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Twenty-five years of nanoscale
thermodynamics

A paper published in1997 brought the thermodynamics of the nineteenth century into the
twenty-first century — expanding the physics of transformations involved in the operation of

steam engines to the realm of molecular motors.



Fluctuation theorems concerning work (partial list)
(There is only one reservoir, and the system is driven)

« Jarzynski equality |
(e—B(W—AF)> —1 C. Jarzynski, PRL, 78, 2690, (1997)

 Crooks Fluctuation Theorem

— G. E. Crooks, PRE, 60, 2721, (1999)
PT(_W) .

= e_B(W_AF)
P.(W)
 Hummer-Szabo Relation
e—ﬂUB(F') G. Hummer, A. Szabo, PNAS, 98, 3658 (2001)

(5(F’ _ Fr)e_ﬂw> = Z,

 Differential Fluctuation Theorem
P. Maragakis, M. Spichty, and M. Karplus, J. Phys. Chem. B, 112, 6168 (2008)

Pr(W, Ty = T)e FW=4F) = pp (=W, T} - I)

« Sagawa-Ueda Fluctuation Theorems (with feedback)
T. Sagawa and M. Ueda, Phys. Rev. Lett. 109, 180602 (2012)

<e_B(W_AF)_I> =1



Fluctuation theorems concerning heat

(There are more than one reservoirs, but the system is not driven)

k endi
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Classical and Quantum Fluctuation Theorems for Heat Exchange

Christopher Jarzynski*
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Daniel K. Wéjcik'
o of Physics, Geargia Institute of Technology, 837 State Street,
nia, Georgia 30332-0430, USA

stitute of Experimental Biology, 3 Pasteur Street, 02-093 Warsaw, Poland
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veen two classical or quantum finite systems initially prepared at
bey a fluctuation theorem.

(eB-Bs)a) = 1

) (B - B)<q>= 0

C. Jarzynski and D. K. WQcik, PRL, 92, 230602 (2004)



Motivation

Is there any fluctuation theorem concerning work and/or heat
when the system is in contact with multiple heat reservoirs?

Can one “synthesis” the above fluctuation theorems concerning
work and those concerning heat?

What are the logic relations between various fluctuation
theorems?

Is there any fundamental principle underlying various fluctuation
theorems?
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*Hierarchical Structure of Fluctuation Theorems for
Multiple Heat Reservoirs



Basic setup: the model

« Consider classical stochastic thermodynamics with unambiguous
definitions of microscopic work and heat.

« Weak interactions between the system and the heat reservoirs.

Hamiltonians: H = H + Z H, + Hy,

Hs(vs(t),A(t)  Hu(w(t), 1<v<N

Trajectory in phase I'= (v5:71, - IN)
Space Vs = (xs,ps): Y = (20, D0)
. Initial state: p},,((0)) = 7s(v5(0)) © 11 (71(0)) @ ... ® 7n (Y (0))
(45(0)) e—BsHs(vs(0),A(0)) (40 (0)) e—BvHu(7.(0))
Total system consists ms(15(0) = Zi(Bs) T T Z(B)

of the system and

: The system and heat reservoirs
heat reservoirs.

are in local equilibrium initially
8



Basic setup: work and heat on trajectories

On a trajectory I" of the total system

Heat exchanged with the

v-th heat reservoir av(1) = Hy (7,(0)) = Hy (7(7)),
» Work performed by the T OHg
external driving w(l') == /O Ay ot

The first law holds on the trajectory level

Hs(vs(7), A7) — Hs(75(0),A(0)) = w(I') + > qu(I).

v



Detalled fluctuation theorems on trajectories

» Define the conditional probability density P(I'|T'(0)) inthe
trajectory space.

I' : an arbitrary trajectory
['(0) : the initial condition

Full information of the Deterministic evolution
initial state I'(0) according to the initial

+ - state
Classical dynamics of

the total system P(F‘F(O)) — 5F,Fd



Detailed fluctuation theorems on trajectories

« The time-reversal process

Time reversal  Z(t) = Ola(r —t)] = (7 — 1), it
operation ©:  j(t) = ©p(r — )] = —p(r — 1). Jacobbi

« Consider the even control parameter (e.g. the frequency of
harmonic potential)
A(t) = AT — 1)

* Microreversibility ﬁ(f‘\f‘((})) — P(F‘F(O))a
l Liouville

the most detailed fluctuation theorem

11



Detalled fluctuation theorems on trajectories

e Sum over the reservoir trajectories, the conditional probability
density of the system trajectory is

Ps(vs; {1 (1)} {1 (0)}|7s(0))
=2 POs: (ths ), O [T w0 @

s = P(I|T(0))

* Integrate over y,,(0) and y, (t), we obtain the coarse-grained
conditional probability density

Ps(vs; {aw} s (0 / fpms,m( )}, {3 ()} s (0))
< T 0)n (7130, ~ Hou0) + Hiu )]

 The detailed fluctuation theorem
Ps(isil=awil75(0) _ s p,4.
Ps(vs; {av}vs(0))

a.(—qv) : the heat exchange with the v-th heat reservoir
In the forward (reverse) process.




Detalled fluctuation theorems on trajectories

« With the complete trajectory probability density
Ps(vsi{av}) = Ps(vs: {a Hrs(0))ms(vs(0)),

we can also obtain

Ps(Isi1=aw}) _ —psluw(rs)-AFsl+3, (B —Bs)a
Ps(vsi{av})

« These are two detailed fluctuation theorems expressed by the
probability density of the system trajectory.

 After a coarse-grained procedure, we can obtain a family of
fluctuation theorems at different coarse-grained levels.



Differential fluctuation theorems of joint
distributions

 Let us consider the joint distribution of work and heat.

« Sum over the system trajectories, we obtain the conditional joint
distribution

Pl {a b rs(rls(0) = 3 s {aHrs(O)3(w = [ 3oxHsd)

{vs} 0

and the complete joint dlstrlbutlon -
P(w, {0}, 75(r),75(0) = > Ps(vs; {a,})8(w - / 50\ Hgdt).

{vs} 0

e The glifferential fluctuation theorems
P(—w, {0}, 35(D)35(0) _ 5, s
P(w,{q,},vs(7)|vs(0)) ’

p(_wv{_QV}a:YS(T)D?S(O)) — o Bslw—AFs]+>, (Bv—Bs)a
P(wy {Qu}a,YS(T)?’YS(O))




Generalized Jarzynski equality and Crooks

relation

« When there are more than one heat reservoirs, the marginal
distribution of work or heat does not satisfy any fluctuation
theorem, but the joint distribution of work and heat does

* Integrate over the initial and final phase-space points, the joint
distribution of work and heat is

w, {g}) ]/ dys(7)drs (0) P(w, {au}, 75 (7), 75 (0)).

* The generalized Crooks relation
Y. Murashita, M. Esposito, Phys. Rev. E. 94, 062148 (2016)
P. S. Pal, S. Lahiri, and A. M. Jayannavar, Phys. Rev. E 95, 042124 (2017).

P(_w, {_qv}) _ e—ﬁs[w—AFS]—I‘ZV(BU_BS)QU.
P(w,{qv})

« The integral fluctuation theorem of work and heat
Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023)

<€—Bsw+zy(ﬁy—ﬁs)qu> _ o~ BsAFs




The unification of fluctuation theorems and the
second law

Microreversibility P(T'|T(0)) = P(T|T(0)) Eq. (4)

coarse gramming
bath trajectory

'p.‘_a'{%b'i {_‘ffu}ﬁl&f(g}} — o2 By
Ps(vsi {aw}vs(0))

for initial equilibrium
- ls‘rsrcm;r state rlc,{ﬁu,{ﬂ])
P.“J("_?’S';{ f}'u}:' _ (J—'ﬂ'slw["_flg}—ﬁ Fsl+3>.,(8v—Bs)aw Eq. (8)
Ps(vs;{av})

Detailed FTs Eq. (6)

coarse graining
svstem frajectory

35( ur, { i?p}~’"—.n'%'i7':'|;r'%(“}) — czy.’:{r—rqu Eq (9)

Differential FTs
P(w,{q.},vs(7)|vs(0))
P{_w {_QU}“%B(T}iﬁrS{U}} E—B,ﬁ'[w—rﬁf"—gl—l-zv(ﬁp—.!'.-?rj;':'{{p Eq (]G)
P(HJ: {QU }! s {T:]: ’.}r:‘?(”))
ntegrating over integrating over integrating over
v5(0), w, {QU]’ 1s5(0), vs(7) Ys(7), w, {“Tu}
Generalized Hummer-Szabo relation Eq. (12) Generalized Jarzynski equality Eq. (13)

_ 5?,-{'?.‘:' (7))

< ¢~ Bs[w—AFs]+ %, (8.~ 8s)a >
e (0) '*T_Lg{"."s (0))

- M < e—Bs[w—AFs]+Y, (8. 8s)a >
Fgird pl{,{ﬁ"'&{?_]]

Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023)
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The unification of fluctuation theorems and the
second law

Generalized Hummer-Szabo relation Eq. (12) Generalized Jarzynski equality Eq. (13)
<t’._-ﬁ-’=i [w—AFs]+3, {_{j,—_{j,;-jq,,) = —4?:%{:;5{{”:] <e_-'r*.l:[w—rlf":;'+}_lz,'[.-"-’u .-"?’.‘::lq:a> = —'51;’{:'{5(7-))
sstn Ps(vs(T)) s ms(7s(0))

Y

Generalized Crooks relation Eq. (11) [85.86]

integrating over integrating over

P(_w:{_m«}) —Bs[w—AFs]+3, (Bu—Bs)
e — ¢ Bs ] phPe =05 )G Yg ([])
) P(w. 0.}
limegmﬁng over
w, {gv}
Integral FT <ti_"ras”’*'zv("?“_ﬁ-‘?:'q“> = ¢ PAsAFs Eq.(15)
single ;"e.s-eﬁ-'oi/ \Ifﬂmm driving
Jarzynski equality [1] Exchange FT [11]
(e=Pv) = e~PAFs <EEV{£p—ﬁs}qu> 1
Jensen's inegzmh’i/ Jensen's inequality \i@men 's inequality
single v without .
Maximum work principle [96] ;50405  Generalized Clausius inequality 54,5, Clausius’ statement [96]
(w) > AFs Bs((w) = AFs) = Y (B, = Bs) (@) 2 0 Y (B —Bs) (a,) <0
B 1

Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023) 17



Microreversibility P(I'|T(0)) = P(T|T(0)) Eq. (4)
coarse graining
Ps(Fs; {—a HAs(0)) _ 5, A
Ps(vsi {gv}vs(0))

Sor initial equilibrium
9 e : system state wi(ys(0))
Ps(Fsi{=a.}) _ e Bslwlys)-AFsI+E. (8. —Bs)ew Eq. (8)
Ps(vsi{a})

cfailed FTs

Liouville

Gibbs

coarse graining
system trajectory

. . P—w,{-¢.},7s(M)s(0) _ 5 4
Differential FTs . = gl v Eg (9)
P(w, {gu},7s(7)|7s(0))
P(—w,{—qu},5s(r), 3s(0)) Bslw—AFs|+5, (8, —Bs)g
3 = g~ Bsl s LBu—Bs)ae  Eg (10
Plu, (@b s@) @ (0

What

C a.r n Ot y integrating over integrating over infegrating over
75(0), w, {q} 75(0), 7s(7) Ys(7), w, {g.}
Generalized Hummer-Szabo relation Eq. (12) Generalized Jarzynski equality Eq. (13)

Kelvin,
Clausius, =
Planck do
not know
about the

second

law

:(0)) =t (=
5(0)) { e-Belw=aFs| 5, (b.-s)a | _ F_»,-L’FS(JJI
\ Has mlvs(0))

(c Bs[w—AFs)+ X, (8. _-'ssm‘) -

giw)

Generalized Crooks relation Eq. (11) [85.86]

Plowd-0)) _ g aris, (Ba—ss)
+5(7) = g Pslw 42 (e —Bs)aw
o Plu, (@]

integrating over

infegrating over
¥5(0)

integrating over
w, {qu}

Integral FT <r:—-'.f;.u‘—y:v[.’$u—ﬂs)q_,> — ¢ FsAFs Eq (15)

single re.ien'oir/ Niﬁrom driving

Jarzynski equality [1] Exchange FT [11]
. (ezvtﬁv—ﬁs)4v> -1

single without

principle [96] ,o5ervoir driving
e —

Carnot

18

Kelvin Clausius Planck
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*Properties of Fluctuation Theorems for Multiple
Heat Reservoirs



Hierarchy of fluctuation theorems “one reservoir”

Pe(CW) _ pwsry

A generalized JE A generalized JE
PF (W) for delta initial for arbitrary
Pe(W,xg = %) B W-AF) ‘ distribution [ | initial states [

Pr(—W,x; - x;) \

Differential
fluctuation
theorem [

Microscopic

s Crook fluctuation ]a[zynsﬁl]gquaﬁty
reversibility

theorem I

<5 (f' —-T, )e‘ﬂW > _ Hummer-Szabo

relation [

Coarse-Graining

---------------------+

Z. Gong, HTQ, Phys. Rev. E 92, 012131 (2015)
T. M. Hoang, ..., HTQ, T. Li, Phys. Rev. Lett. 120, 080602 (2018)



Application I: (e7PsurBu(umpsiay = e=PsAls,

Heat engine: alternatively in contact with two heat baths

<€—Bsw+(ﬁc—ﬂs)qc+(6H—6s)qH> _ 1

=0 Firstlaw
AN

= B () + (gc) + (au)) + Be (ae) + Bu (qu) < 0
_ . lee) o B
- n=t qm) =1 Be

N. A. Sinitsyn, J. Phys. A: Math. Theor. 44, 405001 (2011).

21



Application Il

<€—Bs’w+zy(ﬂu—ﬁs)qu> _ o—BsAFs

S &~

‘ ®
v

[ H

Information erasure when the temperature of the environment is
different from that of the bit
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«Calculation of Joint Distributions of Work and
Heat



A Brownian particle coupled to multiple reservoirs

« The Langevin equation
k. - friction coefficient

. 0OHg
YT Top B, : inverse temperature
2
. OHg . _
p= -l - wma], Hs =g+l
! m !/
Fluctuation-dissipation relation:  (§.(1)& (1)) = 0 (t —1').

174

« The stochastic dynamics is equivalently described by the
Fokker-Planck equation H. A. Kramers, Physica 7, 284 (1940)

8p +Z@ g[ﬂ]:‘%(%PW% (%p)

D15 — 0 L 3p
deterministic ~ dissipative vlol =5, (Fvpr+ ==




Joint statistics of work and heat

 The characteristic function of work and heat

XU (s, {uy }) = <exp[i(sw+2uuqu)]>
= //OO n(x, p, 7)dzdp.
* 1 is governed by the Feynman-Kac equation

on
ot

ou

_ 1u, H —iu, H
— & 77]—|—Ze SD, |e Sn }—I—zs)\a/\n,

e_BSHS(;U»pa)\(O))

with the initial condition  7n(z,p,0) = p(z,p,0) = 75 (Bs)
S

Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023)



Verification of the fluctuation theorem

« The integral fluctuation theorem can be rewritten into

Xw’{q”}(iﬁsg {i(Bs — B,)}) = e PBsAFs

 The solutionto s =il and u, = i(fs — B,) IS

since

e—ﬁsH(ﬂS,p,)\(t))

Zs(Bs)

77(35'729775) —

Z =0

e~ Bs=Pv)Hs g [e(ﬁs—ﬁu)ﬂsn} —0

on o
E = —ﬁs)\an =r. h. s.

Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023)



Join distribution of work and heat

* The joint distribution of work and heat P(w, q) is the inverse
Fourier transform of the characteristic function.

» The fluctuation theorems can be verified with the results of P(w, q).

« Breathing harmonic oscillator ~ Hs = =

0.6
= 04
L o02 o —

0.0

06
=04

A 02

B=pBs=1
t=717=20

Red contours:
analytical
Black contours:

20 -15 10 05 00 05 100002040608 -15 =10 =05 00 05 10 150 1 2 3 )

‘ P(uw) g P(w) numerical
Underdamped compression Overdamped expansion
Protocol: A(t) = e” % Protocol: A(t) = 1/v/1 + 0.05¢

k=0.1 k=10

D. S. P. Salazar, Phys. Rev. E. 101, 030101 (2020)

C. Kwon, J. D. Noh, H. Park, Phys. Rev. E. 88, 062102 (2013) 7
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Summary



Summary

« We find a hierarchical structure of fluctuation theorems. All
fluctuation theorems concerning work and heat can be
unified into a single framework.

 When there are more than one heat reservoirs, the marginal
distribution of work or heat does not satisfy any fluctuation
theorems, but the joint distribution does

* A general method to calculate the joint statistics of work and
heat via the Feynman-Kac equation.

« Quantum version is similar with slight difference
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