments. 

XT, A. De Luca, P. Calabrese, arXiv:2405.14514 24



Encoding-decoding circuits with quantum noise
<latexit sha1_base64="l+yBpr23bVeEfVyrU/T8b1nw7xI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6EXwEsE8IFnC7GQ2GTI7u8z0CiHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWJFAZd99vJrayurW/kNwtb2zu7e8X9g7qJU814jcUy1s2AGi6F4jUUKHkz0ZxGgeSNYHA79RtPXBsRq0ccJtyPaE+JUDCKVmrck2sybo47xZJbdmcgy8TLSAkyVDvFr3Y3ZmnEFTJJjWl5boL+iGoUTPJJoZ0anlA2oD3eslTRiBt/NDt3Qk6s0iVhrG0pJDP198SIRsYMo8B2RhT7ZtGbiv95rRTDK38kVJIiV2y+KEwlwZhMfyddoTlDObSEMi3srYT1qaYMbUIFG4K3+PIyqZ+VvYvy+cN5qXKTxZGHIziGU/DgEipwB1WoAYMBPMMrvDmJ8+K8Ox/z1pyTzRzCHzifP0JfjuE=</latexit>

K = |X|
<latexit sha1_base64="nxD5OX5LYFjo5NnVHFNBm9fQDz4=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIqBeh6MWTVLBtoAlls920Szcf7G6EkNa/4sWDIl79Id78N27bHLT1wcDjvRlm5vkJZ1JZ1rdRWlldW98ob1a2tnd298z9g7aMU0Foi8Q8Fo6PJeUsoi3FFKdOIigOfU47/uhm6nceqZAsjh5UllAvxIOIBYxgpaWeWb1DV2jsuCRNkOtjkTuTcc+sWXVrBrRM7ILUoECzZ365/ZikIY0U4VjKrm0lysuxUIxwOqm4qaQJJiM8oF1NIxxS6eWz4yfoWCt9FMRCV6TQTP09keNQyiz0dWeI1VAuelPxP6+bquDSy1mUpIpGZL4oSDlSMZomgfpMUKJ4pgkmgulbERligYnSeVV0CPbiy8ukfVq3z+tn92e1xnURRxkO4QhOwIYLaMAtNKEFBDJ4hld4M56MF+Pd+Ji3loxipgp/YHz+ALYvlDI=</latexit>

N = |X [ X̄|
<latexit sha1_base64="kSYUz4Em3EAa1hyigUSlJZjc+n8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUC9C0IsgSATzgGQJs5NJMmR2dpnpFcKSj/DiQRGvfo83/8ZJsgeNFjQUVd10dwWxFAZd98vJLS2vrK7l1wsbm1vbO8XdvYaJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHQ99ZuPXBsRqQccx9wP6UCJvmAUrdTU5JLcntx1iyW37M5A/hIvIyXIUOsWPzu9iCUhV8gkNabtuTH6KdUomOSTQicxPKZsRAe8bamiITd+Ojt3Qo6s0iP9SNtSSGbqz4mUhsaMw8B2hhSHZtGbiv957QT7F34qVJwgV2y+qJ9IghGZ/k56QnOGcmwJZVrYWwkbUk0Z2oQKNgRv8eW/pHFa9s7KlftKqXqVxZGHAziEY/DgHKpwAzWoA4MRPMELvDqx8+y8Oe/z1pyTzezDLzgf36+rjoA=</latexit>

r = K/N

Logical qubits

Total qubits

Code rate 

<latexit sha1_base64="jGnO3r1acxhB5ey6K8sAzv9JIt4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+S1kXVu6zWmrVK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8ftBuM4g==</latexit>

U
<latexit sha1_base64="Y7oHVPOpG6pUoBUK+iUBy7bgDtE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKpq20sWw2k3Tp7ibsboRS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MONMG9f9dkorq2vrG+XNytb2zu5edf+gpdNcUfBpylPVCYkGziT4hhkOnUwBESGHdji8mfrtJ1CapfLejDIIBEkkixklxkoP/mMvIkkCql+tuXV3BrxMvILUUIFmv/rVi1KaC5CGcqJ113MzE4yJMoxymFR6uYaM0CFJoGupJAJ0MJ4dPMEnVolwnCpb0uCZ+ntiTITWIxHaTkHMQC96U/E/r5ub+CoYM5nlBiSdL4pzjk2Kp9/jiCmgho8sIVQxeyumA6IINTajig3BW3x5mbTO6t5F/fzuvNa4LuIooyN0jE6Rhy5RA92iJvIRRQI9o1f05ijnxXl3PuatJaeYOUR/4Hz+AKufkFY=</latexit>

U †<latexit sha1_base64="2RRwxLXlY8TROIoM98j2WcOjpro=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4p3WaneV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ai5mNUw==</latexit>

(a)

<latexit sha1_base64="KWh0RLJ0bw8em/x3PU2+HIlN2FQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjR6NVA==</latexit>

(b)

<latexit sha1_base64="oMYcx8nAFvX5nnYPeedyKOzsjl4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4p3WaneV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjqONVQ==</latexit>

(c)

<latexit sha1_base64="B3sWzlCGtvEOPXR7gIb4KMczRTs=">AAAB9XicbVDLSgNBEJyNrxhfUY9eFoPgKeyKqMegCB4jmAcka5iddJIhszPLTK8alvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXGAtu0PO+ndzS8srqWn69sLG5tb1T3N2rG5VoBjWmhNLNkBoQXEINOQpoxhpoFApohMOrid94AG24knc4iiGIaF/yHmcUrXTfRnjCJE6vtVZ63CmWvLI3hbtI/IyUSIZqp/jV7iqWRCCRCWpMy/diDFKqkTMB40I7MRBTNqR9aFkqaQQmSKdXj90jq3TdntK2JLpT9fdESiNjRlFoOyOKAzPvTcT/vFaCvYsg5TJOECSbLeolwkXlTiJwu1wDQzGyhDLN7a0uG1BNGdqgCjYEf/7lRVI/Kftn5dPb01LlMosjTw7IITkmPjknFXJDqqRGGNHkmbySN+fReXHenY9Za87JZvbJHzifP17Ukxc=</latexit>

Error

<latexit sha1_base64="oZ/YMc+8MKyvezConL0r94bOjpE=">AAAB/HicbVBNSwMxEM3Wr1q/Vnv0EiyCp7IrRT0WvXisYD+gXUo2TdvQbDYks+Ky1L/ixYMiXv0h3vw3pu0etPXBwOO9GWbmhUpwA5737RTW1jc2t4rbpZ3dvf0D9/CoZeJEU9aksYh1JySGCS5ZEzgI1lGakSgUrB1ObmZ++4Fpw2N5D6liQURGkg85JWClvlvuAXuERGVKx8AocDma9t2KV/XmwKvEz0kF5Wj03a/eIKZJxCRQQYzp+p6CICMaOBVsWuolhilCJ2TEupZKEjETZPPjp/jUKgM8jLUtCXiu/p7ISGRMGoW2MyIwNsveTPzP6yYwvAoyLlUCTNLFomEiMMR4lgQecG0fFqklhGpub8V0TDShYPMq2RD85ZdXSeu86l9Ua3e1Sv06j6OIjtEJOkM+ukR1dIsaqIkoStEzekVvzpPz4rw7H4vWgpPPlNEfOJ8/DA2Vrw==</latexit>

protecting

<latexit sha1_base64="2NCkFEDO4gvCBijlqnWygbS14G4=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIqMuiG5cV7APaoWTStA3NZIbkpjgM9VfcuFDErR/izr8xbWehrQcCh3PuSW5OmAiuwfO+ncLa+sbmVnG7tLO7t3/gHh41dWwUZQ0ai1i1Q6KZ4JI1gINg7UQxEoWCtcLx7cxvTZjSPJYPkCYsiMhQ8gGnBKzUc8tdYI9gkmxihGSK2Ny051a8qjcHXiV+TiooR73nfnX7MTURk0AF0brjewkEGVHAqb2v1DWaJYSOyZB1LJUkYjrI5stP8alV+ngQK3sk4Ln6O5GRSOs0Cu1kRGCkl72Z+J/XMTC4DjIuEwNM0sVDAyMwxHjWBO5zxSiI1BJCFbe7YjoiilCwfZVsCf7yl1dJ87zqX1Yv7i8qtZu8jiI6RifoDPnoCtXQHaqjBqIoRc/oFb05T86L8+58LEYLTp4poz9wPn8A9TuVoA==</latexit>

vulnerable

<latexit sha1_base64="bvJW134q1Vmn3eUy8jbmUCHtRuM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmRoi6LblxWsA9oh5JJM21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNO7nO/M6VKs1g+mVlCA4FHkkWMYGOlgev2BTZjJTIej6zI5wO36tW8BdA68QtShQLNgfvVH8YkFVQawrHWPd9LTJBhZRjhdF7pp5ommEzwiPYslVhQHWSL5HN0YZUhimJlnzRoof7eyLDQeiZCO5nn1KteLv7n9VIT3QYZk0lqqCTLQ1HKkYlRXgMaMkWJ4TNLMFHMZkVkjBUmxpZVsSX4q19eJ+2rmn9dqz/Wq427oo4ynME5XIIPN9CAB2hCCwhM4Rle4c3JnBfn3flYjpacYucU/sD5/AE2yJQM</latexit> lo
gi
ca
l

<latexit sha1_base64="Oykn7J9zInvvQ+L1lhjV4NdE/RI=">AAAB/HicbVDLSgMxFM3UV62v0S7dDBbBjWVGirosunFZwT6gHUomc6cNzSRDkhHKUH/FjQtF3Poh7vwbM+0stPVA4HDOvcnJCRJGlXbdb6u0tr6xuVXeruzs7u0f2IdHHSVSSaBNBBOyF2AFjHJoa6oZ9BIJOA4YdIPJbe53H0EqKviDnibgx3jEaUQJ1kYa2tVBjPVYxhkRIZyrBBOYDe2aW3fncFaJV5AaKtAa2l+DUJA0Bq4Jw0r1PTfRfoalpoTBrDJIFZibJ3gEfUM5jkH52Tz8zDk1SuhEQprDtTNXf29kOFZqGgdmMo+qlr1c/M/rpzq69jPKk1QDJ4uHopQ5Wjh5E05IJRDNpoZgIqnJ6pAxlpho01fFlOAtf3mVdC7q3mW9cd+oNW+KOsroGJ2gM+ShK9REd6iF2oigKXpGr+jNerJerHfrYzFasoqdKvoD6/MHM0qVIw==</latexit> co
d
e
�

sp
ac
e

<latexit sha1_base64="zl2m/ttxhYHKDD4spc+MfQL9q3Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GOpF48V7Ac0oWy2k3TpZhN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZekHKmtON8W6WNza3tnfJuZW//4PCoenzSVUkmKXZowhPZD4hCzgR2NNMc+6lEEgcce8Hkbu73nlAqlohHPU3Rj0kkWMgo0UbyvBaLIk8GklAcVmtO3VnAXiduQWpQoD2sfnmjhGYxCk05UWrgOqn2cyI1oxxnFS9TmBI6IREODBUkRuXni5tn9oVRRnaYSFNC2wv190ROYqWmcWA6Y6LHatWbi/95g0yHt37ORJppFHS5KMy4rRN7HoA9YhKp5lNDCJXM3GrTMTEBaBNTxYTgrr68TrpXdfe63nho1JqtIo4ynME5XIILN9CEe2hDByik8Ayv8GZl1ov1bn0sW0tWMXMKf2B9/gDlIJGb</latexit>)
<latexit sha1_base64="jGnO3r1acxhB5ey6K8sAzv9JIt4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+S1kXVu6zWmrVK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8ftBuM4g==</latexit>

U

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit>

{
<latexit sha1_base64="6NYJIWiLGhU3AQfuDeYaY2wCK+k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eHK7isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuBeQXg==</latexit>

|0i
<latexit sha1_base64="6NYJIWiLGhU3AQfuDeYaY2wCK+k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eHK7isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuBeQXg==</latexit>

|0i
<latexit sha1_base64="6NYJIWiLGhU3AQfuDeYaY2wCK+k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eHK7isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuBeQXg==</latexit>

|0i

<latexit sha1_base64="o/rvgdLYLksR449zKTIGhNvSLUs=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWakqMuiG5cV7APaoWQyt21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3knNPmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVFFo05rHqhkQDZxJahhkO3UQBESGHTji5z/3OFJRmsXwyswQCQUaSDRklxkoD1+0LYsZKZCBpHIGaD9yqV/MWwOvEL0gVFWgO3K9+FNNUgDSUE617vpeYICPKMMphXumnGhJCJ2QEPUslEaCDbJF8ji+sEuFhrOyTBi/U3xsZEVrPRGgn85x61cvF/7xeaoa3QcZkkhp72fKjYcqxiXFeA46YAmr4zBJCFbNZMR0TRaixZVVsCf7qyeukfVXzr2v1x3q1cVfUUUZn6BxdIh/doAZ6QE3UQhRN0TN6RW9O5rw4787HcrTkFDun6A+czx8+OpQR</latexit>

encoder
<latexit sha1_base64="L6eiRZ27jEh2vP1QUCWZlu0K9A8=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWakqMuiG5cV7APaoWQyt21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVFFo05rHqhkQDZxJahhkO3UQBESGHTji5z/3OFJRmsXwyswQCQUaSDRklxkoD1+0LYsZKZBHQOAI1H7hVr+YtgNeJX5AqKtAcuF/9KKapAGkoJ1r3fC8xQUaUYZTDvNJPNSSETsgIepZKIkAH2SL5HF9YJcLDWNknDV6ovzcyIrSeidBO5jn1qpeL/3m91Axvg4zJJDUg6fLQMOXYxDivAUdMATV8ZgmhitmsmI6JItTYsiq2BH/1y+ukfVXzr2v1x3q1cVfUUUZn6BxdIh/doAZ6QE3UQhRN0TN6RW9O5rw4787HcrTkFDun6A+czx8u1ZQH</latexit>

decoder<latexit sha1_base64="BPgqnntWA40kVkEtauT316WT8xM=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4C2lkx6pw3NY0gyShn6H25cKOLWf3Hn35hpZ6GtBwKHc+7lnpww5sxY3//2Ciura+sbxc3S1vbO7l55/6BpVKIpNKjiSrdDYoAzCQ3LLId2rIGIkEMrHN9kfusRtGFK3ttJDD1BhpJFjBLrpIeuIHakRQpaKz3tlyt+1Z8BL5MgJxWUo94vf3UHiiYCpKWcGNMJ/Nj2UqItoxympW5iICZ0TIbQcVQSAaaXzlJP8YlTBjhS2j1p8Uz9vZESYcxEhG4yS2kWvUz8z+skNrrqpUzGiQVJ54eihGOrcFYBHjAN1PKJI4Rq5rJiOiKaUOuKKrkSgsUvL5PmWTW4qJ7fnVdq13kdRXSEjtEpCtAlqqFbVEcNRJFGz+gVvXlP3ov37n3MRwtevnOI/sD7/AFcr5MW</latexit>error

<latexit sha1_base64="jGnO3r1acxhB5ey6K8sAzv9JIt4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+S1kXVu6zWmrVK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8ftBuM4g==</latexit>

U
<latexit sha1_base64="Y7oHVPOpG6pUoBUK+iUBy7bgDtE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKpq20sWw2k3Tp7ibsboRS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MONMG9f9dkorq2vrG+XNytb2zu5edf+gpdNcUfBpylPVCYkGziT4hhkOnUwBESGHdji8mfrtJ1CapfLejDIIBEkkixklxkoP/mMvIkkCql+tuXV3BrxMvILUUIFmv/rVi1KaC5CGcqJ113MzE4yJMoxymFR6uYaM0CFJoGupJAJ0MJ4dPMEnVolwnCpb0uCZ+ntiTITWIxHaTkHMQC96U/E/r5ub+CoYM5nlBiSdL4pzjk2Kp9/jiCmgho8sIVQxeyumA6IINTajig3BW3x5mbTO6t5F/fzuvNa4LuIooyN0jE6Rhy5RA92iJvIRRQI9o1f05ijnxXl3PuatJaeYOUR/4Hz+AKufkFY=</latexit>

U † <latexit sha1_base64="6NYJIWiLGhU3AQfuDeYaY2wCK+k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eHK7isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuBeQXg==</latexit>

|0i
<latexit sha1_base64="6NYJIWiLGhU3AQfuDeYaY2wCK+k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eHK7isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuBeQXg==</latexit>

|0i
<latexit sha1_base64="6NYJIWiLGhU3AQfuDeYaY2wCK+k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eHK7isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuBeQXg==</latexit>

|0i

<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E
<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E
<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E
<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E
<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error

<latexit sha1_base64="9vcTzK4RjgrJPEJ20jfzbtkbz+0=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnXnLuCWPOtPG8b6e0tr6xuVXeruzs7u0fuIdHbR0litAWiXikuiHWlDNJW4YZTruxoliEnHbC6W3udx6p0iySDyaNaSDwWLIRI9hYaeBW+wKbiRJZU0WGEsPkeDZwa17dmwOtEr8gNSjQHLhf/WFEEkGlIRxr3fO92AQZVoYRTmeVfqJpjMkUj2nPUokF1UE2Dz9Dp1YZolGk7JMGzdXfGxkWWqcitJN5VL3s5eJ/Xi8xo+sgYzJODJVk8dEo4chEKG8CDZmyB/PUEkwUs1kRmWCFibF9VWwJ/vLJq6R9Xvcv6xf3F7XGTVFHGY7hBM7AhytowB00oQUEUniGV3hznpwX5935WIyWnGKnCn/gfP4ApSCVag==</latexit>

Protecting

<latexit sha1_base64="CL3t2cl3ubp6q4XP3CJhKXqOtQA=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnnuTmhDFn2njet1NaW9/Y3CpvV3Z29/YP3MOjto4SRWiLRDxS3RBrypmkLcMMp91YUSxCTjvh9Db3O49UaRbJB5PGNBB4LNmIEWysNHCrfYHNRImsnXBJFba52cCteXVvDrRK/ILUoEBz4H71hxFJBJWGcKx1z/diE2RYGUbsfZV+ommMyRSPac9SiQXVQTZffoZOrTJEo0jZIw2aq78TGRZapyK0k/mqetnLxf+8XmJG10HGZJwYKsnioVHCkYlQ3gQaMkWJ4aklmChmd0VkghUmxvZVsSX4y19eJe3zun9Zv7i/qDVuijrKcAwncAY+XEED7qAJLSCQwjO8wpvz5Lw4787HYrTkFJkq/IHz+QOOXZVb</latexit>

Vulnerable

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error
<latexit sha1_base64="9vcTzK4RjgrJPEJ20jfzbtkbz+0=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnXnLuCWPOtPG8b6e0tr6xuVXeruzs7u0fuIdHbR0litAWiXikuiHWlDNJW4YZTruxoliEnHbC6W3udx6p0iySDyaNaSDwWLIRI9hYaeBW+wKbiRJZU0WGEsPkeDZwa17dmwOtEr8gNSjQHLhf/WFEEkGlIRxr3fO92AQZVoYRTmeVfqJpjMkUj2nPUokF1UE2Dz9Dp1YZolGk7JMGzdXfGxkWWqcitJN5VL3s5eJ/Xi8xo+sgYzJODJVk8dEo4chEKG8CDZmyB/PUEkwUs1kRmWCFibF9VWwJ/vLJq6R9Xvcv6xf3F7XGTVFHGY7hBM7AhytowB00oQUEUniGV3hznpwX5935WIyWnGKnCn/gfP4ApSCVag==</latexit>

Protecting

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error
<latexit sha1_base64="CL3t2cl3ubp6q4XP3CJhKXqOtQA=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnnuTmhDFn2njet1NaW9/Y3CpvV3Z29/YP3MOjto4SRWiLRDxS3RBrypmkLcMMp91YUSxCTjvh9Db3O49UaRbJB5PGNBB4LNmIEWysNHCrfYHNRImsnXBJFba52cCteXVvDrRK/ILUoEBz4H71hxFJBJWGcKx1z/diE2RYGUbsfZV+ommMyRSPac9SiQXVQTZffoZOrTJEo0jZIw2aq78TGRZapyK0k/mqetnLxf+8XmJG10HGZJwYKsnioVHCkYlQ3gQaMkWJ4aklmChmd0VkghUmxvZVsSX4y19eJe3zun9Zv7i/qDVuijrKcAwncAY+XEED7qAJLSCQwjO8wpvz5Lw4787HYrTkFJkq/IHz+QOOXZVb</latexit>

Vulnerable

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error
<latexit sha1_base64="CL3t2cl3ubp6q4XP3CJhKXqOtQA=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnnuTmhDFn2njet1NaW9/Y3CpvV3Z29/YP3MOjto4SRWiLRDxS3RBrypmkLcMMp91YUSxCTjvh9Db3O49UaRbJB5PGNBB4LNmIEWysNHCrfYHNRImsnXBJFba52cCteXVvDrRK/ILUoEBz4H71hxFJBJWGcKx1z/diE2RYGUbsfZV+ommMyRSPac9SiQXVQTZffoZOrTJEo0jZIw2aq78TGRZapyK0k/mqetnLxf+8XmJG10HGZJwYKsnioVHCkYlQ3gQaMkWJ4aklmChmd0VkghUmxvZVsSX4y19eJe3zun9Zv7i/qDVuijrKcAwncAY+XEED7qAJLSCQwjO8wpvz5Lw4787HYrTkFJkq/IHz+QOOXZVb</latexit>

Vulnerable

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error
<latexit sha1_base64="9vcTzK4RjgrJPEJ20jfzbtkbz+0=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnXnLuCWPOtPG8b6e0tr6xuVXeruzs7u0fuIdHbR0litAWiXikuiHWlDNJW4YZTruxoliEnHbC6W3udx6p0iySDyaNaSDwWLIRI9hYaeBW+wKbiRJZU0WGEsPkeDZwa17dmwOtEr8gNSjQHLhf/WFEEkGlIRxr3fO92AQZVoYRTmeVfqJpjMkUj2nPUokF1UE2Dz9Dp1YZolGk7JMGzdXfGxkWWqcitJN5VL3s5eJ/Xi8xo+sgYzJODJVk8dEo4chEKG8CDZmyB/PUEkwUs1kRmWCFibF9VWwJ/vLJq6R9Xvcv6xf3F7XGTVFHGY7hBM7AhytowB00oQUEUniGV3hznpwX5935WIyWnGKnCn/gfP4ApSCVag==</latexit>
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E(�) =
X

µ

Kµ �K†
µ Error model

2

tion is followed by the layer of local errors E , and the de-
coding unitary U †. Given ⇢0 = |( X , 0X̄)ih( X , 0X̄)|, the
resulting state in the code-space is ⇢ = U †E(U⇢0U †)U .
We consider separately coherent and incoherent noisy
channel. In the former case, E(⇢) = N↵⇢N†

↵
induce a

coherent error via the product of local rotations N↵ =Q
N

i=1
exp [�i↵�z

i
/2] where the angle ↵ 2 [0,⇡/2] fixes

the error strength. Otherwise, we consider E =
Q

i
Ei

where at each site the depolarizer Ei(⇢) =
P

Pi
aPiPi⇢Pi

acts. Here, Pi runs through the local Pauli operators
11i,�x

i
,�y

i
,�z

i
acting on the i-th site with weights a11i

=
1 � (3�/4) and aPi = �/4 for Pi 6= 11i, while � 2 [0, 1]
fixes the noise strength. The final decoded logical state is
obtained by projecting out the ancilla qubits and renor-
malizing the state ⇢X = h0X̄ |⇢|0X̄i/tr(h0X̄ |⇢|0X̄i).

When no error is present (↵ = 0 or � = 0), the de-
coder retrieves the initial logical state, ⇢X = | Xih X |.
The retrieval becomes more di�cult with increasing error
strength. In the following, we show that the competition
between the errors and the decoding action of the circuit
leads to a transition between the EPP, in which the logi-
cal state is retrieved, and the EVP, in which the informa-
tion about | Xi gets scrambled over the logical subspace.
To this end, we consider the fidelity F = h X |⇢X | Xi
between the initial and the final logical states [8]. We
also study the Rényi participation and thermodynamic
entropies with index q for the decoded logical state ⇢X ,
namely

Hq =
1

1 � q
log

2

0

@
2
k�1X

m=0

hmX |⇢X |mXiq
1

A

Sq =
1

1 � q
log

2
[trX1 (trX2 [⇢X ])q]

(1)

where X = X1 [ X2 defines a bipartition of the logical
system. For coherent errors, the thermodynamic entropy
corresponds to the entanglement entropy.

The replica trick. All the above quantities for both
type of errors can be unified within a single framework
based on the following replica trick. We consider

A(2q)

U,E =
X

µ

(U†)⌦2q
�
K⌦q

µ
⌦ (K†

µ
)⌦q

�
U⌦2q (2)

wich acts on 2q copies of the system, and with Kµ the
Kraus operators of the given full channel E . Non-linear
functions ⇤ of the density matrix can be calculated as

functionals �(2q)

⇤
(AU,E)(2q)) with appropriately chosen

number of replicas q. We detail derivations for all con-
sidered quantities (1) in [31]. As an example, by putting
q = 1, we can rewrite fidelity F as

�(2)

F
=

h( X , 0X̄), ( X , 0X̄)|A(2)

U,E |( X , 0X̄), ( X , 0X̄)i
P

x
h( X , 0X̄), (x, 0X̄)|A(2)

U,E |(x, 0X̄), ( X , 0X̄)i
,

(3)

where the sum is over 2k basis states |xi of the
logical subspace. Since the encoding unitary is
randomly selected from U(2N ), we consider both

quenched, ⇤ ⌘ EU

h
�(2q)

⇤
(A(2q)

U,E )
i
, and annealed, ⇤̃ ⌘

�(2q)

⇤

h
EU

⇣
A(2q)

U,E

⌘i
, averages EU (.) over the realizations

of the circuit. The Schur-Weyl duality reads

EU

⇣
A(2q)

U,E

⌘
⌘ A(2q)

E =
X

⇡2S2q

b⇡(E)T⇡, (4)

where S2q is the permutation group of 2q elements, T⇡

is a permutation representation in the replica space, and
b⇡(E) =

P
µ

P
�

W⇡,�tr(K⌦q

µ
⌦(K†

µ
)⌦qT�) is fixed by the

error model E under consideration and the Weingarten
symbols W⇡,� [32]. The calculation of the annealed av-
erages ⇤̃ with (4) requires computation of objects of the
form I� = tr(�(2q)A(2q)) with certain boundary condi-
tions �(2q). For example, numerator and denominator
in the second term of (3) are fixed by ��

num
⌘ ⇢⌦2

0
and

��
den

= T(1,2)⇢0 ⌦ (11X ⌦ |0X̄ih0X̄ |), with the permutation
(1, 2) swapping the two replicae.

Numerical implementation. The outlined reasoning
allows us to obtain exact formulas for the trace distance
�̃ and the entropies H̃q, S̃q, which we test by performing
numerical simulations of the encoding-decoding circuit.
The encoding unitary U comprises T layers of local 2-
qubit gates randomly selected from U(4) and arranged in
a brick-wall pattern with periodic boundary conditions.
The initial state of logical qubits is set as | Xi = |0Xi.
For the coherent (incoherent) errors we calculate the pure
(mixed) final state and average the results over 1000 re-
alizations of the circuit. We fix the circuit depth T = 2N
and note that for large N other choices T / N yield the
same results, cf. [31, 33]. Lastly, we anticipate that the
quantities of interest are self-averaging, and the discrep-
ancies between the annealed ⇤̃ and quenched averages ⇤
are exponentially suppressed in N . Hence, our exact so-
lutions for the annealed averages fully capture the physics
of encoding-decoding circuits in the N ! 1 limit.
Error-resilience phase transitions for coherent errors.

We start considering the coherent error case E(⇢) =
N↵⇢N†

↵
. Performing the annealed average of the trace

distance (3) over U(2N ), we find that

�̃ =

�
2k � 1

�
2N

�
cos2N (↵/2) � 1

�

(2k+N � 4N ) cos2N (↵/2) � 2k+N + 1
. (5)

In Fig. ??(a), we compare this analytical formula for �̃
with the numerically computed quenched average �. A
quantitative agreement between �̃ and � is observed al-
ready for L = 8, and the quenched and annealed trace
distances approach each other with increasing N [31].
A transition between EPP and EVP is revealed upon
extrapolation of (5) to the thermodynamic limit, which
demonstrates that �̃ develops a step function behavior
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⇢X =
h0X̄ |⇢|0X̄i

tr(h0X̄ |⇢|0X̄i)

Decoded state

We expect that ρX ≠ ρ0,X
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⇢0,X = | Xih X |
<latexit sha1_base64="7X7CIQ0RgXhXZMLf8jqRUKuuFlk=">AAACLHicbVDLSgMxFM34rPVVdekmWAQXUmakqBuh2I3LCrYd6AxDJk3b0EwyJBmhTOeD3PgrgriwiFu/w3TaRW09EHI4517uvSeMGVXatifW2vrG5tZ2Yae4u7d/cFg6Om4pkUhMmlgwId0QKcIoJ01NNSNuLAmKQkba4bA+9dvPRCoq+JMexcSPUJ/THsVIGyko1T05EIEN72BOUvvSzaAnNI2IgmM7SL0QydTNMk8i3mfEY/kHF5xxUCrbFTsHXCXOnJTBHI2g9O51BU4iwjVmSKmOY8faT5HUFDOSFb1EkRjhIeqTjqEcmWX8ND82g+dG6cKekOZxDXN1sSNFkVKjKDSVEdIDtexNxf+8TqJ7t35KeZxowvFsUC9hUAs4TQ52qSRYs5EhCEtqdoV4gCTC2uRbNCE4yyevktZVxbmuVB+r5dr9PI4COAVn4AI44AbUwANogCbA4AW8gU8wsV6tD+vL+p6VrlnznhPwB9bPL2yWqGw=</latexit>

⇢0 = ⇢0,X ⌦ |0X̄ih0X̄ |

XT, P. Sierant, Phys. Rev. Lett. 132, 140401 (2024)
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Error models
We consider coherent errors or incoherent errors (specifically depolarization)
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Results for the fidelity

Coherent errors

Incoherent errors
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Figure 3. Entanglement entropy Sent
q of the code-space state

| U i for the bipartition X [X, and q = 2, 3,1 (the q = 2,1
results are shifted down respectively by 0.25 and 0.5). Mark-
ers and solid lines correspond, respectively, to the numerical

data for the quenched averages S
ent
q and exact analytic ex-

pressions for the annealed average S̃ent
q for q = 2, 3, while the

purple dashed lines for q = 1 are to guide the eye. The red
dashed lines correspond to the N ! 1 behavior (S26). The
inset shows ↵part(q) and ↵ent(1/2, q) as a function of 1/q.

of the EVP, highlighting its multifractal nature (viz., the
non-trivial dependence on the Rényi index q).

The annealed average of the entanglement entropy S̃q

is in a quantitative agreement with the quenched averages
Sq, as shown in Fig. ??(c). Moreover, the entanglement
entropy follows the critical scaling of the trace distance
and the participation entropy, i.e., in the vicinity of the
phase transition Sq = g((↵�↵c)N1/⌫) where ⌫ = 1 is the
critical exponent and g is a universal function. A similar
discussion holds for the code-space state, as discussed
in [31], with multifractal features enhanced in the error-
resilient phase.

We conclude this section by summarizing the self-
averaging properties of the considered quantities across
the EPP to EVP transition. In [31], we demonstrate that
the di↵erences between the annealed and quenched aver-
ages of the trace distance � and the entropies (1) decay
exponentially with the number of qubits N . Each consid-
ered quantity involves a functional over the replica space
with a numerator and denominator. There, we argue that
the self-averaging is caused by an exponential decrease
F ⇠ exp(��N) of the relative realization-to-realization
fluctuations of the numerators and denominators, where
� depends on the observable and the parameters of the
circuit.

Error-resilience phase transitions for incoherent er-
rors. The previous finding extend to other noise mod-
els, including incoherent sources. We exemplify this fact
by considering a layer of depolarizing channels, each
Ei =

P
Pi

aPiPi⇢Pi as previously defined. The consider-
ations and computations parallel the coherent case, and

are detailed in [31]. The main di↵erences are two: (i)
the evaluation of the coe�cients b⇡(E) is more involved,
and (ii) the decoded state is in general mixed. We obtain
the exact expression for the annealed average distance for
any value � and r. Being a lengthly expression, we detail
it in [31] and report here the thermodynamic limit

�̃ =
1

2
⇥ (� > �c(r)) , �c(r) =

4

3

�
1 � 2r�1

�
. (9)

The phase diagram is summarized in Fig. 1(d). Again,
the annealed average approaches the quench averages in
the thermodynamic limit, [31].

The 1/2 value at large error strength reflects the max-
imal mixing of the decoded logical system; thus, retriev-
ing the initial condition | Xi is not possible in this case.
The maximally mixedness of ⇢X for � > �c(r) is also con-
firmed by the computation of the thermodynamic Rényi
entropy over X1 = X. The exact annealed expression is
reported in [31] and the scaling limit is given by S̃q = aqk
with

aq =

8
><

>:

0, � < �c(r)
q(� log2(4�3�)+r+1)

r
, �c(r) < � < �thermo

X
(r),

1, otherwise,
(10)

where �thermo

X
(r) = q = 2(2�2r/2)/3. The varying nature

of �thermo

X
(r) with q highlights the multifractality of the

o↵-critical phases.
Conclusion. Identifying error-correcting features in

many-body systems is a fundamental problem at the in-
terface of quantum information science with condensed
matter, statistical and high-energy physics. In this work,
we investigated a quantum circuit of an encoder-decoder
architecture subject to a layer of (coherent or incoher-
ent) local errors. The interplay of the errors with the in-
trinsic dynamics of the encoder-decoder circuit and the
projection on ancilla qubits leads to a phase transition
between EPP and EVP. Our exact analytic calculations
allow us to pinpoint the phase transition and understand
it in terms of the retrievability of the logical state. For
coherent errors, we show that this transition manifests
itself as a localization transition in the computational
basis of the logical subspace and as an area-to-volume
law transition in the entanglement structure of the logi-
cal state. We also discuss the multifractal features of the
o↵critical phases of the system. In a parallel fashion, in-
coherent errors induce an area-to-volume law transition
in the thermodynamic entropy of the logical state. Our
results are of direct relevance for experiments on noisy
quantum devices [42].

There are various possible extensions of this work.
First, in a future contribution [43] we report the non-
stabilizerness properties of the considered circuits, gen-
eralizing the recent results [29]. A second venue of inves-
tigation is the role of the circuit architecture. In particu-
lar, considering shallow circuits and interspersing errors
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Understanding how errors deteriorate the information encoded in a many-body quantum system
is a fundamental problem with practical implications for quantum technologies. Here, we investigate
a class of encoding-decoding random circuits subject to local coherent and incoherent errors. The
existence of a phase transition separating an error-protecting phase at weak error strength from
an error-vulnerable phase is analytically demonstrated. We derive exact expressions showing that
this transition is accompanied by entanglement and localization transitions. The emergence of
multifractal features in the considered system is highlighted.

Introduction. Comprehending the robustness of
quantum many-body systems to errors is a critical prob-
lem for near-term quantum computation [1, 2]. Indeed,
despite the outstanding experimental advances [3–7],
a practical and unquestionable quantum advantage is
likely to be achieved only with scalable and fault-tolerant
computers [8, 9]. Besides, quantum error correction
provides an insightful perspective on the many-body
problem, leading to phenomena that emerge due to the
interplay of errors and the intrinsic dynamics of the
system. Notable examples include measurement-induced
phase transitions in monitored quantum matter [10–
24], complexity phase transitions in the sampling of
random circuits [25–27], or non-stabilizer phase transi-
tions [28, 29]. In these scenarios, the system’s resilience
to errors is reflected in non-local structural properties,
such as entanglement or other non-linear functions of
the density matrix [30]. Consequently, analytical results
are sparse, and identifying solvable many-body problems
that highlight error-correcting features is desirable.

This work investigates random quantum circuits com-
posed of an encoding unitary U , a layer of local error
modelled by a quantum channel E(⇢) =

P
µ

Kµ⇢K†
µ
, and

a decoding unitary U†, cf. Fig. 1. We will consider sep-
arately coherent errors, for which the quantum channel
is a product of local rotations by an angle ↵, or inco-
herent errors in the form of local depolarizations with
strength �. We demonstrate that the decoded logical
state of this circuit undergoes an error-resilience phase
transition between an error-protecting phase (EPP), in
which the decoded logical state is asymptotically close to
the initial state and an error-vulnerable phase (EVP), in
which the logical state mixes for incoherent errors or can
be retrieved only with a complex global unitary operation
for coherent errors. We identify the critical point ↵ = ↵c

(� = �c) of the transition for coherent (incoherent) errors
by quantifying the fidelity between the decoded and ini-
tial logical states. We furthermore characterize the EPP
and EVP studying the decoded logical state structure.

Moreover, we reveal the presence of multifractal features
in the code-space of the system. Our results are based
on exact analytical calculations valid for all values of pa-
rameters at any system size and are benchmarked with
numerical computations.

Encoding-Decoding Circuits. The system of interest
is composed of k logical qubits (a subsystem X) and
additional N�k ancilla qubits (denoted X̄), which, to-
gether, form a 2N -dimensional code-space. The ini-
tial state of logical qubits is | Xi and, without loss of
generality, the ancilla qubits are initialized in the state
|0X̄i ⌘ |0i⌦(N�k). The encoding unitary U is chosen with
the Haar measure from the unitary group U(2N ). Its ac-
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encoder
<latexit sha1_base64="L6eiRZ27jEh2vP1QUCWZlu0K9A8=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWakqMuiG5cV7APaoWQyt21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3ck9OmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVFFo05rHqhkQDZxJahhkO3UQBESGHTji5z/3OFJRmsXwyswQCQUaSDRklxkoD1+0LYsZKZBHQOAI1H7hVr+YtgNeJX5AqKtAcuF/9KKapAGkoJ1r3fC8xQUaUYZTDvNJPNSSETsgIepZKIkAH2SL5HF9YJcLDWNknDV6ovzcyIrSeidBO5jn1qpeL/3m91Axvg4zJJDUg6fLQMOXYxDivAUdMATV8ZgmhitmsmI6JItTYsiq2BH/1y+ukfVXzr2v1x3q1cVfUUUZn6BxdIh/doAZ6QE3UQhRN0TN6RW9O5rw4787HcrTkFDun6A+czx8u1ZQH</latexit>

decoder<latexit sha1_base64="BPgqnntWA40kVkEtauT316WT8xM=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4C2lkx6pw3NY0gyShn6H25cKOLWf3Hn35hpZ6GtBwKHc+7lnpww5sxY3//2Ciura+sbxc3S1vbO7l55/6BpVKIpNKjiSrdDYoAzCQ3LLId2rIGIkEMrHN9kfusRtGFK3ttJDD1BhpJFjBLrpIeuIHakRQpaKz3tlyt+1Z8BL5MgJxWUo94vf3UHiiYCpKWcGNMJ/Nj2UqItoxympW5iICZ0TIbQcVQSAaaXzlJP8YlTBjhS2j1p8Uz9vZESYcxEhG4yS2kWvUz8z+skNrrqpUzGiQVJ54eihGOrcFYBHjAN1PKJI4Rq5rJiOiKaUOuKKrkSgsUvL5PmWTW4qJ7fnVdq13kdRXSEjtEpCtAlqqFbVEcNRJFGz+gVvXlP3ov37n3MRwtevnOI/sD7/AFcr5MW</latexit>error

<latexit sha1_base64="jGnO3r1acxhB5ey6K8sAzv9JIt4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+S1kXVu6zWmrVK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8ftBuM4g==</latexit>

U
<latexit sha1_base64="Y7oHVPOpG6pUoBUK+iUBy7bgDtE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cKpq20sWw2k3Tp7ibsboRS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MONMG9f9dkorq2vrG+XNytb2zu5edf+gpdNcUfBpylPVCYkGziT4hhkOnUwBESGHdji8mfrtJ1CapfLejDIIBEkkixklxkoP/mMvIkkCql+tuXV3BrxMvILUUIFmv/rVi1KaC5CGcqJ113MzE4yJMoxymFR6uYaM0CFJoGupJAJ0MJ4dPMEnVolwnCpb0uCZ+ntiTITWIxHaTkHMQC96U/E/r5ub+CoYM5nlBiSdL4pzjk2Kp9/jiCmgho8sIVQxeyumA6IINTajig3BW3x5mbTO6t5F/fzuvNa4LuIooyN0jE6Rhy5RA92iJvIRRQI9o1f05ijnxXl3PuatJaeYOUR/4Hz+AKufkFY=</latexit>

U † <latexit sha1_base64="6NYJIWiLGhU3AQfuDeYaY2wCK+k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eHK7isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuBeQXg==</latexit>

|0i
<latexit sha1_base64="6NYJIWiLGhU3AQfuDeYaY2wCK+k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eHK7isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuBeQXg==</latexit>

|0i
<latexit sha1_base64="6NYJIWiLGhU3AQfuDeYaY2wCK+k=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eHK7isqBwF654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns4Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg1gEMEzvMKbo5wX5935mLcWnHzmEP7A+fwBuBeQXg==</latexit>

|0i

<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E
<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E
<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E
<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E
<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error

<latexit sha1_base64="9vcTzK4RjgrJPEJ20jfzbtkbz+0=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnXnLuCWPOtPG8b6e0tr6xuVXeruzs7u0fuIdHbR0litAWiXikuiHWlDNJW4YZTruxoliEnHbC6W3udx6p0iySDyaNaSDwWLIRI9hYaeBW+wKbiRJZU0WGEsPkeDZwa17dmwOtEr8gNSjQHLhf/WFEEkGlIRxr3fO92AQZVoYRTmeVfqJpjMkUj2nPUokF1UE2Dz9Dp1YZolGk7JMGzdXfGxkWWqcitJN5VL3s5eJ/Xi8xo+sgYzJODJVk8dEo4chEKG8CDZmyB/PUEkwUs1kRmWCFibF9VWwJ/vLJq6R9Xvcv6xf3F7XGTVFHGY7hBM7AhytowB00oQUEUniGV3hznpwX5935WIyWnGKnCn/gfP4ApSCVag==</latexit>

Protecting

<latexit sha1_base64="CL3t2cl3ubp6q4XP3CJhKXqOtQA=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnnuTmhDFn2njet1NaW9/Y3CpvV3Z29/YP3MOjto4SRWiLRDxS3RBrypmkLcMMp91YUSxCTjvh9Db3O49UaRbJB5PGNBB4LNmIEWysNHCrfYHNRImsnXBJFba52cCteXVvDrRK/ILUoEBz4H71hxFJBJWGcKx1z/diE2RYGUbsfZV+ommMyRSPac9SiQXVQTZffoZOrTJEo0jZIw2aq78TGRZapyK0k/mqetnLxf+8XmJG10HGZJwYKsnioVHCkYlQ3gQaMkWJ4aklmChmd0VkghUmxvZVsSX4y19eJe3zun9Zv7i/qDVuijrKcAwncAY+XEED7qAJLSCQwjO8wpvz5Lw4787HYrTkFJkq/IHz+QOOXZVb</latexit>

Vulnerable

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error
<latexit sha1_base64="9vcTzK4RjgrJPEJ20jfzbtkbz+0=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnXnLuCWPOtPG8b6e0tr6xuVXeruzs7u0fuIdHbR0litAWiXikuiHWlDNJW4YZTruxoliEnHbC6W3udx6p0iySDyaNaSDwWLIRI9hYaeBW+wKbiRJZU0WGEsPkeDZwa17dmwOtEr8gNSjQHLhf/WFEEkGlIRxr3fO92AQZVoYRTmeVfqJpjMkUj2nPUokF1UE2Dz9Dp1YZolGk7JMGzdXfGxkWWqcitJN5VL3s5eJ/Xi8xo+sgYzJODJVk8dEo4chEKG8CDZmyB/PUEkwUs1kRmWCFibF9VWwJ/vLJq6R9Xvcv6xf3F7XGTVFHGY7hBM7AhytowB00oQUEUniGV3hznpwX5935WIyWnGKnCn/gfP4ApSCVag==</latexit>

Protecting

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error
<latexit sha1_base64="CL3t2cl3ubp6q4XP3CJhKXqOtQA=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnnuTmhDFn2njet1NaW9/Y3CpvV3Z29/YP3MOjto4SRWiLRDxS3RBrypmkLcMMp91YUSxCTjvh9Db3O49UaRbJB5PGNBB4LNmIEWysNHCrfYHNRImsnXBJFba52cCteXVvDrRK/ILUoEBz4H71hxFJBJWGcKx1z/diE2RYGUbsfZV+ommMyRSPac9SiQXVQTZffoZOrTJEo0jZIw2aq78TGRZapyK0k/mqetnLxf+8XmJG10HGZJwYKsnioVHCkYlQ3gQaMkWJ4aklmChmd0VkghUmxvZVsSX4y19eJe3zun9Zv7i/qDVuijrKcAwncAY+XEED7qAJLSCQwjO8wpvz5Lw4787HYrTkFJkq/IHz+QOOXZVb</latexit>

Vulnerable

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error
<latexit sha1_base64="CL3t2cl3ubp6q4XP3CJhKXqOtQA=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnnuTmhDFn2njet1NaW9/Y3CpvV3Z29/YP3MOjto4SRWiLRDxS3RBrypmkLcMMp91YUSxCTjvh9Db3O49UaRbJB5PGNBB4LNmIEWysNHCrfYHNRImsnXBJFba52cCteXVvDrRK/ILUoEBz4H71hxFJBJWGcKx1z/diE2RYGUbsfZV+ommMyRSPac9SiQXVQTZffoZOrTJEo0jZIw2aq78TGRZapyK0k/mqetnLxf+8XmJG10HGZJwYKsnioVHCkYlQ3gQaMkWJ4aklmChmd0VkghUmxvZVsSX4y19eJe3zun9Zv7i/qDVuijrKcAwncAY+XEED7qAJLSCQwjO8wpvz5Lw4787HYrTkFJkq/IHz+QOOXZVb</latexit>

Vulnerable

<latexit sha1_base64="Rt9A6I2r9fNBAIgo/ua45ULfajQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSEMFlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789iNVmklxbyYx9SM8FCxkBBsrPfQibEYqSm+UkmraL1fcqjsDWiZeTiqQo9Evf/UGkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxygCFUtknDJqpvzdSHGk9iQI7maXUi14m/ud1ExNe+ikTcWKoIPNDYcKRkSirAA2YosTwiSWYKGazIjLCChNjiyrZErzFLy+T1lnVO6/W7mqV+lVeRxGO4BhOwYMLqMMtNKAJBBQ8wyu8OU/Oi/PufMxHC06+cwh/4Hz+ACpbkvI=</latexit>

Error
<latexit sha1_base64="9vcTzK4RjgrJPEJ20jfzbtkbz+0=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzIjoq6k4MZlBfuAdiiZNG1Dk8yQZIRhqL/ixoUibv0Qd/6NmXYW2nogcDjnXnLuCWPOtPG8b6e0tr6xuVXeruzs7u0fuIdHbR0litAWiXikuiHWlDNJW4YZTruxoliEnHbC6W3udx6p0iySDyaNaSDwWLIRI9hYaeBW+wKbiRJZU0WGEsPkeDZwa17dmwOtEr8gNSjQHLhf/WFEEkGlIRxr3fO92AQZVoYRTmeVfqJpjMkUj2nPUokF1UE2Dz9Dp1YZolGk7JMGzdXfGxkWWqcitJN5VL3s5eJ/Xi8xo+sgYzJODJVk8dEo4chEKG8CDZmyB/PUEkwUs1kRmWCFibF9VWwJ/vLJq6R9Xvcv6xf3F7XGTVFHGY7hBM7AhytowB00oQUEUniGV3hznpwX5935WIyWnGKnCn/gfP4ApSCVag==</latexit>

Protecting
<latexit sha1_base64="mYilAFmG2dt8l3tj4RxsdPywWeI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1JUU3LisYB/QhDKZTNqhM5MwMxFCqL/ixoUibv0Qd/6NkzYLbT0wcDjnXu6ZEySMKu0439ba+sbm1nZlp7q7t39waB8d91ScSky6OGaxHARIEUYF6WqqGRkkkiAeMNIPpreF338kUtFYPOgsIT5HY0EjipE20siueRzpieR5Izz3YAeljM5Gdt1pOnPAVeKWpA5KdEb2lxfGOOVEaMyQUkPXSbSfI6kpZmRW9VJFEoSnaEyGhgrEifLzefgZPDNKCKNYmic0nKu/N3LElcp4YCaLqGrZK8T/vGGqo2s/pyJJNRF4cShKGdQxLJqAIZUEa5YZgrCkJivEEyQR1qavqinBXf7yKuldNN3LZuu+VW/flHVUwAk4BQ3ggivQBnegA7oAgww8g1fwZj1ZL9a79bEYXbPKnRr4A+vzBy24lHc=</latexit>

(d) Pauli

<latexit sha1_base64="3ev2Qg5AFWSaJtxAewfvZe140wQ=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGSnVZcOOygn1AZyiZNNOGJpkhyQhlKPgVblwo4tafceffmGm70NYDFw7n3EtOTphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tFxqghtk5jHqhdiTTmTtG2Y4bSXKIpFyGk3nNzmfveRKs1i+WCmCQ0EHkkWMYKNlXxfYDNWIquSy9mgXHFr7hxonXhLUoElWoPylz+MSSqoNIRjrfuem5ggw8owwums5KeaJphM8Ij2LZVYUB1k88wzdGGVIYpiZUcaNFd/X2RYaD0Vod3MM+pVLxf/8/qpiW6CjMkkNVSSxUNRypGJUV4AGjJFieFTSzBRzGZFZIwVJsbWVLIleKtfXiedq5rXqNXv65Vm82lRRxHO4Byq4ME1NOEOWtAGAgk8wyu8Oanz4rw7H4vVgrOs8BT+wPn8AfVakgo=</latexit>

(c)

<latexit sha1_base64="gzbi6ke9OpLyQQN7FOMdK2R0g00=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBHqpsxIUZcFNy4r2Ad0hpLJZNrQJDMkGaEMBb/CjQtF3Poz7vwbM20X2nrgwuGce8nJCVPOtHHdb2dtfWNza7u0U97d2z84rBwdd3SSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7eF332kSrNEPphJSgOBh5LFjGBjJd8X2IyUyGvRxXRQqbp1dwa0SrwFqcICrUHly48SkgkqDeFY677npibIsTKMcDot+5mmKSZjPKR9SyUWVAf5LPMUnVslQnGi7EiDZurvixwLrScitJtFRr3sFeJ/Xj8z8U2QM5lmhkoyfyjOODIJKgpAEVOUGD6xBBPFbFZERlhhYmxNZVuCt/zlVdK5rHtX9cZ9o9psPs3rKMEpnEENPLiGJtxBC9pAIIVneIU3J3NenHfnY7665iwqPIE/cD5/APbgkgs=</latexit>

(d)

<latexit sha1_base64="HBBmT4qLqMMg+me8QPRvZuxIyJ4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGSnVZcOOygn1AZyiZNNOGJpkhyQhlKPgVblwo4tafceffmGm70NYDFw7n3EtOTphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tFxqghtk5jHqhdiTTmTtG2Y4bSXKIpFyGk3nNzmfveRKs1i+WCmCQ0EHkkWMYKNlXxfYDNWIqviy9mgXHFr7hxonXhLUoElWoPylz+MSSqoNIRjrfuem5ggw8owwums5KeaJphM8Ij2LZVYUB1k88wzdGGVIYpiZUcaNFd/X2RYaD0Vod3MM+pVLxf/8/qpiW6CjMkkNVSSxUNRypGJUV4AGjJFieFTSzBRzGZFZIwVJsbWVLIleKtfXiedq5rXqNXv65Vm82lRRxHO4Byq4ME1NOEOWtAGAgk8wyu8Oanz4rw7H4vVgrOs8BT+wPn8AfJOkgg=</latexit>

(a)

<latexit sha1_base64="dkXP+gKzdOnTo+tIDvfjnP4wLxQ=">AAAB83icbVDLSgMxFL1TX7W+qi7dBItQN2VGSnVZcOOygn1AZyiZNNOGJpkhyQhlKPgVblwo4tafceffmGm70NYDFw7n3EtOTphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tFxqghtk5jHqhdiTTmTtG2Y4bSXKIpFyGk3nNzmfveRKs1i+WCmCQ0EHkkWMYKNlXxfYDNWIquGl7NBueLW3DnQOvGWpAJLtAblL38Yk1RQaQjHWvc9NzFBhpVhhNNZyU81TTCZ4BHtWyqxoDrI5pln6MIqQxTFyo40aK7+vsiw0HoqQruZZ9SrXi7+5/VTE90EGZNJaqgki4eilCMTo7wANGSKEsOnlmCimM2KyBgrTIytqWRL8Fa/vE46VzWvUavf1yvN5tOijiKcwTlUwYNraMIdtKANBBJ4hld4c1LnxXl3PharBWdZ4Sn8gfP5A/PUkgk=</latexit>

(b)

<latexit sha1_base64="Gy+pBSTb94GY74H04zM1xep+dPo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmqpfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f4KmNAQ==</latexit>r

<latexit sha1_base64="JMgYW4ytYqHHwyadz0C1tEwRqeU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjxWsB/QhjLZbtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvpn57SemNI/lg5kkzI9wKHnIKRortXookhH2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5tdOyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz18mAK0aNmFiCVHF7K6EjVEiNDahkQ/CWX14lrYuqd1mt3dcq9ds8jiKcwCmcgwdXUIc7aEATKDzCM7zCmxM7L86787FoLTj5zDH8gfP5A48JjyM=</latexit>↵
<latexit sha1_base64="lo5ftiMnli51UHNe+x82CCqNSng=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rKgC5cV7APaUG4mk3boZBJmJkIJ/Qg3LhRx6/e482+ctllo64GBwznnMveeIBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0DNBJesZbgRrJsqhnEgWCcY3878zhNTmify0UxS5sc4lDziFI2VOn1hoyEOqjW37s5BVolXkBoUaA6qX/0woVnMpKECte55bmr8HJXhVLBppZ9pliId45D1LJUYM+3n83Wn5MwqIYkSZZ80ZK7+nsgx1noSBzYZoxnpZW8m/uf1MhPd+DmXaWaYpIuPokwQk5DZ7STkilEjJpYgVdzuSugIFVJjG6rYErzlk1dJ+6LuXdUvHy5rjbuijjKcwCmcgwfX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+AEBNj4g=</latexit>

�

Figure 1. (a) The unitary U encodes the logical state of k
qubits onto the code space with N -qubits. (b) The logical
and ancilla qubits evolve with U (encoder), are subject to lo-
cal errors Ei, and are then decoded with U†. The decoded
logical state is obtained from the code-space by projecting
the ancilla qubits onto |0i⌦(N�k). (c) Phase diagram over the
code rate r = k/N and the error strength ↵ for coherent er-
rors. (d) Phase diagram over code rate r and error strength
� for depolarizing channel. The dashed blue line correspond
to the analytical critical point ↵c(r) (�c(r)) for coherent (in-
coherent) errors.
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Results for the fidelity 3

Figure 2. Fig2 alternative. Blabla: Entanglement entropy
Sent
q of the code-space state | U i for the bipartition X [X,

and q = 2, 3,1 (the q = 2,1 results are shifted down respec-
tively by 0.25 and 0.5). Markers and solid lines correspond,
respectively, to the numerical data for the quenched averages

S
ent
q and exact analytic expressions for the annealed average

S̃ent
q for q = 2, 3, while the purple dashed lines for q = 1

are to guide the eye. The red dashed lines correspond to
the N ! 1 behavior (S26). The inset shows ↵part(q) and
↵ent(1/2, q) as a function of 1/q.

typical for order parameters at phase transitions:

lim
k,N!1,r=const

�̃ = ⇥
⇣
↵ > 2 arccos(2�r/2)

⌘
, (6)

where r = k/N is the code rate and ⇥ is the Heavi-
side step function. Moreover, we observe an emergence
of a critical behavior �̃ = f((↵ � ↵c)N1/⌫), where f
is a universal function and ⌫ = 1 is the critical expo-
nent. Finally, from (6), we obtain the phase diagram
summarized in Fig. 1(c). Below the critical error strength
↵c(r) = 2 arccos(2�r/2), the logical subspace is protected
from the errors, and the initial state | Xi is faithfully re-
covered. In contrast, for ↵ > ↵c(r), the decoded state ⇢X
is orthogonal to | Xi h X |. Nevertheless, being unitary,
the error can be corrected via a global unitary operation
on the logical qubits. The above discussion demonstrates
the presence of the error-resilience transition at critical
error strength ↵c that separates the EPP and EVP. In
the following, we further characterize the properties of
the two phases for coherent errors.

Error-protecting and error-vulnerable phases. Here,
we consider the initial logical state | Xi = |0i⌦k,
but what follows applies to more general initial condi-
tions [31]. We investigate the participation and entangle-
ment entropies (1) of the logical state ⇢X across the tran-
sition between EPP and EVP. As for the trace distance,
we rewrite the participation entropy Hq as a functional
over the replica space �part,X (see [31] for details). This
allows us to obtain analytical formulas for the annealed
averages H̃q for q = 2 and q = 3. The exact expressions
are lengthy and given for arbitrary N , k, and ↵ in [31].

Here, we report the leading scaling H̃q = Dqk at N ! 1,
cf. [34], with the multifractal dimension given by

Dq =

8
>><

>>:

0, ↵ < ↵c(r)
q((r�1)�log2(cos2(↵/2)))

(q�1)r
, ↵c(r) < ↵ < ↵part

X
(r),

1, otherwise.
(7)

This result reveals that the error-resilience phase tran-
sition at ↵=↵c manifests itself as a transition between
localization (Dq = 0) and delocalization (Dq > 0) in the
computational basis of the logical space. Interestingly,
the error strength ↵part

X
(r) at which the state becomes

fully extended, i.e. when Dq = 1, depends non-trivially
on the Rényi index, ↵part

X
(r) = 2 arccos

�
2�(q�r)/(2q)

�
.

Hence, our results demonstrate the existence of an ex-
tended interval of error strength within the EVP, ↵c(r) <
↵ < ↵part

X
(r), in which the logical state is multifractal.

While the presence of multifractal and delocalized states
is analogous to earlier observations for quantum many-
body systems [35–41], the Hilbert space localization ap-
pears to be a unique feature of EPP.

In Fig. ??(b), we show that our exact analytic expres-
sions for the annealed average of the participation en-
tropy H̃q are in excellent agreement with the numerically
computed quenched averages Hq already for N = 12 for
q = 2 and N = 16 for q = 3. We also observe that H̃q

approaches the thermodynamic limit result (7) with in-
creasing N and that the participation entropy follows a
critical behavior with exponent ⌫ = 1 at ↵ = ↵c.

Furthermore, we investigate the entanglement entropy
(1) of the decoded logical state ⇢X . The replica formalism
allows us to rewrite Sq as a functional over 2q copies of
the system, cf. [31] for details. The exact expressions for
the annealed averages S̃q for q = 2, 3 are obtained in a
closed form and reported in [31]. In the scaling limit, we
find that S̃q = aq|X1| with

aq =

8
>><

>>:

0, ↵ < ↵c(r)
log2(cos2q/r1 (↵/2))+2q

1�q
, ↵c(r) < ↵ < ↵ent

X
(r),

1, otherwise.

(8)

where the code rate is r = 1/2, r1 ⌘ |X1|/N  r
and |X1| is the subsystem size. This exact expression
implies that the transition between EPP and EVP co-
incides with an area-to-volume law entanglement phase
transition of the logical state, similar, in certain aspects,
to the transition observed in monitored quantum cir-
cuits [13, 14]. Notably, the volume-law scaling of S̃ent

q

for ↵ > ↵c(r) indicates that a global unitary operation
on the logical qubits is required to retrieve the initial
state | Xi. The error strength for which S̃ent

q
scales

with the maximal coe�cient equal to unity is given by
↵ent

X
(r1) = 2 arccos

�
2�(3q�1)r1/(2q)

�
, which is di↵erent

from that of ↵part

X
. This demonstrates that the participa-

tion and entanglement entropies capture various features

Coherent errors
4

Figure 3. Entanglement entropy Sent
q of the code-space state

| U i for the bipartition X [X, and q = 2, 3,1 (the q = 2,1
results are shifted down respectively by 0.25 and 0.5). Mark-
ers and solid lines correspond, respectively, to the numerical

data for the quenched averages S
ent
q and exact analytic ex-

pressions for the annealed average S̃ent
q for q = 2, 3, while the

purple dashed lines for q = 1 are to guide the eye. The red
dashed lines correspond to the N ! 1 behavior (S26). The
inset shows ↵part(q) and ↵ent(1/2, q) as a function of 1/q.

of the EVP, highlighting its multifractal nature (viz., the
non-trivial dependence on the Rényi index q).

The annealed average of the entanglement entropy S̃q

is in a quantitative agreement with the quenched averages
Sq, as shown in Fig. ??(c). Moreover, the entanglement
entropy follows the critical scaling of the trace distance
and the participation entropy, i.e., in the vicinity of the
phase transition Sq = g((↵�↵c)N1/⌫) where ⌫ = 1 is the
critical exponent and g is a universal function. A similar
discussion holds for the code-space state, as discussed
in [31], with multifractal features enhanced in the error-
resilient phase.

We conclude this section by summarizing the self-
averaging properties of the considered quantities across
the EPP to EVP transition. In [31], we demonstrate that
the di↵erences between the annealed and quenched aver-
ages of the trace distance � and the entropies (1) decay
exponentially with the number of qubits N . Each consid-
ered quantity involves a functional over the replica space
with a numerator and denominator. There, we argue that
the self-averaging is caused by an exponential decrease
F ⇠ exp(��N) of the relative realization-to-realization
fluctuations of the numerators and denominators, where
� depends on the observable and the parameters of the
circuit.

Error-resilience phase transitions for incoherent er-
rors. The previous finding extend to other noise mod-
els, including incoherent sources. We exemplify this fact
by considering a layer of depolarizing channels, each
Ei =

P
Pi

aPiPi⇢Pi as previously defined. The consider-
ations and computations parallel the coherent case, and

are detailed in [31]. The main di↵erences are two: (i)
the evaluation of the coe�cients b⇡(E) is more involved,
and (ii) the decoded state is in general mixed. We obtain
the exact expression for the annealed average distance for
any value � and r. Being a lengthly expression, we detail
it in [31] and report here the thermodynamic limit

�̃ =
1

2
⇥ (� > �c(r)) , �c(r) =

4

3

�
1 � 2r�1

�
. (9)

The phase diagram is summarized in Fig. 1(d). Again,
the annealed average approaches the quench averages in
the thermodynamic limit, [31].

The 1/2 value at large error strength reflects the max-
imal mixing of the decoded logical system; thus, retriev-
ing the initial condition | Xi is not possible in this case.
The maximally mixedness of ⇢X for � > �c(r) is also con-
firmed by the computation of the thermodynamic Rényi
entropy over X1 = X. The exact annealed expression is
reported in [31] and the scaling limit is given by S̃q = aqk
with

aq =

8
><

>:

0, � < �c(r)
q(� log2(4�3�)+r+1)

r
, �c(r) < � < �thermo

X
(r),

1, otherwise,
(10)

where �thermo

X
(r) = q = 2(2�2r/2)/3. The varying nature

of �thermo

X
(r) with q highlights the multifractality of the

o↵-critical phases.
Conclusion. Identifying error-correcting features in

many-body systems is a fundamental problem at the in-
terface of quantum information science with condensed
matter, statistical and high-energy physics. In this work,
we investigated a quantum circuit of an encoder-decoder
architecture subject to a layer of (coherent or incoher-
ent) local errors. The interplay of the errors with the in-
trinsic dynamics of the encoder-decoder circuit and the
projection on ancilla qubits leads to a phase transition
between EPP and EVP. Our exact analytic calculations
allow us to pinpoint the phase transition and understand
it in terms of the retrievability of the logical state. For
coherent errors, we show that this transition manifests
itself as a localization transition in the computational
basis of the logical subspace and as an area-to-volume
law transition in the entanglement structure of the logi-
cal state. We also discuss the multifractal features of the
o↵critical phases of the system. In a parallel fashion, in-
coherent errors induce an area-to-volume law transition
in the thermodynamic entropy of the logical state. Our
results are of direct relevance for experiments on noisy
quantum devices [42].

There are various possible extensions of this work.
First, in a future contribution [43] we report the non-
stabilizerness properties of the considered circuits, gen-
eralizing the recent results [29]. A second venue of inves-
tigation is the role of the circuit architecture. In particu-
lar, considering shallow circuits and interspersing errors

Incoherent errors
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Further applications of random circuits
• (Classical) Shadow Tomography 


• Randomised benchmarking


• Random generators


• Verification and validation 


• Quantum error correction
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Conclusion
• Random quantum circuits are versatile tools to understand many-body 

quantum dynamics without the detailed knowledge of tailored Hamiltonian or 
specific gates. 


• They allow for both analytical insights and efficient numerical methods, 
provided self-averaging is present. (Example where this is not the case: 
measurement-induced transitions)


• The Tensor Network representation is efficient because the gates are non-
unitary after averaging. Bond dimension does not grow extensively, and 
remains bounded to poly( effective qudit dimension).


• Outlook: extension to noisy quantum dynamics (unital and non-unital noise). 
State becomes mixed, but self-averaging still holds.
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