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What are we going to show ? 

2



12

6

9 3

4
5

2
1

10
11

8
7

12

6

9 3

4
5

2
1

10
11

8
7

A quantum system (cat) can cool faster when starting 
from initially hotter rather than colder temperature.
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How do we achieve such anomalous relaxation ? 
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I

II

Who will reach the finishing line faster ? Hard to tell !

Two regular persons start the race from same distance

finish 
line
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I

II

Who will reach the finishing line faster ?

runner II wins

Two regular persons start the race from different distances

finish 
line

runner I wins

normal expectation

Mpemba effect (surprising, how ?)
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II

Replace person I by Usain Bolt 

finish 
line

if U.B. wins Mpemba effect

But now, Mpemba effect is not so surprising because 
initial state of U.B. is specially prepared to win the race

U.B.
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We try to find  initial conditions 
that lead us to Mpemba effect in quantum systems 
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How do we detect (quantum) Mpemba effect    

“crossing of trajectories” indicates Mpemba effect
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Observable: Y

YI(t=0) < YII(t=0)

YI(ss) = YII(ss)

If, at intermediate time:

YI(t) > YII(t) Mpemba effect

copy II has 
higher Y value

copy II has 
lower Y value

YI(t)

YII(t)



QUANTUM  MPEMBA EFFECT (QMPE)

(background & motivations, results)
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Quantum Mpemba effect (QMPE) 

vastly unexplored field

[Ares, Murciano and Calabrese, 
Nature Communications 14, 2036  (2023)]

Entangle asymmetry in 
XXZ spin chain 

Distance from 
equilibrium in dissipative 
Dicke model 

[Carollo, Lasanta and Lesanovsky, 
PRL 127, 060401  (2021)]
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Question: What about “thermal” Quantum Mpemba effect ? 
              (closer to original classical Mpemba effect)

Question: Relation between in “thermal”QMPE 
               and “distance” QMPE ?

 Answer: Part A  [quantum dot connected to reservoirs]

Analysis of temperature missing

13Our motivations 

Question: Possibility of “multiple crossings” between 
               trajectories, i.e. “multiple” QMPE ?

Answer: Part B  [two level driven dissipative system]



Part A: quantum dot connected to reservoirs 
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 [A. K. Chatterjee, S. Takada, and H. Hayakawa,  PRL 131, 080402 (2023)]

[Editors’ Suggestion]



Quantum dot  coupled to  two reservoirs 

Left reservoir Right reservoir

quantum 
dot (QD) 

coupling coupling

Total Hamiltonian:

System 
Hamiltonian

Reservoir 
Hamiltonian

System-reservoirs 
interaction 

vacant, , ,QD states:
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Anderson 
model:
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Quantum Master equation:

where 

: Fermi-Dirac distribution

vacant,: four possible states: , ,

Transition matrix:
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Protocol 

QD QD

initial condition: initial condition:

QD

instantaneous quench

both copies 
evolve with time

reach same steady state

If they cross

If they don’t 
cross

QMPE

no QMPE
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[non-equilibrium] [equilibrium]



Thermal Quantum Mpemba effect 

Temperature:
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thermal QMPE 

crossing time:          :   solution of

thermal QMPE 
is rather 
generic than 
occasional 

20Crossing time: indicator of QMPE 

no QMPE 



QMPE in Kullback-Liebler divergence 

measures “Distance from steady state” 
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Thermal QMPE  vs Distance QMPE 

Distance function 
may not act as an 
alternative 
indicator for 
thermal QMPE 
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Part B: two-level driven dissipative system
           [exceptional points  &  oscillations] 
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 [A. K. Chatterjee, S. Takada, and H. Hayakawa,  arXiv:2311.01347 
                                                   (to be published in Physical Review A)]



A driven dissipative two-level quantum system

[N. Hatano, Molecular Physics 117, 2121 (2019)]
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recast in 
column 
vector form

density matrix:

has non-zero off-diagonal elements

Time evolution:  

Lindbladian:

Density matrix, Lindbladian, time evolution

Two free parameters: and 

and where 
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Protocol 

both copies 
evolve with time

reach same steady state

If they cross  
once

If they don’t 
cross

single 
QMPE

no QMPE

initial condition: initial condition:

instantaneous   quench

If they cross  
multiple times

multiple 
QMPE
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Eigenvalue  distribution in the parameter space

analyze QMPE

consider parameter 
values corresponding to 
exceptional points and 
complex eigenvalues

complex eigenvalues exceptional points
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[N. Hatano, Molecular Physics 117, 2121 (2019)]



Region (d): second order exceptional points

consequence:    complete diagonalization of      not possible 

Jordan normal form: 

2nd order EP: Two eigenvalues of     become equal 
and their eigenvectors coalesce

off-diagonal 
“defect” 

Effect on density matrix time evolution: 

Extra algebraic “t” dependence 
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29QMPE in energy (Double) 



QMPE in KL divergence (Single) 30



QMPE in relaxation speed (Single) 31



Region (a1): oscillations in QMPE: energy 

(effect of complex eigenvalues) 
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multiple QMPE multiple crossing of two copies 



QMPE in KL divergence (Single) 33



QMPE in relaxation speed (Multiple) 34



Summary 35

[Ref: Amit Kumar Chatterjee, Satoshi Takada, and Hisao Hayakawa, PRL 131, 080402 (2023)
           Amit Kumar Chatterjee, Satoshi Takada, and Hisao Hayakawa, arXiv:2311. 01347   
                                                                                                                     (to be published in PRA)]

A quantum system can cool faster when it starts from hotter 
initial temperature rather than colder initial temperature. 
This is the thermal quantum Mpemba effect. 

(demonstrated in a single level quantum dot with reservoirs) 

Thermal QMPE does not necessarily imply distance QMPE 
and vice versa.

We achieve QMPE by controlling initial conditions before quench.   
 

We observe multiple QMPE in energy, relaxation speed at 
exceptional points and complex eigenvalues. But, single QMPE in 
distance.    



Future directions 36

Quantum Mpemba effect bears the imprint of initial conditions. 
This is a kind of quantum memory effect. 
Further studies of its connection to other memory effects.  

Quantum Mpemba effect route to “faster relaxation” in 
quantum systems. Systematic control of QMPE can initiate 
speed up for computation and other processes of interest.     

Establishing thermal QMPE as a generic phenomenon in 
quantum system and finding its general mechanism. Relation 
to thermalization in integrable and non-integrable systems.    

QMPE in many body systems, corresponding mechanisms.    

Physical understanding (i.e. reasons) behind QMPE. 
(initial conditions ? quantum fluctuations ? Entanglement ?....)  
  



THANK  YOU  
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