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Background and motivation
The Jarzynski’s equality 

 • Second law of thermodynamics:  � ≥ Δ�

• Jarzynski’s equality：

 �−�� = �−�Δ�

• It is possible to obtain equilibrium thermodynamic 

parameters from non-equilibrium processes.

4Liphardt, et al., Science 296, 1832 
(2002)



Background and motivation
The Jarzynski’s equality 

• Trajectory work:

• The proof of Jarzynski’s equality:

 

C. Jarzynski, Phys. Rev. Lett. 78, 2690 (1997). 5



Background and motivation
Piston model

 

• Piston model: Paradigmatic

6

Carnot cycle

Landauer Principle



Background and motivation
Piston model

 

• Piston model: Exact solvable

• Previous work: 
Classical Newtonian piston [R. C. Lua and A. Y. Grosberg, 2005]

Quantum non-relativistic piston [H. T. Quan and C. Jarzynski, 

2012]

Classical relativistic piston (single kick limit) [R. Nolte and A. 

Engel, 2009]
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Setup of the relativistic piston model

• A single particle inside a one-dimensional cylinder 

with a moving piston

• The collision with the piston is elastic.

• The gas is of the inverse temperature β.  
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Setup of the relativistic piston model

• Elastic collision: in the piston frame, the speed of the 

particle doesn’t change during a collision.

• Trajectory work: 

• Time slides are defined in the laboratory frame.
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Setup of the relativistic piston model

• Classical

• Relativistic

• Adiabatic

 F. Jüttner, Annalen der Physik 339, 856 (1911). 11
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Trajectory of a particle and verification 
of the Jarzynski’s equality

• Trajectory of a particle:

• The key is to obtain the speed after the n-th collision 

and the time of the n-th collision with the moving 

piston.
13



Trajectory of a particle and verification 
of the Jarzynski’s equality

• Recursion relation of the speed :

• Solution to the recursion relation:

vp

vn v’n -v’n

vp

-vn+1

Lab frame Lab framePiston frame Piston frame

Before the n-th collision After the n-th collision

with
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Trajectory of a particle and verification 
of the Jarzynski’s equality

• Recursion relation of the time of the n-th collision 

with the piston:

• Solution to the recursion relation:

vp

L+vptn

L+vptn+1

-vn

vn
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Δ� = ��+1 − ��

n-th collision (n+1)-th collision



Trajectory of a particle and verification 
of the Jarzynski’s equality

• Solution to the recursion relation:

• Final collision number: � = max⁡{�|�� ≤ �}
16



Trajectory of a particle and verification 
of the Jarzynski’s equality

• Final position and momentum: 

• Liouville’s theorem can be proved:  

 
� ��, �� 
� �, �  = 1,

 which verifies the Jarzynski’s equality.

with
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Relativistic work distribution and its 
non-relativistic limit

• Non-dimenssionalize: m, L, kB, c=1.

• Definition of the work distribution:

• After some tedious calculations, the distribution 

function of W can be analytically expressed as
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Relativistic work distribution and its 
non-relativistic limit

• The work distribution P(W) is:

• With

• Overlap factor: 
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Relativistic work distribution and its 
non-relativistic limit

• We  may recover the dimension of the expressions 

and let � → ∞, then we have the non-relativistic limit 

of the work distribution.

R. C. Lua and A. Y. Grosberg, 
J. Phys. Chem. B 109, 6805 (2005) 21



The comparison between relativistic work 
distribution and its non-relativistic limit
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The comparison between relativistic work 
distribution and its non-relativistic limit
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Relativistic and non-relativistic work 
distribution with different parameters.
The initial length is 1��. The protocol is:
  a � = 0.3��, ⁡�� = 3 × 107�/�, � = 3 × 1012�;
  � � = 1��, ⁡�� = 1 × 107�/�, � = 3 × 1011�;
  � � = 3��, ⁡�� = 3 × 106�/�, � = 3 × 1010�.
Relativistic work distribution has no zeros, 
which might be detected.

 �  � 

 � 
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Summary

• 1D classical relativistic piston model is an exact solvable model. We 
analytical solve the trajectory and the work distributuion of the relativistic 
piston model, and verify the Jarzynski’s equality.

• In the non-relativistic limit, our results recover the non-relativistic results 
[Lua, & Grosberg, J. Phys. Chem. B, 109, 6805(2005)].

• We also find that, unlike the non-relativistic case, the maximun number of 
collisions in this relativistic gas model is finite, and the relativistic work 
distribution no longer has zeros.

• It is difficult to detect the relativistic effects of the work distribution of the 
ideal gas in a piston system with the current experimental techniques.
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