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Non-Hermitian Quantum Mechanics
 Open quantum systems: a part of a 

Hermitian world (dates back to early 
era of QM)

 PT symmetric systems: “The world is 
non-Hermitian!” （C.M. Bender, 1998）

 Non-Hermitian systems transformed 
from other systems: including the 
Hatano-Nelson model (1996)

N. Hatano and D.R. Nelson, PRL 77 (1996) 570

Hatano-Nelson model
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Open Quantum Systems
Atomic scattering
Nuclear scattering

Electronic conduction
in mesoscopic systems

Once the particle leaves the central 
system, it never comes back coherently.
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Resonant states in open systems
Unstable nuclides = resonant states
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PT-Symmetric Systems
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: PT unbroken phase
(Eigenvecs are also PT-symmetric)
: PT broken phacs
(Eigenvecs break PT-symmetry)
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Environmental system

Quantum Transport (Open systems)

Source Drain
Open

non-Hermitian
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Closed non-Hermitian systems

Closed

non-Hermitian

C.M. Bender “For guaranteeing the 
reality of the energy, the Hermiticity is 
too mathematical!”

The universe may be in the PT unbroken 
phase of a PT-symmetric non-Hermitian 
system??
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Environmental system

Experiments in open systems

Source Drain
Open

non-Hermitian
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“Non-Hermitian Quantum Mechanics”
VOLUME 77, NUMBER 3 P HY S I CA L REV I EW LE T T ER S 15 JULY 1996

Localization Transitions in Non-Hermitian Quantum Mechanics

Naomichi Hatano* and David R. Nelson
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138

(Received 15 March 1996)
We study the localization transitions which arise in both one and two dimensions when quantum

mechanical particles described by a random Schrödinger equation are subjected to a constant imaginary
vector potential. A path-integral formulation relates the transition to flux lines depinned from columnar
defects by a transverse magnetic field in superconductors. The theory predicts that, close to the
depinning transition, the transverse Meissner effect is accompanied by stretched exponential relaxation
of the field into the bulk and a diverging penetration depth. [S0031-9007(96)00677-1]

PACS numbers: 74.60.Ge, 05.30.Jp, 72.15.Rn

Although forbidden in conventional quantum mechan-
ics, exponentiated non-Hermitian quantum Hamiltonians
do appear in the transfer matrices of classical statistical me-
chanics problems. A nonequilibrium process can be de-
scribed as the time evolution of a non-Hermitian system
[1]. Another example is the XXZ spin chain mapped onto
the asymmetric six-vertex model [2].
In this Letter, we investigate a non-Hermitian quantum

Hamiltonian with randomness. The study is motivated
by a mapping of flux lines in a (d 1 1)-dimensional su-
perconductor to the world lines of d-dimensional bosons.
Columnar defects in the superconductor, which were in-
troduced experimentally in order to pin the flux lines [3],
give rise to random potential in the boson system [4]. Al-
though the field component Hz parallel to the columns
acts as a chemical potential for the bosons, the component
perpendicular to the columns results in a constant imagi-
nary vector potential [5].
We study localization in this simple example of non-

Hermitian quantum mechanics, and show how flux lines
are depinned from columnar defects by an increasing
perpendicular magnetic field H'. It is generally believed
that all eigenstates are localized in conventional one-
and two-dimensional noninteracting quantum systems with
randomness. On the other hand, it is almost obvious that a
flux line is depinned from defects by a strong perpendicular
field component. This indicates that the present non-
Hermitian system has extended states in a largeH' region,
and that there must be a delocalization transition at a
certain strength of H'.
The non-Hermitian Hamiltonian treated hereafter has the

formH ; sp 1 ihd2ys2md 1 V sxd, where p ; sh̄yid===
and V sxd is a random potential. The non-Hermitian field
h originates in the transverse magnetic field as h ≠
f0H'y4p. The flux quantum f0 ≠ 2p h̄cy2e plays the
role of a charge and the non-Hermitian factor i ≠

p
21

arises from the mapping onto imaginary time quantum me-
chanics [4,5]. Figure 1 shows a vortex whose “world line”
is described by this Hamiltonian with periodic boundary
conditions in one dimension. The mass m is equivalent
to the tilt modulus of the flux line. The Planck parame-

ter h̄ corresponds to the temperature of the superconduc-
tor, while the inverse temperature of the quantum system
corresponds to the thickness Lt of the sample along Hz .
Interactions between many particles (or flux lines) can be
treated approximately by forbidding multiple occupancy
of localized states in a tight-binding model (see below)
[4]. Interactions in the delocalized regime are described
by a non-Hermitian boson Hubbard model, and will be dis-
cussed in a future publication [6].
Since the field h acts as a vector potential, we define

the current operator as J ; 2i≠H y≠h ≠ sp 1 ihdym.
The imaginary part of the current describes the tilt slope
of a flux line. To see this, note first that the position
of the flux line x at the distance t from the bottom sur-
face of the superconductor is given by kxlt ; Z21 3
kcf je2sLt2tdH y h̄

xe2tH y h̄jc il, where c i and cf de-
scribe boundary conditions at the bottom and top sur-
faces (t ≠ 0, Lt) of the superconductor, respectively.

FIG. 1. One flux line (wavy curve) induced by the field Hz
and interacting with columnar pins in a cylindrical supercon-
ducting shell with radial thickness smaller than the penetration
depth of the defect-free material. The field H' is generated by
the current I threading the ring.
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Used the words “Non-
Hermitian Quantum 

Mechanics” in the title for 
the first time (perhaps)

David
Nelson

1313 citations （Google Scholar as of March 18., 2024）
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Non-Hermitian Papers
# of arXiv preprints having “non-Hermitian” in the titles

377

4
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Hatano-Nelson model
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Competition 
between the 

random 
potential and

the non-
Hermiticity
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Flux lines in superconductors
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Classical model for flux lines
D.R. Nelson and V.M. Vinokur, PRB 48, 13060 (1993)
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FIG. 2. Mott insulator phase. (a) At low temperatures, every
columnar pin is occupied with a flux line, (b) B vs H constitutive
relation showing the lock in to the matching field B&=go/d
over a finite range of external 6elds H.
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FIG. 1. Varieties of correlated disorder. In (a), columnar
pins of diameter 2bQ and average separation d pierce a sample of
thickness L. A single twin plane of thickness 2bQ is shown in
(b). In (c), an edge-on view of twin boundaries inclined at +45'
angles within the ab plane is shown.

ping angles away from the direction parallel to the corre-
lated disorder. The resistivity vanishes, in the sense that
current-voltage characteristics are highly nonlinear.
Specifically, we find that the electric field A' induced by a
small current J in the hmit J—+0 scales in the thermo-
dynamic limit like
6'- exp[ —(Ek /T )(Jo /J )'~3] .

Here Ek and Jo are characteristic energy and current
scales calculated (up to constants of order unity) in Sec.
IV. Transport in this regime bears a remarkable resem-
blance to variable range hopping of electrons in disor-
dered semiconductors. The most important excitations
in this regime are "double kinks, " which allow vortex
lines to "tunnel" to distant unoccupied defects with near-
ly the same energy. At intermediate current scales,
J, &J &J, , the behavior is also nonlinear, with
@-exp[—(Ek/T)J, /J]. The relevant excitations are
now "half loops, " which allow pinned vortices to escape
into interstitial regions. Depending on the field strength,
temperature, sample thickness, and pin density, a number
of other interesting regimes are possible. See Sec. IV for
details.
The theory also predicts a "Mott-insulator" phase at

low temperatures when the Auxon density exactly
matches the density of columnar pins. See Fig. 2. Both
the tilt modulus and compressional modulus c» are

infinite in the Mott insulator. The magnetic field is
locked at the "matching field" B=B&——n;„italo over a
range of external magnetic inductions H within in this
phase, as shown in Fig. 2. Here, n;„ is the areal density
of columnar pins (which are assumed for simplicity to
pass completely through the sample) and go=Pic/2e is
the Aux quantum. Flux motion in this regime is also
highly nonlinear and resembles transport in the Meissner
phase. As illustrated in Fig. 3, the Mott insulator is
buried deep within the Bose glass phase, where relaxation
times are very long. Equilibration time problems may
thus make the Mott insulator dificult to access experi-
mentally.
As is the case for point disorder, the effect of correlat-

ed pinning on an entangled Aux liquid is rather benign
and can be calculated using perturbation theory. ' Al««

though we expect the usual linear resistivity in this phase,
correlated disorder does show up as a ridge of scattering
which might be observable in neutron-diffraction experi-
ments. '
Figure 3 shows a schematic phase diagram, indicating

the three phases discussed above. Also shown is a dashed
curve B*(T),above which interactions play an important
role in determining vortex configurations and dynamics
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FIG. 3. Phase diagram in limit of strong correlated disorder.
Mott insulator appears as a line phase at B=B&. Interactions
are important in determining the localization length and trans-
port at intermediate current scales above the dashed crossover
line B*(T). A sharp phase transition line THG(B) separates the
flux liquid from the Bose glass.
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Classical model for flux lines
D.R. Nelson and V.M. Vinokur, PRB 48, 13060 (1993)
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Flux lines in superconductors
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Classical model for tilted flux lines
D.R. Nelson, private communication
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Effective model for tilted flux lines

Path-integral mapping
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Effective model for tilted flux lines
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Lattice version

D.R. Nelson, private communication
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  → Simplest nontrivial model
  → Numerical diagonalization
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few minuites 
(then).
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My contributions
2.  Imaginary vector potential
  → Exponential coefficients

→ Anderson localization

Eigenvalue change tells us the 
localization of eigenvectors.
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Gauge transform. vanishes A
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Imag. gauge transform. vanishes g?

g = 0 : H0 0 = E0 0
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g 6= 0 : Hg g = Eg g
<latexit sha1_base64="MDle/n9A/Zaxnso2hf/XUVGrAa0=">AAACGXicbZDLSsNAFIYnXmu9VV2KMFgEVyURQRGEoghdVrAXaEKYTE/ToZNJnJkIJXTlY/gEbvUJ3IlbVz6A7+H0ItjWHwY+/nMO58wfJJwpbdtf1sLi0vLKam4tv76xubVd2NmtqziVFGo05rFsBkQBZwJqmmkOzUQCiQIOjaB3Paw3HkAqFos73U/Ai0goWIdRoo3lFw5CV8A9ti9cXPFDN1HMDy9vfskvFO2SPRKeB2cCRTRR1S98u+2YphEITTlRquXYifYyIjWjHAZ5N1WQENojIbQMChKB8rLRNwb4yDht3ImleULjkft3IiORUv0oMJ0R0V01Wxua/9Vaqe6cexkTSapB0PGiTsqxjvEwE9xmEqjmfQOESmZuxbRLJKHaJDe1RTNz8CBvcnFmU5iH+knJsUvO7WmxfDVJKIf20SE6Rg46Q2VUQVVUQxQ9omf0gl6tJ+vNerc+xq0L1mRmD03J+vwB7CKgFw==</latexit><latexit sha1_base64="MDle/n9A/Zaxnso2hf/XUVGrAa0=">AAACGXicbZDLSsNAFIYnXmu9VV2KMFgEVyURQRGEoghdVrAXaEKYTE/ToZNJnJkIJXTlY/gEbvUJ3IlbVz6A7+H0ItjWHwY+/nMO58wfJJwpbdtf1sLi0vLKam4tv76xubVd2NmtqziVFGo05rFsBkQBZwJqmmkOzUQCiQIOjaB3Paw3HkAqFos73U/Ai0goWIdRoo3lFw5CV8A9ti9cXPFDN1HMDy9vfskvFO2SPRKeB2cCRTRR1S98u+2YphEITTlRquXYifYyIjWjHAZ5N1WQENojIbQMChKB8rLRNwb4yDht3ImleULjkft3IiORUv0oMJ0R0V01Wxua/9Vaqe6cexkTSapB0PGiTsqxjvEwE9xmEqjmfQOESmZuxbRLJKHaJDe1RTNz8CBvcnFmU5iH+knJsUvO7WmxfDVJKIf20SE6Rg46Q2VUQVVUQxQ9omf0gl6tJ+vNerc+xq0L1mRmD03J+vwB7CKgFw==</latexit><latexit sha1_base64="MDle/n9A/Zaxnso2hf/XUVGrAa0=">AAACGXicbZDLSsNAFIYnXmu9VV2KMFgEVyURQRGEoghdVrAXaEKYTE/ToZNJnJkIJXTlY/gEbvUJ3IlbVz6A7+H0ItjWHwY+/nMO58wfJJwpbdtf1sLi0vLKam4tv76xubVd2NmtqziVFGo05rFsBkQBZwJqmmkOzUQCiQIOjaB3Paw3HkAqFos73U/Ai0goWIdRoo3lFw5CV8A9ti9cXPFDN1HMDy9vfskvFO2SPRKeB2cCRTRR1S98u+2YphEITTlRquXYifYyIjWjHAZ5N1WQENojIbQMChKB8rLRNwb4yDht3ImleULjkft3IiORUv0oMJ0R0V01Wxua/9Vaqe6cexkTSapB0PGiTsqxjvEwE9xmEqjmfQOESmZuxbRLJKHaJDe1RTNz8CBvcnFmU5iH+knJsUvO7WmxfDVJKIf20SE6Rg46Q2VUQVVUQxQ9omf0gl6tJ+vNerc+xq0L1mRmD03J+vwB7CKgFw==</latexit><latexit sha1_base64="MDle/n9A/Zaxnso2hf/XUVGrAa0=">AAACGXicbZDLSsNAFIYnXmu9VV2KMFgEVyURQRGEoghdVrAXaEKYTE/ToZNJnJkIJXTlY/gEbvUJ3IlbVz6A7+H0ItjWHwY+/nMO58wfJJwpbdtf1sLi0vLKam4tv76xubVd2NmtqziVFGo05rFsBkQBZwJqmmkOzUQCiQIOjaB3Paw3HkAqFos73U/Ai0goWIdRoo3lFw5CV8A9ti9cXPFDN1HMDy9vfskvFO2SPRKeB2cCRTRR1S98u+2YphEITTlRquXYifYyIjWjHAZ5N1WQENojIbQMChKB8rLRNwb4yDht3ImleULjkft3IiORUv0oMJ0R0V01Wxua/9Vaqe6cexkTSapB0PGiTsqxjvEwE9xmEqjmfQOESmZuxbRLJKHaJDe1RTNz8CBvcnFmU5iH+knJsUvO7WmxfDVJKIf20SE6Rg46Q2VUQVVUQxQ9omf0gl6tJ+vNerc+xq0L1mRmD03J+vwB7CKgFw==</latexit>

<latexit sha1_base64="aKi++vHZo1WzkbDGOun2twhPupg="></latexit>

 g =  0e
gx; Eg = E0

<latexit sha1_base64="Uvh8J8t13vrH4xHu9Ik40AeYnkA="></latexit>

Hg =�
X

i

h
e+g

b
†
x+1bx + e�g

b
†
xbx+1

i

+
X

x

Vxb
†
xbx

Really??
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Anderson localization (1D)

Destructive interference

V(x): (real) random scalar potential

All states are localized in a random potential

 0 ⇠ e�|x|
<latexit sha1_base64="Gkcnho9yz5rINL/cDLZiWqshX5Y=">AAACFXicbVDLSsNAFJ3UV62vqCtxM1gEN5ZEBF0W3bisYB/QxDCZTtqhM8kwMxFLGvwMv8CtfoE7cevaD/A/nD4WtvXAhcM593LvPaFgVGnH+bYKS8srq2vF9dLG5tb2jr2711BJKjGp44QlshUiRRiNSV1TzUhLSIJ4yEgz7F+P/OYDkYom8Z0eCOJz1I1pRDHSRgrsA08oGjieohyS++zU6yMh0PBxmAd22ak4Y8BF4k5JGUxRC+wfr5PglJNYY4aUaruO0H6GpKaYkbzkpYoIhPuoS9qGxogT5WfjF3J4bJQOjBJpKtZwrP6dyBBXasBD08mR7ql5byT+57VTHV36GY1FqkmMJ4uilEGdwFEesEMlwZoNDEFYUnMrxD0kEdYmtZktmpqD85LJxZ1PYZE0ziquU3Fvz8vVq2lCRXAIjsAJcMEFqIIbUAN1gMETeAGv4M16tt6tD+tz0lqwpjP7YAbW1y9uu59t</latexit><latexit sha1_base64="Gkcnho9yz5rINL/cDLZiWqshX5Y=">AAACFXicbVDLSsNAFJ3UV62vqCtxM1gEN5ZEBF0W3bisYB/QxDCZTtqhM8kwMxFLGvwMv8CtfoE7cevaD/A/nD4WtvXAhcM593LvPaFgVGnH+bYKS8srq2vF9dLG5tb2jr2711BJKjGp44QlshUiRRiNSV1TzUhLSIJ4yEgz7F+P/OYDkYom8Z0eCOJz1I1pRDHSRgrsA08oGjieohyS++zU6yMh0PBxmAd22ak4Y8BF4k5JGUxRC+wfr5PglJNYY4aUaruO0H6GpKaYkbzkpYoIhPuoS9qGxogT5WfjF3J4bJQOjBJpKtZwrP6dyBBXasBD08mR7ql5byT+57VTHV36GY1FqkmMJ4uilEGdwFEesEMlwZoNDEFYUnMrxD0kEdYmtZktmpqD85LJxZ1PYZE0ziquU3Fvz8vVq2lCRXAIjsAJcMEFqIIbUAN1gMETeAGv4M16tt6tD+tz0lqwpjP7YAbW1y9uu59t</latexit><latexit sha1_base64="Gkcnho9yz5rINL/cDLZiWqshX5Y=">AAACFXicbVDLSsNAFJ3UV62vqCtxM1gEN5ZEBF0W3bisYB/QxDCZTtqhM8kwMxFLGvwMv8CtfoE7cevaD/A/nD4WtvXAhcM593LvPaFgVGnH+bYKS8srq2vF9dLG5tb2jr2711BJKjGp44QlshUiRRiNSV1TzUhLSIJ4yEgz7F+P/OYDkYom8Z0eCOJz1I1pRDHSRgrsA08oGjieohyS++zU6yMh0PBxmAd22ak4Y8BF4k5JGUxRC+wfr5PglJNYY4aUaruO0H6GpKaYkbzkpYoIhPuoS9qGxogT5WfjF3J4bJQOjBJpKtZwrP6dyBBXasBD08mR7ql5byT+57VTHV36GY1FqkmMJ4uilEGdwFEesEMlwZoNDEFYUnMrxD0kEdYmtZktmpqD85LJxZ1PYZE0ziquU3Fvz8vVq2lCRXAIjsAJcMEFqIIbUAN1gMETeAGv4M16tt6tD+tz0lqwpjP7YAbW1y9uu59t</latexit><latexit sha1_base64="Gkcnho9yz5rINL/cDLZiWqshX5Y=">AAACFXicbVDLSsNAFJ3UV62vqCtxM1gEN5ZEBF0W3bisYB/QxDCZTtqhM8kwMxFLGvwMv8CtfoE7cevaD/A/nD4WtvXAhcM593LvPaFgVGnH+bYKS8srq2vF9dLG5tb2jr2711BJKjGp44QlshUiRRiNSV1TzUhLSIJ4yEgz7F+P/OYDkYom8Z0eCOJz1I1pRDHSRgrsA08oGjieohyS++zU6yMh0PBxmAd22ak4Y8BF4k5JGUxRC+wfr5PglJNYY4aUaruO0H6GpKaYkbzkpYoIhPuoS9qGxogT5WfjF3J4bJQOjBJpKtZwrP6dyBBXasBD08mR7ql5byT+57VTHV36GY1FqkmMJ4uilEGdwFEesEMlwZoNDEFYUnMrxD0kEdYmtZktmpqD85LJxZ1PYZE0ziquU3Fvz8vVq2lCRXAIjsAJcMEFqIIbUAN1gMETeAGv4M16tt6tD+tz0lqwpjP7YAbW1y9uu59t</latexit>

Loc. length
Inv. loc. length
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Hg = � t

2

X

x

⇣
e
g
c
†
x+1cx + e

�g
c
†
xcx+1

⌘

+
X

x

Vxc
†
xcx

<latexit sha1_base64="SqAYeLJbWzVsezx5w1IPOaQjsyE="></latexit><latexit sha1_base64="SqAYeLJbWzVsezx5w1IPOaQjsyE="></latexit><latexit sha1_base64="SqAYeLJbWzVsezx5w1IPOaQjsyE="></latexit><latexit sha1_base64="SqAYeLJbWzVsezx5w1IPOaQjsyE="></latexit>

Hatano-Nelson moel

Asymmetric hop.

Real random 
potential

0 1 2 3−3 −2 −1

N. Hatano and 
D.R. Nelson, 

PRL 77 (1996) 
570
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Hatano-Nelson model

Randomness κ
   → Localizing
Asymmetric hop. g
   → Delocalizing

0 1 2 3−3 −2 −1

N. Hatano and 
D.R. Nelson, 

PRL 77 (1996) 
570
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Hatano-Nelson model

H =

�

�����������

. . .
. . . eg

. . . V�1 e�g

eg V0 e�g

eg V1 e�g

eg V2
. . .

e�g . . .
. . .

�

�����������

N. Hatano and 
D.R. Nelson, 

PRL 77 (1996) 
570
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1000 sites Periodic B.C.

Complex eigenv. transition
<latexit sha1_base64="NRNzaCRJdzx1U8G7qLJXuIbI9gs=">AAACa3icbVHLTsMwEHRCCyW8Ar0Bh4iqiAtVAoXCAamCC8ci0YeURJXjOq1V5yHbQaqifiYHPoAjX8AFN82haVnJ1szsrnc19mJKuDDNL0XdKpW3dyq72t7+weGRfnzS41HCEO6iiEZs4EGOKQlxVxBB8SBmGAYexX1v+rLI9z8w4yQK38Usxm4AxyHxCYJCSkM9Gl8+WQ3LcezrZixcLaPmKjUbj0XaKtK7Ir0tUqtIzaFek3cWxiawclADeXSG+rczilAS4FAgCjm3LVO+lkImCKJ4rjkJxzFEUzjGtoQhDDB308yYuVGXysjwIyZPKIxMXe1IYcD5LPBkZQDFhK/nFuJ/OTsR/oObkjBOBA7RcpCfUENExsJlY0QYRoLOJICIEbmrgSaQQSTkXxSmCCIXnmvSF2vdhU3Qu2lY943mW7PWfs4dqoAzcAGugAVaoA1eQQd0AQKf4FcpKWXlR62qp+r5slRV8p4qKIRa/wPCabEw</latexit>

g = 1.1
g = 1.0
g = 0.9
g = 0.7
g = 0.5
g = 0.3
g = 0.1
g = 0.0

Im
 (e

ig
en

va
lu

es
)

Re (eigenvalues)
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Imag. gauge transformation

Delocalization

 0(x) �!  g(x) =  0(x)e
gx

<latexit sha1_base64="EjvYlO9vYBU0Yi2DInby6kmF9TA=">AAACLXicbVDLSgMxFM3UV62vqks3g0WomzIjgm6EohuXFewD2loyaToNzSRDckdbhvkOP8MvcKtf4EIQd+JvmLaD2NYDgcM553JvjhdypsFx3q3M0vLK6lp2PbexubW9k9/dq2kZKUKrRHKpGh7WlDNBq8CA00aoKA48Tuve4Grs1++p0kyKWxiFtB1gX7AeIxiM1Mm7rVCzjlMcHre4FL5ifh+wUvJhovtGv/hN0LvYHyadfMEpORPYi8RNSQGlqHTyX62uJFFABRCOtW66TgjtGCtghNMk14o0DTEZYJ82DRU4oLodT76W2EdG6do9qcwTYE/UvxMxDrQeBZ5JBhj6et4bi/95zQh65+2YiTACKsh0US/iNkh73JPdZYoS4CNDMFHM3GqTPlaYgGlzZgswc3CSM7248y0sktpJyXVK7s1poXyZNpRFB+gQFZGLzlAZXaMKqiKCHtEzekGv1pP1Zn1Yn9Noxkpn9tEMrO8f+ompAw==</latexit><latexit sha1_base64="EjvYlO9vYBU0Yi2DInby6kmF9TA=">AAACLXicbVDLSgMxFM3UV62vqks3g0WomzIjgm6EohuXFewD2loyaToNzSRDckdbhvkOP8MvcKtf4EIQd+JvmLaD2NYDgcM553JvjhdypsFx3q3M0vLK6lp2PbexubW9k9/dq2kZKUKrRHKpGh7WlDNBq8CA00aoKA48Tuve4Grs1++p0kyKWxiFtB1gX7AeIxiM1Mm7rVCzjlMcHre4FL5ifh+wUvJhovtGv/hN0LvYHyadfMEpORPYi8RNSQGlqHTyX62uJFFABRCOtW66TgjtGCtghNMk14o0DTEZYJ82DRU4oLodT76W2EdG6do9qcwTYE/UvxMxDrQeBZ5JBhj6et4bi/95zQh65+2YiTACKsh0US/iNkh73JPdZYoS4CNDMFHM3GqTPlaYgGlzZgswc3CSM7248y0sktpJyXVK7s1poXyZNpRFB+gQFZGLzlAZXaMKqiKCHtEzekGv1pP1Zn1Yn9Noxkpn9tEMrO8f+ompAw==</latexit><latexit sha1_base64="EjvYlO9vYBU0Yi2DInby6kmF9TA=">AAACLXicbVDLSgMxFM3UV62vqks3g0WomzIjgm6EohuXFewD2loyaToNzSRDckdbhvkOP8MvcKtf4EIQd+JvmLaD2NYDgcM553JvjhdypsFx3q3M0vLK6lp2PbexubW9k9/dq2kZKUKrRHKpGh7WlDNBq8CA00aoKA48Tuve4Grs1++p0kyKWxiFtB1gX7AeIxiM1Mm7rVCzjlMcHre4FL5ifh+wUvJhovtGv/hN0LvYHyadfMEpORPYi8RNSQGlqHTyX62uJFFABRCOtW66TgjtGCtghNMk14o0DTEZYJ82DRU4oLodT76W2EdG6do9qcwTYE/UvxMxDrQeBZ5JBhj6et4bi/95zQh65+2YiTACKsh0US/iNkh73JPdZYoS4CNDMFHM3GqTPlaYgGlzZgswc3CSM7248y0sktpJyXVK7s1poXyZNpRFB+gQFZGLzlAZXaMKqiKCHtEzekGv1pP1Zn1Yn9Noxkpn9tEMrO8f+ompAw==</latexit><latexit sha1_base64="EjvYlO9vYBU0Yi2DInby6kmF9TA=">AAACLXicbVDLSgMxFM3UV62vqks3g0WomzIjgm6EohuXFewD2loyaToNzSRDckdbhvkOP8MvcKtf4EIQd+JvmLaD2NYDgcM553JvjhdypsFx3q3M0vLK6lp2PbexubW9k9/dq2kZKUKrRHKpGh7WlDNBq8CA00aoKA48Tuve4Grs1++p0kyKWxiFtB1gX7AeIxiM1Mm7rVCzjlMcHre4FL5ifh+wUvJhovtGv/hN0LvYHyadfMEpORPYi8RNSQGlqHTyX62uJFFABRCOtW66TgjtGCtghNMk14o0DTEZYJ82DRU4oLodT76W2EdG6do9qcwTYE/UvxMxDrQeBZ5JBhj6et4bi/95zQh65+2YiTACKsh0US/iNkh73JPdZYoS4CNDMFHM3GqTPlaYgGlzZgswc3CSM7248y0sktpJyXVK7s1poXyZNpRFB+gQFZGLzlAZXaMKqiKCHtEzekGv1pP1Zn1Yn9Noxkpn9tEMrO8f+ompAw==</latexit>

| g(x)|
<latexit sha1_base64="4SB9CppsOk+85ChZynQlMEi14ro=">AAACEnicbVDLSsNAFJ3UV62vqODGTbAIdVMSEXRZdOOygm2FJoTJdJIOnUzCzI1Y0v6FX+BWv8CduPUH/AD/w2mbhW09cOFwzr3cwwlSzhTY9rdRWlldW98ob1a2tnd298z9g7ZKMkloiyQ8kQ8BVpQzQVvAgNOHVFIcB5x2gsHNxO88UqlYIu5hmFIvxpFgISMYtOSbRy6nIYzcVDE/qj2duZJFfRj5ZtWu21NYy8QpSBUVaPrmj9tLSBZTAYRjpbqOnYKXYwmMcDquuJmiKSYDHNGupgLHVHn5NP/YOtVKzwoTqUeANVX/XuQ4VmoYB3ozxtBXi95E/M/rZhBeeTkTaQZUkNmjMOMWJNakDKvHJCXAh5pgIpnOapE+lpiArmzuCzAdeFzRvTiLLSyT9nndsevO3UW1cV00VEbH6ATVkIMuUQPdoiZqIYJG6AW9ojfj2Xg3PozP2WrJKG4O0RyMr18+c55C</latexit><latexit sha1_base64="4SB9CppsOk+85ChZynQlMEi14ro=">AAACEnicbVDLSsNAFJ3UV62vqODGTbAIdVMSEXRZdOOygm2FJoTJdJIOnUzCzI1Y0v6FX+BWv8CduPUH/AD/w2mbhW09cOFwzr3cwwlSzhTY9rdRWlldW98ob1a2tnd298z9g7ZKMkloiyQ8kQ8BVpQzQVvAgNOHVFIcB5x2gsHNxO88UqlYIu5hmFIvxpFgISMYtOSbRy6nIYzcVDE/qj2duZJFfRj5ZtWu21NYy8QpSBUVaPrmj9tLSBZTAYRjpbqOnYKXYwmMcDquuJmiKSYDHNGupgLHVHn5NP/YOtVKzwoTqUeANVX/XuQ4VmoYB3ozxtBXi95E/M/rZhBeeTkTaQZUkNmjMOMWJNakDKvHJCXAh5pgIpnOapE+lpiArmzuCzAdeFzRvTiLLSyT9nndsevO3UW1cV00VEbH6ATVkIMuUQPdoiZqIYJG6AW9ojfj2Xg3PozP2WrJKG4O0RyMr18+c55C</latexit><latexit sha1_base64="4SB9CppsOk+85ChZynQlMEi14ro=">AAACEnicbVDLSsNAFJ3UV62vqODGTbAIdVMSEXRZdOOygm2FJoTJdJIOnUzCzI1Y0v6FX+BWv8CduPUH/AD/w2mbhW09cOFwzr3cwwlSzhTY9rdRWlldW98ob1a2tnd298z9g7ZKMkloiyQ8kQ8BVpQzQVvAgNOHVFIcB5x2gsHNxO88UqlYIu5hmFIvxpFgISMYtOSbRy6nIYzcVDE/qj2duZJFfRj5ZtWu21NYy8QpSBUVaPrmj9tLSBZTAYRjpbqOnYKXYwmMcDquuJmiKSYDHNGupgLHVHn5NP/YOtVKzwoTqUeANVX/XuQ4VmoYB3ozxtBXi95E/M/rZhBeeTkTaQZUkNmjMOMWJNakDKvHJCXAh5pgIpnOapE+lpiArmzuCzAdeFzRvTiLLSyT9nndsevO3UW1cV00VEbH6ATVkIMuUQPdoiZqIYJG6AW9ojfj2Xg3PozP2WrJKG4O0RyMr18+c55C</latexit><latexit sha1_base64="4SB9CppsOk+85ChZynQlMEi14ro=">AAACEnicbVDLSsNAFJ3UV62vqODGTbAIdVMSEXRZdOOygm2FJoTJdJIOnUzCzI1Y0v6FX+BWv8CduPUH/AD/w2mbhW09cOFwzr3cwwlSzhTY9rdRWlldW98ob1a2tnd298z9g7ZKMkloiyQ8kQ8BVpQzQVvAgNOHVFIcB5x2gsHNxO88UqlYIu5hmFIvxpFgISMYtOSbRy6nIYzcVDE/qj2duZJFfRj5ZtWu21NYy8QpSBUVaPrmj9tLSBZTAYRjpbqOnYKXYwmMcDquuJmiKSYDHNGupgLHVHn5NP/YOtVKzwoTqUeANVX/XuQ4VmoYB3ozxtBXi95E/M/rZhBeeTkTaQZUkNmjMOMWJNakDKvHJCXAh5pgIpnOapE+lpiArmzuCzAdeFzRvTiLLSyT9nndsevO3UW1cV00VEbH6ATVkIMuUQPdoiZqIYJG6AW9ojfj2Xg3PozP2WrJKG4O0RyMr18+c55C</latexit>
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Non-Hermitian delocalization
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Delocalization

Non-Hermitian delocalization
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Randomness κ → localizing
Asym. hop. g → delocalizing

Real eigs.
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Non-Hermitian delocalization
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Hatano-Nelson model
0 1 2 3−3 −2 −1

N. Hatano and 
D.R. Nelson, 

PRL 77 (1996) 
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Non-Hermitian Skin Effect
S. Yao, Z. Wang, PRL 121 (2018) 086803

N. Okuma, K. Kawabata, K. Shiozaki, M. Sato, PRL 124 (2020) 086801

with t; g;Δ ≥ 0. It indeed respects time-reversal symmetry
with T ¼ iσy, and its spectrum is given as E"ðkÞ ¼
2t cos k" 2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 − Δ2

p
sin k. Thus, HðkÞ for g > Δ retains

a point gap. Since it can be continuously deformed to HðkÞ
with t ¼ g, Δ ¼ 0 while keeping the point gap, the Z2

invariant in Eq. (9) is obtained as νðEÞ ¼ 1when E is in the
area enclosed by σ½HðkÞ&.
The spectrum of Eq. (10) is shown in Fig. 2(a). The

open-boundary spectrum is clearly different from the
periodic-boundary counterpart, which indicates the non-
Hermitian skin effect. Each complex eigenenergy consists
of a Kramers pair, one of which is localized at the left
boundary and the other at the right boundary [Fig. 2(b)].
Because of the Z2 nature, the point-gap topology becomes
trivial and no skin effect occurs if the two nontrivial
systems are stacked. Figure 2(a) also shows the spectrum
of such a stacked system

HstackðkÞ ¼
"

HðkÞ iδ · σ

−iδ · σ HðkÞ

#
; ð11Þ

where the off-diagonal terms are symmetry-preserving
couplings. Consistently, the non-Hermitian skin effect no
longer survives.
Since the Z2 skin effect is topologically protected by

time-reversal symmetry, it breaks down by a symmetry-
breaking perturbation including ðδhÞσz [Fig. 2(a)]. In
particular, such a local perturbation, which does not
connect the ends, may be infinitesimal for the breakdown
of the skin effect [81]. This local infinitesimal instability is
unique to symmetry-protected non-Hermitian skin effects.
Bulk-boundary correspondence in finite systems.—

General theories on the BBC in non-Hermitian systems
have recently been developed [67,68,78,80]. These theories
implicitly consider non-Hermitian topology for a line gap
[56]. A non-Hermitian Hamiltonian H is defined to have a
line gap if and only if its spectrum does not cross a
reference line in the complex-energy plane. The modified
BBC persists because a non-Hermitian Hamiltonian with a

line gap can be continuously deformed to a Hermitian one
[56]. On the other hand, we develop a theory of the BBC for
a point gap, which complements Refs. [67,68,78,80].
A prototypical example is a non-Hermitian extension of

the Su-Schrieffer-Heeger model [93] with asymmetric
hopping [64,67,68,80,100]. It exhibits the skin effect under
the open boundary condition due to the point-gap topology
characterized by Eq. (1) under the periodic boundary
condition [100]. Still, a line gap can be open and the
corresponding topological invariant protected by sublattice
symmetry can be well defined under the open boundary
condition. As a result, topologically protected zero modes
can emerge because of this line-gap topology.
Importantly, point and line gaps are not necessarily

independent of each other. In fact, if a line gap is open,
a point gap is also open with a reference point on the
reference line. Hence, a reminiscence of line-gap topology
may survive in the presence of a point gap even if the line
gap is closed. A prime example includes non-Hermitian
superconductors in one dimension without time-reversal
symmetry. In this case, particle-hole symmetry

CHTðkÞC−1 ¼ −Hð−kÞ; CC' ¼ þ1 ð12Þ

makes zero energy a special point in the complex-energy
plane in contrast to time-reversal symmetry. As a result,
non-Hermitian systems have the Z2 topological phases for
both point and line gaps, and their topological invariants
coincide with each other [56]. The Majorana zero modes in
Hermitian topological superconductors survive as long as
the point gap at E ¼ 0 is open. Correspondingly, an index
theorem states the emergence of the zero modes localized
at the boundary [100]. A concrete model of such a non-
Hermitian s-wave topological superconductor is provided
in Ref. [81]. To characterize this type of point-gap topology
in a general manner, Refs. [100,114] classify the homo-
morphisms from line-gap topology to point-gap topology
for all the 38-fold internal symmetry class in arbitrary
spatial dimensions.
Higher-dimensional skin effects.—By contrast, point-gap

topology can be nontrivial even if line-gap topology is
trivial. For example, whereas line-gap topology is absent in
one dimension with and without time-reversal symmetry
[56], the point-gap topology characterized by Eqs. (1) and
(9) is present. As shown in this Letter, such intrinsic point-
gap topology in finite systems leads to not the BBC but
the skin effect. References [100,114] also classify the
non-Hermitian topology unique to a point gap. This
classification allows us to know possible types of sym-
metry-protected skin effects for general symmetry classes
and arbitrary dimensions. Like surface Dirac fermions in
topological insulators, higher-dimensional skin modes
appear in any boundary of the system under a proper
boundary condition [115].

(a) (b)

FIG. 2. Z2 non-Hermitian skin effect. (a) Energy spectra of the
non-HermitianHamiltonian in Eq. (10) under the various boundary
conditions [t ¼ 1, g ¼ 0.3, Δ ¼ 0.2, δ ¼ ð1; 1; 1Þ × 10−2,
δh ¼ 10−3, N ¼ 100]. (b) Kramers doublet with E ¼ 1.948, one
of which is localized at the left boundary and the other at the right
boundary.
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Topology of Point Gap
Z. Gong, Y. Ashida, K. Kawabata, K. Takasan et al., PRX 8 (2018) 031079

K. Kawabata, K. Shiozaki, M. Ueda, M. Sato, PRX 9 (2019) 041015

III. COMPLEX-ENERGY GAPS

In the topological classification of Hermitian insulators
and superconductors, two Hermitian Hamiltonians are
defined to be topologically equivalent if and only if they
are continuously deformed into each other while retaining
symmetry and an energy gap. In the non-Hermitian case, on
the other hand, it is nontrivial how the energy gap is defined
since the spectrum is complex for a generic non-Hermitian
Hamiltonian.
Here, we recall that an energy gap means the energy

region where no states are present. In the Hermitian case,
such a vacant region in the spectrum should be contractible
to a zero-dimensional point E ¼ EF called the Fermi
energy since the spectrum is entirely real and one dimen-
sional. Thus, it is naturally and uniquely defined to have an
energy gap if and only if its energy bands do not cross the
Fermi energy E ¼ EF [Fig. 1(a)]. In the non-Hermitian
case, by contrast, the forbidden energy range where no
states exist is not necessarily contractible to a zero-
dimensional point since the complex spectrum of a generic
non-Hermitian Hamiltonian is two dimensional. As a
result, such a forbidden energy region can be either a
zero-dimensional point or a one-dimensional line, and
accordingly, the definition of the complex-energy gap in
a non-Hermitian Hamiltonian is not unique. It can be
defined to have a zero-dimensional point gap if and only if
its complex-energy bands do not cross a reference point
E ¼ EP in the complex-energy plane [Fig. 1(b)], and
independently, it can also be defined to have a one-
dimensional line gap if and only if its complex-energy
bands do not cross a reference line in the complex-energy
plane [Fig. 1(c)]. The precise definitions of these complex-
energy gaps are provided later in this section.
Importantly, two definitions are independent of each

other, and which one should be adopted depends on the
individual physical situations that we are interested in. For
instance, the localization (Anderson) transition in a one-
dimensional non-Hermitian system can be captured by
topology in terms of a point gap [13,18,122,138]. On
the other hand, the topologically protected edge states
experimentally observed in non-Hermitian optical and
photonic systems [145,146,148–151,153–155] can be
understood by a line gap. The two definitions of the

complex-energy gaps are thus complementary to each
other. Moreover, the topological classification drastically
changes according to the definition of the complex-energy
gap, as discussed in detail in the next section. In the absence
of symmetry, for example, a topological phase characte-
rized by a point gap is present only in odd spatial
dimensions, whereas a topological phase characterized
with a line gap is present only in even spatial dimensions
(see class A of Table III in Sec. IV). We note that
Refs. [102,117,126] explicitly adopt a line gap, whereas
Ref. [122] adopts a point gap.

A. Point gap

Although a complex-energy point E ¼ EP that serves as
an obstacle in the complex-energy plane is arbitrary in the
absence of symmetry, it is subject to restrictions in the
presence of symmetry. For instance, it should be taken as
ImEP ¼ 0 in the presence of TRS since eigenenergies come
in ðE;E#Þ pairs; it should be taken as EP ¼ 0 in the
presence of SLS since eigenenergies come in ðE;−EÞ pairs.
Thus, it is convenient to choose EP to be zero energy, which
leads to the precise definition of the point gap as follows:
Definition 1 (point gap).—A non-Hermitian Hamiltonian

HðkÞ is defined to have a point gap if and only if it is
invertible (i.e., ∀ k detHðkÞ ≠ 0) and all the eigenenergies
are nonzero (i.e., ∀ k EðkÞ ≠ 0).
Under this definition, a gapless system possesses a zero-

energy state for some k. A point gap helps understand the
localization-delocalization transition in non-Hermitian sys-
tems in one dimension [13,18,122,138] that occurs due to
the competition between disorder and non-Hermiticity.
Since one-dimensional Hermitian systems always show
the Anderson localization, the delocalization is unique to
non-Hermitian systems. Here, a topological invariant [i.e.,
the winding number in Eq. (42)] can be assigned to a
generic non-Hermitian system in one dimension. In the
Hatano-Nelson model (i.e., a non-Hermitian extension of
the one-dimensional Anderson model with asymmetric
hopping) [13], wave functions are delocalized (localized)
and the system is metallic (insulating) if the winding
number is nonzero (zero) [122]. Moreover, it has recently
been reported that localization (delocalization) of wave
functions corresponds to the nontrivial (trivial) topology

TABLE III. Topological classification table for non-Hermitian systems in the complex AZ symmetry class. Non-Hermitian topological
phases are classified according to the AZ symmetry class, the spatial dimension d, and the definition of complex-energy point (P) or line
(L) gaps. The subscript of L specifies the line gap for the real or imaginary part of the complex spectrum.

AZ class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

A P C1 0 Z 0 Z 0 Z 0 Z
L C0 Z 0 Z 0 Z 0 Z 0

AIII P C0 Z 0 Z 0 Z 0 Z 0
Lr C1 0 Z 0 Z 0 Z 0 Z
Li C0 × C0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0
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Localization Transitions in Non-Hermitian Quantum Mechanics

Naomichi Hatano* and David R. Nelson
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138

(Received 15 March 1996)
We study the localization transitions which arise in both one and two dimensions when quantum

mechanical particles described by a random Schrödinger equation are subjected to a constant imaginary
vector potential. A path-integral formulation relates the transition to flux lines depinned from columnar
defects by a transverse magnetic field in superconductors. The theory predicts that, close to the
depinning transition, the transverse Meissner effect is accompanied by stretched exponential relaxation
of the field into the bulk and a diverging penetration depth. [S0031-9007(96)00677-1]

PACS numbers: 74.60.Ge, 05.30.Jp, 72.15.Rn

Although forbidden in conventional quantum mechan-
ics, exponentiated non-Hermitian quantum Hamiltonians
do appear in the transfer matrices of classical statistical me-
chanics problems. A nonequilibrium process can be de-
scribed as the time evolution of a non-Hermitian system
[1]. Another example is the XXZ spin chain mapped onto
the asymmetric six-vertex model [2].
In this Letter, we investigate a non-Hermitian quantum

Hamiltonian with randomness. The study is motivated
by a mapping of flux lines in a (d 1 1)-dimensional su-
perconductor to the world lines of d-dimensional bosons.
Columnar defects in the superconductor, which were in-
troduced experimentally in order to pin the flux lines [3],
give rise to random potential in the boson system [4]. Al-
though the field component Hz parallel to the columns
acts as a chemical potential for the bosons, the component
perpendicular to the columns results in a constant imagi-
nary vector potential [5].
We study localization in this simple example of non-

Hermitian quantum mechanics, and show how flux lines
are depinned from columnar defects by an increasing
perpendicular magnetic field H'. It is generally believed
that all eigenstates are localized in conventional one-
and two-dimensional noninteracting quantum systems with
randomness. On the other hand, it is almost obvious that a
flux line is depinned from defects by a strong perpendicular
field component. This indicates that the present non-
Hermitian system has extended states in a largeH' region,
and that there must be a delocalization transition at a
certain strength of H'.
The non-Hermitian Hamiltonian treated hereafter has the

formH ; sp 1 ihd2ys2md 1 V sxd, where p ; sh̄yid===
and V sxd is a random potential. The non-Hermitian field
h originates in the transverse magnetic field as h ≠
f0H'y4p. The flux quantum f0 ≠ 2p h̄cy2e plays the
role of a charge and the non-Hermitian factor i ≠

p
21

arises from the mapping onto imaginary time quantum me-
chanics [4,5]. Figure 1 shows a vortex whose “world line”
is described by this Hamiltonian with periodic boundary
conditions in one dimension. The mass m is equivalent
to the tilt modulus of the flux line. The Planck parame-

ter h̄ corresponds to the temperature of the superconduc-
tor, while the inverse temperature of the quantum system
corresponds to the thickness Lt of the sample along Hz .
Interactions between many particles (or flux lines) can be
treated approximately by forbidding multiple occupancy
of localized states in a tight-binding model (see below)
[4]. Interactions in the delocalized regime are described
by a non-Hermitian boson Hubbard model, and will be dis-
cussed in a future publication [6].
Since the field h acts as a vector potential, we define

the current operator as J ; 2i≠H y≠h ≠ sp 1 ihdym.
The imaginary part of the current describes the tilt slope
of a flux line. To see this, note first that the position
of the flux line x at the distance t from the bottom sur-
face of the superconductor is given by kxlt ; Z21 3
kcf je2sLt2tdH y h̄

xe2tH y h̄jc il, where c i and cf de-
scribe boundary conditions at the bottom and top sur-
faces (t ≠ 0, Lt) of the superconductor, respectively.

FIG. 1. One flux line (wavy curve) induced by the field Hz
and interacting with columnar pins in a cylindrical supercon-
ducting shell with radial thickness smaller than the penetration
depth of the defect-free material. The field H' is generated by
the current I threading the ring.
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