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Outline

• Warm up on Anderson localization  

• Kardar-Parisi-Zhang (KPZ) & Directed-Polymer Physics

• Fluctuation growth exponent of 1/3

• Correction to exponential localization profile in 2D

• Optimal paths and the wandering exponent of 2/3
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A particle moving in a in random medium
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Diffusion for a classical particle, 

𝑟2 𝑡 ∼ 𝑡

Localization can happen for a quantum particle,

𝑟2(𝑡) → constant. as 𝑡 → ∞.

Question: features in the fluctuations of localized quantum wavepackets? 



Anderson Localization

Nobel Prize in Physics 1977,  "for their fundamental theoretical investigations of the electronic 
structure of magnetic and disordered systems" 

A simple model

• hopping from site to site on a lattice

• random on-site potentials 
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Anderson Localization
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Anderson Localization

𝑊

𝐾
: typical spacing of random energies of sites directly connected to 

a given site.  𝑡 ≪
𝑊

𝐾
, hybridization suppressed, thus localization

𝝍 𝒓, 𝒕𝒊𝒎𝒆 → ∞ ∼ 𝒆−(𝒓−𝒓𝟎)/𝝃

7



Role of dimensionality on Anderson localization

Rev. Mod. Phys. 80, 1355 (2008)
50 years of Anderson localization, World Scientific, 2010 8



Experiments on Anderson localization
❑Spin diffusion

❖Feher, G., Phys. Rev. 114, 1219 (1959); 
❖Feher, G. & Gere, E. A., Phys. Rev. 114, 1245 (1959).

❑Light
• Wiersma, D.S., Bartolini, P., Lagendijk, A. & Righini R., Nature 390, 671-673 (1997).
• Scheffold, F., Lenke, R., Tweer, R. & Maret, G., Nature 398,206-270 (1999).
• Schwartz, T., Bartal, G., Fishman, S. & Segev, M., Nature 446, 52-55 (2007).

❑Microwaves
o Dalichaouch, R., Armstrong, J.P., Schultz, S.,Platzman, P.M. & McCall, S.L., Nature 354, 53, (1991).
o Chabanov, A.A., Stoytchev, M. & Genack, A.Z., Nature 404, 850, (2000).
o Pradhan, P., Sridar, S, PRL 85, (2000)

❑Cold atoms
➢ F. L. Moore, J. C. Robinson, C. F. Bharucha, Bala Sundaram, and M. G. Raizen, PRL 75, 4598
➢ Roati, G., D’Errico, C., Fallani, L. et al. Nature 453,895 (2008)
➢ Billy, J., Josse, V., Zuo, Z. et al. Nature 453, 891 (2008)
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Simulator platforms, such as cold atoms, light waves or ultrasounds

offers an in-situ and dynamical depiction of localization.

Nature, 453, 895 (2008)

Nature, 446, 52 (2007)

Anderson localization on physical simulators
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Kardar-Parisi-Zhang (KPZ) Equation [(1+1)D]
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KPZ Universality Class

growing interface

Physica A 504, 77-105 (2018)
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KPZ Universality Class

growing interface

Physica A 504, 77-105 (2018)
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Family-Vicsek Scaling



KPZ Universality Class

(1+1)D  KPZ  class: 

growing interface Family-Vicsek Scaling
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KPZ Universality Class
A class of systems showing the same statistical properties on large scales, i.e.
fluctuations, characterized by universal scaling exponents and probability
distribution.

Takeuchi, Sano PRL 104, 230601(2010)

Takeuchi, Sano, Sasamoto and Spohn, 
Scientific Reports, 1,34 (2011)

M. Ljubotina, M. Žnidarič, and 
T. Prosen, 
PRL. 122, 210602 (2019)

15

Fontaine, Q., Squizzato, D., Baboux, F. et al. 
Nature 608, 687 (2022)

Liquid crystals Excitons Spin chains



Cole-Hopf mapping
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Directed polymer (DP)

in continuum
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Directed polymer (DP)

on lattice
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in continuum

Discretized version in the lattice setting 

As exact results from the replica methods and Bethe ansatz.

Calabrese, Le Doussal, A. Rosso EPL 90 20002 (2010)
Calabrese, Le Doussal, PRL 106 250603 (2011) and J. Stat. 
Mech. P06001 (2012)  Gueudre, Le Doussal, EPL 100 26006 
(2012), etc. 

χ is Tracy-widom
distribution 



Anderson Localization in discretized time evolution

Continuous time evolution (Anderson model): 

➢ The on-site phases are independent, identically distributed uniformly in the interval

➢ The kinetic operator is parameterized by the hopping strength 𝐾,
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Discrete time evolution:



Quantum Kicked Rotor (QKR) Fishman, Grempel, and Prange
PRL 49, 509 (1982)
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Quantum Kicked Rotor (QKR)

and the evolution (Floquet) operator: 

Fishman, Grempel, and Prange
PRL 49, 509 (1982)
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Quantum Kicked Rotor (QKR)

and the evolution (Floquet) operator: 

Dynamical localization, i.e, 
Anderson localization in momentum space

Fishman, Grempel, and Prange
PRL 49, 509 (1982)
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KPZ universality from unitary dynamics

Discrete time evolution on a lattice,
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Discrete time evolution on a lattice,

Initial Conditions (𝑡 = 0): 
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KPZ universality from unitary dynamics



Localized wave packets in two dimensions

Let us estimate the localization time scale with inverse participation
ratio (IPR),

IPR 𝑡 = σ𝑟 |𝜓𝑡 𝑟 |4
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Localized wave packets in two dimensions

Let us estimate the localization time scale with inverse participation
ratio (IPR),

−ln 𝜓𝑡 𝑥, 𝑦
2

at 𝑡 = 1000,
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IPR 𝑡 = σ𝑟 |𝜓𝑡 𝑟 |4



Localized wave packets in two dimensions

−ln 𝜓𝑡 𝑥, 𝑦
2

at 𝑡 = 1000,
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−ln 𝜓𝑡 𝑥, 𝑦
2

at 𝑡 = 1000,

Localized wave packets in two dimensions
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−ln 𝜓𝑡 𝑥, 𝑦
2

at 𝑡 = 1000,

Localized wave packets in two dimensions
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𝑟 = 25



take-home figure
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−ln 𝜓 𝑟 2 → ℎ 𝑡
with 𝑟 acting as 𝑡

KPZ universality ?

Emergent height function of a rough interface
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−ln 𝜓 𝑟 2 → ℎ 𝑡
with 𝑟 acting as 𝑡

KPZ universality ?

Scientific Reports, 1,34 (2011)

Emergent height function of a rough interface
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Wave packet dynamics

Consider:
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Amplitude of the wave function

Consider:

Path integral representation:  
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Amplitude of the wave function

arxiv:1710.01234
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Amplitude of the wave function

arxiv:1710.01234
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Amplitude of the wave function

arxiv:1710.01234
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Amplitude of the wave function

arxiv:1710.01234
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for nearest neighbours

𝐾 = 1



Amplitude of the wave function

This leads strong localization, then 

dominant contributions

Forward Scattering Approximation (FWA)

arxiv:1710.01234
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≈

for nearest neighbours.



Analogy to directed polymers (DP)
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Partition function for DP with complex onsite disorder,

Analogy to directed polymers (DP)

𝐹 = ln 𝑍 2 ↔ ℎ(𝑡) height function of a growing rough surface 

described by the KPZ equation. 
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FV scaling in the localized wave packets

(1+1)D  KPZ  class: 
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Universal fluctuation growth exponent

with 𝛽 ≈ 1/3
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Universal distribution function 
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Universal distribution function 

follows Tracy-Widom distribution (GUE) 
(under circular condition)
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Shape of localized wave packets in 2D
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Typical wave density:



Shape of localized wave packets in 2D

Typical wave density:

Average wave density:
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Shape of localized wave packets in 2D

Typical wave density:

Average wave density:
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Stretched exponential function, not a simple exponential profile !!



Most sensitive or optimal (directed) paths

Perturbation at a single site,

𝑊 𝑟′ → 𝑊 𝑟′ + 𝜋

then repeat the evolution.
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Wandering exponent 2/3
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Conclusions
• Localized wave packets in 2D and its analogy with DP problem. 



Conclusions
• Localized wave packets in 2D and its analogy with DP problem. 

• Fluctuation exponent 1/3 and wandering exponent 2/3. 
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More Results:  Universal fluctuations in the statistics 
of eigenvectors of 2D Anderson model  
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Fluctuation growth exponent 
is also 1/3 even when we 
directly look at eigenvectors !  



Outlook

• In higher dimensions or with interactions, e.g., Anderson metal
insulator transition in 3D, mapped to the complex-weight directed
polymer in (2+1)D? – what physics can we possibly explore?

• Impact of an external field or Kerr-type self interaction on the
fluctuations growth exponent (work ongoing) – new perspectives to
investigate variants of Anderson localization physics.
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Other work by “Gong-Lemarie collaboration” on Anderson Transition  

• Quantum logarithmic multifractality, arXiv:2312.17481 (accepted by 
PR Research as a letter) 

• Describing the critical behavior of the Anderson transition in infinite 
dimension by random-matrix ensembles: logarithmic multifractality 
and critical localization, arXiv:2405.10975 (under review by PRB). 

• Critical dynamics of long-range quantum disordered systems, 
arXiv:2307.00999 (PRE2023)
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Thank you for your attention!

https://arxiv.org/abs/2312.17481
https://arxiv.org/abs/2405.10975
https://arxiv.org/abs/2307.00999

