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Introduction
| Stochastic dynamics — Langevin equation

M. Ballerini et al, Proc. Natl. Acad. Sci. U.S.4. 105, 1232-1237 (2008) D. B. Bruckner et al, Nat. Phys. 15, 595-601 (2019) D. S. Seara et al, Nat. Commun. 9, 370 (2007)
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Introduction

Cell migration in two-state confinements

D. B. Bruckner et al., Nat. Phys. 15, 595 (2019)

tory

X (um)

Inference

-

v(um h™)

100
Relaxation
—_—
~ |
s Amplification A
0 — - —

-100 |

| Advantages of Langevin equation inference

Drift field in xv -plane

Noise- s
dominated
region

|
30




Introduction

| Advantages of Langevin equation inference

-
x(t) = v(t)

v(t) = d(x,v,t) + \/ZD(x, v, t)E(t)
\\

J

:6  Calculate thermodynamic quantities

W(t),Q(t),AS(¢), ...



Introduction
| Advantages of Langevin equation inference

:6  Calculate thermodynamic quantities

W(t),Q(t),AS(¢), ...

i G | £mulate the system

b
even in different environment

- I\ h Generate more trajectories? \
x(t) = v(t)

v(t) = @(x,v,t) + /2D (x, v, t)E(L) 0 2%
\ y

Additional force?

Different
temperature?

v




Introduction

| Advantages of Langevin equation inference

-
x(t) = v(t)

v(t) = @(x,v,t) + /2D (x, v, )E(L)
\

V.

:6  Calculate thermodynamic quantities

W(t),Q(t),AS(¢), ...

i G | £mulate the system

b
even in different environment

¢ Design more efficient heat engine



Introduction
| Can you trust the prediction of an inference model?

Automatic driving
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Method
| Design the Langevin Bayesian Networks (LBN)

Langevin Bayesian Networks

I =

I AS(t) = D1 (x(t),t) o dx(t)
) »

Drift @ (z(¢), t)

Diffusion D(z(t), t) 0 T

n Accurate Inference of Langevin equation

& Providing the prediction uncertainty



Introduction
| Description of Stochastic process

10

Underdamped Langevin equation

x(t) = v(t)
v(t) = &(x,v,t) + \/ZD(x, v,t)é(t)

v’ State variable: Position x(t), Velocity v(t)

v' Larger scales
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Result
| Tested Stochastic Systems

System ‘ Drift field ® and Diffusion matrix D

ase ©
for the overdamped €

(ULE) Nonlinear force field ®,(x,v) = k(1 —x2)v, —x
Synthetic ec . H TR TR

& Inhomogenfo_us diffusion Dy (x) = T8y, 0r Dy (x) = (To + Tex? + T,v2)8,,

matrix
Challenge ( (ULE) B(rownian Carnot) engine This margin is too narrow to contain it..
non-stationary




Result
| (OLE) Stochastic Hodgkin-Huxley neuron model

» The Hodgkin-Huxley model describes the dynamics of action potentials in neurons and has
extremely complicated drift fields... (x; =V, x, =n,x3 =m, x, = h).
%1 () = Cp(—gix3 Gty — Ex) — gnax3%,(c; — Eng) — 9,0cp — EL)) + Ly
Xi(0) = ai(x) (1 —x;) = By + TE:(8) (0= 2,3,4)

where
ay(x1) = 0.01(10 — x4)/(exp[—(x; — 10)/10] — 1) o, K*, Na*
B,(x,) = 0.125 exp[—x,/80] vessose T \sssseomossose [P \eessess
as(x;) = 0.1(25 — x;)/(exp[—(x; — 25)/10] — 1) .
B3(x;) = 4 exp[—x;/18]
ay(x;) = 0.07 exp[—x,/20]

Ba(x1) = 1/(exp[—(x; —30)/10] + 1)

Membrane potential V
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Result

| (OLE) Stochastic Hodgkin-Huxley neuron model

— rue
m— [BN ] g - o ,
S 100- 0.8 1 v L=
£ 507 ,\ '\ l S 0.4-WW | .
> 071 0 - 0 50 100
1.0 - 0.8 - W o 1.0
S 0.5- " ,\ , < 04- = 0.5
013 , 01, : < 0.0 1
0 25 50 0 25 50 . : . . .
¢ (ms) ¢ (Ms) 0 5 10 15 20

t (ms)



' Result

| (OLE) Stochastic Hodgkin-Huxley neuron model

(

\

Can we emulate the neuron model

even beyond the training region...?

B
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Result

| (OLE) Stochastic HH model, beyond training range

Generated from LBN.../

Iext = _15
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Method

| Derivation of Estimators for Underdamped Systems

A Langevin equation (Underdamped)
(It0) Ax(t) = v(t)At  Av(t) = @ (x, v, )At + /2D (x, v, ) AW (t)

Cannot directly measure the velocity v

True trajectories ® Observed trajectories
° ® Ed Estimated velocity
® o ®
. Ax(t)
Observed points v(t) =
Only accessible to At

time step At

—

x(t), v(t) x(t)

i\ e\
Observed

Friction y

Diffusion D

Observed

At At



Method
| Derivation of Estimators for

?

?

Why biaseq_»

f?

True

v\ =\
Observed

Friction y

¥

At

Diffusion D

Observed
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Method

| Discrepancy b/w True and Observed Dynamics

(Ito) Ax(¢) = v(t)At True

\LAv(t) = @ (x,v, t)At + /2D (x, v, ) AW ()

Observed

Observed

&~ Q

g 3 = True

= v\ " 5 . B

= 2 |
=)

Ax(t) = D(t)At

AD(t) = d(x, D, t)At + JZﬁ(x, U, ) AW (t) / At At
Observed drift field Observed diffuﬁatrix

®(x,9,t) = (x,v,0)|- ; D(x,v,)8,In P(x,v,8)| |and D(x,9,t) - P(x,v,0)

[ It is necessary to develop new unbiased estimators...! ]




Method
| Discrepancy b/w True and Observed Dynamics

Observed drift field
d(x,v,t) = D(x,v,t) — %D(x, v,t)0,InP(x,v,t) and D(x,D,t) = %D(x, v, t)

Example] 70 Harmonic potential

e {
\

x(t) = v(t)
v(t) = —yv(t) — kx(t) + V2DE(t)

1 1
- 3D(x,2,03, InP(x,0,0) = 3

x(t) = v(t)
Observed (

3

v(t) = —Eyﬁ(t) — kx(t) + @6 (t)

Observed diffusion matrix

Boltzmann dist.
1/1 , 1 )
4 Poq(x,v) x exp 7377 +§kx

= E (energy)

True

PPN

Observed

Friction y

Diffusion D

At

Observed

19

At
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Method

| Discrepancy b/w True and Observed Dynamics

(ItO) —
Ax(t) = v(t)At Diffusion estimator

& Av(t) = D(x, v, AL + /2D (x, v, ) AW (L) SO
R T
O & D(x,v,t) A”“)A”“)

¥ Ax(t) = D(t)At 24t >x(t),9(t)

AD(t) = D(x, D, t)At + \/ZE(x, v, AW (t)

Observed drift field ( Observed diffusion matrix
®(x,9,t) = (x,v,t) -3 D(x,v,)8,In P(x,v,6) |and D(x,9,t) - P(xv,0)




Method
| Reconstruct underlying Langevin dynamics

* Observed Langevm equation The correction arises from random force

Ax(t) = D(O)At,  AD(E) = B(x, v, t)At — 2 D(x,v,1)3, In P(x, v, 1) At + \/gD(x, v, ) AW (t)

Av(t)

~ 1
x50 (AV()) 90 = [C’b (x,v,t) =3 D(x,v,0)8, In P(x, v, t)] At

= [qb(x, v, t) — ] At

v(t + At)

v(t — At)

> 3 <Aﬁ(t—At)> ]
x(£),9(t) At @) o(t)

[Y 0Gxv 09, InPxv,0) = ZRAZ(;)

21
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Method
| Derivation of Estimators for

Drift estimator Correction Diffusion estimator

3AD()AD()T
D (x,v,t) = Pr(x,v,t) %[‘I’f(x, v,t) = ¥y(x,v,t)]| and  D(x,v,t) - ;A:( : >

x(t),0(t)
A9(t) St
Yr(x,v,t) =< " > Y, (x,v,t) = <Mt At))
x(t),0(t) At )90
E Minimize |¥(x, v, t) — 50
ling T 11 .
Dataset D W, o(x, D, 1) SampA I
/npuz‘ x(t) [—2.09 13 - 1.19 1.63 | /”\\\'l//\ Output
V(1) —0.46})74 512 4.31 /nputA N,/ %:,i O ¥, o(x,, )
A9(t) x(t), v(t) © X\ 4’:&& fo\x0,
Label —= | 054 011 .. 283 —081 N\ A
Timet O At (L—-3)At (L—2)At

0 : network parameter



Method
| Network architecture & Uncertainty

Input x, D
P ./ k’/A\
% ‘Qr
b
A oo "‘“

Stochastic
Trajectories of x(t)

. Single Output @,

LBN

23



Method
| Network architecture & Uncertainty

>Q Ensemble of Outputs {@,1(x, 1), Py2(x, 1), ..., Pyng(x, 1)}

)

Average prediction Relative uncertainty

Stochastic LBN Dy(x,t) = (Py(x,t))g and Ty = Var((bg(x, t))/(¢9(x, t)2>‘9

Trajectories of x(t)

A TAcZ
3 (x, ) = T, 0) + L2 (Lo 1))

(D3 (x, t))e
where Biasz(CDQ (x, t)) = [CDg (x,t) — D(x, t)]z

Pointwise error
([@(x, 1) — @o(x, )] ?),

(D2 (x, t))e

el (x,t) =
D es(x,t) = 2o(x,t) & Positive relation

Uncertainty can serve as a proxy for errors

24



Result

| #1. (ULE) Nonlinear force field

- A stochastic Van der Pol oscillator : &, (x,v) = k(1 — x2)v, —x,

Colormap = Uncertainties

/, 2
" =068

0

o, (z,v)

/, 2
L =093

0

®,(z,v)

Increasing data points
More accurate & Less uncertain

25



Result
| #1. (ULE) Nonlinear force field

- A stochastic Van der Pol oscillator : @,(x,v) = k(1 — x%)v, — x,

=y(x)

2 -
= 0

= — True

—2 - = LBN

2 -1 0o 1 2 0 20 40
T t
v’ Inferring drift fields with no bias v’ Predicting system evolution over time

(with same random seed)
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Result

| #2. ( ) Brownian Carnot engine |. A. Martinez et al., Nat. Phys. 12, 595 (2016)

« The Brownian Carnot engine is the experimental realization of a microscopic heat engine using

optical tweezers, consisting of isothermal and adiabatic processes.

1.25- A Isothermal Adiabatic I Isothermal I Adiabatic A
compression compression expansion expansion
= adiabatic

— 0.75 1 —
< m %
Qh . O ©
0 iIsothermal| £ -
0.254 <€ 7 5
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Result

| #2. ( ) Brownian Carnot engine |. A. Martinez et al., Nat. Phys. 12, 595 (2016)

» The Brownian Carnot engine is the experimental realization of a microscopic heat engine using

optical tweezers, consisting of isothermal and adiabatic processes.

O(x,v,t) = —yv(t) — k(t)x(t)
k(t) =k, + kot? t€[0,7/2],

(~T. 0<t< %’rcyc (isothermal),

D(#) = « ~T. [k;(t)/k:qt]l/g ircyc <t < %Tcyc (adiabatic),
T, Lreye <t < 370y, (isothermal), Can LBN help us design
(YT [kz(t)/k;qt]l/g STeye <t < Teye (adiabatic),

the efficient heat engine...?

e
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— 0.75 -

Result

| #2. (ULE) Brownian Carnot engine |. A. Martinez et al., Nat. Phys. 12, 595 (2016)

The training dataset

1.25

0.25 -

O

Naive (bias)

Drift (ours)

\ij(xa v, t)

~

10

20

30

40

~

D(x,v,t)

Diffusion
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Result

| #2. ( ) Brownian Carnot engine |. A. Martinez et al., Nat. Phys. 12, 595 (2016)

Generate more
i x trajectories
Training dataset A Much more clear diagram...!

1.25‘ 1.25' m—— True
‘ ’ — 30 - = | BN
, , =
— - adiabatic 10 A \
= 0.75- = 0.75- . . . .
£3 £3
isothermal
< 150

0.25 A 0.25 - &

40 10 20 30 40 100 . . .
o 0 100 200 300




Result

v Really works as

the Carpelengine.

Engine efficiencyn,, Carnot efficiencyn,

10 -
>
O 5
Q
-
Ll

—5 -

| #2. (ULE) Brownian Carnot engine |. A. Martinez et al., Nat. Phys. 12, 595 (2016)

Work Heat

Energy

X AAAAKQAA

XA+
p A g
£ o A
X 7,
+ X A

31

Darker - True



Result

/N

Cycle duration

Work Heat Energy

X
' *éAAAAA + :XXAA

x’s&\ ¢
WX R,
X K

X KAA

x 3
X A Rehkt
X A Rk Ty

A +F x

X %
K ADAKA
A
A

++ ++ ‘?()g
i

*
Tyttt

0

B/

Efficiency

25 50 75 100

v' Really works as the Carnot engine...!

Power

| #2. (ULE) Brownian Carnot engine |. A. Martinez et al., Nat. Phys. 12, 595 (2016)

More powerful engine...?

[Power P = (—W/tyc) ]

32



Result

33

| #2. (ULE) Brownian Carnot engine |. A. Martinez et al., Nat. Phys. 12, 595 (2016)

/N

Cycle duration

Work Heat Energy

Eff/c:/ency‘

v' Really works as the Carnot engine...!

E3 More powerful engine..?

[Power P = (—W/tyc) ]

However, it takes too much time

to experimentally find the optimal T,

Optimal t.y...7

Power



' Result

| #2. ( ) Brownian Carnot engine |. A. Martinez et al., Nat. Phys. 12, 595 (2016)
Powers \otimal
A A
. 0.0-
=)
<
~ -0.2-
S
=
= —0.4 -
' | | |
| -15 0 15 0.0 0.2
_06- _W(Tcyc)/Tcyc _W(T)/T
Emulate the Brownian Carnot engine N ———
- 10* 10?
with different t ../ Teye




Result

#2. (

) Brownian Carnot engine . A. Martinez et al., Nat. Phys. 12, 595 (2016)

0.0 1

QL
g
N
~

/—S _02 T

S
=
g

~0.41

—0.6 -

Efficiency 7o

~ [heoretical efficiency at maximum power

True

0.4
0.3
- 0.2

-0.1

T T - 00

25 0.0 2.5
nnw/ﬁo

0.0 2.5 5.0
nnw/nC

5.0 —2.5
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Conclusion

| Summary

* Our general framework successfully learns Langevin dynamics from observed trajectories as

well as provides the uncertainty of predictions.

v (OLE) Nonlinear force field, v (OLE) Inhomogeneous diffusion matrix,
v (OLE) Stochastic Hodgkin-Huxley model (challenging )

v (ULE) Nonlinear force field & Inhomogeneous diffusion matrix v (ULE) Brownian Carnot engine (challenging )

 We show that the provided uncertainty is highly correlated to the error of predictions

— It can help us anticipate errors of predicted dynamics and avoid erroneous decision-making.

Langevin Bayesian Networks

I AS(t) = Dt (x(t),t) o dx(t)
) 21

Drift ®(z(), t)

Diffusion D(z(t),t) 0 T
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Thank our coauthors and advisors!!

, L ;
Hawoong Jeong Seungwoong Ha Yongjoo Baek
KAIST, Korea Santa Fe, USA SNU, Korea
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