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Background



• Jarzynski equality

• Crooks Fluctuation Theorem

• Hummer-Szabo Relation

• Differential Fluctuation Theorem

• Sagawa-Ueda Fluctuation Theorems (with feedback)

𝛿(Γ′ − Γ𝜏)𝑒
−𝛽𝑊 =

𝑒−𝛽𝑈𝐵(Γ
′)

𝑍𝐴

ሜ𝑃𝜏(−𝑊)

𝑃𝜏(𝑊)
= 𝑒−𝛽(𝑊−Δ𝐹)

G. E. Crooks, PRE, 60, 2721, (1999)

G. Hummer, A. Szabo, PNAS, 98, 3658 (2001)

𝑃𝐹(𝑊, Γ0 → Γ𝜏)𝑒
−𝛽(𝑊−Δ𝐹) = 𝑃𝑅(−𝑊, Γ𝜏

∗ → Γ0
∗)

P. Maragakis, M. Spichty, and M. Karplus, J. Phys. Chem. B, 112, 6168 (2008)

𝑒−𝛽(𝑊−Δ𝐹) = 1
C. Jarzynski, PRL, 78, 2690, (1997)

Fluctuation theorems concerning work (partial list)
(There is only one reservoir, and the system is driven)

𝑒−𝛽(𝑊−Δ𝐹)−𝐼 = 1

T. Sagawa and M. Ueda, Phys. Rev. Lett. 109, 180602 (2012) 
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C. Jarzynski and D. K. Wójcik, PRL, 92, 230602 (2004)

𝑒 𝛽−𝛽𝑆 𝑞 = 1

𝛽 − 𝛽𝑆 <q>≥ 0

Fluctuation theorems concerning heat

(There are more than one reservoirs, but the system is not driven)

A B
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Is there any fluctuation theorem concerning work and/or heat 

when the system is in contact with multiple heat reservoirs?

Can one “synthesis” the above fluctuation theorems concerning 

work and those concerning heat?

What are the logic relations between various fluctuation 

theorems?

Is there any fundamental principle underlying various fluctuation 

theorems?

Motivation
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Basic setup: the model

• Consider classical stochastic thermodynamics with unambiguous 
definitions of microscopic work and heat.

• Weak interactions between the system and the heat reservoirs. 

Hamiltonians:

Trajectory in phase 

space

Initial state:

Total system consists 

of the system and 

heat reservoirs.
The system and heat reservoirs 

are in local equilibrium initially 

𝐻 = 𝐻𝑆 +

𝜈

𝐻𝜈 + 𝐻𝑖𝑛𝑡
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Basic setup: work and heat on trajectories

• On a trajectory Γ of the total system

• The first law holds on the trajectory level

• Heat exchanged with the 

𝜈-th heat reservoir

• Work performed by the 

external driving
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Detailed fluctuation theorems on trajectories

• Define the conditional probability density                          in the 
trajectory space.

an arbitrary trajectory

the initial condition

Full information of the 

initial state Γ(0)
+

Classical dynamics of 

the total system

Deterministic evolution 

according to the initial 

state
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Detailed fluctuation theorems on trajectories

• The time-reversal process

• Consider the even control parameter (e.g. the frequency of 
harmonic potential)

• Microreversibility

the most detailed fluctuation theorem

Time reversal 

operation Jacobbi

Liouville
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Detailed fluctuation theorems on trajectories
• Sum over the reservoir trajectories, the conditional probability 

density of the system trajectory is

• Integrate over 𝛾𝜈 0 and 𝛾𝜈 𝜏 , we obtain the coarse-grained 
conditional probability density 

• The detailed fluctuation theorem

the heat exchange with the 𝜈-th heat reservoir

in the forward (reverse) process.
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Detailed fluctuation theorems on trajectories

• With the complete trajectory probability density

we can also obtain 

• These are two detailed fluctuation theorems expressed by the 
probability density of the system trajectory.

• After a coarse-grained procedure, we can obtain a family of 
fluctuation theorems at different coarse-grained levels.
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Differential fluctuation theorems of joint 
distributions

• Let us consider the joint distribution of work and heat.

• Sum over the system trajectories, we obtain the conditional joint 
distribution 

and the complete joint distribution

• The differential fluctuation theorems
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Generalized Jarzynski equality and Crooks 
relation 
• When there are more than one heat reservoirs, the marginal 

distribution of work or heat does not satisfy any fluctuation 
theorem, but the joint distribution of work and heat does

• Integrate over the initial and final phase-space points, the joint 
distribution of work and heat is 

• The generalized Crooks relation

• The integral fluctuation theorem of work and heat 

Y. Murashita, M. Esposito, Phys. Rev. E. 94, 062148 (2016)

P. S. Pal, S. Lahiri, and A. M. Jayannavar, Phys. Rev. E 95, 042124 (2017).

Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023)
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The unification of fluctuation theorems and the 
second law 

Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023)
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The unification of fluctuation theorems and the 
second law

Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023)
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JacobbiLiouville

Gibbs

Carnot

Kelvin Clausius Planck

What 

Carnot, 

Kelvin, 

Clausius, 

Planck do 

not know 

about the 

second 

law
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𝑃𝐹(𝑊, 𝑥0 → 𝑥𝜏)

𝑃𝑅(−𝑊, 𝑥𝜏
∗ → 𝑥0

∗)
= 𝑒−𝛽(𝑊−Δ𝐹)

Z. Gong, HTQ, Phys. Rev. E 92, 012131 (2015)

“one reservoir” 

T. M. Hoang, …, HTQ, T. Li, Phys. Rev. Lett. 120, 080602 (2018)
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N. A. Sinitsyn, J. Phys. A: Math. Theor. 44, 405001 (2011).

First law

Heat engine: alternatively in contact with two heat baths

Application I: 
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Information erasure when the temperature of the environment is 

different from that of the bit

Application II: 
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A Brownian particle coupled to multiple reservoirs

• The Langevin equation

• The stochastic dynamics is equivalently described by the 
Fokker-Planck equation                      H. A. Kramers, Physica 7, 284 (1940)

Fluctuation-dissipation relation:

friction coefficient 

inverse temperature

deterministic dissipative
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Joint statistics of work and heat

• The characteristic function of work and heat

• 𝜂 is governed by the Feynman-Kac equation

with the initial condition

Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023)
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Verification of the fluctuation theorem 

• The integral fluctuation theorem can be rewritten into

• The solution to 𝑠 = 𝑖𝛽𝑆 and 𝑢𝜈 = 𝑖(𝛽𝑆 − 𝛽𝜈) is

since

Jinfu Chen and HTQ, Phys. Rev. E 107, 024135 (2023)
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Join distribution of work and heat
• The joint distribution of work and heat 𝑃(𝑤, 𝑞) is the inverse 

Fourier transform of the characteristic function.  

• The fluctuation theorems can be verified with the results of 𝑃 𝑤, 𝑞 .

• Breathing harmonic oscillator

Underdamped compression

Protocol:

Overdamped expansion

Protocol:

Red contours: 

analytical

Black contours: 

numerical

D. S. P. Salazar, Phys. Rev. E. 101, 030101 (2020)

C. Kwon, J. D. Noh, H. Park, Phys. Rev. E. 88, 062102 (2013)
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Summary

• We find a hierarchical structure of fluctuation theorems. All 
fluctuation theorems concerning work and heat can be 
unified into a single framework. 

• When there are more than one heat reservoirs, the marginal 
distribution of work or heat does not satisfy any fluctuation 
theorems, but the joint distribution does

• A general method to calculate the joint statistics of work and 
heat via the Feynman-Kac equation.

• Quantum version is similar with slight difference
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