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Fermi, Pasta, Ulam, Tsingou

1955

FPUT problem:
excited mode q=1
did not observe equipartition
energy stays localized in few modes
recurrences after more integrations
thresholds in energy, system size etc

two time scales
T1: formation of exponentially localized packets
T2: gradual destruction and equipartition

The FPUT Problem



How to measure T2 ?

à Use normalized entropy η = [0,1]

à T2 anomalous large due to specific initial condition choice

FPUT Problem
PRE 95 060202(R) 2017
+ in preparation



Ø FPUT paradox is probably NOT primarily about integrability

Ø FPUT is about specific initial conditions with ‘bottlenecks’

Ø FPUT is NOT about thermalization

Ø FPUT is about pre-thermalization

Ø The time scale T2 is way larger than thermalization times of typical states

Ø Now we have a neat way to measure thermalization times of typical states!

History and some lessons





Goals

Thermalization dynamics slowing down of many body system 
                        in proximity to integrable limit:

• Use unique action-angle coordinates

• Identify different classes of nonintegrable perturbations networks

• Quantify thermalization process

• Identify novel dynamical regimes

• Analyze classical systems

• Extend to quantum systems



Measuring Thermalization : measuring time scales !

Ø Measure dynamics of observables

Ø Measure and compare their time averages with ensemble averages

Ø Extract ergodization time scales TE

Ø Measure Lyapunov spectra 

Ø Invert to obtain Lyapunov times TL



Approaching integrable limits

Ø Time scales will diverge (length scales perhaps as well)

Ø How will they diverge? How many will diverge? Which ones will diverge?

Ø Are there different universality classes? 

Ø Can we observe and compute critical exponents?

Ø Are there further universal quantities?



Nutshell summary

Choose unique action-angle coordinates at the integrable limit

Analyze network spanned by the nonintegrable perturbation

We found two different classes of weak nonintegrability

LRN: one diverging time scale controls all thermalization dynamics

SRN: one diverging time scale and one diverging (length) scale
          control the thermalization dynamics

SRN: dramatical slowing down of thermalization



Nutshell summary

Choose unique action-angle coordinates at the integrable limit

Analyze network spanned by the nonintegrable perturbation

We found two different classes of weak nonintegrability

LRN: ordered systems
          weak nonlinearity (weak two-body interaction)
          all to all nonintegrable interaction between 
          conserved quantities

SRN: weak finite range lattice coupling/hopping
          short range nonintegrable interaction between
          conserved quantities
          and also
          disordered systems and weak nonlinearity (weak two-body int.)



Is the system ergodic?

Do infinite time averages equal ensemble averages?

We don’t have infinite time at our disposal!

Finite time averages (FTA) 

FTA distributions must tend to delta functions for infinite times

Convergence for large averaging times 

How large is large?

ERGODICITY NR 1:
Finite time average distribution evolution of action observables



Observables f: 

• the actions J of the corresponding integrable limit

• or some simple monotonous functions of them

Choose the right observables!

Measuring: 

• f(t) = J(t)

• finite time averages (FTA) for finite averaging time T

• distributions of finite time averages

• width of distribution of FTA as function of T

ERGODICITY NR 1:
Finite time average distribution evolution of action observables



a quick and incomplete schematic overview

ERGODICITY NR 1:
Finite time average distribution evolution of action observables



compute statistics of fluctuations instead of correlation functions

obtain <f> - defines a generalized Poincare equilibrium manifold f=<f>

if system is ergodic, trajectory will pierce infinitely many times

measure excursion times τ between piercings

compute probability distribution function P(τ) and its moments

compute amplitude distributions, obtain lifetimes of excitations

ERGODICITY NR 2:
Poincare sectioning time intervals from evolution of action observables



ERGODICITY:  Finite time average distribution evolution of action observables

Nutshell:

approaching the
integrable limit for

LRN: TE / TL1 constant

SRN: TE / TL1 diverges



Open Issues

Numerical implementation very demanding

Ambiguity in observable choice

Can be fooled by law of large numbers

Even integrable systems are ergodic, but not mixing!

Lack of aesthetic satisfaction

ERGODICITY:  Finite time average distribution evolution of action observables



The Lyapunov Spectrum

Number of Lyapunov exponents = phase space dimension

Lyapunov exponents come in ±" pairs 

Per each integral of motion: two zero Lyapunov exponents



N DoF (sites), 2N sorted LEs: ⇤i > ⇤j with {i < j} 2 1, ..., 2N

total norm conserved: ⇤N = ⇤N+1 = 0

unitary evolution: ⇤i<N = �⇤2N�i+1

LLE : ⇤1

Irreducible normalized LEs: ⇤̄(⇢) = ⇤i/⇤1, ⇢ = i/N
<latexit sha1_base64="3JvbMj0STWmQk+AXNlsFuYRaoCI="></latexit>

• initial thermal state: use proper Gibbs distributions
• run the trajectory
• add small perturbation, linearize and obtain the tangent map
• run 2N trajectories in the tangent map TM
• TM1: obtain LLE
• TM2: project ⏊ to TM1 and obtain 2nd largest LE
• … and so on

PRL 128 134102 (2022)
Chaos 32 063113 (2022)
PRE 108 L062301 (2023)
PRR 6 L012064 (2024)

The Lyapunov Spectrum



Fitting the rescaled LS 

<latexit sha1_base64="W+I+0OhLU+E6qkrI7E9B/9ZQx8s="></latexit>

�̄(⇢) = (1� ⇢↵)e��⇢

The Lyapunov Spectrum PRL 128 134102 (2022)
Chaos 32 063113 (2022)
PRE 108 L062301 (2023)
PRR 6 L012064 (2024)
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Unitary Circuits for Thermalization

• Fast numerical evolution due to parallelization

• No time discretization roundoff errors (except for roundoff errors)

• Versatile, highly efficient unitary map toolbox for long time evolution

g ! 0 : LRN

✓ ! 0 : SRN
<latexit sha1_base64="VOUniJ8kFD5HpSw7WE256jcI/Rw=">AAACLnicbVDLSgMxFM34dnyNunQTbAVXZaYuFFdFEVyIaLUP6JSSSdM2NJMMyR2lFL/Ijb+iC0FF3PoZpo+Ftl4SOJxzLvfeEyWCG/D9N2dmdm5+YXFp2V1ZXVvf8Da3ykalmrISV ULpakQME1yyEnAQrJpoRuJIsErUPR3olTumDVfyFnoJq8ekLXmLUwKWanhnoVRcNpkEN9vGoebtDhCt1T32s/gYXxQv3TAcvGwIHQZk2nJTvMQNL+Pn/GHhaRCMQQaN66rhvYRNRdPYzqWCGFML/ATqfaKBU8Ee3DA1LCG0S9qsZqEkMTP1/vDcB7xnmSZuKW2/BDxkf3f0SWxML46sMybQMZPagPxPq6XQOqr3uUxSYJKOBrVSgUHhQXa4yTWjIHoWEKq53RXTDtGEgk3YtSEEkydPg3I+Fxzk8tf5TOFkH McS2kG7aB8F6BAV0Dm6QiVE0SN6Ru/ow3lyXp1P52tknXHGPdvoTznfP7VqpTg=</latexit>

Merab Malishava, SF
PRL 128 134102 (2022)
Chaos 32 063113 (2022)

<latexit sha1_base64="AP8RWDqlW4YAjx1AtAHGNCzPb3s=">AAACE3icbVDJSgNBEO2JW4zbqEcvjUEwCmFG3C5C0IvHCCYRMiH0dCqmSc9Cd00kDPkHL /6KFw+KePXizb+xsxyi8UHB470qqur5sRQaHefbyszNLywuZZdzK6tr6xv25lZVR4niUOGRjNSdzzRIEUIFBUq4ixWwwJdQ87tXQ7/WA6VFFN5iP4ZGwO5D0RacoZGa9oHXA556ZS0G+3joFugF9R5ECzoM08pg2iw07bxTdEags8SdkDyZoNy0v7xWxJMAQuSSaV13nRgbKVMouIRBzks0xIx32T3UDQ1ZALqRjn4a0D2jtGg7UqZCpCN1eiJlgdb9wDedAcOO/usNxf+8eoLt80YqwjhBCPl4UTuRFCM6DIi2hAKOsm8I40qYWynvMMU4 mhhzJgT378uzpHpUdE+LJzfH+dLlJI4s2SG7ZJ+45IyUyDUpkwrh5JE8k1fyZj1ZL9a79TFuzViTmW3yC9bnD8grnX8=</latexit>

~ (t+ 1) = bU ~ (t)



Unitary Circuits for Thermalization



Long Range Network (small g)



Short Range Network (small Ɵ)



Unitary Circuits for Thermalization

processed data: LLE
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integrable limits



Unitary Circuits for Thermalization

LRN, one diverging scale
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⇤̄(⇢): analytic function in the LRN limit

Merab Malishava, SF
PRL 128 134102 (2022)
Chaos 32 063113 (2022)

<latexit sha1_base64="W+I+0OhLU+E6qkrI7E9B/9ZQx8s="></latexit>

�̄(⇢) = (1� ⇢↵)e��⇢
<latexit sha1_base64="nIUDj1uV7KYc5nCizcuyiZmh0b0="></latexit>

↵, � and  stay constant nonzero for g ! 0



Unitary Circuits for Thermalization

SRN, two diverging scales
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⇤̄(⇢): non-analytic function in the SRN limit

Merab Malishava, SF
PRL 128 134102 (2022)
Chaos 32 063113 (2022)

<latexit sha1_base64="W+I+0OhLU+E6qkrI7E9B/9ZQx8s="></latexit>

�̄(⇢) = (1� ⇢↵)e��⇢

<latexit sha1_base64="O1N/qmzzzI8zScOKnA5RhG4tGg0="></latexit>

� diverges and  vanishes for ✓ ! 0



Josephson junction networks in d=1,2,3

H =
P p2

n
2 + EJ [1� cos(qn � qn�1)]

Number of sites (volume) : N

Energy density: h = H/N

SRN: EJ / h à 0

LRN: h / EJ à 0

Gabriel Lando, SF
PRE 108 L062301 (2023)



Long Range Network

Josephson junction network, energy density h: h/EJ ⌧ 1

H =
P p2

n
2 + EJ [1� cos(qn � qn�1)]

H0 =
P p2

n
2 + EJ

2 (qn � qn�1)
2 : harmonic chain

H1 = �EJ
4

P
(qn � qn�1)

4 : quartic anharmonicity

L = 3, R ⇠ N
2

�! Long Range Network

long range network:

Qq =
p
2Jq sin⇥q , Pq = !q

p
2Jq cos⇥q

J̇q = �EJ
P

q1,q2,q3
!q1!q2!q3Aq,q1,q2,q3

p
JqJq1Jq2Jq3cos⇥q sin⇥q1 sin⇥q2 sin⇥q3

Gabriel Lando, SF
PRE 108 L062301 (2023)



Long Range Network

à exists due to weak nonlinear all-to-all interactions between normal modes

à nonintegrable nonlinearity local in real space, normal modes extended
long range network:

Qq =
p
2Jq sin⇥q , Pq = !q

p
2Jq cos⇥q

J̇q = �EJ
P

q1,q2,q3
!q1!q2!q3Aq,q1,q2,q3

p
JqJq1Jq2Jq3cos⇥q sin⇥q1 sin⇥q2 sin⇥q3

Gabriel Lando, SF
PRE 108 L062301 (2023)



Short Range Network

Josephson junction network, h/EJ � 1

H =
P p2

n
2 + EJ [1� cos(qn � qn�1)]

H0 =
P p2

n
2 : free rotors

H1 = EJ
P

[1� cos(qn � qn�1)] : nearest neighbour coupling

L = 1, R = 2

�! Short Range Network

short range network:

qn = ⇥n , pn = Jn

J̇n = �EJ (sin(⇥n �⇥n�1) + sin(⇥n �⇥n+1))

Gabriel Lando, SF
PRE 108 L062301 (2023)



Short Range Network

à exists due to underlying lattice model structure

à nonintegrable lattice coupling is local, rotor actions are local

short range network:

qn = ⇥n , pn = Jn

J̇n = �EJ (sin(⇥n �⇥n�1) + sin(⇥n �⇥n+1))

Gabriel Lando, SF
PRE 108 L062301 (2023)



Rescaled Lyapunov spectrum for d=1,2,3 Gabriel Lando, SF
PRE 108 L062301 (2023)



Unitary Circuits for Thermalization

Disorder and Anderson Localization: 
<latexit sha1_base64="IaixLECqKeWTwz6RtJ9LMhg3E38="></latexit>

Ĝn = ei�neig| n|2|nihn| , �n 2 [0, 2⇡]
<latexit sha1_base64="roa9s+NSC/biQ5cd2MtMhvHYk24="></latexit>

g = 0 : ⇠�1 = |ln (|sin⇥|)|

Weihua Zhang
Gabriel Lando
Barbara Dietz
SF
PRR 6 L012064 
(2024)



going quantum

h à 0 : SRN, conserved quantity 

g à 0: LRN,  conserved quantity

<latexit sha1_base64="KtdVfWWqwl2+lbC5lpIf7+ZvjrQ=">AAAB8XicbVDLTsMwENyUVymvAkcuFhUSpypBvI4VXDgWiT5EGyrHdVqrthPZDlKJ+hdcOIAQV/6GG3+D0+YALSOtNJrZ1e5OEHOmjet+O4Wl5ZXVteJ6aWNza3unvLvX1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsYXWd+65EqzSJ5Z8Yx9QUeSBYygo2V7ruaDQR+eOqxXrniVt0p0CLxclKBHPVe+avbj0giqDSEY607nhsbP8XKMMLppNRNNI0xGeEB7VgqsaDaT6cXT9CRVfoojJQtadBU/T2RYqH1WAS2U2Az1PNeJv7ndRITXvopk3FiqCSzRWHCkYlQ9j7qM0WJ4WNLMFHM3orIECtMjA2pZEPw5l9eJM2TqndePbs9rdSu8jiKcACHcAweXEANbqAODSAg4Rle4c3Rzovz7nzMWgtOPrMPf+B8/gC2MZD1</latexit>

�z
i

<latexit sha1_base64="tu6j71OU78QcGAqxltqrgY78mRI=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kok4msjFN24kgr2AU0aJpNJO3QyCTMTsYRs/BU3LhRx62e482+ctllo64ELh3Pu5d57/IRRqSzr2ygtLC4tr5RXK2vrG5tb5vZOS8apwKSJYxaLjo8kYZSTpqKKkU4iCIp8Rtr+8Hrstx+IkDTm92qUEDdCfU5DipHSkmfuOYmIAy+jl3beu3Uk7Ueo9+hRz6xaNWsCOE/sglRBgYZnfjlBjNOIcIUZkrJrW4lyMyQUxYzkFSeVJEF4iPqkqylHEZFuNnkgh4daCWAYC11cwYn6eyJDkZSjyNedEVIDOeuNxf+8bqrCCzejPEkV4Xi6KEwZVDEcpwEDKghWbKQJwoLqWyEeIIGw0plVdAj27MvzpHVcs89qp3cn1fpVEUcZ7IMDcARscA7q4AY0QBNgkINn8ArejCfjxXg3PqatJaOY2QV/YHz+ANHelpE=</latexit>
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�x
i

Budhaditya Bhattacharjee
Alexei Andreanov, SF
arXiv:2405.00786

numerics: ED with 8 spins and PBC, infinite temperature 



going quantum

Ergodization time scale from ETH:

Measure times      of spacings of zeros 
<latexit sha1_base64="hnLXyj98SyWJxboWlxO2Ayd1ueI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpl26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVlLVoLGLdCYlhgivWQo6CdRLNiAwFa4fj29xvPzFteKwecJKwQJKh4hGnBHOphyTtV2te3ZvBXSZ+QWpQoNmvfvUGMU0lU0gFMabrewkGGdHIqWDTSi81LCF0TIasa6kikpkgm906dU+sMnCjWNtS6M7U3xMZkcZMZGg7JcGRWfRy8T+vm2J0HWRcJSkyReeLolS4GLv54+6Aa0ZRTCwhVHN7q0tHRBOKNp6KDcFffHmZPJ7V/cv6xf15rXFTxFGGIziGU/DhChpwB01oAYURPMMrvDnSeXHenY95a8kpZg7hD5zPHyRtjlI=</latexit>⌧

Budhaditya Bhattacharjee
Alexei Andreanov, SF
arXiv:2405.00786



going quantum

Largest Lyapunov exponent from operator growth (Krylov Complexity)

<latexit sha1_base64="m2u0v0RLhnwxu1aEF9mLRnsxx2k="></latexit>

K(t) =
X

n

n|�n(t)|2 ⇠ e2�t = e2t/T�

Budhaditya Bhattacharjee
Alexei Andreanov, SF
arXiv:2405.00786



going quantum

Budhaditya Bhattacharjee
Alexei Andreanov, SF
arXiv:2405.00786



Take Home Messages

We observe two distinct universality classes

Classifier: nonintegrable perturbation network type

Long range  - one LLE controls all thermalization time scales
                      - renormalized Lyapunov spectrum: analytic function 
 
Short range  - one LLE and one (length) scale control the thermalization
                      - renormalized Lyapunov spectrum: non-analytic function

Disorder and Anderson localization induce transition from LRN to SRN

Explains finite time average observations

Works in any lattice dimension, both classical and quantum
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