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Jamming transition

Van Hecke, 2010
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flow amorphous solid

What is the nature of the jamming transition?

Is the jamming transition second-order or first-order?




Evidence of a first-order transition

discontinuous jump of the coordination number Z (order
parameter) at the jamming transition
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Evidence of a second-order transition
critical scaling of shear viscosity near the jamming

transition  oisson & Teitel, PRL, 2007 external field
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similar scalings are observed in models of active matter (Ning Xu et al.) and cell
jamming (Lisa Manning et al.)



Mechanical marginality

diverging length scales due to mechanical marginality

- Isostatic length scale  wyart, et al., EPL, 2005

I ~ AZ7 ~ (o — @y) Y2
- scattering length scale  wyar, et al., Soft Matter, 2013

e ~ AZTV2 ~ (o — )M

density of vibrational states

D @ < W,

D(w)~{ o /o w) < o < o,
[ ~ a)o—l/z flat @, K W < Wmax,



Power-law scalings due to marginality

- weak inter-particle force distribution

P(f) ~ f*

- small inter-particle gap distribution

P(h) ~ h™©
marginal argument by Wyart:
0 = 1/ a — 2 for extensive modes
0 = 1 — 2«¢  for localised modes

mean-field replica theory:

a = 0.41269 and 6 = 0.42311 Zamponi, et al., NC, 2014



Gardner phase and landscape marginality
Zamponi, et al., NC, 2014

The entire Gardner phase, including jamming, is critical.
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spatial correlation between local fluctuations of cage sizes
Berthier, et al., PNAS (2016)

infinite caging correlation length in the Gardner phase:

Eq ~ o<



Hyperuniformity

Hexner, et. al., 2018
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Many existing viewpoints

- Jamming has a mixed order: first and second?

- Jamming is critical (hyperfluctuations) and hyperuniform?
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4. criticality in shear rheology

} both sides
5. discontinuity in Z



Our viewpoint

Jamming iIs a first-order transition with quenched disorder
In the athermal quasistatic limit.



First-order transition without quenched disorder

*

m T<Tc
first-order transition in the Ising model
H
H ({Sz}) = — Z JSZ'S]' — HZSZ
probability distribution of the order parameter Binder, 1987
_NGf (m — m3)? NG f (m — m3)?
p(m) ~eRb ( 2]€BT ) xb [— QkBTX/N —|—6Xp 2]€BT xb QkBTX/N
F.(H,N . .
1( ) F2(H9 N) ol m; -
- fluctuation-response relation: mj |

Xdis = N(<m2> — <m>2) = Xcon — d<m>/d$ A

- finite-size scaling form of the fraction of phase 1 (or 2):
free energy difference between two phases: 6 f « H — H.

> Fi(H,N)=F[(H— H)N]



First-order transition with quenched disorder

m*

athermally driven random field Ising model (RFIM)

H({si}) = Z Jsis; — Z H + h;)s;

(}

sample-to-sample fluctuations:

IO(HC) ~ €XpP { (HE(:QI;]CV) }

probability distribution of the order parameter

p(m) = F1p1[(m — mi‘)N"?l] -|—F2p2[(m o m;)Nm]

- finite-size scaling form of the fraction of phase 1 (or 2): 7> H_
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H
i (H,N) = / p(H)dH ~ o + S erf {(H - HgO)Nl/ﬂ
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- two susceptibilities: y 4 = N ((m?) — (m)?) ~ N
Xeon = d(m)/dH ~ N1/?

D [ Xdis ™ Xgon




Comparison

- first-order transition with quenched disorder

distribution of (x — x&)? x: control parameter
transition point p(xc) ~ €XpP 762/ N jamming: x = @)

phase fraction F I(X, N ) = F 1 [(X _ xc?o )N 1/2]
Xais ~ N gis [(x — X )N 1/2]
)(COII ~ N1/2 %COH [(X R 'XCOO)NUZ]
finite-size

00 N —1/2
correction ‘xc — X¢ | ~ N

- first-order transition without quenched disorder
Fi(x,N) = F, |(x — x&)N]

Xdis — Xcon ™ NI [()C o XSO)N]
- second-order transition (without quenched disorder)
Fi(x,N) = F, [(x _ xg)N%]
a con A -
Adis — Xcon ™~ Ndy” vA [()C — Xc )Nd”]

2
Adis ™~ Xcon ™~ N

susceptibilities



several first-order transitions with quenched disorder
- athermal random field Ising model driven by field

- yielding of stable athermal amorphous solids
Ozawa, et al., PNAS (2018)

- yielding of stable hard sphere glasses
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- melting of stable hard sphere glasses
Jin, et al., Soft Matter (2022)



Previous finite-size results of the jamming transition

nearly Gaussian distribution of the transition point among samples

(x — x®)?

26%IN

p(x.) ~ exp

rapid quench (O’Hern protocol) O’Hern, et al., PRL, 2002
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Previous finite-size results of the jamming transition

finite-size scaling of the jamming fraction F,(x,N) = F, [(x — x®)N'?]
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Teitel, et al., 2011 (¢, L) = Fo (&bL””) + LY F (5¢L1/”) yv=w=1
scaling independent of d: 2nd-order with an upper critical dimension dy=2?
review by Liu & Nagle (2010)

There appears to be another diverging length scale whose connection to the length
scales introduced above is not understood. The finite-size shift of the position of the
jamming transition, ¢, yields a length scale that apparently diverges as |[¢p — ¢.| 7 in
both two and three dimensions (10). The same exponent shows up in simulations in which
a hard disk is pushed through a sphere packing below ¢, (23). Finally, the same exponent
has been observed for correlations of the transverse velocity in athermal, slowly sheared
sphere packings near the jamming transition (24), but only for certain models of the
dynamics (25). It is not known whether the exponent is really different from 1/2.



Models and methods
 frictionless

athermal: T=0

2
* Harmonic repulsion: U(r;;) = - (1 TZ]) © (1 T”)

2 044 044

- bidisperse: diameter ratio 1.4:1; number ratio 1:1

MV\

- athermal quasi-static shear (AQS) =  ~ simulaton fme

* two and three dimensions

strain

- energy minimisation by the FIRE algorithm PRL (2006)
- constant volume (control parameter of the transition)

- cyclic shear: well-controlled sampling of states



Reversible and irreversible states under cyclic

athermal quasi-static shear
maximum strain - density phase diagram in 2D
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Reversible and irreversible states under cyclic

athermal quasi-static shear

maximum strain - density phase diagram in 3D
Das, Vinutha & Sastry, 2020
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Small and large strain amplitude
constant pressure shear

simple shear

x10-6 yield strain yy ~ 0.1
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In this study: Ymax = 7y
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Jamming transition within the irreversible phase

maximum strain - density phase diagram
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the ensemble of states are collected:

1. with 7. = 0.7 and 1.0

2. at a few ¢ In the irreversible phase, where the jamming transition occurs
3. at the zero strain



Four states in the ensemble: unjammed, partially
crystallized, fragile and jammed
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Dependence on the density
and time

jamming transition
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Nature of fragile states

fragile states are not strictly force balanced
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Nature of fragile states

Fragile states are unstable to mechanical perturbations:
after a cycle of compression-decompression, all fragile states become unjammed

O = ©+0p — @ 10
dp = 107%

distribution

In the following analysis, fragile and partially crystallized states are
counted as unjammed.

- Only two states remain in the ensemble: unjammed (Z=0), jammed
(Z>2d).

- First-order: P(2) is always double-peaked.



Influence of fragile states 2| a—
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If fragile states are not removed, the jump in Z diminishes, and
jamming might be continuous

If fragile states are not removed, the unjamming fraction Fy is altered
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Scaling form of p(Z)

distribution

-
T

fraction of jamming

p(Z) = (1-— FJ)?(Z) + F{J ps|(Z — Z5)N"

unjammed peak jammed peak

If jamming were a standard 1st-order transition

Fy(p,N) = Fj [(90—803)0)]1\7]
A= 1




Finite-size scaling of the jamming fraction
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Fluctuation of the jamming transition density In
finite-sized systems
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Two susceptibilities
disconnected: Xdis = Noy, = N{((Z — (Z))?)
connected: Xcon = d<Z>/d90
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Relation between two susceptibilities

without expansion expansion around the transition
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Finite-size scaling of the jamming fraction in 3D
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Susceptibility data in 3D
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Susceptibility of jammed states

— No?2 = N{(7 — 7* (i) u = 0: uniformity
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Conclusions

Jamming is a first-order transition with quenched disorder.

conditions:
- athermal Iimit:

sample-to-sample fluctuations due to disorder >> thermal fluctuations

- quasi-static limit: no fragile states

The properties of the jammed (isostatic/mechanically
marginal) and unjammed (Gardner) phases are irrelevant to
the order of the jamming transition.




Open questions

In the quasi-static limit: jamming is first-order

this work: arXiv:2403.01834

Under finite shear rates: jamming is second-order
Olsson & Teitel, PRL, 2007

Fragile (transient) states plays a crucial role?

Unify first- and second-order jamming transitions?
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