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Intro: Jamming transition
n Increasing the density of  “athermal” particles:

➡ Fluid – solid state transition: jamming transition

𝜑! 𝜑

Fluid (unjammed) Solid (jammed)

Jamming transition density

M. van Hecke, J. Phys.: Condens. Matter 22, 033101 (2010).

(Packing fraction)

Ø In the vicinity of the jamming transition point 𝜑 = 𝜑! , mechanical property and 
mechanical response of the system are critical and nonlinear.

𝜑

𝜑#

Contact number
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Intro: Critical behaviors near jamming

D. J. Durian, Phys. Rev. Lett. 75, 4780 (1995)

(a)Shear modulus

(b)Pressure

(c) Contact number

𝜑

jamming
jJ

𝐺~ 𝜑 − 𝜑"
#$ %&

𝑃~ 𝜑 − 𝜑"
#$'

Δ𝑍 = 𝑍 − 2𝑑 ~ 𝜑 − 𝜑"
#
$

Δ𝑍: Number of excess contact points

𝛼： Hyper-elasticity 
exponent of the inter-
particle potential

M. Wyart et al., Phys. Rev. E 72, 
051306 (2005)
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Intro: Typical interaction potential of jammed systems
n Inter-particle potential (contact force potential)

𝑈 =)
()*

𝜖
𝜎(* − 𝑟(*
𝜎(*

#

=)
()*

𝑘 Δ(*#

n Supported by Hertzian contact 
theory
𝛼 = +

&
（3d）

𝛼 = 2 （2d）

𝜎%& = (𝜎%+𝜎&)/2
Δ%&: overlap length
𝑟%& : interparticle 
distance
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L.D.Landau and E.M.Lifshitz: Theory of 
Elasticity (1959)
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Intro: Criticality of mechanical properties

M. van Hecke, J. Phys.: Condens. Matter 22, 033101 (2010).

n Minute changes in packing fraction from 𝜑0 : 
𝜑 → 𝜑1 + 𝛿𝜑
𝜎2 → 𝜎12 + 𝛿𝜎2

𝜑 = 𝜑1 + 𝛿𝜑 =
3
45
∑2 𝜎12 + 𝛿𝜎2

6
∼ 3

45
∑2 𝜎126 1 + 678!

8"!
𝛿𝜑 ∝ 𝛿𝜎 ∝ Δ （interparticle overlap length）

n Criticality of mechanical properties
𝑈 ∼ 𝑁𝑧Δ1 ∝ 𝛿𝜑1 (𝛿𝜑 = 𝜑−𝜑2)
𝑃 ∼ 𝑈′ ∼ 𝑁𝑧Δ134 ∝ 𝛿𝜑134
𝐵 ∼ 𝑈55 ∼ 𝑁𝑧Δ136∝ 𝛿𝜑136

Ø all particles sustain the solidity

𝐺 ∼ 𝑁Δ𝑧 Δ136 ∝ 𝛿𝜑
4
6𝛿𝜑136 = 𝛿𝜑13

7
6

𝜎%: diameter of particle i
𝜑: packing fraction of particles
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Intro:  Nonlinear rheology near the jamming transition point

J. Boschan, et al., Soft Matter 12, 5450 (2016).

To far above jamming

n (Athermal quasi-static) stress/strain curves:

𝑝~ 𝛿𝜑 = 𝜑 − 𝜑!
".$

Ø Becomes extremely complicated 
near the jamming transition point.

Ø The curves vary systematically 
with distance with 𝛿𝜑 .

Ø Critical scaling relations 
𝜎 = 𝛿𝜑, ℱ -

./!
,

have been studied intensively 
but they are still controversial.

+1

Softening

+0.5

Hardening

~2

Yielding

Linear elastic

+1.0
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𝜑0 (Jamming transition point for the particle configurations experiencing the training)

Intro: 𝝋𝐉 depends on the “history” of the preparations

n Jamming configuration undergoing 
mechanical training

N. Kumar and S. Luding, Granular Matter 18, 58 (2016).

n 𝜑" strongly depends on history

𝜑
1

One cycle

𝜑=>?

Many cycles

𝜑9:;
𝑃

𝜑

𝜑1

Ø Scaling of non-linear rheology with respect to 𝛿𝜑(= 𝜑-𝜑!) needs special attentions, because 
under large deformation, 𝜑! should change. 7 /27 



Objectives

n Establishment of jamming critical scaling under large deformations.

Finding:
nNonlinear rheology contains a protocol-dependent and a protocol-

independent part.
nBy their disentanglement, we establish a precise critical scaling law.

T. Kawasaki and K. Miyazaki, Phys. Rev. Lett. 132, 268201 (2024)
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Methods
n Athermal quasi-static (AQS) simulation:

Ø FIRE method [E. Bitzek,et al., Phys. Rev. Lett. 97, 170201 (2006)]: minimize energy 
at each step.

Ø Mainly two-dimensional systems  (equivalent  for three-dimensional systems)
n Interaction potential:  

Ø Mainly harmonic potential:

𝑈 =)
()*

𝜖
2
1 −

𝑟(*
𝜎(*

&

.

n Particle size dispersion:
Ø Binary mixtures (size ratio 1.0:1.4, particle number ratio 1:1)

n Frictionless particles
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Result: Generation of jamming configuration
n For the test of protocol dependence: 

Ø Generate varieties of initial conditions by the systematic mechanical training. 

Ø Changing the density of each jamming configuration.
Ø Applying AQS shear flow. 10 /27 



Result: Stress-strain curve under constant volume

n 𝜑-dependence of stress/strain curves under constant volume (at well−trained system 𝜑012= 1.2)

Ø Elastic, softening, hardening, shear jamming, and yielding are observed. 11 /27 



Result：Pressure-strain curve under constant volume (𝜑9:; = 𝟏. 𝟐)

𝑃 𝛾 ~ 𝜑 − 𝜑# 𝛾

Pressure change = Change in jamming point 12 /27 



Result:  Change in jamming point while shearing

n Computing 𝜑" under shear deformation:
Ø Fixing at a very small pressure and tracking density

𝑃 𝛾 ∝ 𝛿𝜑 𝛾 = 𝜑 𝛾 − 𝜑! 𝛾 ≪ 1
∴ 𝜑 𝛾 ∼ 𝜑! 𝛾

𝜑!"

𝜑!#
𝜑!'
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Discussion: Origin of shear hardening and shear jamming

𝜑!"

𝛾（strain）

𝜑!(𝛾)

unjam jamShear jamming: 𝛾$!

jam𝜑

𝛿𝜑 𝛾 ∝ 𝑃 𝛾
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Result： Change of the jamming transition density by steady shear 
n Estimating the 𝜑0(𝛾), for various annealing intensities 𝜑9:;.

𝜑!"
(The optimal 
under steady 
shear flow)

Ø ill-trained configurations:  𝜑0 increases by applying 𝛾. 

𝜑!#
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Discussion: Shear melting

𝛾

𝜑!(𝛾)

𝜑#$
𝜑!"

jammed unjamShear melting: 𝛾9

Ø An ill-trained case: shear melting takes place．
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The mechanical responses of an ill-trained system

n Constant volume stress-strain curves near jamming at 
𝜑9:; = 0.843(ill−trained system).

Ø The system melts under shear flow -- shear melting takes place.

ill−trained

well−trained
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Discussion: Constant pressure makes 𝛿𝜑 keep constant

𝜑!"

𝛾（strain）

𝜑!(𝛾)

Ø Constant pressure makes 𝛿𝜑 keep constant.

𝜑

𝑃: const

𝛿𝜑 𝛾 ∝ 𝑃 𝛾

n The change in 𝛿𝜑 at constant volume is protocol-dependent, and  
inconvenient for critical scaling.
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Result: Stress-strain curves under constant pressure 

Ø A hardening disappears.
Ø Finding the connection between softening and yielding. 19 /27 



Result: The protocol dependence on the non-linear rheology

𝑃(𝛾) = 10%&

Ø We get protocol independent mechanical response!
Ø Expect reliable scaling relationships. 20 /27 



Result: Scaling relations (at constant pressure)

𝛾I

n Yielding:
• 𝜎=> 𝛾 → ∞ ∼ 𝑃?→A ∼ 𝜑 − 𝜑2A
Softening onset:
• 𝛾B ∼ 0.1

𝛾;

n Softening:
• 𝜎 𝛾 ∼ 𝛿𝜑 4.D𝛾D.E = 𝑃 𝛾 𝛾D.E
Elastic onset:
• 𝛾F ∼ 𝛿𝜑4.D ∼ 𝑃

Ø Explain why such scaling is established from 
a microscopic view point.

Cf: M. Otsuki and H. Hayakawa, Phys. Rev. E 90, 042202 
(2014)
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𝑃 = 10()

𝑃 = 10(*

𝑃 = 10(+

𝑃 = 10(,

Discussion:  Microscopic dynamics and structure (under constant pressure)

Ø Softening conditions:
Δ𝑟34 > ⟨Δ𝑟56789:;⟩

∴ 𝛾< ∼ 𝛿𝜑

n Interparticle overlap
Δ𝑟56789:; ∼ 𝛿𝜑 ∼ 𝑃

(Assume) Softening is attributed to the
reconnection of interparticle overlap.

n Yielding condition:
Δ𝑟-. ∼ 0.1𝜎
∴ 𝛾/ ∼ 0.1

Yielding occurs when  the cages are 
broken.

n Cage relative (CR) displacement
Δ𝑟-. ∼ 𝛾
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Conclusion: Scaling relations near the jamming transition

𝜎 ∼ 𝑃 ∝ 𝛿𝜑134

𝜎(𝛾) ∼ 𝛿𝜑 M𝛾N

𝜎(𝛾) = 𝐺 𝛾

= 𝛿𝜑 1376 𝛾

𝛾

𝜎

𝛾' ∼ const𝛾$ ∼ 𝛿𝜑

n Intersection of the 
Softening and Yielding:

𝛿𝜑 M𝛾BN ∝ 𝛿𝜑134

∴ 𝑎 = 𝛼 − 1

n Intersection of the elastic 
and softening

𝛿𝜑 1376 𝛾O ∝ 𝛿𝜑 134𝛾ON

∴ 𝑏 =
1
2

n Derivation of scaling functions for softening regions

𝜎 𝛾 ∼ 𝛿𝜑 OPQ𝛾R.S ∝ 𝑃 𝛾R.S
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Results: Revisit constant volume simulations

In constant pressure:
• Softening:
𝜎 𝛾 ∼ 𝑃(𝛾) 𝛾D.E

• Yielding:
𝜎 𝛾 ∼ 𝑃(𝛾)

How about constant
volume??
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Softening:
𝜎 𝛾 /𝑃(𝛾) ∼ 𝛾D.E

Yielding:
𝜎 𝛾 /𝑃(𝛾) ∼ const

Results: Disentangling of shear hardening, shear jamming and softening in constant volume simulations

Ø Softening exists behind hardening!
Ø Protocol-independent mechanical response equivalent to constant pressure is 

obtained. 25 /27 



Conclusions

n Shear jamming / shear hardening/ 
shear melting are attributed to the 
change of 𝜑2.

n Constant pressure simulations are not 
contaminated by change of 𝜑2.
Ø Wide-range of critical scaling has 

been obtained regardless of 
generation protocols of the 
jamming configurations.

Ø Even constant volume, 𝜎/𝑃 shows 
protocol independent scaling 
relations.

T. Kawasaki and K. Miyazaki, Phys. Rev. Lett. 132, 268201 (2024). 26 /27 



Open questions

n Softening and yielding
Ø for frictional particle system?
Ø at finite shear rate?
Ø at unjammed state?
Ø with microscopic theoretical arguments?
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Thank you for your attention.


