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Memory Effects in Micro and Nanoscale Systems

Brownian motion Finite-size reservoirs
Ballistic motion Backflow Trapped motion
£ Atomic cloud
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~Tp ~Ty ~Ty
> T. Franosch et al,, Nature 478 85 (2011). »> S Krinner et al,, J. Phys. Condens. Matter 29 343003 (2017).

Hidden degrees of freedom

> F. Ginot et al., PRL 128 028001 (2022). 3> R. Yasuda et al., Nature 410 898 (2001).



Step 1: Microscopic model

Xe = WX;

X: .. . state vector

W . .. microscopic generator

> localin time

Step 2: Coarse graining

©
©
5

t
).(t = Vx; + / dtl K[/X[,[/
o
X; . ..reduced state vector
V ... adiabatic generator
K . .. memory kernel
> non-local in time

> fully systematic



Step 1: Microscopic model Step 3: Short memory approximation
X = WX, Xe > L
X; ... state vector L...effective generator
W. .. microscopic generator Adiabatic approximation
L°=v

> localin time
Markov approximation

Step 2: Coarse graining -
L'=V+ / dt Kee "
o

t
Xe = Ve + / dt’ Ky x,_y
o > M. Esposito, PRE 85 041125 (2012).

X; . .. reduced state vector »> G, Hummer, A. Szabo, J. Phys. Chem. B 119 9029 (2015).
V ...adiabatic generator
K: ... memory kernel » local in time

» non-local in time > generally non-systematic

> fully systematic > requires sharp separation of time scales



Step 1: Microscopic model Step 3: Short memory approximation
X = WX, Xe ~ Lx,
X . ..state vector L...effective local generator

W . .. microscopic generator Lo
pics > localin time

> localin time > generally non-systematic

Step 2: Coarse graining > requires sharp separation of time scales

“t
Xe = V¥ + / dt’ KyX,_ =
Jo Questions

X ... reduced state vector 1. When and in what sense does

V ...adiabatic generator a local approximation exist?
K; ... memory kernel 2. Can its error be bounded?

. . -
» non-local in time 3. How to construct it systematically?

. 4. s it unique?
> fully systematic



Formalization

Starting point

Xe = VX + /‘ldt’ Ky Xy
°

x € C"

V,K, € XN

Initial condition

Xt—o = Xo

Weak memory condition

—kt

[[Ke|] < Me for t>o0

Aim

Le ™" andy, € C" so that

Ve=Lly: and x >~y

Short time expansion

V2 4+ K,
X = Xo + VXo - t + ;r %Xo - £+ O(t)

2

L 2
Yt:‘\/o‘FLyo‘t‘f’ZYO't +O(t3)

> X; # ¥ for short times in general



Starting point

Xe = Vx; + /!dt’ Ko/ Xe_yr
o

x € C"

V, K € cVxN

Initial condition

Xt=0o = Xo

Weak memory condition

K| < Me™™ for t>o
Aim

Le Cc""andy, € C" so that

Ve=Lly: and x>y

Formalization

Ansatz
x = e"Ax,, lim A, =D, det[D]+#o0
t— oo
ye=¢€", Yo =Dxo, lim |x —y|=0
t— oo
A; ... reduced propagator

D ...slippage matrix

V¢ . .. long time approximation

Questions
1. When does such a generator L exist?

2. Can |x, — y;| be bounded?



First Approach

Scalar Model

t
X = VX + / dt’ K!/X,_!/
Jo

V =—v <o
K= —Me ™ <o
Xo =1

Solution

k*Pefpr_ k*nefm

Xt =
n=p n=p
R+v—+/(R—Vv)?2—usM
p =
2
R4+v 4+ /(R—Vv): —uM
n = 5



First Approach

Scalar Model

t
X = VX + / dt’ Kt’Xt—t'
Jo

V =—-v <o

K= —Me ™ <o

Xo =1

Solution

X = k_pe—pl_ h_ne—m
n—p n—p
R+v—+/(R—Vv)—u4M

p = 5

n =

R+v+/(kR—Vv)>—u4M
2

Observation
If4M < (R —v)*:
k—
L=—p A=e%os"P_pso
n—p
k_,
Vi=e"D, |xx—w|= E et g
n—p
If &M = (k — v)* :
X = (1+ (k- p)t)e ™"
If 4M > (R — v)* :
_ -V . —dt
Xe = ( cos[wt] + sinfwt] | e
2w
_In—rl _ In+pl
w=-—, 0=
2 2

> The condition 4M < (k — v)? is necessary for the existence of an effective generator.



Setting
"t

% = Vx, +/ dt' Kox_y  (t>0)
)

Xt G(CNa V, K¢ GCNXN-, Xt—o = Xo

Weak memory conditions

—kt 4M

Ki]| < Me V|l=v<k, ——<1
Il < Wi=v<h G5 <

M,k > o, v>o



Existence of effective generators

Setting
. There exists a unique pair of generators
K = Vx + / dt' Kox_y  (t>0) LR € C"*V so that
o
N NXN ol . Rt
x €C", VK eC"" X o =X Xt = e AXo = B Xo,

lim A, = lim B, =D, det[D] #o.
. t— oo t— oo
Weak memory conditions
The slippage matrix D satisfies LD = DR and

M
Ikl < Me™™, V[ =v<h —m_ <a

kR —v)2 — co oo _
(k=) D= [1+/ dt/ dt’ e_RtKH/e_“/] p
o o

M,k > o, v>o0



Existence of effective generators

Setting
. There exists a unique pair of generators
Xe = Vx¢ + / dt’ Kyx_y  (t>0) L,R € C"*N 5o that
Jo
x€C, V,KeC™ " xo=x X = e"Axo = Bie"xo,

lim A = lim B, =D, det[D] # o.
Weak memory conditions e T
\ LM The slippage matrix D satisfies LD = DR and
[Kell <Me™™, |V|=v<k ——<1
(R = vy

D= [1+/ dt/ dt’ e*RlKM/e*“']ﬂ.
M,k > 0, v>o0 o o

Fixed point equations
L and R are unique attractive solutions of

- .
L:V+/ dt Kee ™",
)

R=V +/ dt e "k,
o

R+v—+/(R—vVv)?2—uM
5 .

LI IRl < o =



Setting
t
Xe = Ve + / dt’ Kyx,_y  (t>0)
Jo

x€C" VK e """  xo=X
Weak memory conditions

4M

K]l < Me™™, V|| =v <k,

M,k > o, v>o0

Long time approximation
For any vector norm |-| consistent with the
matrix norm |[|-|| we have

kR—n _
Ixe —yi| < ——e™ "
n

—p

Rt

v, = e''D = De™,

R+v+/(kR—Vv)—usM
n= 5 :

_ <y
(k—v)y =

)

Existence of effective generators
There exists a unique pair of ~ generators
L,R € C"*N 50 that

Xe = e“"AXo = Bexo,

det[D] # o.

lim A = lim B; =D,
t— oo t— oo

The slippage matrix D satisfies LD = DR and

D= [1+/ dt/ dt’ e*RlKM/e*“']ﬂ.
o o

Fixed point equations
L and R are unique attractive solutions of

- .
L:V+/ dt Kee ™",
)
R:V+/ dt e "k,
o

R+v—+/(R—vVv)?2—uM

2

LI IRl < o =



Example 1: Molecular Motor

F,-ATPase Model

Scattered light

OOOOOOOOOO
()OOOOC)C)OOO
0000002000

t
3 X =[pLpLpl *r:""t+/dt/ Ker X,
20 =M i i °
2 Jf‘ f"""ﬂFM/ V=o0.(S-10)+0-(S—1)

F’[M r"r r/f Ke= (¢ (S = 1)+ ¢ (ST —1)e "™
f“ﬁf M‘f:_rfw % » = { o o 1 ] { o 1 o0 ]
S = 1 . ST= :

0

I
0 40 50

> R. Yasuda et al., Nature 410 898 (2001).



Example 1: Molecular Motor

Model Weak memory conditions
1.2 | Dwr=09
\ wy =07
08 | Owy=05
! \
< |
T .
0.4 IR
\\\
0.0 :
0.0 0.2 0.4 0.6
t st
Xt = [P:,pf,p?]T, Xe = VX + / dt’ Ker X HKtHz < Me_ktv
o
4M
V=o0.(5-10)+0_(5—1) V], = v < k, (kiv)2§1
K= (¢ (S—1)+¢ (ST —1))e V"
> No sharp separation of time scales
o o 1 o 1 o0 required.
S=|1 o of|, =] o0 o 1
o 1 o 1.0 o

[wy +w_ =1]



Example 1: Molecular Motor

Model

K =

t
=[p.pi,pl K :th+/dt/ Ky Xyt
o

0. (S—1)+o_(S"—1)

(G (s=n+¢ (s

o 1))2—(VA1/)I

Effective generators

Fixed point equations

L= v+/ dt Ke "

R_V+/ dt e 'K,

Solution

L=R=XA(S—1)4+A_(5—1)

Slippage matrix

D= [1 +/ dt/ dt’e*Rthftze*“]f
o o
1

- [1 +K0[L+V+n]‘2r

Long time approximation

Vi = €“Dxo



Example 1: Molecular Motor

Model Long time approximation

1.0
0.8
0.6

0.4
0.2 /
0.0 -

0

t
t
x =[pLp5pl X :th+/dt/ K X
o
V=o0.(5-10)+0_(5—1)
K= (¢ (S—1)+¢ (ST —1))e V"
(o] o 1 (o] 1 o
T
S= 1.0 0 , S = o o 1 [wy =0.8, w_ =0.2, ky =0.3, k_ =0.2]
o 1 0 1.0 © [v/k =~ 0.42, 4M/(k — v)? ~ 0.89]



Example 1: Molecular Motor

Model Long time approximation
1070
|z — yil2
107!
1072
1073
10~
0 1 2 3 4 5
t
12 3T . t o k—n nt
Xe = [pe, P;, PY] s Xe=\Vxe+ [ dtt Kyx,_y < —e
o n—p
vV = U\(S_1)+U—(ST_1) Xt 7)/?1\} sz :e“xo

Ke= (C+ (S—1+¢- (ST — 1))2—(VAu)t

vt

o o0 1 ¢} 1 o

o
-
o
o
o



Questions
1. When and in what sense does
a local approximation exist?
2. Can its error be bounded?
3. How to construct it systematically?

4. Is it unique?



Perturbation Theory

Setting

. t /

Xe = VX + / dt’ KyX,_p (t>0)

Jo

Kl < mMe™™,  |V][=v<k <1

xe = e Axo

Memory function

Xt = Lx¢ + EeXo, E = €A

. t ’

E,:Kt+E[V+/dt E/Ki_y, Ec=V-—-1L
o

Rescaling

s=kt, Es=E /R, V=V/R, K =K,/M

Kl < e
d - o s M
£E5:¢K5+E5V+<p/ods EK g, o=



Perturbation Theory

Setting Perturbation theory
. t ’
Xe = VX + / dt’ KyX,_p (t>0) Ansatz
Jo
Il < Me™™,  Vi=v<k P B3 G lim EMe% — o
= ’ ’ (R —v)? s n:1 s— 00 B
xe = e Ao
Memory function Recursion relations
= LX + EXo, E = e"A, EM = —/ dt/ at” £577K,, t/,ev“*")
i t
E = Kt+Etv+/dt’ EvKe_y, Eb=V-—L EY = / dt’ K, e
o
Rescaling Approximations
— - - n n
s=kt, E=E /R, V=V/R, K =K/M BE=> & =v->_ E"
t n
IRl < e A::1+/dr' e Ve
o

d_ - - - 'S - - n
JoEs = K +EV Lp/ ds" EyK,_y, o= X! = e" Alxo
o

20



Setting

. t ’

Xe = VX + / dt’ KyX,_p (t>0)
Jo
- 4M

Ke|| < Me™ ™, V|=v<k ———— <1

[IKe]l < s vl C -y

xe = e Ao

X = X + EeXo, E, = €A

Perturbation theory

e S

m=1
’
™ °°d s [t dt’ g0k vit—t')
t - t t 1 [/_t//e
t o

EW 'Oodt/ K v(t—t')
t = €
t

t ne/
Al”:1+/dt'e_“Et”,
o

=

n L"t an R
X, =€ AX %

Convergence
n g" — ut
_ <
IE—E[ll < ——e
g" M
L- L") €« —————
I ===
n En
A — A <
A~ ATl < ;o
n
Ixe —x7| < 1_E(aJrﬂt)\xo|e”‘
o 4M ; 7k+v
T (k—v) T2
(1+3vV1—¢)e
o=
8(1—¢)
1+ V1 —
ﬂzu(k,v)
8v1—¢
_ R+v—/(R—V)—sM
r= 2

Perturbation Theory

21



Setting
. t ’
Xe = VX + / dt’ KyX,_p (t>0)
Jo
_ 4M
Ke|| < Me™ ™, V=v<k ——0 <1
[IKel| < A C -y
xe = e Ao
Xt = Lx¢ + EXo, E = e“A
Perturbation theory

(-3 & S

m=1
’
™ °°d s [t dt’ g0k vit—t')
t - t t 1 [/_t//e
t o

EW 'Oodt/ K v(t—t')
t = €
t

t ne/
Al”:1+/dt'e_“Et”,
o

=

n L"t An
X, =€ AX ®

Perturbation Theory

Convergence
En
E;. — E} e M
llE: — Ef|l < P —
g" M
L— 1< ——
I ===
n
1A~ A7l < ——a
l=g
n
X — X7 < E(a+ﬂt)\xo|e”‘
L°=v

L :v+/ dt Ke "
Jo

» Adiabatic and Markov generators
recovered in zeroth and first order.

22



Perturbation Theory

Setting Convergence
X = Vx; + /tdt' Ky Xyt (t>o0) IE— 7| g o ht
vo = 1_ck—v
Ikl < Me™, VI =v<h G < o <M
x = Ao A Al < o
o= bt B, B AL T ok B el
Perturbation theory
B = Z:H E™, "=V 2:,21 E™ Further bounds
= [Tar [Ca g, e MF e, ] < (k= me ™™
t o
ED = — /Dodt’ Ky et
t

LTA:  y" =e"'A"_x,
t n

Al =1+ / dt’ e e,
o

It —yi| <

n L"t An .
X, =€ AX %

=

23



Example 2 : Generalized Langevin Equations

Non-Markovian Brownian motion Model
Ballistic motion Backflow Trapped motion . t
7 Xe = Vx; + / dt’ Kyx,_y +fi

e ~ Lo vo

AN o ;
( = 3 Xe = [x¢, ve] <X2>eq = <V2>2q =1
W
Inertial regime  Hydrodynamic regime V = 0 w X Kt — o 0 R ft — o
T I"”L"[Ip I~'1i”””| T Lr;(” w0 o —I, &

»> T. Franosch et al., Nature 478 85 (2011).

x¢ . . . particle position
vt . . . particle velocity
w ...trap frequency
;... friction kernel

& ... stochastic force

re=Me ", M>o0, k=1

24



Example 2 : Generalized Langevin Equations

Model Weak memory conditions
t
Xe = VX + / dt’ Ky Xe—o + f2 V=V = w < 1, L <1
Jo (w—1)?

X = [xt,vi]', (2)eq = (V2)eqg =1 Equilibrium correlation matrix
v — 0 w K — o o) fi= o Zy = <X1X;>ea[<xoxl>6q]_1

—w o’ o -I,|’ & .

Ze =VZ, + / dt’ Ky Z,_y, Zo =1
o

x¢ . . . particle position . /
Lt Lt 7 Lt—t")
vt . .. particle velocity Zi=ehA=e + /0 dt’ e Ev

w ... trap frequency General solution

;... friction kernel

t
. Xe = ZiX dt’' z
& . . . stochastic force t tXo + /O vfiv

re=Me *, M>o0, k=1

25



Example 2 : Generalized Langevin Equations

Model

t
Xe = VX + / dt’ KX,y + fe
o

Xe = [xe, ve]', (X5Yeq = (Voleg =1

0 w o o 0
S BV B R R

re=Me "™,

Weak memory conditions

LM
V=[V[o =w <1, —— <1

(w—1)
Equilibrium correlation matrix

Z = <XrX$>ea[<XoX$>ea] -

t ’
Z = e, = et + / dt’ e ="g,
[

Perturbation theory
El = Hue |, L' =V — Hy,
E} = (Ha + Hxt)e ", L> =V — Hy

M o O
H11:72|: :|
T+w |w 1

My = Hy 4+ m? 0
SR CIE R El P

Hy = 1

1+ w?

M L't
Z'=e

70— ottan — o't o it en
=6 Al=e "+ [ dt' e Ey
o

1—w

26



Example 2 : Generalized Langevin Equations

1.0

0.5

0.0

1.0

0.5

0.0

1.0
<X1X0> <XtVU> = _<VtXU>
0.5
\/ 0.0 NV
20 40 60 80 0 20 40 60 80
t t
0.12 -
(vivo) 2 — Z} ||
0.08 ||/
\/ oot \\\N\
"\\
0.00 =i
20 40 60 80 0 20 40 60 80

t

[w=02 M=0.5, k=1, 4M/(1 — w?) ~ 0.94]

t
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Questions

1. When and in what sense does
a local approximation exist?
2. Can its error be bounded?
3. How to construct it systematically?

4. Is it unique?

28



Setting
) t
Xe = VX + / dt’ KyX,_p (t>0)
Jo
_ 4M
Kel| < Me™", V|i=v<k, ——u0 <1
[IKel| < i =)y
Xt = ZiXo
Two-sided factorization
lim e "z, = lim Ze ™ =D, det[D] # 0
= L, R uniquely determined.
One-sided factorization
lim e 'z L D, det[D'] # o0
=Ll =sIS"", D' =5SD
lim e's™ e =1, det[S] # o
t— oo

29



Setting

t
Xe = VX + / dt’ Ky X,_y (t>0)
Jo

4M
s <1

Ke|| < Me™™,
[IKell < vy

(V[ =v <k,
Xt = ZiXo

Two-sided factorization

lim e "z, = lim Ze ™ =D, det[D] # 0

t— oc t—oc

= L, R uniquely determined.

One-sided factorization
lim e 'z, £ D/, det[D'] # 0
t— oo

=Ll =sIS"", D' =5SD

Jim e's e =1, det[S] # o

Fixed point equations
L=V+ / dt Kee ™™,
R=V+ / dt e MK,

Jo
= L, R uniquely determined.
Memory functions
Z=\Z +E =ZR+F

IEel], IFell < (R —m)e™ ™

= L, R uniquely determined.
Foranyl’ #L,R' #Rand o > p:
2, =LUZ +E =ZR +F

l[Eclle”" = lIF¢lle” = oo

lim lim
t— oo t— oo

IL] < p
Rl <p
(p<m)

30



Setting
. t
Xe = VX + / dt’ Ky X,_y (t>0)
o
_ 4M
Ke|| < Me ™, V|=v<k, ——— <1
(1Kl < (V] kv
Xt = ZiXo
Two-sided factorization
lim e "z, = lim Ze " =D, det[D] # 0
t—roc t—roc
= L, R uniquely determined.
One-sided factorization
lim ez, £ D/, det[D'] # 0
t— oo
=Ll =sIS"", D' =5SD
lim e“s e " =1, det[S] # o
t— oo

Fixed point equations

L=V /jxdt Kie ™",

R£V+/‘\dte ®Ke, R < p
Jo

= L, R uniquely determined.

Memory functions

Ze = L7+ E = ZR+ F

I, IRl < (k —m)e™™

= L, R uniquely determined.

» The proper generators lead to the
fastest decaying memory functions.

Ell



Example 3 : Semi-Markov Jump Process

Waiting time distribution (x > 4)

o= %sinh {\/MM] R

Master equation
"t

X = / dt’ KX, v, Xt = [P?-, p:]T
o

Ke = Me_mH,, M = l.n’yz, kR = 2Ky

1] =1 1
H1=7|: :|-, [IHells =1
2 1 -1

Kk — k(K —z.))

(
n:"/<~+\/m>>p

p=7

32



Waiting time distribution (x > 4)

o= %sinh {\/MM] R

Master equation
"t
X = / dt’ KX, v, Xt = [P?-, p:]T
o
Ke = Me_mH,, M = 4r~y°, R =2k~y
1[0 — 1
Ho= > [IHells =1
2 1 1

Modified generator
L = pH,

I|meS1L[ 1 =

Lo = SQLS;1 = pH, — apH,

Modified memory function

Ea = —pef"tH + ap (ne—px _
—p
For o = o:
IE]| = pe™™ = (k—n)e "
For o # 0O:

«@
[Eoell = pe= " 22 (e =
n—p

Example 3 : Semi-Markov Jump Process

S=S, =1+ aH,

pe7m) H,

pe*”‘)

33



Questions

1. When and in what sense does
a local approximation exist?
2. Can its error be bounded?
3. How to construct it systematically?

4. Is it unique?

34



Earlier Results

Time Convolutionless Method

TCL approach
t

Xe = VX, + / dt’ Ko Xe_ o
Jo

= X = L["x
Present approach

— X =L+ EXo
Under WM conditions:

lim " = lim 227" =1L
t—oo t— oo

> M. Tokuyama and H. Mori., Prog. Theor. Phys. 55 411 (1976).

> F. Shibata and T. Arimitsu, ). Phys. Soc. Jpn. 49 891 (1980).
Slippage matrix

. .
e 'x, — e 'Dxo

> F. Haake and M. Lewenstein, PRA 28 3606 (1983).

> p, Gaspard and M. Nagaoka, J. Chem. Phys. 111 5668 (1999).

Fixed point equations

t t/
g = v+ / dt’ Ky T exp {7 / dat” LEI//}
o Jo

If L[ — Lfort — oo
> Lt
HL:VLJr/ dt Kee™
Jo

> K. Nestmann et al., PRX 11 021041 (2021).
»> K. Nestmann, M. R. Wegewijs, PRB 104 155407 (2021).

B> V. Bruch et al., SciPost Phys. 11 053 (2021).

Memory expansions
_ o0 (m

L=3_ L

Assuming convergence:
“oo

— L= VL+/ dt Kee ™"

o

> . D. Contreras-Pulido et al., PRB 85 075301 (2012).

B> C. Karlewski and M. Marthaler, PRB 90 104302 (2014).
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Summary

Ballistic motion Backflow Trapped motion Key results

Sy t
[ 7 N X = Vx; + / dt’ Ko Xe_ o
\ o

Weak memory condtions

Inertial regime  Hydrodynamic regime
T I B o i o 0 e e S
~Ty ~T ~Ty

—kt LM
[Kell < Me™™, IV =v <Rk, k—vp <1

»> T. Franosch et al., Nature 478 85 (2011). ‘

Factorization

Atomic cloud
\

\

X = e AXo, Jim A =D, det[D] # o
— co

» ‘>f Long time approximation
o "y Lt kR—mn t
— -n
> 5. Krinner et al., JP CM 29 343003 (2017). Ve =e DXxo, |yr—X| < - pe

Quasi local time evolution equation
X = Lx + EXo, Bl < (R—m)e™ ™

Convergent perturabtion scheme

MA
el

Y — €2 ny(n) _ —
X—ZM@OX, X=L,E =1

> R. Yasuda et al., Nature 410 898 (2001).
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