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The phenomenon



Aristotle

"The fact that water has
previously been warmed
contributes to its freezing
quickly; for so it cools
sooner. Hence many
people, when they want to
cool hot water quickly,
begin by putting it in the
sun. .."

L
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Francis Bacon

"slightly tepid
water freezes
more easily than
that which is
utterly cold."

— S

René Descartes

"One can see by experience that
water that has been kept on a fire
for a long time freezes faster than
other, the reason being that those
of its particles that are least able
to stop bending evaporate while
the water is being heated.”

Erasto Mpemba and Denis Osborne

Mpemba B. E. & Osborne D. Phys.
Edu., 1969



Time to start freezing (min)
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1963 Mpemba observes the effect
while making ice cream

Mpemba B. E. & Osborne D. Phys. Edu., 1969

Cool?

E B Mpembat and D G Osborne

t College of African Wildlife Management
Moshi Tanzania

I University College Dar es Salaam
Tanzania

The question

My name is Erasto B Mpemba, and I am going to tell
you about my discovery, which was due to misusing
a refrigerator. All of you know that it i1s advisable not
to put hot things in a refrigerator, for you somehow
shock it ; and 1t will not last long.

Time to start freezing as a function of initial sample temperature

70 cm3 of water in 100 cm3 Pyrex beakers in a domestic freezer chest
insulation on bottom and side — all loss from the top
pre-boiling (eliminates dissolved gasses) 5



M pem ba effect inspired by Mpemba’s water experiments

Cooling: Identical systems prepared at 1, and 1, , and coupled to a bath with 71

T,>T,>T,

Mpemba effect

)

System prepared at 1; “overtakes’
the system prepared at 1, and
“cools down faster” to 1,

guasistatic gquench

along the trajectory a system is along the trajectory the system

!Iways close to a equilibrity ngnerically Is out of equilibw

Heating - analog effect:. Z. Lu & O. Raz, PNAS 2016; A. Kumar, R. Chétrite, & J. Bechhoefer, PNAS 2022




Thermal quench

eq. locus N
L O( x") observable

A

thermal quench

quasistatic
relaxation

review: MV, O. Raz, J. Bechhoefer, A. Lasanta & G. Teza, Phys. Reports (to appear)



Observations

Experiment

water

clathrate hydrates
granular fluids

colloids in optical lattices

polymers
magnetic alloys
qubits

Numerics

granular fluids

spin glasses

polymers

quantum systems

nanotube resonators

cold gasses

magnetic systems

systems with no equipartition
molecular dynamics of water molecules
molecular gasses




With water: it is complicated




How to think about the Mpemba effect?



General physical system: relaxation dynamics

mathematical description
Master eq. atp — R p

p, (1) probability of the system to be at a phase space point x at time ¢

R relaxation rate matrix

Detailed Balance

R, = R, T, Boltzmann distribution: 7z,.” o< e "%

equilibration: lim p(¢) = &’

[— 00

initial condition: p(t = 0) = &’

(details will depend on the system: Liouville eq., Fokker-Planck eq., Master eq.)

11



How to measure the effect?



A measure of how close the system is to equilibrium

Kullback-Leibler divergence

D (p(t)\ \ﬂTb) = pr In ( p;b)= 2(00) — 2(1)

2.(7) total amount of entropy produced at ¢

3 time after which we have the Mpemba effect
~ pt=0)=x""
p(t=0)=x""

13



Eigenvalue problem

relaxation rate matrix R(7)

v, = /Iﬂvﬂ uﬂR — /Iﬂuﬂ

p() =a"+ ) ayv, e

u>1 a

assumption: 4, > A,
: il ~ a1 At
long time limit: p(?) =~ &'* + a,v,e™

Mpemba effect condition: |a,(7})| < |a,(T,,) |

Z. Lu & O. Raz, PNAS 2016

/11:O>/122/13Z

Initial condition &t

T

o\

overlap
coefficie
aQ(Ta Tb)

~
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Our questions

® How often does the effect happen?
Why should we care?

® Does the effect happen in thermodynamic limit?
Or is it a finite size effect?

® [ntuition
When does the Mpemba effect happen?



New regime — exponential faster cooling

e relaxation time shortens from —/12_1 to —/13_1

~

=

e topological properties

overlap
coefficient
Clz(T, Tb)

Oren Raz
WIS‘ -

Ori Hiféchberg
first experimental observation Kumar A. & Bechhoefer J., Nature, 2020 NYU

16



How often does the effect happen?
Why should we care?



Random Energy Model 5 perida 1981: . Gross & M. Mezard, 1984

simple model of a disordered system

D,
ainyesadway | 7 ‘

-

spin glass
disordered
spins with
often
frustrated

Y Vi ol 409 7, gy

.. Y al . A J,”, .Y A 2.

y s = . ¥ 4 xR 7 ™ ¥y ¥
n n A ¥ 7.
K|nte ractions /el

E energy

e energies { £;} — random variables drawn from p(£)

® “sample” — a particular realization

18



Likelihood of the Mpemba effect in Random Energy Model

sz X e_ﬂb(Bij_Ej) energies E] and “barriers” sz K

overlap
coefficient
Clz(T, Tb)

Lower bound for the Mpemba effect: Prob (—8Ta2 \T:Tbaz(T = 00) > O)

0 k1, = 0.1 0 kgly = 1.0 \

. L=10 3.5 L =10
. 0.40 | - 30 0.11
y 0.09

. 0.36 2.5
0.07

0.32

' . 20 0.05
. 0.28 15 0.03

. 1.0

2 4 6 3 10 2 4 6 3 10

barriers statistics, op barriers statistics, opg

energiles statistics, og
energies statistics, og

each point is averaged over 10° realizations, number of levels: L =10,
energies E; and “barriers” B;; chosen from distributions N (O,al%) and
N (0,62)0(B;) | |
l. Klich, O. Raz, O. Hirschberg, & MV, PRX, 2019 19






However, we can try something
ORTHOGONAL!

21



2nd eigenvector candidate:

—> X‘f1—>

- —
Jo(X) =X ——— > i
LAl
random vector X with X; lid Gaussian

Strong Mpemba effect - at least two zeros of a2
f>- F'P7(T)
VERNE)

estimating the lower bound for the Mpemba Index

ay(T') =

—0ra, \T:Tbaz(T = 00) X (Y- 7)()_()- W)

—_ —>
u,w  dependon energy levels only

22



—>
Averaging over random vectors X with Gaussian
|Isotropic ensemble

” (uw)u
w2

w2 = G

Prob ((X -u) (X -w) > 0) =
Prob (Z7(u - w) + Z1Z2]u - w|K > 0)

- orthogonal terms to u, w

N PR
(1w u)?

the grey area over the total area:

arctan (K‘l)

Prob ((X -v) (X -w) > 0) = ; - sign(u - w) -



Probability of the strong Mpemba effect

a particular energy realization, n=10 energy levels,

(random barriers with N(0,25), each point 4000 realizations)

Prob(Zp>0)
! Isotropic ensemble (theory)
0.12} 1. arctan (K1)
! Prob ((X -v) (X -w) > 0) = 5 T sign(u - w)
= 70
0.10 -
: ? random barrier ensemble (numerics)
0.08
: Y
0.06 -
0.04 e
i .
0.02 - ° X
® ® o v S = 3 PN S— PY
e T,
5 10 15 20

works well: pdf of barriers is wider then pdf of energies, T higher then energy spread

24



Note!

two very different ensembles, yet they match well in not-so-low T

range, for wide barrier distribution.

Prob(Z)s>0)

0.12
0.10
0.08
0.06
0.04

0.02:

iIsotropic ensemble (theory)
random barrier ensemble (numerics)

25



Does the effect happen in thermodynamic limit?
Or is it a finite size effect?



Mean field antiferromagnet

N lIsing spins (states 1)

subgraph 2

subgrph 1

Hamiltonian

N
H(X), X)) = — E) [Jxlxz + uH(x; + xz)]

H magnetic field
= — linteraction strength
1 = 1 magnetic moment
X; magnetization on subgraph 1

Glauber dynamics

® choose a spin at random
e only transitions to neighboring states are allowed

1 —x;
R"'(xy,x,) = flip a spin up in subgraph 1
9) [1 i e—zﬂb(xz+H>]
) 1 —x,
R 2()61,)62) = > [1 N —Zﬁb(x1+ﬂH)] flip a spin up in subgraph 2
€
d 1+ x . . .
R(x,Xx,) = ; [1 Y= H)] flip a spin down in subgraph 1
4 e<Ppr\2TH
p 1+ x, . . .
R%(x;, x,) = flip a spin down in subgraph 2

p) [1 + gzﬁb(x1+ﬂH)]

27



N =400 spins |
2400 states

—
N

Mpemba effect
phase diagram
for the antiferromagnet

—
N

p—

™~
N~
I. Klich, O. Raz, O. Hirschberg, & MV, PRX, 2019 EO o
L=
I = # of zeros below T}, o 0.6
J, = # of zeros above T}, é 0.4
S
c 0.2
() No effect antiferromagnet paramagnet |
@ Weak effect cooling & no effect heating, 1 ) 3
@ strong effect heating j]]/(/[ = ] & Weak effect cooling temperature kg1, /J

@ Strong effect heating jzi\l/[ = ] & no effect cooling

Weak effect heating & no effect coolin
© J J Weak Mpemba effect — nonmonotonic a,(7, T},) as function of T

O Strong effect heating jf(/[ = 2 & no effect cooling
© strong effect heating ¥ ]}\Z/I = 1 & Strong effect cooling ¥, = 1

O strong effect cooling j]]/\’/l = ] & Weak effect heating 28

Strong Mpemba effect — zero of a,(T, T},) = 0



Relaxation trajectories in thermodynamics limit

N |
X; magnetization on subgraph 1
|>§\] 0.95 - .
G
— d i
o,p =0, |(R"—R")p =
N 0.9 —_ -
7 "CT) ' equilibrium averages of
+ax2 (R S Ruz) p - magnetizations x; and x, at T,
g
5 o 8T \
p(xy, x,, ) probability for the o)
system to be at (x,, x,) at g uH/J =1.01
S o Locus of equilibrium points /
average magnetizaton Strong Mpemba trajectory
xl — xi p(xla xz’ t)d.xldX2 0.05 0.1 0.15 0.2 0.25 0.3

average magnetization x,

LY



Intuition
When does the Mpemba effect happen?



Particle diffusion on a potential landscape

. o-:. L ':: '..":‘& ":.-:.: l.ol
?:. ’..:g:..‘ » =t ‘:.%.- '.: :.o‘?;'
ST S )
l. . - .'.. OO?‘, ;.9:!.: ..3‘ ..":..-..l .
PR kIR U TR overdamped Langevin eq.
.‘::”.'.:0‘ y _::.. J l:f‘ s.. “ 0:,
PR W Matthew R. Walker
5 ‘036. . ak :.: e . . 4 ..
:‘3 0,0 o n .'0 .n . ...;:N"Q . .. oe
PRI LA v y (= — )
O IRt R mX —yx = — U'|X] + &)
.:Qh "at ':. s et o N -.". i
.... :‘o‘.." -‘..-: '..b.‘ f: ‘%.. ‘I
:;.'. ‘ %,-ee %t -g“-, %

Brownian particle ico —
wikibedia thermal noise: (E(1)) =0

(EDEXY) = yD(T,)3(t — 1)
a2

0 (1
Fokker-Planckeq.  d.p(x,t) = — | —U'(x)p(x, 1) | + D(1}))—p(x, 1)
ox \ vy Ox?

kg,

ym

diffusion coefficient D(T}) =

U(x)
initial condition: p(0,x) o< e *"

31



Experiment: Colloid in an optical trap
Kumar A. & Bechhoefer J., Nature, 2020
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.

5

=
Strong Mpemba effect = 200
= 150
s 100
£ 50
IL, (T (T S 0
o o L 0.35 - B 0 1 2 3
. A\ _ 0.30" U - ! | | coordinat_e X
H (T) ~ H (T ) 0.25 approx 0th order: 11, (Typ) = II, (T)_
NG LA=S5M 0.20 |
&l'\‘ : approx lst order
- ' >~ 0.15 -
1, (T) J u > 0.10 @=0=>u -7 =0
— e kgT X i
| | | - - 0.05
| ' | 0.00
Xmin 0 X max OOST [
\ Kumar A. & Bechhoefer J., Nature, 2020 0 100 200 . 300 400
temperature /1

T
o L~ 7b [TL(xmaX) o TL(xmin)]

M. R. Walker & MV, arXiv:2022.07496 (under review in PRL)

Matthew R. Walker

7; mean free passage time from left well
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Surprises



Role of dynamics in Mpemba effect S. Bera, M. R. Walker, & MV, arXiv: 2308.04557

Linear reaction networks

Detailed balance does not specify the dynamics —
it just sets the ratios of rates.

k.
Y — e_ﬁb(ei_ej)

kj’

To study dynamics we introduce: load factor o

Choice of rate constants:
o forj — iin the clockwise direction: k;; = e Plgme)1=0) ki = e PG6° (5 € [0,1])

k21
Xl < > X2
k o
12 Q*i Saikat Bera
k31 k23 Eﬁ
O
k13 k32 S € = 0 Tb =1
molecular motors X3 . No strong Mpemba effect

. Strong Mpemba effect for cooling
. Strong Mpemba effect for heating

X, reactants

k;; transition rate j — 1 35
energy f,€,



EXChanglng |nf0rmat|0n S. Bera, M. R. Walker, & MV, arXiv: 2308.04557

James Clerk Maxwell

&
2 5
S w
S o
o 2 2 2
0.001 S 3.8 E 5 §
3 © ol S (.028 v 3
é’ &Ri 10_6 | ! l\,é ;%36 é ~ =
5 = 2 f34 | %0026 0.2 0.4 0.6 0.8
5 S 1079 LB =130 | | |
.g E 10 e % 0.024 02 04 06 08 load factor 0
3 5 1012 | | > §3'O ] load factor 6
— = 2.8 : —
_ ) =
S 10715 0.2 0.4 0.6 0.8 ! > 0716561
\ \ \ \ N load factor & 'S 8;2228 /
0 1 2 3 4EE=———vre== = 0.716558
- 0.716557
time 7 3 0.716556 | |
L - -fw““w”“”w”‘
L 0.2 04 0.6 0.8 02 04 06 08
load factor 6 load factor &

T — e —— T —— ——S



Can fast be also optimal?

Optimal transport

move pA to pB N
finite time 7
with the least amount

of resources
(minimal dissipation)

Gaspard Monge

entropy production X(7)
OO = N W B~ W @

potential U(x)

0.10

U

—= | =
Y e
g‘ 0.05

= 0.00

D) I

“ 2 —0.05

|
ARLE A A

0 20 40 60 80

coordinate x

mitial temperature 7

.000  0.005

7y = 10*

0.010 0.015 0.020 0.025 0.030

KL divergence Dk (p(7)||7'?)

Saikat Bera
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Fast and optimal M. R. Walker, S. Bera & MV, arXiv:2307.16306

0.006
0.005
0.004 -
0.003 - OSM
0.002 l

overlap |ay]

0.001

.o000:-. . .

0.0 0.2 0.4 0.6 0.8 1.0
load factor 6

NN N
NN NN,
N0 D —

probability p,(¢)

0.47 0.48 049 0.50 0.51 0.52 0.53 ~—
probability p;(7) - — 09

Wasserstein distance bounds

load factor ¢

k21

)G_< P >"Xé
og\ dynamics with Strong Mpemba effect 12
r k31 kys '
“flow cost” 13 32
X3

F@ = D lin®|dt o e
70 x>
R k>3(0), k3,(0)

Jxy = ByyPy — Ry net current

025
0.20-.. %
= 3t
og) 015 i:‘t
B
C L L % :q. '
é 010l & "2
Q LT
i s L. ‘"‘ ‘
0.05-* : .*'3 -
it
2=
3
7 min 38



Summary

overlap
coefficient
Clz(T, Tb)

* Mpemba effect is a general phenomenon

* New regime: Strong Mpemba effect (exponentially faster S S
relaxation; topological features)

|
* Intuition: 4 oo
* Metastable states are important, but not necessary” Q
» Geometry of domain and potential matter T

region llI

* Dynamics matter: | | |

X O Xmax
« Exchange information is affected by presence of —_—
Strong Mpemba effect — such as shorter cycles, | 533
enhanced power | g 136
F . Ex
* Fast and optimal can happen for the same L 5 =32
- £ > 230
dynamICS _‘g\_ % %2'8 :
G et . 0.2 0.4 0.6 0.8
¥ i --.5.3:?: "-.:;'«.--,-;cy;-_:-,-.~,..;,.;s;0.-:v-;..,..-_ B L load factor §
*M. R. Walker & MV, J. Stat. Mech., 2021 e —

Zmin | 7 39



Thank you!



