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our F* = 0 simulation. This can be understood as our simulation
missing a repulsive force that arises from the suspension “sta-
bilization” in the experiments.
We first look at the effect of the repulsive force on the

thickening of the colloidal suspension. The relative viscosity
curves for different values of F* are shown in Fig. 4 (Left) for
ϕ= 0.5. The main effect of the repulsion is, as expected, to push
the onset of thickening to higher stresses. The relative viscosity in
the thickened state is unaffected by the value of F*, as in this
regime the repulsive force can be neglected relative to the hy-
drodynamic and contact forces. Note that the slope of the shear
thinning is also the same for all of the simulated F*. In Fig. 4
(Right), we show that the onset stress is approximately
σon ≈ 5kBT=a3 + 0.01F*=a2. Thus, to a good approximation the
effects of Brownian and repulsive forces on shear thickening can

be combined in a simple additive manner. In this regard, the
Brownian forces have an effect that is virtually identical to that
of a potential repulsive force.
Besides F*, our repulsive force contains another free param-

eter, the force decay length λ. As we show in Fig. 5, λ essentially
controls (in conjunction with the Brownian motion) the strength
of the shear thinning at low Pe. Increasing λ, i.e., increasing the
distance over which the repulsive force decays, makes the shear
thinning more pronounced. This can be qualitatively understood:
When λ→ 0, the repulsive force disappears, and only the shear
thinning due to the Brownian motion remains.
We use simulations to assess the appropriate repulsive force to

capture the behavior seen in experiment. We focus here on the
recent data by Cwalina and Wagner (26), which include mea-
surements of the shear stress and normal stress differences for a
suspension of silica beads with radius a= 260  nm in a low mo-
lecular weight PEG Newtonian suspending fluid at T = 300 K.
The particles are coated with octadecane chains to provide steric
stabilization (40). The short-range van der Waals attraction is
also reduced by index matching between particles and solvent.
We obtained the best comparison with the results of Cwalina

and Wagner (26) by setting μ= 1, F* = 5× 103kBT=a, and
λ= 0.02a, as shown in Fig. 6. The agreement with the experi-
mental data for the relative viscosity is excellent. The second
normal stress difference N2 also shows a very good agreement
with the experimental data, being negative for all volume frac-
tions; −N2=σ is in the range 0.15–0.4 for all Pe, as shown in Fig. 7,
consistent with the behavior for non-Brownian suspensions
(11). Rather surprisingly, given the agreement for both ηr and N2,
N1 disagrees substantively between our simulations and these
experiments. In the experiments, N1 < 0, as predicted based on
hydrodynamic force dominance (41). Our simulations find
weaker negative N1 for the lower volume fractions presented
(ϕ= 0.50 and 0.53), whereas for ϕ= 0.55, N1 > 0. We note that
Lootens et al. (42) observed a similar change in sign of N1 at the
shear thickening transition. The parameters used in the simula-
tions can be translated into SI units using the experimental
parameters, with an inferred repulsive force at contact of
F* ≈ 79 pN and a repulsion range of λ≈ 5.2 nm, which is to be
compared with the thickness of the stabilizing polymer comb
estimated to be 15 to 20 nm from the structure factor measured
by neutron scattering (40). The volume fractions used in the
simulations to get the best agreement with experiments are
always higher than the experimental ones. This might be

Fig. 6. Comparison with experimental data from Cwalina and Wagner (26)
(black lines) for the relative shear viscosity (Top), second (Center), and first
(Bottom) normal stress difference viscosities as functions of the Péclet
number. Simulation results (colored lines and symbols) are obtained with a
repulsive force at contact F* = 5× 103kBT=a and a repulsion range λ= 0.02a.

Fig. 7. Second normal stress difference N2 normalized by the shear stress as
a function of the shear stress for several volume fractions ϕ for the same
conditions as in Fig. 6.

4 of 5 | www.pnas.org/cgi/doi/10.1073/pnas.1515477112 Mari et al.

Experimental data: Cwalina & Wagner 2014

What shear thickening study brought us?
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the stress-dependent effective temperature. MCT, which gives
a reasonable description of the glass transition, has been
extended schematically by introducing a shear-rate-dependent
integral kernel. Both of the theories are semi-empirical and
have been demonstrated to show the discontinuous shear
thickening, but they have not been incorporated in the fluid
dynamics to study its flowing behavior of the medium.
Recently, the present authors constructed a fluid dynamic

model for the dilatant fluid by phenomenologically introducing
an internal state variable, which determines the viscosity of
the medium [30]. The state variable itself is determined by
the local stress [31]. The purpose of this paper is to present
a detailed study on the flowing property of the medium
represented by the model. We demonstrate that the model
shows the discontinuous shear thickening transition and the
hysteresis upon changing the shear rate, as has been observed
in experiments. It is also shown that the steady shear flow
becomes unstable for a certain parameter range against the
shear thickening oscillation, where the medium alternates
between the thickened and the relaxed states.
The paper is organized as follows. The model is introduced

in Sec. II, and it is examined for a simple uniform shear flow
configuration in Sec. III. A similar analysis is given for the
gravitational slope flow and Poiseuille flow in Sec. IV. The
response to an impact is simulated in Sec. V. The effects
of inhomogeneity are studied in Sec. VI by two-dimensional
simulations. A summary and discussions are given in Sec. VII.

II. MODEL

The model is based on the fluid dynamics with an internal
state variable that describes the local structure of particles
dispersed in the liquid. The viscosity of the medium is
determined by the internal state, which in turn changes in
response to the local shear stress. We introduce each element
of the model in the following.

A. Fluid dynamics

The dynamics of the medium as a fluid is represented by
the velocity field v(r), and is governed by the hydrodynamic
equation

ρ
Dvi

Dt
= ∂

∂xj

(−P δi,j + σi,j )+ ρgi, (1)

where the Lagrange derivative is introduced

D

Dt
≡ ∂

∂t
+ vj

∂

∂xj

. (2)

The symbols ρ, P , and σi,j represent the density, the pressure,
and the (i,j ) component of the viscous stress tensor σ̂ ,
respectively. The last term in Eq. (1) represents the body force
on the fluid due to the gravitational acceleration gi . We employ
Einstein’s rule for the summation over repeated suffixes.
We consider the incompressible fluid; thus the pressure P

is determined by the incompressible condition

∇ · v(r) = 0. (3)

(a) (b)

FIG. 1. Schematic pictures for granular configurations: (a) a
relaxed state and (b) a jammed state.

The viscous stress tensor is assumed to be expressed through
the ordinary relation

σi,j = η(φ) γ̇i,j , (4)

with the shear rate tensor

γ̇i,j ≡ ∂vi

∂xj

+ ∂vj

∂xi

− 2
3

δi,j

∂vl

∂xl

. (5)

Note that Eq. (4) does not represent a linear viscosity because
the viscosity η is not constant but depends on the internal state
variable φ of the medium.

B. Internal state of the medium

The dilatant fluid contains dispersed granular particles,
which provides the system with an internal degree of freedom
for a macroscopic description. Figure 1 shows a schematic
illustration for a relaxed state [Fig. 1(a)] and that for a jammed
state [Fig. 1(b)]. The internal state may have a vector or even
higher-order symmetry in general, but in this work we study
a simple case where the state is represented by a scalar field
φ(r). We assign φ = 0 for the relaxed state and φ = 1 for the
jammed state.
For a given flow field v(r), we assume that there exists a

stationary value φ∗, toward which the state variable φ changes
as

τ
Dφ

Dt
= −(φ − φ∗) (6)

with the time scale τ .
We may assume that τ is constant in the case where the

internal state changes due to the thermal fluctuation or some
other mechanism independent of the flowing field. However,
we adopt the variable time scale τ that is inversely proportional
to the local shear rate )̇,

τ = r )̇−1, (7)

with a dimensionless constant r because it is more natural to
suppose that the state change is driven by the flow deformation.
Note that this form of τ does not introduce a new time scale to
the system and makes it respond quite peculiarly to an external
impact.
The stationary value φ∗ is determined by the local flow and

we assume that it is an increasing function of the local stress
S. We employ a simple form

φ∗(S) = φM

(S/S0)2

1+ (S/S0)2
, (8)

with the characteristic shear stress S0. The parameter φM

represents the value of the state variable in the high stress limit

011401-2

cf. Nakanishi et al. 2012

“The dilatant fluid contains dispersed granular particles, which provides the 
system with an internal degree of freedom for a macroscopic description. 
Figure shows a schematic illustration for a relaxed state (a) and that for a 
jammed state (b)”

“the viscosity  is not constant but depends on the internal state variable  
of the medium.”

η f

f = 0 f = 1
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• The purely hydrodynamic assumption does not hold.


• (Granular) solid mechanics is embedded in incompressible fluids

What shear thickening study brought us?

We need to reflect them in constitutive models.
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review for constitutive models for fluids

u(r, t)
velocity field

boundary

boundary

σ(r, t)
stress field



Constitutive model for the most common viscous fluid
10

σ = − pI + η(∇u + ∇u𝖳)
Newtonian model “isotropic & no memory” 

: viscosity η

Incompressibility ∇ ⋅ u = 0Momentum balance ρ
Du
Dt

= ∇ ⋅ σ
D
Dt

≡
∂
∂t

+ (u ⋅ ∇)

: pressure p



Constitutive models for very dilute suspensions

η(ϕ) = η0(1 + 2.5ϕ)

σ = − p𝗜 + η(ϕ)(∇u + ∇u𝖳)

11

Newtonian, i.e., no memory and isotropic

Very dilute suspensions ϕ < 0.05

(Einstein 1906)

The presence of particles enhances viscosity 
in Newtonian model



Constitutive models for semi-dilute suspensions 12

(Batchelor 1972)η(ϕ) = η0(1 + 2.5ϕ + Cϕ2)

C = {6.95 radial symmetry etc.
5 randome structure

Some flow-rate and flow-type dependence can appear through C
However, only some steady state values were given.

 with general flow history is not given, 
so this is not complete constitutive model.
C
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viscoelastic fluids?



Constitutive models for viscoelastic fluids 14

c =
1
l2
eq

⟨QQ𝖳⟩

τ = g(c − I)

Dc
Dt

= (c ⋅ ∇u + ∇uT ⋅ c) −
1
λ

(c − I) −
α
λ

(c − I)2

: nonlinear parameterα
: relaxation timeλ

conformation tensor 

Linear ( )              ––– Oldroyd-B model 
Nonlinear ( ) ––– Giesekus model

α = 0
0 < α ≤ 1

time evolution of  c(r, t)

σ = − pI + τ
Q

stress tensor

{

driving deformation 
by flow gradient relaxiation nonlinear effect

Momentum balance ρ
Du
Dt

= ∇ ⋅ σ Incompressibility ∇ ⋅ u = 0



Microstructure tensors 15

n

nij =
Qij

|Qij |

fabric tensor

Q

conformation tensor

c =
1
l2
eq

⟨QQ⟩

ri

orientation distribution tensor
A = ⟨nn⟩

A = ⟨nn⟩

Polymer chains Rods Suspensions 

rj



Constitutive models for particle suspensions 16

σ = − p𝗜 + η(∇u + ∇u𝖳) +
N
2V

⟨FQ⟩

nij ≡
Qij

|Qij |
i

jQij

Fpq = (ζsq(h)nn + ζsh(I − nn)) d
dt

|Qpq |

⟨σ⟩ = − ⟨p⟩δ + η(∇u + ∇u𝖳) + μ(ϕ)(κ : ⟨nnnn⟩ +
1
2

·γK⟨nn⟩)
μ(ϕ) = 2a2Nζsq(h)/V

Phan-Thien's (1995)

Purely hydrodynamic force

ζsh = 0



Constitutive models for particle suspensions 17

Phan-Thien's (1995)
d
dt

Q = ∇u ⋅ Q + B(t)

⟨B⟩ = 0, ⟨B(t + Δt)B(t)⟩ = B exp(−Δt/τc)δ

D
Dt

⟨nn⟩ = ∇u ⋅ ⟨nn⟩ + ⟨nn⟩ ⋅ ∇u𝖳 − 2D : ⟨nnnn⟩ −
3
2

·γK (⟨nn⟩ −
1
3

I)

Time evolution 
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FIG. 4. Torsional flow normal stress difference for suspensions of spheres (40-50 pm) in Ucon oil (1.93
Poise), after Gadala-Maria and Acrivos (1980). The dashed lines are the predictions with </Jm = 0.58, a = 1.8,
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Stopping and starting shear flow

This time evolution is rather simple.



No direct contact 18

Fij
lub ∼ −

1
h

(Ui − Uj) ⋅ nn
<latexit sha1_base64="Hpl3IVLDg2lr0AHKGHF4YA6wabE="></latexit>

<latexit sha1_base64="bVgSj4iNzlST4YyXja/Mzg0J8+A="></latexit>

<latexit sha1_base64="MyvxV+2zRYZvaMC1yYCawCUx+Zk="></latexit>

Jeffrey and Onishi (1984)

The hydrodynamic lubrication singularity is derived from the Stokes 
equation.



Force blance equation to predict trajectories and microstructure 19

Planar extensional flows of a dense suspension

A
B

t̂ (BA)

d̂ (BA)θ(BA)

Figure 1. The pair AB and their near-contacting neighbours, with the angle θ (BA) and the unit vectors d̂(BA)

and t̂(BA) along and perpendicular to the line of centres, respectively.

The interaction of A with a near-contacting neighbours n, other than B, is treated
differently; the sphere n is assumed to move relative to A with the average flow. Then,
neglecting fluctuations in translational velocity, the relative velocity of centres of pair nA
is

v(nA)
α = 2aDαβ d̂(nA)

β , (2.5)

and the relative velocity of the points of near contact nA is

v(nA)
α + aω(A) t̂(nA)

α . (2.6)

2.2. Force
The force of interaction between a typical pair AB of particles is related to the relative
velocity and distance between their points of near contact. According to Jeffrey & Onishi
(1984) and Jeffrey (1992), the force F (BA) exerted by sphere B on sphere A through a fluid
with viscosity µ, is

F(BA)
α = 6πµaK (BA)

αβ v
(BA)
β − F0

s(BA)
d̂(BA)

α − 9.54πµa2(t̂βDβξ d̂ξ )t̂(BA)
α

+ πµa2
[
ln

( a
s(BA)

)
− 0.96

]
ω(A) t̂(BA)

α + πµa2 ln
( a

s(BA)

)
ω(B) t̂(BA)

α , (2.7)

where

K (BA)
αβ = 1

4
a

s(BA)
d̂(BA)

α d̂(BA)
β +

[
1
6

ln
( a

s(BA)

)
+ 0.64

]
t̂(BA)
a t̂(BA)

β (2.8)

and the constant terms have been retained because they are of a similar size, unless s is
extremely small. The interaction force also includes a short-range repulsion of strength F0
force times length (e.g. Singh & Nott 2000).

We take the near-contacting neighbours, m /= B, to be those that most influence
equilibrium and make the greatest contribution to the stress. There are k − 1 of these
per sphere and we assume that the separation between their edges is s̄. The number, k,
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Force blance equation to predict trajectories and microstructure 20

Planar extensional flows of a dense suspension

A
B

t̂ (BA)

d̂ (BA)θ(BA)

Figure 1. The pair AB and their near-contacting neighbours, with the angle θ (BA) and the unit vectors d̂(BA)

and t̂(BA) along and perpendicular to the line of centres, respectively.

The interaction of A with a near-contacting neighbours n, other than B, is treated
differently; the sphere n is assumed to move relative to A with the average flow. Then,
neglecting fluctuations in translational velocity, the relative velocity of centres of pair nA
is

v(nA)
α = 2aDαβ d̂(nA)

β , (2.5)

and the relative velocity of the points of near contact nA is

v(nA)
α + aω(A) t̂(nA)

α . (2.6)

2.2. Force
The force of interaction between a typical pair AB of particles is related to the relative
velocity and distance between their points of near contact. According to Jeffrey & Onishi
(1984) and Jeffrey (1992), the force F (BA) exerted by sphere B on sphere A through a fluid
with viscosity µ, is

F(BA)
α = 6πµaK (BA)

αβ v
(BA)
β − F0

s(BA)
d̂(BA)

α − 9.54πµa2(t̂βDβξ d̂ξ )t̂(BA)
α

+ πµa2
[
ln

( a
s(BA)

)
− 0.96

]
ω(A) t̂(BA)

α + πµa2 ln
( a

s(BA)

)
ω(B) t̂(BA)

α , (2.7)

where

K (BA)
αβ = 1

4
a

s(BA)
d̂(BA)

α d̂(BA)
β +

[
1
6

ln
( a

s(BA)

)
+ 0.64

]
t̂(BA)
a t̂(BA)

β (2.8)

and the constant terms have been retained because they are of a similar size, unless s is
extremely small. The interaction force also includes a short-range repulsion of strength F0
force times length (e.g. Singh & Nott 2000).

We take the near-contacting neighbours, m /= B, to be those that most influence
equilibrium and make the greatest contribution to the stress. There are k − 1 of these
per sphere and we assume that the separation between their edges is s̄. The number, k,
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Force and torque balance to calculate trajectory

 : repulsive strengthF0

Jenkins, Seto, and La Ragione. JFM 2021

Planar extensional flows of a dense suspension

A
B

t̂ (BA)

d̂ (BA)θ(BA)

Figure 1. The pair AB and their near-contacting neighbours, with the angle θ (BA) and the unit vectors d̂(BA)

and t̂(BA) along and perpendicular to the line of centres, respectively.

The interaction of A with a near-contacting neighbours n, other than B, is treated
differently; the sphere n is assumed to move relative to A with the average flow. Then,
neglecting fluctuations in translational velocity, the relative velocity of centres of pair nA
is

v(nA)
α = 2aDαβ d̂(nA)

β , (2.5)

and the relative velocity of the points of near contact nA is

v(nA)
α + aω(A) t̂(nA)

α . (2.6)

2.2. Force
The force of interaction between a typical pair AB of particles is related to the relative
velocity and distance between their points of near contact. According to Jeffrey & Onishi
(1984) and Jeffrey (1992), the force F (BA) exerted by sphere B on sphere A through a fluid
with viscosity µ, is

F(BA)
α = 6πµaK (BA)

αβ v
(BA)
β − F0

s(BA)
d̂(BA)

α − 9.54πµa2(t̂βDβξ d̂ξ )t̂(BA)
α

+ πµa2
[
ln

( a
s(BA)

)
− 0.96

]
ω(A) t̂(BA)

α + πµa2 ln
( a

s(BA)

)
ω(B) t̂(BA)

α , (2.7)

where

K (BA)
αβ = 1

4
a

s(BA)
d̂(BA)

α d̂(BA)
β +

[
1
6

ln
( a

s(BA)

)
+ 0.64

]
t̂(BA)
a t̂(BA)

β (2.8)

and the constant terms have been retained because they are of a similar size, unless s is
extremely small. The interaction force also includes a short-range repulsion of strength F0
force times length (e.g. Singh & Nott 2000).

We take the near-contacting neighbours, m /= B, to be those that most influence
equilibrium and make the greatest contribution to the stress. There are k − 1 of these
per sphere and we assume that the separation between their edges is s̄. The number, k,
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Particle simulation for extentional flows to compare with theory 21

Planar extensional flows of a dense suspension

0 π/4 π/2
–16

–14

–12

ξ 
= 

lo
g 

s

–10

–8

–6

–4

–2 10–1

0.028 0.056 0.084 0.112 0.140 0.168
Number density

10–2

10–3

10–4 s

10–5

10–6

10–7

θ

Figure 5. Particle number density over s and θ , with particle trajectories superposed for c = 0.64.

0 0.5 1.0 1.5 0 0.5 1.0 1.5
10–7
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10–5

10–4

10–3

10–2

10–1

s

10–2

100

102

104

A(θ)

θ θ

(b)(a)

Figure 6. (a) Closest trajectories in the numerical simulation (solid) and the representative trajectories
(dashed), for c = 0.52 (blue) and c = 0.64 (red). (b) The distribution A(θ) along the representative trajectory,
as measured in the simulation (solid) and predicted by the model (dashed), for c = 0.52 (blue) and c = 0.64
(red).

We have employed information from the simulation on the variation in the coordination
number as a function of concentration and the value of separation of near-contacting
neighbours necessary to reproduce the measured particle shear stress. These, used in
the model, gives it the capacity to generate particle trajectories that are representative
of the stress-producing trajectories of the simulation and particle distributions along
the representative trajectories with the appropriate asymmetry about π/4 to predict a
reasonable variation of a particle pressure.

We next indicate how the structure of the model can be used as the basis for a continuum
theory of dense suspensions and to provide a context for existing theories.
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Planar extensional flows of a dense suspension
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Figure 6. (a) Closest trajectories in the numerical simulation (solid) and the representative trajectories
(dashed), for c = 0.52 (blue) and c = 0.64 (red). (b) The distribution A(θ) along the representative trajectory,
as measured in the simulation (solid) and predicted by the model (dashed), for c = 0.52 (blue) and c = 0.64
(red).

We have employed information from the simulation on the variation in the coordination
number as a function of concentration and the value of separation of near-contacting
neighbours necessary to reproduce the measured particle shear stress. These, used in
the model, gives it the capacity to generate particle trajectories that are representative
of the stress-producing trajectories of the simulation and particle distributions along
the representative trajectories with the appropriate asymmetry about π/4 to predict a
reasonable variation of a particle pressure.

We next indicate how the structure of the model can be used as the basis for a continuum
theory of dense suspensions and to provide a context for existing theories.
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Not good agreement indicating we need more effects from background neighobrs
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Crowded environment

Crowded environment

more effects from background neighobrs
(beynod mean field? Force chains?)
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Some efforts after knowing the importance of frictional contacts
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the stress-dependent effective temperature. MCT, which gives
a reasonable description of the glass transition, has been
extended schematically by introducing a shear-rate-dependent
integral kernel. Both of the theories are semi-empirical and
have been demonstrated to show the discontinuous shear
thickening, but they have not been incorporated in the fluid
dynamics to study its flowing behavior of the medium.
Recently, the present authors constructed a fluid dynamic

model for the dilatant fluid by phenomenologically introducing
an internal state variable, which determines the viscosity of
the medium [30]. The state variable itself is determined by
the local stress [31]. The purpose of this paper is to present
a detailed study on the flowing property of the medium
represented by the model. We demonstrate that the model
shows the discontinuous shear thickening transition and the
hysteresis upon changing the shear rate, as has been observed
in experiments. It is also shown that the steady shear flow
becomes unstable for a certain parameter range against the
shear thickening oscillation, where the medium alternates
between the thickened and the relaxed states.
The paper is organized as follows. The model is introduced

in Sec. II, and it is examined for a simple uniform shear flow
configuration in Sec. III. A similar analysis is given for the
gravitational slope flow and Poiseuille flow in Sec. IV. The
response to an impact is simulated in Sec. V. The effects
of inhomogeneity are studied in Sec. VI by two-dimensional
simulations. A summary and discussions are given in Sec. VII.

II. MODEL

The model is based on the fluid dynamics with an internal
state variable that describes the local structure of particles
dispersed in the liquid. The viscosity of the medium is
determined by the internal state, which in turn changes in
response to the local shear stress. We introduce each element
of the model in the following.

A. Fluid dynamics

The dynamics of the medium as a fluid is represented by
the velocity field v(r), and is governed by the hydrodynamic
equation

ρ
Dvi

Dt
= ∂

∂xj

(−P δi,j + σi,j )+ ρgi, (1)

where the Lagrange derivative is introduced

D

Dt
≡ ∂

∂t
+ vj

∂

∂xj

. (2)

The symbols ρ, P , and σi,j represent the density, the pressure,
and the (i,j ) component of the viscous stress tensor σ̂ ,
respectively. The last term in Eq. (1) represents the body force
on the fluid due to the gravitational acceleration gi . We employ
Einstein’s rule for the summation over repeated suffixes.
We consider the incompressible fluid; thus the pressure P

is determined by the incompressible condition

∇ · v(r) = 0. (3)

(a) (b)

FIG. 1. Schematic pictures for granular configurations: (a) a
relaxed state and (b) a jammed state.

The viscous stress tensor is assumed to be expressed through
the ordinary relation

σi,j = η(φ) γ̇i,j , (4)

with the shear rate tensor

γ̇i,j ≡ ∂vi

∂xj

+ ∂vj

∂xi

− 2
3

δi,j

∂vl

∂xl

. (5)

Note that Eq. (4) does not represent a linear viscosity because
the viscosity η is not constant but depends on the internal state
variable φ of the medium.

B. Internal state of the medium

The dilatant fluid contains dispersed granular particles,
which provides the system with an internal degree of freedom
for a macroscopic description. Figure 1 shows a schematic
illustration for a relaxed state [Fig. 1(a)] and that for a jammed
state [Fig. 1(b)]. The internal state may have a vector or even
higher-order symmetry in general, but in this work we study
a simple case where the state is represented by a scalar field
φ(r). We assign φ = 0 for the relaxed state and φ = 1 for the
jammed state.
For a given flow field v(r), we assume that there exists a

stationary value φ∗, toward which the state variable φ changes
as

τ
Dφ

Dt
= −(φ − φ∗) (6)

with the time scale τ .
We may assume that τ is constant in the case where the

internal state changes due to the thermal fluctuation or some
other mechanism independent of the flowing field. However,
we adopt the variable time scale τ that is inversely proportional
to the local shear rate )̇,

τ = r )̇−1, (7)

with a dimensionless constant r because it is more natural to
suppose that the state change is driven by the flow deformation.
Note that this form of τ does not introduce a new time scale to
the system and makes it respond quite peculiarly to an external
impact.
The stationary value φ∗ is determined by the local flow and

we assume that it is an increasing function of the local stress
S. We employ a simple form

φ∗(S) = φM

(S/S0)2

1+ (S/S0)2
, (8)

with the characteristic shear stress S0. The parameter φM

represents the value of the state variable in the high stress limit

011401-2
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 : microstructure diffusivity parameterα
 : local shear rate·γ(r, t) ≡ D : D/2

Df(r, t)
Dt

= kf
·γ( ̂f(σ(r)) − f(r, t)) + α∇2f(r, t)

 : steady state value under shear stress ̂f(σ) σ

�J( f ) = (1 � f )�0
J + f �µJ

η =
σ
·γ

= (1 −
ϕ

ϕJ( f ) )
−λ

Microstructure evolution
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local jamming point and local viscosity
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FIG. 10. Flow diagram of the shear flow for φM = 0.85. The
internal state variable φ does not depend on x in the white and the
black regions. The inset is the same diagram obtained for φM = 1.
The other parameters are A = 1, r = 0.1, with L = 10h.

In the steady shear flow (white) and the oscillatory flow
(black) regions, the initial fluctuations do not grow, thus the
flows remain homogeneous in the x direction and are the
samewith those in the corresponding one-dimensional cases in
Sec. III (Fig. 11). The dashed lines show the boundary for the
two regimes in the one-dimensional case given by

kc(Se) = π

2h
(47)

using the definition of kc in Eq. (24) as a function of Se.
In the low Se side, one can see that this coincides with the
corresponding boundary in the two-dimensional case between
the steady shear flow and the oscillatory flow.
The major difference between the one- and the two-

dimensional cases is that these two homogeneous flow regimes
are limited to the smaller Se side. In the larger Se region, the
initial fluctuations in the state variable φ grows, thus the flow
results in the inhomogeneous flow in the case of φM = 0.85
(gray) or the jammed flow in the case of φM = 1.0 of the inset.
In the following, we examine the flows in these two regimes.

FIG. 11. (Color online) Time development of the upper plate
velocity Up in the oscillatory flow regime in the two-dimensional
simulation. The initial fluctuations decay quickly and the flows
show homogeneous oscillation as in the case of the one-dimensional
system.

FIG. 12. (Color online) The time evolution of the upper plate
velocityUp in the inhomogeneous oscillatory flow regime with φM =
0.85. The other parameters are h = 5, L = 50, Se = 1.5, A = 1, and
r = 0.1. The initial fluctuation is given by ϵ = 10−4. The uniform
oscillation flowwith ϵ = 0 (the dashed line) is shown for comparison.

B. Inhomogeneous oscillatory flow

First, we examine the flow for φM = 0.85. In this case, the
viscosity does not diverge and the medium keeps flowing.
In Fig. 12, the time evolution of the upper plate velocity
Up is plotted along with the case without initial fluctuations.
The flow shows irregular oscillation with a smaller amplitude
compared with the noiseless case.
The snapshots of φ for a single cycle of oscillation in

Fig. 13 reveal that the whole system is not thickened and
the oscillation is governed by a few thickening bands. At
the time when Up reaches its minimum [Fig. 13(a)], the
thickening branch with the high value of φ (the white region)
is being extended along the direction of (1,1). As the system

FIG. 13. The snapshots of the state variableφ taken during a cycle
of oscillation presented in Fig. 12. The arrows indicate flow velocity.

011401-8
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σ = − pI + 2η0D + η0 ( α0D : ⟨nnnn⟩
(1 − ϕ/ϕRCP)2

+
χ0Dc : ⟨nnnn⟩

(1 − ξ/ξJ)2 )

Gillissen, Ness, Peterson, Wilson, and Cates, Phys. Rev. Lett. (2019)

∂tA = ∇u ⋅ A + A ⋅ ∇u𝖳 − 2∇u : ⟨nnnn⟩ − β (De : ⟨nnnn⟩ +
ϕ
15

[2Dc + Tr(Dc)δ])
evolution of fabric tensor A = ⟨nn⟩

convection
buildup rate

D ≡ (∇u + ∇u𝖳)/2 = Dc + De

death birth

jamming coordinate ξ ≡ ⟨nn⟩ : Dc/ |Dc |

(I still don’t understand this decomposition and their effects in the model)

jamming point ξJ( f ) = (1 − f )ξJ
1 + fξJ

2 f(Π) = exp(−Π*/Π)
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and so that the dimensionless flow equation reads

Re
!∂ũ
∂ t̃ þ ðũ ·∇Þũ

"
¼ −∇p̃þ∇2ũþ κ̃divðL − ΠðLÞÞ:

ð7Þ

In what follows we consider all quantities as dimensionless
but drop the tildes for simplicity.
At startup,Δp is set positive, the flow accelerates and the

flow rate reaches a maximum at about t ¼ 1 (Fig. 2). The
deformation induced by the flow gives rise to shear-
jammed domains that grow from the boundaries toward
the center of the contraction [Fig. 3(b)]. This activates an
elastic response within the material that hinders the flow.
The pressure drop in the clogged state (t ¼ 8) is sustained
by jammed regions with a characteristic sawtooth shape
[Fig. 3(c)]. The intensity of the elastic response in each
region depends on the local pressure drop. When we
remove the pressure difference, from t ¼ 8 to t ¼ 10
(and again from t ¼ 14 to t ¼ 16), the stored elastic energy
is completely released with a small recoil and then the flow
stops (Fig. 2). Nevertheless, the microstructure remembers
to be close to shear jamming and when the pressure
difference is turned on again (t ¼ 10) only a small fluid
displacement is produced because we assist to a rapid
reactivation of the elastic response inside the contraction.
On the other hand, when Δp is reversed to a negative

value, the flow lasts for a longer time and the fluid
displaced through the contraction before shear jamming
sets in again is about twice as much as that displaced in the

first part of the experiment (Fig. 2). The shear-jammed
domains, where the elastic response is active, are destroyed
and rebuilt with a different spatial distribution by the
reverse flow [Fig. 3(d)]. The elastic stress at t ¼ 25
[Fig. 3(e)] sustains two subsequent pressure drops of about
Δp=2, thus showing two pairs of equally stresses jammed
domains. At t ¼ 8, the total pressure drop is almost entirely
sustained by the jammed domains on the left, while only a
slight elastic response is visible on the right side of the
contraction [Fig. 3(c)]. By mimicking randomness in the
suspension microstructure [22] with spatial fluctuations of
the initial deformation gradient, we obtained a more

FIG. 2. The present model can reproduce the features of shear
jamming in a complex flow through a contraction. We varied the
pressure difference ΔpðtÞ imposed between the left and the right
opening and measured the flow rate qðtÞ through a cross section
of the channel and its time integral QðtÞ ¼

R
t
0 qðsÞds. Parameters

in the simulation: channel width equals the contraction length l,
while the contraction width is l=4; Re ¼ 20
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p
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p
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p
.

(b)

(c)

(d)

(e)

(a)

FIG. 3. (a) The entire domain is shown with the discretized
mesh. (b)–(e) The clogging of the channel is due to the presence,
within the contraction to which images are restricted, of shear-
jammed domains. These are characterized by a nonvanishing
elastic response measured by the parameter λ≡ kL − ΠðLÞk.
From panels (b) and (d) we can see that the jammed domains
nucleate and grow from the contraction boundaries, where the
strain grows faster. There is a clear difference between the shear-
jammed state (c) achieved at t ¼ 8 with a positive Δp, which
pushes rightward, and (e) the one obtained at t ¼ 25 after
reorganization with a negative Δp, which pushes leftward. In
particular, the sawtooth shape of the jammed regions is reflected.
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difference is turned on again (t ¼ 10) only a small fluid
displacement is produced because we assist to a rapid
reactivation of the elastic response inside the contraction.
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first part of the experiment (Fig. 2). The shear-jammed
domains, where the elastic response is active, are destroyed
and rebuilt with a different spatial distribution by the
reverse flow [Fig. 3(d)]. The elastic stress at t ¼ 25
[Fig. 3(e)] sustains two subsequent pressure drops of about
Δp=2, thus showing two pairs of equally stresses jammed
domains. At t ¼ 8, the total pressure drop is almost entirely
sustained by the jammed domains on the left, while only a
slight elastic response is visible on the right side of the
contraction [Fig. 3(c)]. By mimicking randomness in the
suspension microstructure [22] with spatial fluctuations of
the initial deformation gradient, we obtained a more
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jamming in a complex flow through a contraction. We varied the
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FIG. 3. (a) The entire domain is shown with the discretized
mesh. (b)–(e) The clogging of the channel is due to the presence,
within the contraction to which images are restricted, of shear-
jammed domains. These are characterized by a nonvanishing
elastic response measured by the parameter λ≡ kL − ΠðLÞk.
From panels (b) and (d) we can see that the jammed domains
nucleate and grow from the contraction boundaries, where the
strain grows faster. There is a clear difference between the shear-
jammed state (c) achieved at t ¼ 8 with a positive Δp, which
pushes rightward, and (e) the one obtained at t ¼ 25 after
reorganization with a negative Δp, which pushes leftward. In
particular, the sawtooth shape of the jammed regions is reflected.
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S ¼ 2ηDþ 2κðL − ΠðLÞÞ; ð4Þ

where the material parameter κ > 0 represents an elastic
stiffness. This is a “soft” way of constraining the strain (as
opposed to keeping it always withinN ) that is able to better
reproduce some details of the elastic effects observed in
the proximity of jamming [7]. With the present model, the
strain of the jammed material tends to remain close to the
boundary of N if the applied stress is driving it outward.
Conversely, the suspension can flow again as soon as the
stress drives L toward the interior of N . In this way we
can capture both shear jamming and the fragility of the
jammed state.
The tensor ΠðLÞ corresponds to a conformation tensor. It

describes a microstructure that closely follows the strain L
up to the boundary of N , where shear jamming prevents
further microstructural deformations. The inclusion of
additional dissipative phenomena, which may appear at
the onset of jamming, can be achieved by letting η depend
on a parameter such as λ≡ kL − ΠðLÞk.
Planar extensional flows.—We highlight the basic fea-

tures of the model in an idealized case, for which analytical
computations can be carried out. Under the deformation
associated with planar extensional flows, the current
position of a particle that occupies the place ðx0; y0Þ at
time 0 is given by φðx0; y0; tÞ ¼ ðx0eεðtÞ; y0e−εðtÞÞ and its
spatial inverse is φ−1ðx; y; tÞ ¼ ðxe−εðtÞ; yeεðtÞÞ, where εðtÞ
is an arbitrary function of time and measures the strain of
the material. We immediately obtain F ¼ diagðeεðtÞ; e−εðtÞÞ
and consequently B ¼ diagðe2εðtÞ; e−2εðtÞÞ. In this case, the
computation of the matrix logarithm is straightforward and
yields L ¼ diag(εðtÞ;−εðtÞ).
The velocity is uðtÞ ¼ (_εðtÞx;−_εðtÞy) and the symmetric

part of the velocity gradient, the usual measure of the rate of
deformation, is

D ¼
!
_εðtÞ 0

0 −_εðtÞ

"
¼ ∂L

∂t : ð5Þ

We stress that the second identity in (5) is not valid for a
generic flow (it does not hold, e.g., in simple shear); when
vorticity is present, rotation affects the deformation history
in a nontrivial way, and D and L cannot remain aligned.
This fact corresponds to the well-known presence of
normal stress differences in simple shear flows of visco-
elastic fluids.
We consider the extensional flow in a cross channel

with hyperbolic boundaries that allow for a perfect slip of
the fluid [Fig. 1(a)]. A pressure difference applied to
inlets and outlets of the channel generates normal tractions
τn at outlets and −τn at inlets, where n is the unit
outer normal to the boundary. In a slow-velocity regime,
the linearized flow equations give the pressure field
pðx; y; tÞ ¼ ρ̈εðtÞðy2 − x2Þ=2. The balance of stress at
ðx; yÞ ¼ ðl; 0Þ yields the following equation:

ρl2

2
̈εþ 2η_ε − τ ¼

8
><

>:

−2κ½εþ r& if ε < −r;
þ0 if − r ≤ ε ≤ r;

−2κ½ε − r& if ε > r;

ð6Þ

where the dimensionless parameter r denotes, as above, the
radius of the neutral subset N . The derivation of Eq. (6) is
reported in the Supplemental Material [30], Sec. A.
This is a scalar ordinary differential equation for the

strain εðtÞ, equivalent to that of a damped oscillator
with elastic potential energy that features a flat region
for ε ∈ ½−r; r& and parabolic branches outside that interval
[Fig. 1(b)]. This entails transitions between a viscous fluid
behavior, for ε ∈ ½−r; r& when there is no elastic force, and
that of a viscoelastic solid when elastic forces are activated.
Clogging and unclogging.—Let us now consider how

the model performs in simulating a paradigmatic pressure-
driven flow through a contraction. In this planar flow, the
maximum width of the channel (Fig. 3) equals the con-
traction length l, while the contraction width is l=4. The
total length of the domain is 4l and we assume a uniform
unit depth. Periodic boundary conditions for u and F are
imposed at the left and right boundary of the domain, while
no-slip conditions are assumed on the top and bottom walls.
The pressure is not periodic: a pressure difference Δp
between the right and left openings is driving the flow.
We introduce a dimensionless form of the evolution

equations by defining a reference pressure difference P and
taking the channel width l as reference length. A reference
timescale is t0 ≡ l

ffiffiffiffiffiffiffiffi
ρ=P

p
, leading to t̃ ¼ t=t0. From these,

we set the Reynolds number Re and the dimensionless
elasticity constant κ̃ according to

Re≡ l
ffiffiffiffiffiffi
ρP

p

η
and κ̃≡ 2κl

η

ffiffiffiffi
ρ
P

r
;

(a) (b)

FIG. 1. We can imagine planar extension in a cross channel (a),
with hyperbolic boundaries (red solid lines) that allow for perfect
slip, to which we apply a pressure difference between the top or
bottom inlet and right or left outlet (blue dashed lines). The
linearized equations for the proposed model reduce in this case to
the scalar ordinary differential equation (6) for the strain function
ε. Considering the elastic force in Eq. (6), we see that it
corresponds to that of a damped oscillator with (b) an elastic
potential energy V featuring a flat region for ε ∈ ½−r; r&.
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can be incorporated for specific applications as extensions
of the model but are not essential to reproduce shear
jamming. In fact, we stress that it is possible to give a very
good qualitative description of shear jamming assuming a
constant viscosity, by associating jamming with the appear-
ance of elasticity.
The phenomenon of shear jamming can be viewed as the

emergence of solidity due to the evolution of the suspen-
sion microstructure. The activation of frictional contacts
between the particles leads to the presence of percolating
stable formations that span macroscopic portions of the
system [5,6,24–26]. This microscopic nonlocality of the
internal interactions marks the transition from a regime in
which momentum is transferred slowly and diffusively
(viscous fluid) to a regime in which momentum travels fast
and elastically across the system (jammed solid). When
the elastic response is very stiff, one can even approach
the macroscopic nonlocality represented by rigid-body
motions.
Another important aspect brought at the forefront by

shear jamming is the material memory. We obviously
observe a long-lasting memory of what would be the
relaxed configuration in the jammed solid regime, but
there is also a memory in the microstructure evolution that
governs the type and amount of deformation possible
within the fluid regime, in which no persistent elasticity
is detected [16,27]. Both these aspects need to be captured
in an effective continuum theory and we propose to use
tensorial models for all of them. As we shall see, the
kinematic descriptors of the system that are useful for our
purposes are the velocity field and its gradient, to capture
the viscous dissipation, and a tensorial measure of the strain
induced on the material by the motion. The latter quantity
keeps track of the microstructural deformation and, by
limiting its evolution with unilateral constraints in the
appropriate space of tensors, we can capture the transition
between the fluid regime and the solid one, meanwhile
preserving the characteristic reversibility represented by the
fragility of the shear-jammed state.
The tensorial model.—A crucial role in shear jamming is

played by the history of the deformation, as it induces some
organization of the suspension microstructure, eventually
responsible for the solidlike behavior. Alongside the
evolution equation for the velocity field u of a fluid with
mass density ρ,

ρ

!∂u
∂t þ ðu ·∇Þu

"
¼ divT; ð1Þ

driven by the Cauchy stress tensor T, we consider the
evolution equation for the deformation gradient tensor F
[see [28], Chap. 3, Sec. 3.2] in spatial coordinates:

∂F
∂t þ ðu · ∇ÞF ¼ ð∇uÞF: ð2Þ

Equation (2) is an exact kinematic relation between the
velocity and the displacement of fluid elements and does
not contain any constitutive assumption.
From F we define B≡ FFT and L≡ 1

2 logB, where log
denotes the matrix logarithm. This is well defined because
the left Cauchy-Green tensor B is symmetric and positive
definite for any physical motion. These kinematic quantities
track the local strain by factoring out rigid rotations, which
should not affect the elastic response. The tensor L is the
spatial counterpart of the Hencky strain and a generalization
of the scalar strain measured in simple shear flows. Several
advantages of its use are discussed in Ref. [29].
An important feature of L is that it is traceless whenever

detB ¼ 1. This is always the case for us, because we
assume incompressibility of the material, namely divu ¼ 0
at all times. We write the stress tensor as a pressure term
plus the traceless extra stress S, so that T ¼ −pIþ S.
The extra stress is the sum of a viscous dissipation plus
an elastic response. The dissipative term takes the form
2ηD, wherein the effective viscosity η of the suspension
multiplies the symmetric part of the velocity gradient
D≡ ð∇uþ∇uTÞ=2.
Regarding the elastic contribution to the stress, we

assume that there exists a predetermined subset N in the
space S of local strains (symmetric and traceless tensors)
corresponding to states in which the material is elastically
neutral. It means that, at each point x and instant t, if Lðx; tÞ
is in N there is no elastic response. This assumption is
motivated by the observation that there is a regime in which
particle contacts contribute to the effective viscosity but do
not store elastic energy and the macroscopic response is
purely viscous. In our model, the elastic response will be
proportional to a suitable measure of how far Lðx; tÞ is from
N . The overall isotropy of the suspension suggests to take
N to be a ball centered at the null tensor, namely N ≡
fM ∈ S∶kMk ≤ rg where, for any arbitrary tensor M, we
set kMk2 ≡ trðMTMÞ=2 and r > 0 is a dimensionless
material parameter that indicates how much the suspension
needs to be sheared to achieve a jammed microstructure
(and identifies the radius of N ). The value of r would
typically be a decreasing function of the volume fraction of
solid particles. When r ¼ 0 the suspension is an elastic
solid, as under isotropic jamming.
Because N is a closed convex subset of S, a projection

operator Π∶S → N is well defined and, for anyM ∈ S, the
tensor ΠðMÞ is the element of N closest to M. Such a
projection can be easily expressed as

ΠðMÞ≡
(
M if kMk ≤ r;

rM=kMk if kMk > r:
ð3Þ

To reflect the fact that an elastic response is activated
whenever the logarithmic measure of strain L leaves the
neutral subset N , we assume an extra stress of the form
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Free surface flows



How microscopic interactions affect the macroscopic flow
behavior of complex fluids is at the core of soft matter
physics. Recently, it has been shown that shear-thickening

in dense particulate suspensions corresponds to a frictional
transition at the microscopic scale; when the imposed shear stress
exceeds the inter-particle short-range repulsive force, the grain
contact interaction transits from frictionless to frictional1–8.
During this transition, the proliferation of frictional contacts can
be so massive that it triggers a remarkable macroscopic rheolo-
gical response: the rate of shear of the suspension decreases when
the imposed shear stress is increased. As a result, highly con-
centrated shear-thickening suspensions have peculiar S-shape
rheological laws9,10, which have been rationalized by a frictional
transition model3,11,12. So far, the consequences of the frictional
transition and its associated S-shape rheology have been essen-
tially investigated in rheometers, where instabilities, shear bands
and spatiotemporal patterns have been documented11,13–15. By
contrast, very little is known about the behavior of shear-
thickening suspensions in real hydrodynamic flow configurations
beyond rheometry, in spite of the numerous applications16–18.

An archetypical case, which is widely encountered in industrial
and geophysical applications, is the incline plane flow config-
uration. As previously reported19 and illustrated in Fig. 1a (see
also Supplementary movie 2), when a thin layer of shear-
thickening suspension flows down an inclined plane, surface
waves of wavelengths much larger than the thickness can develop
spontaneously and grow as they propagate downstream. This
longwave free-surface instability may seem reminiscent of the
Kapitza instability observed when a thin liquid film flows down a
slope20,21, or more generally of the so called “roll waves”
instability observed from turbulent flows in open channels22–24,
to avalanches of complex fluids like mud25,26 or granular
media27. These latter two instabilities rely on the same primary
mechanism: the amplification of kinematic surface waves at high
velocity owing to inertial effects28. For a Newtonian liquid in the
laminar regime, the destabilization occurs only when the Rey-
nolds number of the flow, Re= ρu0h0/η, where ρ is the fluid
density, u0 its mean velocity, h0 the flow thickness and η the fluid

viscosity, exceeds the Kapitza threshold, ReK ¼ 5=ð6 tan θÞ, which
is typically much larger than 1 for a small tilting angle θ of the
incline29–31. By contrast, the growth of surface waves observed in
Fig. 1a for a dense shear-thickening suspension occurs at a
Reynolds number of only ≈1, i.e., far below the Kapitza threshold
ReK ≈ 5 predicted for θ= 10∘ (see also ref. 19). This suggests that a
different instability mechanism is at play for dense shear-
thickening suspensions, yet its origin remains an open question.

Here, we investigate the origin of this instability by studying
the flow of a shear-thickening suspension down an inclined plane
over a wide range of volume fractions and flow rates. We confirm
that this instability is not inertial and fundamentally different
than the classical Kapitza or Roll waves instabilities. We provide
experimental evidence together with a theoretical explanation,
which show that this destabilization arises from the coupling
between the flow free surface and the non-monotonic (S-shape)
rheological laws of shear-thickening suspensions.

Results and discussion
Evidence of an instability distinct from the classical Kapitza or
roll waves instabilities. We perform experiments with shear-
thickening aqueous suspensions of commercial native cornstarch
(Maisita®, http://www.agrana.com). We vary the particle volume
fraction over a wide range (0.30 < ϕ < 0.48) and characterize the
onset of stability (the value of ϕ refers to the dry volume of corn-
starch computed from its dry weight and density, 1550 kgm−3).
We use a 1m long and 10 cm wide inclined plane covered with a
diamond lapping film (663-3M with roughnesses of ~45 μm) to
insure rough boundary conditions. The suspension is released from
a reservoir at the top of the plane through a gate with an adjustable
aperture (Fig. 1b). A scale, placed at the bottom end of the incline
(not shown in the schematic), provides the instantaneous flow rate
q of the suspension. To probe the stability of this free-surface flow
for moderate volume fractions ϕ ≤ 0.4, the gate is mounted on a
translating stage imposing a small sinusoidal modulation of its
aperture (3 Hz, ±100 μm). At large volume fractions however (ϕ≳
0.4), no forcing is required because the flow is so unstable that it is
dominated by noise amplification of its most unstable mode. Two

Fig. 1 Experimental characterization of the instability onset. a Non-inertial surface waves emerging spontaneously when a concentrated suspension
of cornstarch particles flows down an incline (volume fraction ϕ= 0.45, inclination angle θ= 10∘ and normalized flow Reynold number Re/ReK≈ 0.2).
b Sketch of the experimental setup. We use the progressive drainage of the reservoir to quasi-steadily vary the flow rate. The instability onset is
determined by measuring the wave amplitudes both at the top and at the bottom of the incline with two laser sheets and cameras. For ϕ≤ 0.4, an
oscillation of the gate is added to impose a controlled perturbation. c Spatiotemporal plots of the laser sheet transverse-position versus time, indicating the
vertical oscillations (blue and red arrows) of the free surface, at the top and at the bottom of the incline (ϕ= 0.33, θ= 2∘, Re≈ 37). d Reynolds number of
the flow, Re, and e amplitude of the perturbation at the top, Δh1, and at the bottom, Δh2, during the drainage of the suspension reservoir (ϕ= 0.36, θ= 3∘).
The instability onset (Δh1= Δh2) is given by Rec≈ 28 (black-dashed-line).
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with this model, we find that the rheological curve (shear stress τ
versus shear rate _γ) becomes S-shaped when ϕ ≥ 0.41 ± 0.005=
ϕDST (see Fig. 3 and Methods for the fitting procedure). This
suggests that negatively sloped portion in the rheological curve
(d _γ=dτ < 0) is a key ingredient of the instability. S-shaped flow
curves, and more generally rheograms with a negatively sloped
region, are known to produce unstable flow conditions35,36.
Previous studies on shear-thickening suspensions have based
their analysis on this feature to explain for instance the emergence
of random fluctuations37 reported initially by Boersma et al.38,
and the oscillations observed when an object moves in a shear-
thickening fluid39,40 or in rheometric configurations15,41. How-
ever, all these models require inertia to predict an instability. By
contrast, here, the instability seems to be of a fundamentally
different nature. First, it can occur at very low Reynolds and
Froude numbers, for which inertial effects are negligible. Second,
at the instability onset, the unstable mode propagates at the speed
of the surface kinematic waves defined by ckin≡ dq/dh028 (Fig. 2c
inset). This indicates that the coupling between the flow and the
free-surface deformation, which was not considered in previous
studies, is essential to explain the emergence of Oobleck waves.

Oobleck waves instability mechanism. We now show how the
negative slope in the rheology coupled with a gravity-driven free-
surface flow can yield to an instability without invoking inertial
effects. In the zero-Reynolds number limit, the force balance on a
slice of suspension, as depicted in Fig. 4a, imposes that the basal
stress, τb, is equal to the sum of the projected weight of the slice,
ρgh sin θ, where h(x, t) is the local flow thickness, and of the
longitudinal pressure gradient induced by the free-surface deflec-
tion. For wavelengths much larger than the flow thickness and the
capillary length, the pressure profile perpendicular to the plane can
be assumed to be hydrostatic Pðx; z; tÞ ¼ ρg cos θðhðx; tÞ $ zÞ,
where x is the flow direction and z the height within the flowing
layer in the perpendicular direction21. The depth-averaged force
balance is then given by

τb ¼ ρgh sin θ $ ρgh cos θ
∂h
∂x

: ð1Þ

Let us now consider a perturbation of a base flow of constant
thickness, as illustrated in Fig. 4b. A local increase of the flow
thickness implies that ∂h/∂x becomes positive upstream of the

perturbation and negative downstream. To satisfy the force balance
(1), the basal shear stress τb upstream must therefore decrease,
whereas it must increase downstream. However, owing to the S-
shape rheology of the suspension, when d _γ=dτ < 0, a decrease (resp.
increase) in τb implies a local increase (resp. decrease) of the flow
rate _γ. Therefore, the shear rate increases upstream and decreases
downstream, inducing a net inward mass flux underneath the bump
and the amplification of the initial perturbation (red arrows in
Fig. 4b).

Quantitative depth-averaged model without inertia. To go
beyond this qualitative picture, we perform a linear stability analysis
of a steady uniform flow of thickness h0 and depth-averaged velo-
city u0 using the Saint-Venant approximations (long wavelength
limit27,42) and neglecting inertia (lubrication approximation21). The
equations are written using the dimensionless variables ~h ¼ h=h0,
~x ¼ x=h0, ~u ¼ u=u0, ~t ¼ tu0=h0; ~τb ¼ τb=ρgh0 sin θ and linearized
by writing ~h ¼ 1þ h1, ~u ¼ 1þ u1 and ~τb ¼ 1þ τ1 with
(h1, u1, τ1≪ 1). Under these conditions, the mass conservation,
∂~thþ ∂~xðhuÞ ¼ 0, and the force balance (1) become ∂~th1 þ ∂~xh1 þ
∂~xu1 ¼ 0 and τ1 ¼ h1 $ tan θ$1∂~xh1, respectively. The lineariza-
tion of the normalized shear-rate ~_γð ~τbÞ & ~u=~h, gives Aτ1= u1− h1,
where A ¼ d~_γ=d~τbj~τb¼1 is the slope of the rheological curve for the
base state basal stress τb ¼ ρgh0 sin θ, obtained from the integration
of the flow velocity profile (see Methods). Taking the spatial deri-
vative of the force balance and substituting τ1 and ∂~xu1 using the
rheology and mass balance, respectively, lead to a single partial
differential equation for the free-surface perturbation h1:

∂h1
∂~t

þ ~c
∂h1
∂~x

¼ A
tan θ

∂2h1
∂~x2

; ð2Þ

where ~c ¼ ckin=u0 ¼ 2þ A is the dimensionless speed of the
kinematic waves28. Interestingly, the perturbation amplitude is
found to follow a diffusion equation in the reference frame of the
kinematic waves, with an effective “diffusion coefficient” A= tan θ.
When A < 0, i.e., when the slope of the rheological law u0=h0 ¼
_γðτbÞ is negative, anti-diffusion occurs, which leads to an amplifi-
cation of all perturbations, whereas for A > 0 the flow is stable. The
onset of instability is thus given by A= 0. This criteria can be
expressed in terms of a critical Reynolds number Rec and a critical
basal shear stress τc using the Wyart & Cates rheological laws (see
Methods). Figures 2a, b show that, for ϕ ≥ ϕDST, these predictions
(red-solid lines) capture very well the value of the critical Reynolds
Rec and its dramatic drop over two decades when increasing ϕ, as
well as the order of magnitude and the drop of the critical shear
stress τc with ϕ. The decrease of the instability onset with increasing
ϕ is a direct consequence of Wyart and Cates’ rheological laws3,
where the DST onset stress also decreases with ϕ. Physically, it
comes from the fact that, when approaching the maximal possible
packing fraction ϕ0, less and less frictional contacts are required to
reach the DST region. The model also predicts a weak dependence
of Rec on the plane inclination angle, as observed experimentally
(Fig. 2a inset). This overall agreement is all the more conclusive that
it is rooted on physically based constitutive laws, of which the
rheological parameters are measured independently, without further
fitting. Another strong prediction of the model is that, at the
instability onset (A= 0), the speed of the unstable mode is equal to
the speed of the kinematic waves cc/u0= 2. This prediction is fully
consistent with the drop and value of the normalized wave speed
observed experimentally for ϕ > ϕDST (see Fig. 2c). These results
conclusively show that surface waves can emerge from the coupling
between a negatively sloped rheology and the flow free surface,
without the need for inertial effects.

Fig. 3 Rheograms of the aqueous cornstarch suspension. Shear-stress τ
versus shear rate _γ for various volume fractions ϕ. Solid lines: fit by Wyart
& Cates rheological laws setting the jamming volume fraction for
frictionless and frictional particles to ϕ0= 0.52 ± 0.005 and ϕ1= 0.43 ±
0.005, respectively, the short-range repulsive stress scale above which the
frictional transition occurs to τ*= 12 ± 2 Pa and the prefactor to ηs= 0.91 ±
0.01 mPa s. The rheograms are negatively sloped (d _γ=dτ<0) in the region
highlighted in blue.
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Roll-wave instability due to DST negative slope

with this model, we find that the rheological curve (shear stress τ
versus shear rate _γ) becomes S-shaped when ϕ ≥ 0.41 ± 0.005=
ϕDST (see Fig. 3 and Methods for the fitting procedure). This
suggests that negatively sloped portion in the rheological curve
(d _γ=dτ < 0) is a key ingredient of the instability. S-shaped flow
curves, and more generally rheograms with a negatively sloped
region, are known to produce unstable flow conditions35,36.
Previous studies on shear-thickening suspensions have based
their analysis on this feature to explain for instance the emergence
of random fluctuations37 reported initially by Boersma et al.38,
and the oscillations observed when an object moves in a shear-
thickening fluid39,40 or in rheometric configurations15,41. How-
ever, all these models require inertia to predict an instability. By
contrast, here, the instability seems to be of a fundamentally
different nature. First, it can occur at very low Reynolds and
Froude numbers, for which inertial effects are negligible. Second,
at the instability onset, the unstable mode propagates at the speed
of the surface kinematic waves defined by ckin≡ dq/dh028 (Fig. 2c
inset). This indicates that the coupling between the flow and the
free-surface deformation, which was not considered in previous
studies, is essential to explain the emergence of Oobleck waves.

Oobleck waves instability mechanism. We now show how the
negative slope in the rheology coupled with a gravity-driven free-
surface flow can yield to an instability without invoking inertial
effects. In the zero-Reynolds number limit, the force balance on a
slice of suspension, as depicted in Fig. 4a, imposes that the basal
stress, τb, is equal to the sum of the projected weight of the slice,
ρgh sin θ, where h(x, t) is the local flow thickness, and of the
longitudinal pressure gradient induced by the free-surface deflec-
tion. For wavelengths much larger than the flow thickness and the
capillary length, the pressure profile perpendicular to the plane can
be assumed to be hydrostatic Pðx; z; tÞ ¼ ρg cos θðhðx; tÞ $ zÞ,
where x is the flow direction and z the height within the flowing
layer in the perpendicular direction21. The depth-averaged force
balance is then given by

τb ¼ ρgh sin θ $ ρgh cos θ
∂h
∂x

: ð1Þ

Let us now consider a perturbation of a base flow of constant
thickness, as illustrated in Fig. 4b. A local increase of the flow
thickness implies that ∂h/∂x becomes positive upstream of the

perturbation and negative downstream. To satisfy the force balance
(1), the basal shear stress τb upstream must therefore decrease,
whereas it must increase downstream. However, owing to the S-
shape rheology of the suspension, when d _γ=dτ < 0, a decrease (resp.
increase) in τb implies a local increase (resp. decrease) of the flow
rate _γ. Therefore, the shear rate increases upstream and decreases
downstream, inducing a net inward mass flux underneath the bump
and the amplification of the initial perturbation (red arrows in
Fig. 4b).

Quantitative depth-averaged model without inertia. To go
beyond this qualitative picture, we perform a linear stability analysis
of a steady uniform flow of thickness h0 and depth-averaged velo-
city u0 using the Saint-Venant approximations (long wavelength
limit27,42) and neglecting inertia (lubrication approximation21). The
equations are written using the dimensionless variables ~h ¼ h=h0,
~x ¼ x=h0, ~u ¼ u=u0, ~t ¼ tu0=h0; ~τb ¼ τb=ρgh0 sin θ and linearized
by writing ~h ¼ 1þ h1, ~u ¼ 1þ u1 and ~τb ¼ 1þ τ1 with
(h1, u1, τ1≪ 1). Under these conditions, the mass conservation,
∂~thþ ∂~xðhuÞ ¼ 0, and the force balance (1) become ∂~th1 þ ∂~xh1 þ
∂~xu1 ¼ 0 and τ1 ¼ h1 $ tan θ$1∂~xh1, respectively. The lineariza-
tion of the normalized shear-rate ~_γð ~τbÞ & ~u=~h, gives Aτ1= u1− h1,
where A ¼ d~_γ=d~τbj~τb¼1 is the slope of the rheological curve for the
base state basal stress τb ¼ ρgh0 sin θ, obtained from the integration
of the flow velocity profile (see Methods). Taking the spatial deri-
vative of the force balance and substituting τ1 and ∂~xu1 using the
rheology and mass balance, respectively, lead to a single partial
differential equation for the free-surface perturbation h1:

∂h1
∂~t

þ ~c
∂h1
∂~x

¼ A
tan θ

∂2h1
∂~x2

; ð2Þ

where ~c ¼ ckin=u0 ¼ 2þ A is the dimensionless speed of the
kinematic waves28. Interestingly, the perturbation amplitude is
found to follow a diffusion equation in the reference frame of the
kinematic waves, with an effective “diffusion coefficient” A= tan θ.
When A < 0, i.e., when the slope of the rheological law u0=h0 ¼
_γðτbÞ is negative, anti-diffusion occurs, which leads to an amplifi-
cation of all perturbations, whereas for A > 0 the flow is stable. The
onset of instability is thus given by A= 0. This criteria can be
expressed in terms of a critical Reynolds number Rec and a critical
basal shear stress τc using the Wyart & Cates rheological laws (see
Methods). Figures 2a, b show that, for ϕ ≥ ϕDST, these predictions
(red-solid lines) capture very well the value of the critical Reynolds
Rec and its dramatic drop over two decades when increasing ϕ, as
well as the order of magnitude and the drop of the critical shear
stress τc with ϕ. The decrease of the instability onset with increasing
ϕ is a direct consequence of Wyart and Cates’ rheological laws3,
where the DST onset stress also decreases with ϕ. Physically, it
comes from the fact that, when approaching the maximal possible
packing fraction ϕ0, less and less frictional contacts are required to
reach the DST region. The model also predicts a weak dependence
of Rec on the plane inclination angle, as observed experimentally
(Fig. 2a inset). This overall agreement is all the more conclusive that
it is rooted on physically based constitutive laws, of which the
rheological parameters are measured independently, without further
fitting. Another strong prediction of the model is that, at the
instability onset (A= 0), the speed of the unstable mode is equal to
the speed of the kinematic waves cc/u0= 2. This prediction is fully
consistent with the drop and value of the normalized wave speed
observed experimentally for ϕ > ϕDST (see Fig. 2c). These results
conclusively show that surface waves can emerge from the coupling
between a negatively sloped rheology and the flow free surface,
without the need for inertial effects.

Fig. 3 Rheograms of the aqueous cornstarch suspension. Shear-stress τ
versus shear rate _γ for various volume fractions ϕ. Solid lines: fit by Wyart
& Cates rheological laws setting the jamming volume fraction for
frictionless and frictional particles to ϕ0= 0.52 ± 0.005 and ϕ1= 0.43 ±
0.005, respectively, the short-range repulsive stress scale above which the
frictional transition occurs to τ*= 12 ± 2 Pa and the prefactor to ηs= 0.91 ±
0.01 mPa s. The rheograms are negatively sloped (d _γ=dτ<0) in the region
highlighted in blue.
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with this model, we find that the rheological curve (shear stress τ
versus shear rate _γ) becomes S-shaped when ϕ ≥ 0.41 ± 0.005=
ϕDST (see Fig. 3 and Methods for the fitting procedure). This
suggests that negatively sloped portion in the rheological curve
(d _γ=dτ < 0) is a key ingredient of the instability. S-shaped flow
curves, and more generally rheograms with a negatively sloped
region, are known to produce unstable flow conditions35,36.
Previous studies on shear-thickening suspensions have based
their analysis on this feature to explain for instance the emergence
of random fluctuations37 reported initially by Boersma et al.38,
and the oscillations observed when an object moves in a shear-
thickening fluid39,40 or in rheometric configurations15,41. How-
ever, all these models require inertia to predict an instability. By
contrast, here, the instability seems to be of a fundamentally
different nature. First, it can occur at very low Reynolds and
Froude numbers, for which inertial effects are negligible. Second,
at the instability onset, the unstable mode propagates at the speed
of the surface kinematic waves defined by ckin≡ dq/dh028 (Fig. 2c
inset). This indicates that the coupling between the flow and the
free-surface deformation, which was not considered in previous
studies, is essential to explain the emergence of Oobleck waves.

Oobleck waves instability mechanism. We now show how the
negative slope in the rheology coupled with a gravity-driven free-
surface flow can yield to an instability without invoking inertial
effects. In the zero-Reynolds number limit, the force balance on a
slice of suspension, as depicted in Fig. 4a, imposes that the basal
stress, τb, is equal to the sum of the projected weight of the slice,
ρgh sin θ, where h(x, t) is the local flow thickness, and of the
longitudinal pressure gradient induced by the free-surface deflec-
tion. For wavelengths much larger than the flow thickness and the
capillary length, the pressure profile perpendicular to the plane can
be assumed to be hydrostatic Pðx; z; tÞ ¼ ρg cos θðhðx; tÞ $ zÞ,
where x is the flow direction and z the height within the flowing
layer in the perpendicular direction21. The depth-averaged force
balance is then given by

τb ¼ ρgh sin θ $ ρgh cos θ
∂h
∂x

: ð1Þ

Let us now consider a perturbation of a base flow of constant
thickness, as illustrated in Fig. 4b. A local increase of the flow
thickness implies that ∂h/∂x becomes positive upstream of the

perturbation and negative downstream. To satisfy the force balance
(1), the basal shear stress τb upstream must therefore decrease,
whereas it must increase downstream. However, owing to the S-
shape rheology of the suspension, when d _γ=dτ < 0, a decrease (resp.
increase) in τb implies a local increase (resp. decrease) of the flow
rate _γ. Therefore, the shear rate increases upstream and decreases
downstream, inducing a net inward mass flux underneath the bump
and the amplification of the initial perturbation (red arrows in
Fig. 4b).

Quantitative depth-averaged model without inertia. To go
beyond this qualitative picture, we perform a linear stability analysis
of a steady uniform flow of thickness h0 and depth-averaged velo-
city u0 using the Saint-Venant approximations (long wavelength
limit27,42) and neglecting inertia (lubrication approximation21). The
equations are written using the dimensionless variables ~h ¼ h=h0,
~x ¼ x=h0, ~u ¼ u=u0, ~t ¼ tu0=h0; ~τb ¼ τb=ρgh0 sin θ and linearized
by writing ~h ¼ 1þ h1, ~u ¼ 1þ u1 and ~τb ¼ 1þ τ1 with
(h1, u1, τ1≪ 1). Under these conditions, the mass conservation,
∂~thþ ∂~xðhuÞ ¼ 0, and the force balance (1) become ∂~th1 þ ∂~xh1 þ
∂~xu1 ¼ 0 and τ1 ¼ h1 $ tan θ$1∂~xh1, respectively. The lineariza-
tion of the normalized shear-rate ~_γð ~τbÞ & ~u=~h, gives Aτ1= u1− h1,
where A ¼ d~_γ=d~τbj~τb¼1 is the slope of the rheological curve for the
base state basal stress τb ¼ ρgh0 sin θ, obtained from the integration
of the flow velocity profile (see Methods). Taking the spatial deri-
vative of the force balance and substituting τ1 and ∂~xu1 using the
rheology and mass balance, respectively, lead to a single partial
differential equation for the free-surface perturbation h1:

∂h1
∂~t

þ ~c
∂h1
∂~x

¼ A
tan θ

∂2h1
∂~x2

; ð2Þ

where ~c ¼ ckin=u0 ¼ 2þ A is the dimensionless speed of the
kinematic waves28. Interestingly, the perturbation amplitude is
found to follow a diffusion equation in the reference frame of the
kinematic waves, with an effective “diffusion coefficient” A= tan θ.
When A < 0, i.e., when the slope of the rheological law u0=h0 ¼
_γðτbÞ is negative, anti-diffusion occurs, which leads to an amplifi-
cation of all perturbations, whereas for A > 0 the flow is stable. The
onset of instability is thus given by A= 0. This criteria can be
expressed in terms of a critical Reynolds number Rec and a critical
basal shear stress τc using the Wyart & Cates rheological laws (see
Methods). Figures 2a, b show that, for ϕ ≥ ϕDST, these predictions
(red-solid lines) capture very well the value of the critical Reynolds
Rec and its dramatic drop over two decades when increasing ϕ, as
well as the order of magnitude and the drop of the critical shear
stress τc with ϕ. The decrease of the instability onset with increasing
ϕ is a direct consequence of Wyart and Cates’ rheological laws3,
where the DST onset stress also decreases with ϕ. Physically, it
comes from the fact that, when approaching the maximal possible
packing fraction ϕ0, less and less frictional contacts are required to
reach the DST region. The model also predicts a weak dependence
of Rec on the plane inclination angle, as observed experimentally
(Fig. 2a inset). This overall agreement is all the more conclusive that
it is rooted on physically based constitutive laws, of which the
rheological parameters are measured independently, without further
fitting. Another strong prediction of the model is that, at the
instability onset (A= 0), the speed of the unstable mode is equal to
the speed of the kinematic waves cc/u0= 2. This prediction is fully
consistent with the drop and value of the normalized wave speed
observed experimentally for ϕ > ϕDST (see Fig. 2c). These results
conclusively show that surface waves can emerge from the coupling
between a negatively sloped rheology and the flow free surface,
without the need for inertial effects.

Fig. 3 Rheograms of the aqueous cornstarch suspension. Shear-stress τ
versus shear rate _γ for various volume fractions ϕ. Solid lines: fit by Wyart
& Cates rheological laws setting the jamming volume fraction for
frictionless and frictional particles to ϕ0= 0.52 ± 0.005 and ϕ1= 0.43 ±
0.005, respectively, the short-range repulsive stress scale above which the
frictional transition occurs to τ*= 12 ± 2 Pa and the prefactor to ηs= 0.91 ±
0.01 mPa s. The rheograms are negatively sloped (d _γ=dτ<0) in the region
highlighted in blue.
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Couette cell (Fig. 5a) using a rheometer (Anton Paar MCR 501). The height of the
shear-cell (40 mm) is sufficiently large to neglect sedimentation effects of the
particles during the measurement. Similarly to the procedure followed by Guy
et al.4, the viscosity below (τ≪ τ*) and above (τ≫ τ*) the shear-thickening tran-
sition are extracted and plotted versus ϕ (Fig. 5b). The low viscosity branch
(frictionless branch) is first fitted with ηðϕÞ ¼ ηsðϕ0 $ ϕÞ$2, with ηs and ϕ0 as
fitting parameters. This yields ηs= 0.91 ± 0.01 mPa.s and ϕ0= 0.52 ± 0.005. The
large viscosity branch (frictional branch) is then fitted with ηðϕÞ ¼ ηsðϕ1 $ ϕÞ$2,
using the previous estimation of ηs, and letting ϕ1 as the only fitting parameter.
Note that the rheograms are obtained using both very rough (square symbols) and
rough walls (circle symbols), by covering the cell-walls with sand papers of dif-
ferent grades (roughnesses of ≈80 μm and ≈15 μm, respectively). The two mea-
surements overlap, except in the frictional branch at high volume fraction (shaded
symbols in Fig. 5b). For instance, the data from ϕ= 0.4 and 0.41 are included in the
fitting procedure, while 0.42 and 0.43 are not, because the first two points overlap,
independently of the roughness of the boundaries, whereas for 0.42 and 0.43 sys-
tematic deviations are observed indicating slippage or other artefacts. All data
points which are interpreted as biased measurements (transparent symbols) are
discarded from the fitting procedure; this yields ϕ1= 0.43 ± 0.005. Once the
values of ηs, ϕ0 and ϕ1 are set, we determine the value of τ* by fitting the full
rheograms τð _γÞ with Wyart & Cates laws: τ ¼ ηsðϕJ ðτÞ $ ϕÞ$2 _γ, with ϕJðτÞ ¼
ϕ0ð1$ e$τ%=τÞ þ ϕ1e

$τ%=τ . The best fit, shown in Fig. 5c, is obtained for τ*= 12 ± 2
Pa. The value of τ* represents the critical shear stress required to overcome the
inter-particle repulsive force and activate frictional contacts between particles. For
an inter-particulate force f and a particle size d, the critical shear stress is expected
to be of order f/d2. The value we obtain (≈12 Pa) is consistent with the values
already reported in the literature for cornstarch in water.

Computation of τc and Rec. To compute the critical shear stress τc and the critical
Reynold number Rec from the instability criteria resulting from the linear stability
analysis A ' d~_γ=d ~τbj ~τb¼1 ¼ 0, we need to relate the shear rate _γ ' u0=h0, defined
as the ratio of the depth-averaged flow velocity to the flow thickness, to the basal
shear stress τb and the basal suspension viscosity η(τb).

For a steady uniform flow down an inclined plane of slope θ, the momentum
equation applied to a surface layer of thickness h0− z gives

τðzÞ ¼ ρg sin θðh0 $ zÞ ¼ ηðzÞ dûðzÞ
dz

; ð3Þ

where the second equality uses the definition of viscosity, η ¼ τ=ðdû=dzÞ, and ûðzÞ
is the local velocity parallel to x. From the proportionality between τ and h0− z, the
local velocity can be expressed as

ûðτÞ ¼ 1
ρg sin θ

Z τb

τ

τ00

ηðτ00Þ dτ
00: ð4Þ

Using the definition of the depth-averaged flow velocity, u0 ¼
R τb
0 ûðτ0Þ dτ0=τb , we

obtain the expression of the depth-averaged shear rate

_γ ¼ τb
3ηðτbÞ

GðτbÞ; ð5Þ

where

GðτÞ ¼ 3ηðτÞ
τ3

Z τ

0

Z τ

τ0

τ00

ηðτ00Þ dτ
00dτ0; ð6Þ

embeds the shear-thickening of the suspension. By definition, G ¼ 1 for a
Newtonian fluid.

From (5) and (6) we obtain

A ' d~_γ
d ~τb

j ~τb¼1 ¼
τb
_γ
d _γ
dτb

jτb¼ρg sin θh0
¼ 3

GðτbÞ
$ 2; ð7Þ

where we have used d
dτ ð

R τ
0

R τ
τ0

τ
00

ηðτ00 Þ dτ
00
dτ0Þ ¼ τ2=ηðτÞ. Note that in (7), the basal

stress τb, the shear rate _γ and the derivative are taken at the base state, i.e., for
_γ ¼ u0=h0 and τb ¼ ρg sin θh0.

Finally, the critical shear stress τc, at which the flow destabilizes (black-solid-line
plotted in Fig. 2b of the main text), is obtained numerically by finding the value of
τb for which A(τc) = 0, i.e., Gðτb ¼ τcÞ ¼ 3=2. From the value of τc, we obtain the
critical Reynolds number (black-solid-line plotted in Fig. 2(a) of the main text)

Rec '
3u20

gh0 sin θ
¼

3τc
3 ϕJ ðτcÞ $ ϕ
! "4

9η2s ρg2sin
2θ

½GðτcÞ)
2 ¼

3τc
3 ϕJ ðτcÞ $ ϕ
! "4

4η2s ρg2sin
2θ

: ð8Þ
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with this model, we find that the rheological curve (shear stress τ
versus shear rate _γ) becomes S-shaped when ϕ ≥ 0.41 ± 0.005=
ϕDST (see Fig. 3 and Methods for the fitting procedure). This
suggests that negatively sloped portion in the rheological curve
(d _γ=dτ < 0) is a key ingredient of the instability. S-shaped flow
curves, and more generally rheograms with a negatively sloped
region, are known to produce unstable flow conditions35,36.
Previous studies on shear-thickening suspensions have based
their analysis on this feature to explain for instance the emergence
of random fluctuations37 reported initially by Boersma et al.38,
and the oscillations observed when an object moves in a shear-
thickening fluid39,40 or in rheometric configurations15,41. How-
ever, all these models require inertia to predict an instability. By
contrast, here, the instability seems to be of a fundamentally
different nature. First, it can occur at very low Reynolds and
Froude numbers, for which inertial effects are negligible. Second,
at the instability onset, the unstable mode propagates at the speed
of the surface kinematic waves defined by ckin≡ dq/dh028 (Fig. 2c
inset). This indicates that the coupling between the flow and the
free-surface deformation, which was not considered in previous
studies, is essential to explain the emergence of Oobleck waves.

Oobleck waves instability mechanism. We now show how the
negative slope in the rheology coupled with a gravity-driven free-
surface flow can yield to an instability without invoking inertial
effects. In the zero-Reynolds number limit, the force balance on a
slice of suspension, as depicted in Fig. 4a, imposes that the basal
stress, τb, is equal to the sum of the projected weight of the slice,
ρgh sin θ, where h(x, t) is the local flow thickness, and of the
longitudinal pressure gradient induced by the free-surface deflec-
tion. For wavelengths much larger than the flow thickness and the
capillary length, the pressure profile perpendicular to the plane can
be assumed to be hydrostatic Pðx; z; tÞ ¼ ρg cos θðhðx; tÞ $ zÞ,
where x is the flow direction and z the height within the flowing
layer in the perpendicular direction21. The depth-averaged force
balance is then given by

τb ¼ ρgh sin θ $ ρgh cos θ
∂h
∂x

: ð1Þ

Let us now consider a perturbation of a base flow of constant
thickness, as illustrated in Fig. 4b. A local increase of the flow
thickness implies that ∂h/∂x becomes positive upstream of the

perturbation and negative downstream. To satisfy the force balance
(1), the basal shear stress τb upstream must therefore decrease,
whereas it must increase downstream. However, owing to the S-
shape rheology of the suspension, when d _γ=dτ < 0, a decrease (resp.
increase) in τb implies a local increase (resp. decrease) of the flow
rate _γ. Therefore, the shear rate increases upstream and decreases
downstream, inducing a net inward mass flux underneath the bump
and the amplification of the initial perturbation (red arrows in
Fig. 4b).

Quantitative depth-averaged model without inertia. To go
beyond this qualitative picture, we perform a linear stability analysis
of a steady uniform flow of thickness h0 and depth-averaged velo-
city u0 using the Saint-Venant approximations (long wavelength
limit27,42) and neglecting inertia (lubrication approximation21). The
equations are written using the dimensionless variables ~h ¼ h=h0,
~x ¼ x=h0, ~u ¼ u=u0, ~t ¼ tu0=h0; ~τb ¼ τb=ρgh0 sin θ and linearized
by writing ~h ¼ 1þ h1, ~u ¼ 1þ u1 and ~τb ¼ 1þ τ1 with
(h1, u1, τ1≪ 1). Under these conditions, the mass conservation,
∂~thþ ∂~xðhuÞ ¼ 0, and the force balance (1) become ∂~th1 þ ∂~xh1 þ
∂~xu1 ¼ 0 and τ1 ¼ h1 $ tan θ$1∂~xh1, respectively. The lineariza-
tion of the normalized shear-rate ~_γð ~τbÞ & ~u=~h, gives Aτ1= u1− h1,
where A ¼ d~_γ=d~τbj~τb¼1 is the slope of the rheological curve for the
base state basal stress τb ¼ ρgh0 sin θ, obtained from the integration
of the flow velocity profile (see Methods). Taking the spatial deri-
vative of the force balance and substituting τ1 and ∂~xu1 using the
rheology and mass balance, respectively, lead to a single partial
differential equation for the free-surface perturbation h1:

∂h1
∂~t

þ ~c
∂h1
∂~x

¼ A
tan θ

∂2h1
∂~x2

; ð2Þ

where ~c ¼ ckin=u0 ¼ 2þ A is the dimensionless speed of the
kinematic waves28. Interestingly, the perturbation amplitude is
found to follow a diffusion equation in the reference frame of the
kinematic waves, with an effective “diffusion coefficient” A= tan θ.
When A < 0, i.e., when the slope of the rheological law u0=h0 ¼
_γðτbÞ is negative, anti-diffusion occurs, which leads to an amplifi-
cation of all perturbations, whereas for A > 0 the flow is stable. The
onset of instability is thus given by A= 0. This criteria can be
expressed in terms of a critical Reynolds number Rec and a critical
basal shear stress τc using the Wyart & Cates rheological laws (see
Methods). Figures 2a, b show that, for ϕ ≥ ϕDST, these predictions
(red-solid lines) capture very well the value of the critical Reynolds
Rec and its dramatic drop over two decades when increasing ϕ, as
well as the order of magnitude and the drop of the critical shear
stress τc with ϕ. The decrease of the instability onset with increasing
ϕ is a direct consequence of Wyart and Cates’ rheological laws3,
where the DST onset stress also decreases with ϕ. Physically, it
comes from the fact that, when approaching the maximal possible
packing fraction ϕ0, less and less frictional contacts are required to
reach the DST region. The model also predicts a weak dependence
of Rec on the plane inclination angle, as observed experimentally
(Fig. 2a inset). This overall agreement is all the more conclusive that
it is rooted on physically based constitutive laws, of which the
rheological parameters are measured independently, without further
fitting. Another strong prediction of the model is that, at the
instability onset (A= 0), the speed of the unstable mode is equal to
the speed of the kinematic waves cc/u0= 2. This prediction is fully
consistent with the drop and value of the normalized wave speed
observed experimentally for ϕ > ϕDST (see Fig. 2c). These results
conclusively show that surface waves can emerge from the coupling
between a negatively sloped rheology and the flow free surface,
without the need for inertial effects.

Fig. 3 Rheograms of the aqueous cornstarch suspension. Shear-stress τ
versus shear rate _γ for various volume fractions ϕ. Solid lines: fit by Wyart
& Cates rheological laws setting the jamming volume fraction for
frictionless and frictional particles to ϕ0= 0.52 ± 0.005 and ϕ1= 0.43 ±
0.005, respectively, the short-range repulsive stress scale above which the
frictional transition occurs to τ*= 12 ± 2 Pa and the prefactor to ηs= 0.91 ±
0.01 mPa s. The rheograms are negatively sloped (d _γ=dτ<0) in the region
highlighted in blue.
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with this model, we find that the rheological curve (shear stress τ
versus shear rate _γ) becomes S-shaped when ϕ ≥ 0.41 ± 0.005=
ϕDST (see Fig. 3 and Methods for the fitting procedure). This
suggests that negatively sloped portion in the rheological curve
(d _γ=dτ < 0) is a key ingredient of the instability. S-shaped flow
curves, and more generally rheograms with a negatively sloped
region, are known to produce unstable flow conditions35,36.
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their analysis on this feature to explain for instance the emergence
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ever, all these models require inertia to predict an instability. By
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of the surface kinematic waves defined by ckin≡ dq/dh028 (Fig. 2c
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where x is the flow direction and z the height within the flowing
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balance is then given by

τb ¼ ρgh sin θ $ ρgh cos θ
∂h
∂x

: ð1Þ

Let us now consider a perturbation of a base flow of constant
thickness, as illustrated in Fig. 4b. A local increase of the flow
thickness implies that ∂h/∂x becomes positive upstream of the

perturbation and negative downstream. To satisfy the force balance
(1), the basal shear stress τb upstream must therefore decrease,
whereas it must increase downstream. However, owing to the S-
shape rheology of the suspension, when d _γ=dτ < 0, a decrease (resp.
increase) in τb implies a local increase (resp. decrease) of the flow
rate _γ. Therefore, the shear rate increases upstream and decreases
downstream, inducing a net inward mass flux underneath the bump
and the amplification of the initial perturbation (red arrows in
Fig. 4b).
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fitting. Another strong prediction of the model is that, at the
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 Ridge instability due to normal-stress dilatancy

The dense suspension of the cornstarch
flowing on a very inclined wall will finally form
some chain-like steady patterns of the free
surface. Based on the continuity of fluids and the
force balance, the second normal stress difference
!! is identified to be an essential ingredient for
developing such patterns. Assuming a linear
dependence of !! on shear stress, we predict the
critical slope angle in an instability criterion.

The rheological basis for the morphogenesis of inclined flow
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Abstract

Conclusion

Formulation

Ø Why can the cornstarch suspension form the
non-flat free  surface pattern along the " -
direction of the slope?

Ø What is the critical angle to unstabilize the
initial flat configuration?

Ø Equation of motion

In this work, we have obtained two force
balance equations for shear stresses #"# and #"$,
respectively, from the equation of motion based
on lubrication analysis without inertia. The second
normal stress difference !! is observed to be
nearly proportional to #"# in both experiments [1]
and simulations [3]. Therefore, we can obtain a
different criterion of instability from that of the
rolling wave [4] by linear instability analysis and
identify the critical angle $%:
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second normal stress difference
N2 = σzz − σyy = − ασxz

 linear stability analysis

More surface push and less horizontal push
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~z ¼ z
H ; ~h ¼ h

H ; ~y ¼ y
L ¼ !

y
H : (9)

Meanwhile, a stress unit is introduced S ¼ qgH sinðhÞ. The dimen-
sionless stress can be defined by

~sij ¼
sij
S
; ~p ¼ !

p
S
: (10)

Substituting these dimensionless quantities into Eq. (7), the equa-
tion becomes a dimensionless form with coefficients composed of the
small parameter !. Therefore, the solution of the equation must be a
function of the small parameter !. Hence, the solution of stress and
pressure can then be expanded into a Taylor series. Here, we just keep
the terms up to the first order for a linear instability analysis,

~sij ¼ ~sð0Þij þ !~sð1Þij þ oð!Þ; (11a)

~p ¼ ~pð0Þ þ !~pð1Þ þ oð!Þ: (11b)

By using Eqs. (9)–(11), Eq. (7) becomes

x direction : !
@~sð0Þyx

@~y
þ !2

@~sð1Þyx

@~y

 !

þ @~sð0Þzx

@~z
þ !

@~sð1Þzx

@~z

! "
þ 1 ¼ 0;

(12a)

y direction : % @~pð0Þ

@~y
% !

@~pð1Þ

@~y

 !

þ !
@~sð0Þyy

@~y
þ !2

@~sð1Þyy

@~y

 !

þ
@~sð0Þzy

@~z
þ !

@~sð1Þzy

@~z

 !

¼ 0; (12b)

z direction : % @~pð0Þ

@~z
% !

@~pð1Þ

@~z

 !

þ !2
@~sð0Þyz

@~y
þ !3

@~sð1Þyz

@~y

 !

þ !
@~sð0Þzz

@~z
þ !2

@~sð1Þzz

@~z

! "
% !

1
tanðhÞ

¼ 0; (12c)

and the boundary condition (8) becomes

~sð0Þij j~z¼~h þ !~sð1Þij j~z¼~h ¼ 0; (13a)

~pð0Þj~z¼~h þ !~pð1Þj~z¼~h ¼ ~patm: (13b)

The terms in series of !n (n ¼ 0; 1;…) are linearly independent,
which means the coefficient of !n in each term should be zero. Thus,
Eq. (12) and the boundary condition (13) are decomposed into a series
of recursion equations (for details, see Appendix B). Therefore, using
Eq. (11), we can obtain the first-order approximation solution from
the perturbation results Eqs. (B3) and (B6),

~szx ¼ ~h % ~z þ !

ð~h

~z

@~sð0Þyx

@~y
d~z þ oð!Þ; (14a)

~szy ¼ %!
~h % ~z
tanðhÞ

@~h
@~y

þ
ð~h

~z

@ ~N
ð0Þ
2

@~y
d~z

 !

þ oð!Þ; (14b)

~p ¼ ~patm þ !
~h % ~z
tanðhÞ

þ ~sð0Þzz

 !

þ oð!Þ: (14c)

C. The constitutive relation and its evidence
As discussed in Sec. I, the second normal stress difference of sus-

pensions is coupled to shear stress with a linear relationship in a simple
shear flow, i.e.,

N2 ¼ að/Þszx; (15)

where N2 :¼ szz % syy is the second normal stress difference, and szx is
the shear stress, since the flow, gradient, and vorticity directions are x,
z, and y directions in this work when the free surface is near the initial
flat configuration.

Suppose that some rate-dependent property of suspensions, such
as shear-thickening or shear-thinning, is given as szx ¼ gðszxÞ _c. One
critical underlying assumption of Eq. (15) is that the N2 has also the
similar rate-dependent property N2 / gðszxÞ _c. If such a condition is
satisfied, one can introduce a rate-independent material parameter a.
Otherwise, a becomes rate-dependent. Thus, in this work, we focus on
the rate-independent a, i.e., a class of suspension where shear stress
and anisotropic normal stresses are linked to each other to hold Eq.
(15). Such a class of suspension has been widely investigated in both
experiments and simulations.

For Newtonian fluids in the dilute limit / ! 0, one has a¼ 0
because of the vanished N2. Thus, the / dependence of a is expected
because there must be a transition from the Newtonian fluids to the
dense suspension as / increases. More detailed investigations show
that a is a negative value and solely dependent on /.12,13,23 Figure 2
shows experimental and simulation data collected from various
references.23 In the dilute situation, pairwise interactions dominate,30

and the / dependence of a follows a quadratic relation. There are

FIG. 2. Second normal stress difference ratio a :¼ N2=szx vs volume fraction /.
Experimental data from Zarraga et al.10 with glass spheres of diameter d¼ 44 lm,
Singh and Nott11 with PMMA spheres of diameter d¼ 196 lm, Couturier et al.27

with PS spheres of diameters d¼ 70 and 140 lm, Dbouk et al.28 with PS spheres
of diameters d¼ 40 and 140 lm, and Dai et al.12 with PS spheres of diameter
d¼ 40 lm. The fitting in Dai et al.12 for the range 0:1 & / & 0:45 is also shown
by the solid line. Numerical simulations from Sierou and Brady,17 Gallier et al.20

without and with friction (lp ¼ 0 and 0.5), and Gallier et al.29 under a confinement
(bounded) with friction (lp ¼ 0:5Þ. We also perform the LF-DEM simulation21,22 to
evaluate a without and with the particle friction (lp ¼ 0 and 0.5) (dashed lines).
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Keep a close eye here. Stretching induced jamming?

Beyond linear stability analysis?

Public lecture by Mike Cates from youtube
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We are still trying to figure out how to describe dense suspensions 
macroscopically correct.

Previously, we considered suspensions as viscous fluids  
with viscosity depending on shear induced microstructure.

It is still a challenge to incorporate  
the emerging solid structure due to stresses and constraints 

in continuum models.


