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The FPUT Problem 1955

Fermi, Pasta, Ulam, Tsingou
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FPUT problem:

05| excited mode q=1

did not observe equipartition
energy stays localized in few modes
recurrences after more integrations
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two time scales
T,: formation of exponentially localized packets
T,: gradual destruction and equipartition




FPUT Problem

How to measure T, ?

- Use normalized entropy n = [0,1]

- T, anomalous large due to specific initial condition choice
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Equipartition times for fundamental vs random
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History and some lessons

» FPUT paradox is probably NOT primarily about integrability

» FPUT is about specific initial conditions with ‘bottlenecks’

» FPUT is NOT about thermalization

» FPUT is about pre-thermalization

» The time scale T, is way larger than thermalization times of typical states

> Now we have a neat way to measure thermalization times of typical states!

Equipartition times for fundamental vs random
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Goals

Thermalization dynamics slowing down of many body system
in proximity to integrable limit:

Use unique action-angle coordinates

+ Identify different classes of nonintegrable perturbations networks
* Quantify thermalization process

+ Ildentify novel dynamical regimes

* Analyze classical systems

« Extend to quantum systems



Measuring Thermalization : measuring time scales !

> Measure dynamics of observables
» Measure and compare their time averages with ensemble averages

» Extract ergodization time scales Tg

» Measure Lyapunov spectra

> Invert to obtain Lyapunov times T,




Approaching integrable limits

> Time scales will diverge (length scales perhaps as well)

» How will they diverge? How many will diverge? Which ones will diverge?
> Are there different universality classes?

» Can we observe and compute critical exponents?

> Are there further universal quantities?




Nutshell summary

Choose unique action-angle coordinates at the integrable limit

Analyze network spanned by the nonintegrable perturbation

We found two different classes of weak nonintegrability
LRN: one diverging time scale controls all thermalization dynamics

SRN: one diverging time scale and one diverging (length) scale
control the thermalization dynamics

SRN: dramatical slowing down of thermalization



Nutshell summary

Choose unique action-angle coordinates at the integrable limit

Analyze network spanned by the nonintegrable perturbation

We found two different classes of weak nonintegrability

LRN: ordered systems
weak nonlinearity (weak two-body interaction)
all to all nonintegrable interaction between
conserved quantities

SRN: weak finite range lattice coupling/hopping
short range nonintegrable interaction between
conserved quantities

and also
disordered systems and weak nonlinearity (weak two-body int.)



ERGODICITY NR 1:
Finite time average distribution evolution of action observables

Is the system ergodic?

Do infinite time averages equal ensemble averages?

We don’t have infinite time at our disposal!

Finite time averages (FTA)

FTA distributions must tend to delta functions for infinite times
Convergence for large averaging times

How large is large?



ERGODICITY NR 1:
Finite time average distribution evolution of action observables

Real GDP Growth in the United States

Observables f:

« the actions J of the corresponding integrable limit

 or some simple monotonous functions of them

Choose the right observables!

Measuring:

. f(t) = J(t)

 finite time averages (FTA) for finite averaging time T

» distributions of finite time averages

 width of distribution of FTA as function of T



ERGODICITY NR 1:
Finite time average distribution evolution of action observables

a quick and incomplete schematic overview
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ERGODICITY NR 2:
Poincare sectioning time intervals from evolution of action observables

compute statistics of fluctuations instead of correlation functions
obtain <f> - defines a generalized Poincare equilibrium manifold f=<f>
if system is ergodic, trajectory will pierce infinitely many times
measure excursion times 1T between piercings

compute probability distribution function P(1) and its moments

compute amplitude distributions, obtain lifetimes of excitations

Real GDP Growth in the United States

slide




ERGODICITY: Finite time average distribution evolution of action observables

RAPID COMMUNICATIONS

PHYSICAL REVIEW E 95, 060202(R) (2017)

Intermittent many-body dynamics at equilibrium
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Fragile many-body ergodicity from action diffusion

Thudiyangal Mithun®,"-? Carlo Danieli ©,>? M. V. Fistul,>*> B. L. Altshuler,%? and Sergej Flach?’

Thermalization dynamics of macroscopic weakly
nonintegrable maps @
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Published Online: 3 June 2022
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ERGODICITY: Finite time average distribution evolution of action observables

Open Issues

Numerical implementation very demanding
Ambiguity in observable choice

Can be fooled by law of large numbers

Even integrable systems are ergodic, but not mixing!

Lack of aesthetic satisfaction



The Lyapunov Spectrum

Number of Lyapunov exponents = phase space dimension
Lyapunov exponents come in +A4 pairs

Per each integral of motion: two zero Lyapunov exponents

TITLE CITED BY YEAR

Lyapunov characteristic exponents for smooth dynamical systems and for Hamiltonian 2377 1980

systems; a method for computing all of them. Part 1: Theory
G Benettin, L Galgani, A Giorgilli, JM Strelcyn
Meccanica 15 (1), 9-20



The Lyapunov Spectrum PRL 128 134102 (2022)
Chaos 32 063113 (2022)

PRE 108 L062301 (2023)
PRR 6 L012064 (2024)

 initial thermal state: use proper Gibbs distributions

* run the trajectory

- add small perturbation, linearize and obtain the tangent map
* run 2N trajectories in the tangent map TM

« TM1: obtain LLE

« TM2: project | to TM1 and obtain 2nd largest LE
 ...and soon

N DoF (sites), 2N sorted LEs: A; > A; with {i < j} € 1,...,2N
total norm conserved: Ay = Ay11 =0

unitary evolution: Aoy = —Aon ;11

LLE : Aq

Irreducible normalized LEs: A(p) = A;/Ay, p=i/N



The Lyapunov Spectrum PRL 128 134102 (2022)
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Fitting the rescaled LS

Ap) = (1 —p*)e™ "



The Lyapunov Spectrum PRL 128 134102 (2022)
Chaos 32 063113 (2022)

PRE 108 L062301 (2023)
PRR 6 L012064 (2024)

102 10° 104 10° 100 107
t



PRL 128 134102 (2022)

Unitary Circuits for Thermalization §¢ Merab Malishava, SF
& Chaos 32 063113 (2022)
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én,n+1 . ( cosf  sin 0)

—sinf@ cos@

—

U(t+1) = UT(2)
g — 0: LRN
0 — 0: SRN

« Fast numerical evolution due to parallelization
* No time discretization roundoff errors (except for roundoff errors)

» Versatile, highly efficient unitary map toolbox for long time evolution



Unitary Circuits for Thermalization

U(t) = {v2A(t), vE ()]

o (t) = cos? 9 (t) — cos OsinOyp2_ (1)
+sin? Gy | (t) + cos O sin Op5 (t)

a2 (t) = sin® 5 (t) — cos O sin Oapy2 (t)
+cos? 05 (t) + cos O sin Oy (2) .

Vit +1) = eidlonl’ [ cos® O (t) — cos@sin G2 (t)
+sin? G2 (t) + cos O sin Gy (t)]

Vot 4+ 1) = gtdlon |’ [ sin® 04,7 1 (t) — cos O sin O (t)
+ cos?® 02 (t) + cos O sin O, 1 (t)]



Long Range Network (small g)
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Short Range Network (small ©)

YAt + 1) = ei9lonl” [yA

VB (t + 1) = e9lonl* [y
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Unitary Circuits for Thermalization y Merab Malishava, SF
é Chaos 32 063113 (2022)
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Unitary Circuits for Thermalization y Merab Malishava, SF
& Chaos 32 063113 (2022)
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LRN, one diverging scale
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Unitary Circuits for Thermalization §¢ Merab Malishava, SF
& Chaos 32 063113 (2022)

SRN, two diverging scales

10°

0.0 0.2 0.4 Y, 0.6 0.8 1.0 0.0

A(p): non-analytic function in the SRN limit

Mp) = (1= p™)e™
p diverges and k vanishes for 6 — 0



PRE 108 L062301 (2023)
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Josephson junction networks in d=1,2,3 g Gabriel Lando, SF

H=> "% +E;[1-cos(qn— qn1)]

Number of sites (volume) : N
Energy density: h = H/N
SRN:E;/h>0

LRN: h/E; 2> 0



Gabriel Lando, SF

Long Range Network
PRE 108 L062301 (2023)

Josephson junction network, energy density h: h/E; < 1

H p— Z an —I— Ej[l T COS(QTL T Qn—l)]

2
Hy=73 % EQJ (gn — qn_1)2 : harmonic chain
Hy = —%225" (¢ — go—1)" : quartic anharmonicity
L=3 R~ N?

— Long Range Network

long range network:
Qq = /2JygsinOy , Py = wgy/2J,c0s0y

Jg=—E; qu,qg,qg Way WasWas Aq,q1,02,95 v/ Ja a1 S J43€05O ¢ SIn Oy, SIn O, sin O,




Gabriel Lando, SF
@ PRE 108 L062301 (2023)
s

Long Range Network

- exists due to weak nonlinear all-to-all interactions between normal modes

- nonintegrable nonlinearity local in real space, normal modes extended

long range network:

Qq = \/2J,sin0, , P, = wy+/2J,cos O,

Jqo = L1 4 42,05 Y01 Wa2Was Aq,q1,q2,05 V Jadq1 g2 S 0504 5in O, sin Oy, sin O,




Short Range Network Gabriel Lando, SF
@ PRE 108 L062301 (2023)

Josephson junction network, h/E; > 1

H=> %+ E;[1—cos(¢n— gn-1)]
Hy =) % . free rotors

Hi =FE;) [1 —cos(q, — gn_1)] : nearest neighbour coupling

L=1 R=2
O
e @ O 7 e
O @)
— Short Range Network e 2 .
=@ L8 @ " Vo
short range network: e o J O O
P > O
dn = O, y Pn = B/ O O *
O O

Jp = —Ej; (sin(6, — 0,_1) +sin(0, — 6,.1)) O



Short Range Network Gabriel Lando, SF
@ PRE 108 L062301 (2023)

- exists due to underlying lattice model structure R

- nonintegrable lattice coupling is local, rotor actions are local
short range network:

Qn:@napn:Jn

jn = —F; (Siﬂ(@n — @n—l) = Sin(@n = @n—|—1))



Rescaled Lyapunov spectrum for d=1,2,3 Gabriel Lando, SF
PRE 108 L062301 (2023)
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Unitary Circuits for Thermalization

Disorder and Anderson Localization:

én — €i¢n€i9|¢n|2ln>(7%| . b € [0, 27]

g=0:¢1= In (|sin ©])]

Weihua Zhang
Gabriel Lando
Barbara Dietz
SF

PRR 6 L012064

i (2024)
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going quantum i

Budhaditya Bhattacharjee

N
— z > 2 T Alexei Andreanov, SF
H = Z (J 0i+10; + 907 + ho; ) arXiv:2405.00786

=1

h = 0 : SRN, conserved quantity O'f
N

g = 0: LRN, conserved quantity H o;
1=1

numerics: ED with 8 spins and PBC, infinite temperature



going quantum

N
H=- (Jof_,_laf +gof + haf)
i=1

Ergodization time scale from ETH:

fo(t) =(O()) - O

Budhaditya Bhattacharjee
Alexei Andreanov, SF
arXiv:2405.00786

= Y e BB (] On) — Y feal? (n]Oln)

m,n—{m/,n’} n

Measure times 7 of spacings of zeros



going quantum

N
H=- (Jof_,_laf +gof + haf)
i=1

&2

Budhaditya Bhattacharjee
Alexei Andreanov, SF
arXiv:2405.00786

Largest Lyapunov exponent from operator growth (Krylov Complexity)



going quantum

N
H=- (Jof_,_lcrf +gof + haf)
=1
Budhaditya Bhattacharjee
Alexei Andreanov, SF
arXiv:2405.00786
Time scale ratio
F T T T T T T T T T ‘ T T T T ‘ T T T T T T T ‘ E
1000 -~ Te(n)T,A(LRN) E
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100 - — Te(r,)/TA (SRN) .
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Take Home Messages

We observe two distinct universality classes

Classifier: nonintegrable perturbation network type

Long range - one LLE controls all thermalization time scales
- renormalized Lyapunov spectrum: analytic function

Reads:

PRE 95 060202 (2017)
PRL 122 054102 (2019)
PRE 100 032217 (2019)
PRE 104 014218 (2021)
Chaos 32 063113 (2022)
PRL 128 134102 (2022)
PRE 108 L062301 (2023)
PRR 6 L012064 (2024)
Chaos 34 033107 (2024)
arXiv:2405.00786

Short range - one LLE and one (length) scale control the thermalization
- renormalized Lyapunov spectrum: non-analytic function

Disorder and Anderson localization induce transition from LRN to SRN

Explains finite time average observations

Works in any lattice dimension, both classical and quantum




