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Collective advantages in physics
Phase transitions, entanglement, superradiance…

The outcome of a task is improved when performed globally on a collection 
of systems than when realized on each system individually. 
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Collective advantages in physics
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Phase transitions, entanglement, superradiance…

The outcome of a task is improved when performed globally on a collection 
of systems than when realized on each system individually. 
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Collective advantages in thermodynamics

Quantum batteries

Thermal engines

Quantum transport

Collective phenomena Thermodynamics



Thermodynamic geometry 
A framework for optimising finite-time thermodynamic processes

βWdiss ≥
1
τ

L2

λj

γH(0)

H(τ)
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Historical perspective
From (macroscopic) thermodynamics to stochastic thermodynamics:

From stochastic thermodynamics to quantum thermodynamics:

βWdiss ≥
1
τ

L2

… and many more



General definitions

t : 0 → τ

ss

hiCH S

NCH Se

H 53

In241 Sixz

n

e p

Init Sa

I
Hoi tica

s

I

It

I
Hoi tica

s

I

It

I
Hoi tica

s

I

It
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ti tie tie

s I

VI it

DE TEHCHICK at TEHCHICK at

Sw sa

ti tie tie

s I

VI it

DE TEHCHICK at TEHCHICK at

Sw sa

δW δQ



d
dt

̂ρ(t) = i[ ̂ρ(t), Ĥ(t)]+ 𝒟t[ ̂ρ(t)]

̂ρ(t) = ̂ρth(t) +
1
τ

̂ρ(1)(t) + 𝒪(τ−2)

General framework for geometric thermo
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W = ∫
τ

0
dt Tr[ ̂ρ(t)Ĥ′ (t)] W = ΔF + Wdiss

Wdiss =
1
τ ∫

τ

0
dt Tr[ ̂ρ(1)(t)Ĥ′ (t)] + 𝒪(τ−2)

Thermalization
Slow driving

̂ρth(t) =
e−βĤ(t)

Z
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Thermodynamic geometry

Ĥ(t) = ∑
k

λk(t)X̂k

Wdiss = kBT∫
τ

0
dt ·λi(t) ·λj(t) gij



Thermodynamic length
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Thermodynamic length

L[λ] = ∫
τ

0
dt ·λi(t) ·λj(t) gij

βWdiss ≥
1
τ

L2Wdiss = kBT∫
τ

0
dt ·λi(t) ·λj(t) gij

Optimal thermodynamic protocols 
have constant dissipation rate

Principle I



Thermodynamic length

L[λ] = ∫
τ

0
dt ·λi(t) ·λj(t) gij

• Salamon, Berry PRL 51, 1127 (1983) 
• Crooks, PRL 99, 100602 (2007).  
• Scandi, M. P.-L, Quantum 3, 197 (2019).  
• …

βWdiss ≥
L2

τ
≥

𝕃2

τ
Wdiss = kBT∫

τ

0
dt ·λi(t) ·λj(t) gij

Optimal thermodynamic protocols 
have constant dissipation rate

Optimal protocols are geodesics

Principle I

Principle II

··λi + Γi
jk

·λj ·λk = 0

Γi
jk =

1
2

gil (∂kgjl + ∂jgkl − ∂lgjk)



Thermodynamic metric
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d
dt

̂ρ(t) = ℒ[ ̂ρ(t)]
Single relaxation timescale

gij = τeq
∂2 ln Z
∂λi∂λj

d
dt

̂ρ(t) =
1

τeq
( ̂ρth(t) − ̂ρ(t))

̂ρth(t) =
e−βĤ(t)

Z



Thermodynamic metric
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d
dt

̂ρ(t) = ℒ[ ̂ρ(t)]
Multiple timescales

gij =
τi + τj

2
∂2 ln Z
∂λi∂λj

Ĥ(t) = ∑
k

λk(t)X̂k

d
dt

⟨X̂k⟩ρ(t) =
1
τk

(⟨X̂⟩ρth(t) − ⟨X̂⟩ρ(t))



Thermodynamic metric
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d
dt

̂ρ(t) = ℒ[ ̂ρ(t)]
General case

gij = ∑
a,b

UiaUib
τa + τb

2
∂2 ln Z
∂λa∂λb

Ĥ(t) = ∑
k

λk(t)X̂k

ℒ[Ya] =
Ya

τa
Xk = ∑

a

UiaYa

Thermodynamic metric 
(Fisher information)

Timescales



Finite-time Landauer erasure (at strong coupling) 
An application of thermodynamic geometry

See also: 

… and many more



Application: Information erasure in finite time
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Landauer: IBM J. Res. Dev. 5 183 (1961)



Erasure of for a single-level quantum dot
·p(t) = Γ (peq(t) − p(t)) peq =

e−βE1
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Erasure of for a single-level quantum dot
·p(t) = Γ (peq(t) − p(t)) peq =

e−βE1

e−βE0 + e−βE1

Metric: Geodesic:

Wdiss ≥
kBTπ2

4Γτ

E1(t) = 2 log ( 2 cot ( π
4

+ B
t
τ ))g(t) =

1
2 + 2 cosh(E(t) − log 2)

M. Scandi, M. P.-L.,  
Quantum 3, 197 (2019)



Erasure of for a single-level quantum dot
Scandi, Barker, Lehmann, Dick, Maisi, M. P.-L., PRL129, 270601 (2022)



Erasure of for a single-level quantum dot
Scandi, Barker, Lehmann, Dick, Maisi, M. P.-L., PRL129, 270601 (2022)



Finite-time erasure at strong coupling

̂ρB ∝ e−βĤB

|0⟩
ε

ĤS = ε(t) ̂a† ̂a

tunneling interaction|1⟩

ĤB = ∑
k

ωkb̂†
kb̂k

ĤSB = g(t) ̂V = g(t)∑
k

λk ̂a†b̂k + h . c .

ε

g possible protocols for erasure

t = 0 t = τ
We take the continuum limit and wide-band limit: 

𝔍(ω) = 2π∑
k

|λk |2 δ(ω − ωk) 𝔍(ω) =
Λ2

Λ2 + ω2

Rolandi, M. P.-L.,  
Quantum 7, 1161 (2023)



t = τ
ε

g possible protocols for erasure

t = 0 t = τ

m = ∫
∞

−∞

dω
π

(1 + eβ(ε−ω))−1

(μ2 + ω2)3 ( 4ωμ2 μ(μ2 − 3ω2)
μ(μ2 − 3ω2) 2ω(ω2 − μ2))

⃗λ := (ε, μ)T

μ := g2/2

Σ =
1
τ ∫γ

∑
ij

·λimij
·λj + 𝒪 ( 1

τ2Γ2 )

W = ΔF + kBTΣ

Reversible 
contribution

Dissipated work

Metric (smooth, symmetric, positive-definite) 

Valid for arbitrarily strong coupling

Γ :=
2
ℏτ ∫

τ

0
dt μ(t)

Finite-time erasure at strong coupling Rolandi, M. P.-L.,  
Quantum 7, 1161 (2023)



High-temperature limit

mHT =
ℏβ
8μ

Id

βε ≪ 1 βμ ≪ 1and

ε

μ
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ε(τ) = ε*



High-temperature limit

mHT =
ℏβ
8μ

Id

βε ≪ 1 βμ ≪ 1and

ε

μ

t = 0 t = τε(t) = ε* (t/τ −
sin(2πt/τ)

2π )
μ(t) =

ε*

π
sin(πt/τ)2

kBTΣmin =
πℏβε*

2τ

ε(τ) = ε*



6

Comparison with weak coupling results
ε(0) = 0, βε(τ) ≫ 1,
μ(0) = μ(τ) = 0

Σmin =
π2

8μτ

Weak coupling

Σmin =
βℏ
τ

a

Arbitrary coupling

ε

μ

μ*

ε*

turning on

erasing

turning off

Rolandi, M. P.-L.,  
Quantum 7, 1161 (2023)

a ≈ 2.57946
Planckian time



Collective advantages in finite-time thermodynamics 



Collective Landauer erasure

Ĥ(t) = Ĥ0(t) + ̂V(t)

̂V(0) = ̂V(τ) = 0
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Ĥ0(t) =
N

∑
k=1

ĥk(t)
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Local limit

Ĥ(t) = Ĥ0(t) + ̂V(t)

βWlocal
diss = N

π2

4τ
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Fundamental limit

̂V

É

Full control



Fundamental limit

gij = τeq
∂2 ln Z
∂λi∂λ jĤ(t) = ∑

k

λk(t)X̂k

xi :=
e−βεi

Z
ds2 = ∑

i

dx2
i

Geodesics are great circles min
λ

βWdiss ≤
π2

τ



Fundamental limit

gij = τeq
∂2 ln Z
∂λi∂λ jĤ(t) = ∑

k

λk(t)X̂k

xi :=
e−βεi

Z
ds2 = ∑

i

dx2
i

More generally,
min

λ
βWdiss =

4
τ

arccos2 Tr[ ̂ρth(0) ̂ρth(τ)]
Abiuso, Miller, M. P.-L., Scandi, Entropy 22(10), 1076 (2020)



Fundamental limit

Geodesics are great circles

Ĥ(t) = − 2 log[sin( L(τ − t)
τ ) ̂ρth(0) + sin( Lt

τ ) ̂ρth(τ)]
Every order of interaction is needed

min
λ

βWdiss =
4
τ

arccos2 Tr[ ̂ρth(0) ̂ρth(τ)]



Local vs global erasure  
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W = kBTN ln 2 + Wdiss

ε : 0 ⟶ ∞
βWlocal

diss = N
π2

4τ

βWglobal
diss =

π2

τ



Collective bit reset  
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BAEHE

Wglobal
qubit = kBT ln 2 +

kBTπ2

τN
+ 𝒪(τ−2)



More realistic control

Restrict to two-body interaction with few control parameters

̂V
É



More realistic control
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Erasure on a 1D spin chain
FICH EH OF THEY É
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ln Z = − NβJ + N ln [cosh βε + sinh2 βε + e4βJ]
gij ∝ N Wdiss ∝ N



Erasure on a all-to-all model

FICH EH OF THEY É
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FICH EH OF THEY É
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Z =

N

∑
k=0

(N
k )e−βEk Wdiss ∼ N0.85



Erasure on the star model
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min
λ

βWdiss ≤
9π2

4τ



Erasure on the pyramid model (short range)

min
λ

βWdiss ≤
(4ℓ − 1)2π2

4τ
Has

Mtoo Bus

t.LI IdB
e e e e

e e e e e

ℓ ∝ N1/D

Wdiss ∝ N2/D

Same as star model, but in L layersℓ



Erasure on the pyramid model (short range)
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Outlook

Beyond linear-response (slow driving) Wqubit = kBT ln 2 +
kBTπ2

τN
+ 𝒪(τ−2)

Beyond trivial models of thermalizationFICH EHE IIEHE Tito's
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d
dt

̂ρ(t) =
1

τeq
( ̂ρeq(t) − ̂ρ(t)]

d
dt

̂ρ(t) = ℒ[ ̂ρ(t)]

Implementations H = eAa†a + eBb†b + J(a†b + b†a) + Ua†ab†b

Beyond weak coupling



Conclusion

Finite-time Landauer erasure at strong coupling

Quantum thermodynamic geometry for many-body driven systems

kBTΣmin =
kBTπ2

4Γτ

Weak coupling

kBTΣmin =
ℏa
τ

Arbitrary coupling



Conclusion
Quantum thermodynamic geometry for many-body driven systems

Collective thermodynamic advantage
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W = ΔF + Wdiss



Conclusion
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Sub-linear scaling of dissipation with two-body  interactions

W = ΔF + Wdiss

Quantum thermodynamic geometry for many-body driven systems

Collective thermodynamic advantage



Summary
Thermodynamic geometry in open quantum systems

Minimal dissipation in a driven quantum dot

Finite-time Landauer erasure beyond weak coupling

Collective effects in finite-time thermodynamics

Thermodynamic length in open quantum systems 
M. Scandi, M Perarnau-Llobet, Quantum 3, 197 (2019).

Geometric optimisation of quantum thermodynamic processes 
 P. Abiuso, H. Miller, M. P-L, M. Scandi, Entropy 22 (10), 1076 (2020).

Minimally dissipative information erasure in a quantum dot via thermodynamic length 
Scandi, Barker, Lehmann, Dick, Maisi, M. P.-L., Physical Review Letters 129, 270601 (2022).

Finite-time Landauer principle beyond weak coupling 
 A Rolandi, M. P.-L., Quantum 7, 1161 (2023).

Collective advantages in finite-time thermodynamics  
A Rolandi, P Abiuso, M. P.-L., Physical Review Letters 131 (21), 210401 (2023).


