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• Long-range Interaction：  

 e.g.  : Gravitational field, Plasma field 
   : Magnetic dipole interaction 
   : Lennard-Jones potential

V(r) ∼ r−α

α = 1
α = 3
α = 6
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Long-range Interactions (LRI) are Ubiquitous in Nature



Long-range Interactions (LRI) are Ubiquitous in Nature 3

• Recent experimental advances (Rydberg atom, Cold atomic gases, Ion trap etc)  
→Long-range interacting spin systems with tunable power-law exponents α

Richerme et al., Nature (2014)

✓Cold atomic gases
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Observation of dipolar spin-exchange interactions
with lattice-confined polar molecules
Bo Yan1,2, Steven A. Moses1,2, Bryce Gadway1,2, Jacob P. Covey1,2, Kaden R. A. Hazzard1,2, Ana Maria Rey1,2, Deborah S. Jin1,2

& Jun Ye1,2

With the production of polar molecules in the quantum regime1,2,
long-range dipolar interactions are expected to facilitate under-
standing of strongly interacting many-body quantum systems and
to realize lattice spin models3 for exploring quantum magnetism. In
ordinary atomic systems, where contact interactions require wave-
function overlap, effective spin interactions on a lattice can be
mediated by tunnelling, through a process referred to as super-
exchange; however, the coupling is relatively weak and is limited
to nearest-neighbour interactions4,5. In contrast, dipolar interac-
tions exist even in the absence of tunnelling and extend beyond
nearest neighbours. This allows coherent spin dynamics to persist
even for gases with relatively high entropy and low lattice filling.
Measured effects of dipolar interactions in ultracold molecular
gases have been limited to the modification of inelastic collisions
and chemical reactions6,7. Here we use dipolar interactions of polar
molecules pinned in a three-dimensional optical lattice to realize a
lattice spin model. Spin is encoded in rotational states of molecules
that are prepared and probed by microwaves. Resonant exchange of
rotational angular momentum between two molecules realizes a
spin-exchange interaction. The dipolar interactions are apparent
in the evolution of the spin coherence, which shows oscillations in
addition to an overall decay of the coherence. The frequency of these
oscillations, the strong dependence of the spin coherence time on
the lattice filling factor and the effect of a multipulse sequence
designed to reverse dynamics due to two-body exchange interac-
tions all provide evidence of dipolar interactions. Furthermore,
we demonstrate the suppression of loss in weak lattices due to a
continuous quantum Zeno mechanism8. Measurements of these
tunnelling-induced losses allow us to determine the lattice filling
factor independently. Our work constitutes an initial exploration of
the behaviour of many-body spin models with direct, long-range
spin interactions and lays the groundwork for future studies of
many-body dynamics in spin lattices.

Long-range and spatially anisotropic dipole–dipole interactions
permit new approaches for the preparation and exploration of strongly
correlated quantum matter that exhibits intriguing phenomena such as
quantum magnetism, exotic superfluidity and topological phases9–13.
Ultracold gases of polar molecules provide highly controllable, long-
lived and strongly interacting dipolar systems and have recently attracted
intense scientific interest. Samples of fermionic 40K87Rb polar mole-
cules, with an electric dipole moment of 0.57 D (ref. 1; 1 D 5 3.336 3
10230 C m), have been prepared near the Fermi temperature, and all
degrees of freedom (electronic, vibrational, rotational, hyperfine and
external motion) can be controlled at the level of single quantum
states7,14,15.

The surprising discovery of bimolecular chemical reactions of KRb at
ultralow temperatures2,6,7 seemed to be a major challenge in creating novel
quantum matter. However, the molecules’ motion, and, consequently,
their reactions, can be fully suppressed in a three-dimensional (3D) optical
lattice, where relatively long lifetimes (.25 s) have been observed15. The
long-range dipolar interaction can then play the dominant part in the

dynamics of the molecular internal degrees of freedom, for example by
exchanging two neighbouring molecules’ rotational states. With spin
encoded in the rotational states of the molecule, these dipolar interac-
tions give rise to spin-exchange interactions, analogous to those that
are important in quantum magnetism and high-temperature super-
conductivity16. In a 3D lattice, where each molecule is surrounded by
many neighbouring sites, this system represents an intriguing many-
body quantum spin system in which excitations can have strong cor-
relations even at substantially less than unit lattice filling17.

Several features distinguish the interactions in a molecular spin
model from those observed in ultracold atomic systems. For the super-
exchange interaction of atoms in optical lattices4,5, the short-range
nature of the interparticle interactions necessitates a second-order
perturbative process to occur in the tunnelling of atoms between lattice
sites. Hence, the energy scale of the superexchange interaction decreases
exponentially with lattice depth. This spin–motion coupling limits
superexchange to nearest-neighbour interactions and requires extre-
mely low temperature and entropy.

In contrast, long-range dipolar interactions decay with separation, r,
as 1/r3, and interactions beyond nearest neighbours are significant. This
long-range interaction allows exploration of coherent spin dynamics in
very deep lattices where the molecules’ translational motion is frozen
and where the absence of tunnelling would preclude the superexchange
interactions of atoms. We note that the dipolar interaction is also diffe-
rent from that of electrons, for which an effective spin interaction arises
due to the spin-independent Coulomb interaction and the exchange
symmetry of the fermionic electrons. In contrast, the dipolar inter-
action is a direct spin–spin interaction that does not require any wave-
function overlap. In addition to polar molecules, ultracold systems such
as magnetic atoms10,18–20 and trapped ions21,22 are candidates for reali-
zing coherent, controllable spin models with power-law interactions;
however, spin-exchange interactions have yet to be created and observed
in these systems. In Rydberg atoms, Förster resonances involving multiple
Rydberg states have been observed, albeit with short coherence times23.

The molecular rotational states jN, mNæ, where N is the principal
quantum number and mN is the projection onto the quantization axis,
are the focus of our current investigation of a dipolar spin system. In
general, an external d.c. electric field induces a dipole moment in the
laboratory frame by mixing opposite-parity rotational states. However,
even in the absence of a d.c. electric field, dipolar interactions can be
established using a microwave field to create a coherent superposition
between two rotational states24, labelled j"æ and j#æ. In addition, a
microwave field can probe the coherent spin dynamics due to dipolar
interactions.

In the absence of an applied electric field, two-level polar molecules
trapped in a strong 3D lattice (Fig. 1a) can be described using a spin-1/2
lattice model with the interaction Hamiltonian12,17,24
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where S+i (along with Sz
i ) are the usual spin-1/2 angular momentum

operators on site i. The dipolar interaction energy includes a geomet-
rical factor, Vdd(ri 2 rj) 5 (1 2 3cos2(Hij))/jri 2 rjj3, where the vector
ri is the position of the ith molecule in units of the lattice constant a and
Hij is the angle between the quantization axis, defined by the B field,
and the vector connecting molecules i and j. More generally, polar
molecules realize the full spin-1/2 model with the capability of con-
trolling all relevant interaction parameters. In this work, we isolate the
spin-exchange interaction, which has been difficult to realize in other
systems, by setting the Ising term, which is proportional to Sz

i Sz
j , to zero

by working at zero electric field. The Hamiltonian reduces to the lim-
iting case known as the spin-1/2 quantum XY model, in which the

spin-exchange interaction is characterized by J\~{d2
;:

.
4pe0a3,

where e0 is the permittivity of free space and d#"5 Æ#jdj"æ is the dipole
matrix element between j#æ and j"æ. Physically, this term is responsible
for exchanging the spins of two trapped molecules (Fig. 1a).

In our experiment, we create up to 2 3 104 ground-state KRb mole-
cules in the lowest motional band of a 3D lattice formed by three
mutually orthogonal standing waves with wavelengths of l 5 1,064 nm.
The lattice constant is a 5 l/2 and the lattice depth is 40Er in each

direction, where Er 5 B2k2/2m is the recoil energy,B is Planck’s constant
divided by 2p, k 5 2p/l and m is the mass of KRb. We use microwaves
at ,2.2 GHz to couple the j0, 0æ and j1, 21æ states, which form the j#æ
and j"æ two-level system. The degeneracy of the N 5 1 rotational states
is broken by the interaction between the nuclear quadrupole moments
and the rotation of the molecules, and in a 54.59 mT magnetic field the
j1, 0æ and j1, 1æ states are higher in frequency than the j1, 21æ state by
270 and 70 kHz, respectively14 (Fig. 1b). All rotational states used in
this work involve the nuclear spin quantum numbers mRb

I ~1=2 and
mK

I ~{4, following the notation of ref. 14. The quantization axis is set
by the magnetic field, which is oriented at 45uwith respect to the X̂ and
Ŷ lattice directions (Fig. 1c). The polarizations of the lattice beams are
chosen such that the tensor a.c. polarizabilities of the j0, 0æ and j1, 21æ
states are very similar25, so that we create a spin-state-independent
lattice trap (Methods). We address the entire sample with a microwave
field and achieve a p-pulse fidelity of .99%.

The energy scale for our spin-1/2 quantum XY system is characterized
by (JH/2)Vdd(ri 2 rj). For our rotational states, d;:

!! !!~0:98|0:57=
ffiffiffi
3
p

D
and jJH/2hj5 52 Hz. Here the additional factor of 0.98 in the trans-
ition dipole matrix element comes from an estimated 2% admixture of
another hyperfine state14. Each molecule in the lattice will experience
an interaction energy with contributions from all other molecules,
where each contribution depends on molecular separation and angle
H. Figure 1c shows the geometrical factors for nearby sites relative to a
central molecule (green) for our experimental conditions.

We employ coherent microwave spectroscopy to initiate and probe
spin dynamics. Figure 2a shows a basic spin-echo pulse sequence and its
Bloch sphere representation. Starting with the molecules prepared in
j#æ, the first (p/2)y-pulse creates a superposition state (j;izj:i)=

ffiffiffi
2
p

.
Any residual differential a.c. Stark shift, which gives rise to single-
particle dephasing, can be removed using a spin-echo pulse. After a
free-evolution time of T/2, we apply a (p)y echo pulse, which flips the
spins and reverses the direction of single-particle precession. The spins
rephase after another free-evolution time of T/2, at which time we
probe the coherence by applying ap/2-pulse with a phase offset relative
to the initial pulse. We measure the number of molecules left in j#æ as a
function of this offset phase, which yields a Ramsey fringe (Fig. 2b).

With the single-particle dephasing effectively removed, the contrast
of the Ramsey fringe as a function of T yields information on spin
interactions in the system26. We note that the spin-echo pulse has no
impact on the dipolar spin-exchange interactions described by equa-
tion (1). The most striking feature evident in the measured contrast
curves (Fig. 2c, d) is the oscillations on top of an overall decay. We
attribute both the contrast decay and the oscillations to dipolar inter-
actions. Imperfect lattice filling and many-body interactions each give
a spread of interaction energies, which results in dephasing and a
decaying contrast in the Ramsey measurement. Figure 1c illustrates
the different interaction energies coming from Vdd, which can be posi-
tive or negative. For low lattice fillings, the interaction energy spectrum
can have a strong contribution from the highest-magnitude nearest-
neighbour interaction. Oscillations in the contrast can then result from
the beating of this particular frequency with the contribution from
molecules that experience negligible interaction shifts. In principle,
there should be several different oscillation frequencies owing to the
differing geometrical factors in the lattice. Although a dominant oscil-
lation frequency is observed, we note that our data does not rule out
additional frequencies.

Because interaction effects depend on the density, we investigate
spin coherence for different lattice filling factors. To reduce the density
of molecules without changing the distribution, we hold the molecules
in the lattice for a few seconds while inducing single-particle losses
with an additional strong optical beam that enhances the rate of off-
resonance light scattering15. We fit the measured time dependence of
the Ramsey contrast to an empirical function, Ae–T/t 1 Bcos2(pfT), to
extract a coherence time, t, and an oscillation frequency, f. As shown in
Fig. 2d, f is essentially unchanged over our accessible range of densities,
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Figure 1 | Dipolar interactions of polar molecules in a 3D lattice. a, Polar
molecules are loaded into a deep 3D optical lattice. Microwaves are used to
address the transition between two rotational states (red and blue represent
different rotational states). JH characterizes the spin-exchange interaction
energy. b, Schematic energy diagram (not to scale) for the ground and first
excited rotational states. The degeneracy of the excited rotational states is
broken as a result of a weak coupling of the nuclear and rotational degrees of
freedom. We use | 0, 0æ and | 1, 21æ as our two spin states. c, The interaction
energy between any two molecules depends on their relative position in the
lattice. The numbers shown give the geometrical factor 2Vdd(ri 2 rj) for the
dipolar interaction of each site relative to the central site (green), under the
specific quantization axis (B field). Negative values (blue) correspond to
attractive interactions, and positive values (red) correspond to repulsive
interactions.
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Yan et al., Nature (2013)

that due to the interference of the two laser beams, V0 is
four times larger than Vtrap if the laser power and beam
parameters of the two interfering lasers are equal.

Periodic potentials in two dimensions can be formed
by overlapping two optical standing waves along differ-
ent, usually orthogonal, directions. For orthogonal po-
larization vectors of the two laser fields, no interference
terms appear. The resulting optical potential in the cen-
ter of the trap is then a simple sum of a purely sinusoidal
potential in both directions.

In such a two-dimensional optical lattice potential, at-
oms are confined to arrays of tightly confining one-
dimensional tubes !see Fig. 4"a#$. For typical experimen-
tal parameters, the harmonic trapping frequencies along
the tube are very weak "on the order of 10–200 Hz#,
while in the radial direction the trapping frequencies can
become as high as up to 100 kHz. For sufficiently deep
lattice depths, atoms can move only axially along the
tube. In this manner, it is possible to realize quantum
wires with neutral atoms, which allows one to study
strongly correlated gases in one dimension, as discussed
in Sec. V. Arrays of such quantum wires have been real-
ized "Greiner et al., 2001; Moritz et al., 2003; Kinoshita et
al., 2004; Paredes et al., 2004; Tolra et al., 2004#.

For the creation of a three-dimensional lattice poten-
tial, three orthogonal optical standing waves have to be
overlapped. The simplest case of independent standing
waves, with no cross interference between laser beams
of different standing waves, can be realized by choosing
orthogonal polarization vectors and by using slightly dif-
ferent wavelengths for the three standing waves. The

resulting optical potential is then given by the sum of
three standing waves. In the center of the trap, for dis-
tances much smaller than the beam waist, the trapping
potential can be approximated as the sum of a homoge-
neous periodic lattice potential

Vp"x,y,z# = V0"sin2 kx + sin2 ky + sin2 kz# "36#

and an additional external harmonic confinement due to
the Gaussian laser beam profiles. In addition to this, a
confinement due to the magnetic trapping is often used.

For deep optical lattice potentials, the confinement on
a single lattice site is approximately harmonic. Atoms
are then tightly confined at a single lattice site, with trap-
ping frequencies !0 of up to 100 kHz. The energy "!0
=2Er"V0 /Er#1/2 of local oscillations in the well is on the
order of several recoil energies Er="2k2 /2m, which is a
natural measure of energy scales in optical lattice poten-
tials. Typical values of Er are in the range of several
kilohertz for 87Rb.

Spin-dependent optical lattice potentials. For large de-
tunings of the laser light forming the optical lattices
compared to the fine-structure splitting of a typical
alkali-metal atom, the resulting optical lattice potentials
are almost the same for all magnetic sublevels in the
ground-state manifold of the atom. However, for more
near-resonant light fields, situations can be created in
which different magnetic sublevels can be exposed to
vastly different optical potentials "Jessen and Deutsch,
1996#. Such spin-dependent lattice potentials can, e.g.,
be created in a standing wave configuration formed by
two counterpropagating laser beams with linear polar-
ization vectors enclosing an angle # "Jessen and Deutsch,
1996; Brennen et al., 1999; Jaksch et al., 1999; Mandel et
al., 2003a#. The resulting standing wave light field can be
decomposed into a superposition of a $+- and a
$−-polarized standing wave laser field, giving rise to lat-
tice potentials V+"x ,##=V0 cos2"kx+# /2# and V−"x ,##
=V0 cos2"kx−# /2#. By changing the polarization angle #,
one can control the relative separation between the two
potentials %x= "# /&#'x /2. When # is increased, both po-
tentials shift in opposite directions and overlap again
when #=n&, with n an integer. Such a configuration has
been used to coherently move atoms across lattices and
realize quantum gates between them "Jaksch et al., 1999;
Mandel et al., 2003a, 2003b#. Spin-dependent lattice po-
tentials furthermore offer a convenient way to tune in-
teractions between two atoms in different spin states. By
shifting the spin-dependent lattices relative to each
other, the overlap of the on-site spatial wave function
can be tuned between zero and its maximum value, thus
controlling the interspecies interaction strength within a
restricted range. Recently, Sebby-Strabley et al. "2006#
have also demonstrated a novel spin-dependent lattice
geometry, in which 2D arrays of double-well potentials
could be realized. Such “superlattice” structures allow
for versatile intrawell and interwell manipulation possi-
bilities "Fölling et al., 2007; Lee et al., 2007; Sebby-
Strabley et al., 2007#. A variety of lattice structures can
be obtained by interfering laser beams under different

(a)

(b)

FIG. 4. "Color online# Optical lattices. "a# Two- and "b# three-
dimensional optical lattice potentials formed by superimposing
two or three orthogonal standing waves. For a two-
dimensional optical lattice, the atoms are confined to an array
of tightly confining one-dimensional potential tubes, whereas
in the three-dimensional case the optical lattice can be ap-
proximated by a three-dimensional simple cubic array of
tightly confining harmonic-oscillator potentials at each lattice
site.
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Non-local propagation of correlations in quantum
systems with long-range interactions
Philip Richerme1, Zhe-Xuan Gong1, Aaron Lee1, Crystal Senko1, Jacob Smith1, Michael Foss-Feig1, Spyridon Michalakis2,
Alexey V. Gorshkov1 & Christopher Monroe1

The maximum speed with which information can propagate in a quan-
tum many-body system directly affects how quickly disparate parts of
the system can become correlated1–4 and how difficult the system will be
to describe numerically5. For systems with only short-range interactions,
Lieb and Robinson derived a constant-velocity bound that limits corre-
lations to within a linear effective ‘light cone’6. However, little is known
about the propagation speed in systems with long-range interactions,
because analytic solutions rarely exist and because the best long-range
bound7 is too loose to accurately describe the relevant dynamical time-
scales for any known spin model. Here we apply a variable-range Ising
spin chain Hamiltonian and a variable-range XY spin chain Hamiltonian
to a far-from-equilibrium quantum many-body system and observe its
time evolution. For several different interaction ranges, we determine
the spatial and time-dependent correlations, extract the shape of the light
cone and measure the velocity with which correlations propagate through
the system. This work opens the possibility for studying a wide range of
many-body dynamics in quantum systems that are otherwise intractable.

Lieb–Robinson bounds6 have strongly influenced our understanding of
locally interacting, quantum many-body systems. They restrict the many-
body dynamics to a well-defined causal region outside of which correlations
are exponentially suppressed8, analogous to causal light cones that arise in
relativistic theories. These bounds have enabled a number of important
proofs in condensed-matter physics5,7,9–11, and also constrain the timescales
on which quantum systems might thermalize12–14 and the maximum speed
that information can be sent through a quantum channel15. Recent experi-
mental work has observed linear (that is, Lieb–Robinson-like) correlation
growth over six sites in a one-dimensional quantum gas16.

When interactions in a quantum system are long range, the speed with
which correlations build up between distant particles is no longer guaranteed
to obey the Lieb–Robinson prediction. Indeed, for sufficiently long-range
interactions, the notion of locality is expected to break down completely17.
Inapplicability of the Lieb–Robinson bound means that comparatively
little can be predicted about the growth and propagation of correlations
in long-range-interacting systems, although there have been several
recent theoretical and numerical advances2,3,7,17–20.

Here we report direct measurements of the shape of the causal region
and the speed at which correlations propagate in an Ising spin chain and
a newly implemented XY spin chain. The experiment is effectively deco-
herence free and serves as an initial probe of the many-body dynamics of
isolated quantum systems. Within this broad experimental framework,
studies of entanglement growth21, thermalization12,14 or other dynamical
processes—with or without controlled decoherence—can be realized. Scal-
ing such quantum simulations to larger system sizes is straightforward
(Methods), unlike ground-state or equilibrium studies that typically must
consider diabatic effects22,23.

To induce the spread of correlations, we perform a global quench by
suddenly switching on the spin–spin couplings across the entire chain and
allowing the system to evolve coherently. The dynamics following a global
quench can be highly non-intuitive; one picture is that entangled quasi-
particles created at each site propagate outwards, correlating distant parts

of the system through multiple interference pathways13. This process differs
substantially from local quenches21, where a single site emits quasiparticles
that may travel ballistically3,13, resulting in a different causal region and prop-
agation speed than in a global quench (even for the same spin model).

The effective spin-1/2 system is encoded into the 2S1/2jF 5 0, mF 5 0æ
and jF 5 1, mF 5 0æ hyperfine ‘clock’ states of trapped 171Yb1 ions, denoted
j#æz and j"æz, respectively24. We initialize a chain of 11 ions by optically pump-
ing to the product state j###…æz (Fig. 1). At time t 5 0, we quench the
system by applying phonon-mediated, laser-induced forces25–27 to yield an
Ising or XY model Hamiltonian (Methods)
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X

ivj

Ji,js
x
i sx

j ð1"

HXY~
1
2

X

ivj

Ji,j sx
i sx

j zsz
i sz

j

! "
ð2"

where sc
i (c 5 x, y, z) is the Pauli matrix acting on the ith spin, Ji,j (in cyclic

frequency) is the coupling strength between spins i and j, and we use units
in which Planck’s constant equals 1. For both model Hamiltonians, the

1Joint Quantum Institute, University of Maryland Department of Physics and National Institute of Standards and Technology, College Park, Maryland 20742, USA. 2Institute for Quantum Information and
Matter, California Institute of Technology, Pasadena, California 91125, USA.
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Figure 1 | Sketch of experimental protocol. Step (1): the experiment is
initialized by optically pumping all 11 spins to the state |#æz. Step (2): after
initialization, the system is quenched by applying laser-induced forces on the
ions, yielding an effective Ising or XY spin chain (see text for details). Step (3):
after allowing dynamical evolution of the system, the projection of each spin
along the ẑ direction is imaged onto a charge-coupled device (CCD) camera.
Such measurements allow us to construct any possible correlation function Ci,j

along ẑ.
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The maximum speed with which information can propagate in a quan-
tum many-body system directly affects how quickly disparate parts of
the system can become correlated1–4 and how difficult the system will be
to describe numerically5. For systems with only short-range interactions,
Lieb and Robinson derived a constant-velocity bound that limits corre-
lations to within a linear effective ‘light cone’6. However, little is known
about the propagation speed in systems with long-range interactions,
because analytic solutions rarely exist and because the best long-range
bound7 is too loose to accurately describe the relevant dynamical time-
scales for any known spin model. Here we apply a variable-range Ising
spin chain Hamiltonian and a variable-range XY spin chain Hamiltonian
to a far-from-equilibrium quantum many-body system and observe its
time evolution. For several different interaction ranges, we determine
the spatial and time-dependent correlations, extract the shape of the light
cone and measure the velocity with which correlations propagate through
the system. This work opens the possibility for studying a wide range of
many-body dynamics in quantum systems that are otherwise intractable.

Lieb–Robinson bounds6 have strongly influenced our understanding of
locally interacting, quantum many-body systems. They restrict the many-
body dynamics to a well-defined causal region outside of which correlations
are exponentially suppressed8, analogous to causal light cones that arise in
relativistic theories. These bounds have enabled a number of important
proofs in condensed-matter physics5,7,9–11, and also constrain the timescales
on which quantum systems might thermalize12–14 and the maximum speed
that information can be sent through a quantum channel15. Recent experi-
mental work has observed linear (that is, Lieb–Robinson-like) correlation
growth over six sites in a one-dimensional quantum gas16.

When interactions in a quantum system are long range, the speed with
which correlations build up between distant particles is no longer guaranteed
to obey the Lieb–Robinson prediction. Indeed, for sufficiently long-range
interactions, the notion of locality is expected to break down completely17.
Inapplicability of the Lieb–Robinson bound means that comparatively
little can be predicted about the growth and propagation of correlations
in long-range-interacting systems, although there have been several
recent theoretical and numerical advances2,3,7,17–20.

Here we report direct measurements of the shape of the causal region
and the speed at which correlations propagate in an Ising spin chain and
a newly implemented XY spin chain. The experiment is effectively deco-
herence free and serves as an initial probe of the many-body dynamics of
isolated quantum systems. Within this broad experimental framework,
studies of entanglement growth21, thermalization12,14 or other dynamical
processes—with or without controlled decoherence—can be realized. Scal-
ing such quantum simulations to larger system sizes is straightforward
(Methods), unlike ground-state or equilibrium studies that typically must
consider diabatic effects22,23.

To induce the spread of correlations, we perform a global quench by
suddenly switching on the spin–spin couplings across the entire chain and
allowing the system to evolve coherently. The dynamics following a global
quench can be highly non-intuitive; one picture is that entangled quasi-
particles created at each site propagate outwards, correlating distant parts

of the system through multiple interference pathways13. This process differs
substantially from local quenches21, where a single site emits quasiparticles
that may travel ballistically3,13, resulting in a different causal region and prop-
agation speed than in a global quench (even for the same spin model).

The effective spin-1/2 system is encoded into the 2S1/2jF 5 0, mF 5 0æ
and jF 5 1, mF 5 0æ hyperfine ‘clock’ states of trapped 171Yb1 ions, denoted
j#æz and j"æz, respectively24. We initialize a chain of 11 ions by optically pump-
ing to the product state j###…æz (Fig. 1). At time t 5 0, we quench the
system by applying phonon-mediated, laser-induced forces25–27 to yield an
Ising or XY model Hamiltonian (Methods)

HIsing~
X

ivj

Ji,js
x
i sx

j ð1"

HXY~
1
2

X

ivj

Ji,j sx
i sx

j zsz
i sz

j

! "
ð2"

where sc
i (c 5 x, y, z) is the Pauli matrix acting on the ith spin, Ji,j (in cyclic

frequency) is the coupling strength between spins i and j, and we use units
in which Planck’s constant equals 1. For both model Hamiltonians, the

1Joint Quantum Institute, University of Maryland Department of Physics and National Institute of Standards and Technology, College Park, Maryland 20742, USA. 2Institute for Quantum Information and
Matter, California Institute of Technology, Pasadena, California 91125, USA.

1 2

3

Ci, j

Figure 1 | Sketch of experimental protocol. Step (1): the experiment is
initialized by optically pumping all 11 spins to the state |#æz. Step (2): after
initialization, the system is quenched by applying laser-induced forces on the
ions, yielding an effective Ising or XY spin chain (see text for details). Step (3):
after allowing dynamical evolution of the system, the projection of each spin
along the ẑ direction is imaged onto a charge-coupled device (CCD) camera.
Such measurements allow us to construct any possible correlation function Ci,j

along ẑ.
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The strong, coherent interactions between Rydberg atoms provide 
an effective coherent constraint that prevents simultaneous excitation 
of nearby atoms into Rydberg states. This is the essence of the so-called 
Rydberg blockade15, demonstrated in Fig. 1d. When two atoms are 
sufficiently close that that their Rydberg–Rydberg interactions Vij 
exceed the effective Rabi frequency Ω, multiple Rydberg excitations are 
suppressed. This defines the Rydberg blockade radius Rb, at which 
Vij = Ω (Rb = 9 µm for |r〉 = |70S1/2〉 and Ω = 2π × 2 MHz, as used here). 
In the case of resonant driving of atoms separated by a = 23 µm, we 
observe Rabi oscillations associated with non-interacting atoms (blue 
curve in Fig. 1d). However, the dynamics changes substantially as we 
bring multiple atoms close to each other (a = 2.87 µm < Rb). In this case, 
we observe Rabi oscillations between the ground state and a collective 

state with exactly one excitation ( = / ∑ | … … 〉W N g r g(1 ) i i N1 ) with 
the characteristic N  scaling of the collective Rabi frequency24,28,29. 
These observations enable us to quantify the coherence properties of 
our system (see Methods and Extended Data Fig. 3). In particular, the 
amplitude of Rabi oscillations in Fig. 1d is limited mostly by the state 
detection fidelity (93% for |r〉 and about 98% for |g〉; Methods). The 
individual Rabi frequencies are controlled to better than 3% across the 
array, whereas the coherence time is limited ultimately by the small 
probability of spontaneous emission from the intermediate state |e〉 
during the laser pulse (scattering rate 0.022 µs−1; Methods).

Programmable quantum simulator
In the case of homogeneous coherent coupling considered here, the 
Hamiltonian in equation (1) resembles closely the paradigmatic Ising 
model for effective spin-1/2 particles with variable interaction range. 
Its ground state exhibits a rich variety of many-body phases that break 
distinct spatial symmetries (Fig. 2a). Specifically, at large negative  
values of ∆/Ω, its ground state corresponds to all atoms in the state |g〉, 
corresponding to the paramagnetic or disordered phase. As ∆/Ω is 
increased towards large positive values, the number of atoms in |r〉 
increases and interactions between them become important. This gives 
rise to spatially ordered phases in which Rydberg atoms are arranged 
regularly across the array, resulting in ‘Rydberg crystals’ with different 
spatial symmetries30,31, as illustrated in Fig. 2a. The origin of these 
correlated states can be understood intuitively by first considering the 
situation in which ∆ Ω+ +≫ ≫ ≫V Vi i i i, 1 , 2, that is, with blockade for 
neighbouring atoms but negligible interaction between next-nearest 
neighbours. In this case, the ground state corresponds to a Rydberg 
crystal that breaks Z2 translational symmetry in a manner analogous 
to antiferromagnetic order in magnetic systems. Moreover, by  
tuning the parameters so that ∆ Ω+ + +≫ ≫ ≫V V V,i i i i i i, 1 , 2 , 3 and 

∆ Ω+ + + +≫ ≫ ≫V V V V, ,i i i i i i i i, 1 , 2 , 3 , 4  , we obtain arrays with broken Z3 
and Z4 symmetries, respectively (Fig. 2).

To prepare the system in these phases, we control the detuning ∆(t) 
of the driving lasers dynamically to transform the ground state of the 
Hamiltonian adiabatically from a product state of all atoms in |g〉 to 
crystalline states22,31. In contrast to previous work where Rydberg 
crystals are prepared via a sequence of avoided crossings22,31,32, the 
operation at a finite Ω and well-defined atom separation enables us to 
move across a single phase transition into the desired phase directly33.

In the experiment, we first prepare all atoms in state |g〉 = |5S1/2, F = 2, 
mF = −2〉 by optical pumping. We then switch on the laser fields and 
sweep the two-photon detuning from negative to positive values using 
the functional form shown in Fig. 3a. Figure 2b displays the resulting 
single-atom trajectories in a group of 13 atoms for three different inter-
action strengths as we vary the detuning ∆. In each of these instances, 
we observe a clear transition from the initial state |g1, …, g13〉 to an 
ordered state of different broken symmetry. The distance between the 
atoms determines the interaction strength, which leads to different 
crystalline order for a given final detuning. To achieve Z2 order,  
we arrange the atoms with a spacing of 5.74 µm, which results  
in a measured nearest-neighbour interaction strength (see Extended 
Data Fig. 4) of Ω= π× = π×+ ≫V 2 24 MHz 2 2 MHzi i, 1 , while the 
next-nearest-neighbour interaction is small (2π × 0.38 MHz). This 
results in a build-up of antiferromagnetic order whereby every other 
trap site is occupied by a Rydberg atom (Z2 order). By reducing the 
spacing between the atoms to 3.57 µm and 2.87 µm, Z3 and Z4 order is 
observed, respectively (Fig. 2b).

We benchmark the performance of the quantum simulator by com-
paring the measured build-up of Z2 order with theoretical predictions 
for a N = 7 atom system, obtained via exact numerical simulations. As 
shown in Fig. 3, this fully coherent simulation without free parameters 
yields excellent agreement with the observed data when the finite detec-
tion fidelity is accounted for. The evolution of the many-body states in 
Fig. 3c shows that we measure the perfect antiferromagnetic state with 
54(4)% probability (here and elsewhere, unless otherwise specified, the 
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Figure 1 | Experimental platform. a, Individual 87Rb atoms (green) are 
trapped using optical tweezers (vertical red beams) and arranged into 
defect-free arrays. Coherent interactions Vij between the atoms (arrows) 
are enabled by exciting them (horizontal blue and red beams) to a  
Rydberg state with strength Ω and detuning ∆ (inset). b, A two-photon 
process couples the ground state |g〉 = |5S1/2, F = 2, mF = −2〉 to the 
Rydberg state |r〉 = |70S1/2, J = 1/2, mJ = −1/2〉 via an intermediate  
state |e〉 = |6P3/2, F = 3, mF = −3〉 with detuning δ, using circularly 
polarized 420-nm and 1,013-nm lasers with single-photon Rabi 
frequencies of ΩB and ΩR, respectively. Typical experimental values are 
δ Ω Ω≈ π× ≈ π×≫2 560 MHz ( , ) 2 (60, 36) MHzB R . c, The experimental 
protocol consists of loading the atoms into a tweezer array (1) and then 
rearranging them into a preprogrammed configuration (2). After this, the 
system evolves under U(t) with tunable parameters ∆(t), Ω(t) and Vij. This 
evolution can be implemented in parallel on several non-interacting  
sub-systems (3). We then detect the final state using fluorescence  
imaging (4). Atoms in state |g〉 remain trapped, whereas atoms in state |r〉 
are ejected from the trap and detected as the absence of fluorescence 
(indicated with red circles). d, For resonant driving (∆ = 0), isolated atoms 
(blue circles) display Rabi oscillations between |g〉 and |r〉. Arranging the 
atoms into fully blockaded clusters of N = 2 (green circles) and N = 3  
(red circles) atoms results in only one excitation being shared between the 
atoms in the cluster, while the Rabi frequency is enhanced by N . The 
probability of detecting more than one excitation in the cluster is ≤5%. 
Error bars indicate 68% confidence intervals and are smaller than the 
marker size.
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Probing many-body dynamics on a  
51-atom quantum simulator
Hannes Bernien1, Sylvain Schwartz1,2, Alexander Keesling1, Harry Levine1, Ahmed Omran1, Hannes Pichler1,3, Soonwon Choi1, 
Alexander S. Zibrov1, Manuel Endres4, Markus Greiner1, Vladan Vuletić2 & Mikhail D. Lukin1

The realization of fully controlled, coherent many-body quantum 
systems is an outstanding challenge in science and engineering. As 
quantum simulators, they can provide insights into strongly correlated 
quantum systems and the role of quantum entanglement1, and ena-
ble realizations and studies of new states of matter, even away from 
equilibrium. These systems also form the basis of the realization of 
quantum information processors2. Although basic building blocks of 
such processors have been demonstrated in systems of a few coupled 
qubits3–5, the current challenge is to increase the number of coherently 
coupled qubits to potentially perform tasks that are beyond the reach 
of modern classical machines.

Several physical platforms are currently being explored to reach these 
goals. Systems composed of about 10–20 individually controlled atomic 
ions have been used to create entangled states and to explore quantum 
simulations of Ising spin models6,7. Similarly sized systems of pro-
grammable superconducting qubits have been implemented recently8. 
Quantum simulations have been carried out in larger ensembles of 
more than 100 trapped ions without individual readout9. Strongly 
interacting quantum dynamics has been explored using optical lattice 
simulators10. These systems are already addressing computationally 
difficult problems in quantum dynamics11 and the fermionic Hubbard 
model12. Larger-scale Ising-like machines have been realized in super-
conducting13 and optical14 systems, but these realizations lack either 
coherence or quantum nonlinearity, which are essential for achieving 
full quantum speedup.

Arrays of strongly interacting atoms
A promising avenue for realizing strongly interacting quantum matter 
involves coherent coupling of neutral atoms to highly excited  
Rydberg states15,16 (Fig. 1a). This results in repulsive van der Waals 
interactions (of strength = /V C Rij ij

6) between Rydberg atom pairs at a 
distance Rij (ref. 15), where C > 0 is the van der Waals coefficient. Such 
interactions have recently been used to realize quantum gates17–19, to 
implement strong photon–photon interactions20 and to study quantum 
many-body physics of Ising spin systems in optical lattices21–23 and in 

probabilistically loaded dipole trap arrays24. Our approach combines 
these strong, controllable interactions with atom-by-atom assembly of 
arrays of cold neutral 87Rb atoms25–27. The quantum dynamics of this 
system is governed by the Hamiltonian

∑ ∑ ∑Ω σ ∆= − +
<

H
ħ

n V n n
2 (1)

i

i
x
i

i
i i

i j
ij i j

where ∆i are the detunings of the driving lasers from the Rydberg  
state (Fig. 1b), σ = | 〉〈 | + | 〉〈 |g r r gx

i
i i i i  describes the coupling between  

the ground state |gi〉 and the Rydberg state |ri〉 of an atom at position i, 
driven at Rabi frequency Ωi, ni = |ri〉〈ri|, and ħ is the reduced  
Planck constant. Here, we focus on homogeneous coherent coupling 
(|Ωi| = Ω, ∆i = ∆), controlled by changing laser intensities and  
detunings in time. The interaction strength Vij is tuned either by  
varying the distance between the atoms or by coupling them to a  
different Rydberg state.

The experimental protocol that we implement is depicted in Fig. 1c  
(see also Extended Data Fig. 1). First, atoms are loaded from a magneto- 
optical trap into a tweezer array created by an acousto-optic deflector.  
We then use a measurement and feedback procedure that eliminates 
the entropy associated with the probabilistic trap loading and results 
in the rapid production of defect-free arrays with more than 50 laser-
cooled atoms, as described previously26. These atoms are prepared 
in a preprogrammed spatial configuration in a well-defined internal  
ground state |g〉 (Methods). We then turn off the traps and let the  
system evolve under the unitary time evolution U(Ω, ∆, t), which is 
realized by coupling the atoms to the Rydberg state |r〉 = |70S1/2〉 with 
laser light along the array axis (Fig. 1a). The final states of individual 
atoms are detected by turning the traps back on and imaging the recap-
tured ground-state atoms via atomic fluorescence; the anti-trapped 
Rydberg atoms are ejected. The atomic motion in the absence of traps 
limits the time window for exploring coherent dynamics. For a typical 
sequence duration of about 1 µs, the probability of atom loss is less than 
1% (see Extended Data Fig. 2).

Controllable, coherent many-body systems can provide insights into the fundamental properties of quantum matter, 
enable the realization of new quantum phases and could ultimately lead to computational systems that outperform 
existing computers based on classical approaches. Here we demonstrate a method for creating controlled many-body 
quantum matter that combines deterministically prepared, reconfigurable arrays of individually trapped cold atoms with 
strong, coherent interactions enabled by excitation to Rydberg states. We realize a programmable Ising-type quantum 
spin model with tunable interactions and system sizes of up to 51 qubits. Within this model, we observe phase transitions 
into spatially ordered states that break various discrete symmetries, verify the high-fidelity preparation of these states 
and investigate the dynamics across the phase transition in large arrays of atoms. In particular, we observe robust many-
body dynamics corresponding to persistent oscillations of the order after a rapid quantum quench that results from a 
sudden transition across the phase boundary. Our method provides a way of exploring many-body phenomena on a 
programmable quantum simulator and could enable realizations of new quantum algorithms.

1Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA. 2Department of Physics and Research Laboratory of Electronics, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 02139, USA. 3Institute for Theoretical Atomic, Molecular and Optical Physics, Harvard-Smithsonian Center for Astrophysics, Cambridge, Massachusetts 02138, USA. 
4Division of Physics, Mathematics and Astronomy, California Institute of Technology, Pasadena, California 91125, USA.
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The effect of Long-range Interaction (LRI) 5

• Energy Propagation in LRI systems

✓Spin systems：Relevant for Rydberg Atom, Cold Atom, Ion Trap etc.  

However, there are NO previous studies in spin systems, not even numerical studies.

→We want to construct the Theory of 
Energy Diffusion in the LRI Spin Systems.

α Levy Diff. Normal Diff.

：Universal ?? αc

• Change of Thermodynamics

ExtensiveNon-extensive
n n + r

∼ r−α

：Spacial Dimensions D
α

Today’s focus

Q. What is  where a transition from Normal to Levy diffusion occurs ?? αc
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Models : Typical Spin Systems
• Hamiltonian : -dim -local Classical LRI Spin Systems 1 2

：Extensivity holdsα > 1

(a) LRI Transverse Ising Model 

ϵn = −
J
2

N/2

∑
r=1

Sz
nSz

n+r + Sz
nSz

n−r

rα
− hSx

n

(b) LRI XYZ Model (including XY) 

ϵn = −
N/2

∑
r=1

∑
σ=x,y,z

Jσ
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Sσ

n Sσ
n+r + Sσ

n Sσ
n−r
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   H =
N

∑
n=1

ϵn
    : Local energy at site  ϵn n

    : P.B.C.n + N ≡ n
   spinsN

∼r−α

✓Typical models, and relevant for Rydberg atoms, cold atoms, & ionic trap. 

✓Extensivity→  : one site energy is well-defined∥ϵn∥ < ∞
  : operator norm (maximum value)∥ ⋅ ∥ ( ∵ ∫

∞

1
drr−α < ∞)



Dynamics : Classical Spin Systems 7

✓Single Spin :    H = − h ⋅ S

  ∂t S = − S × h =
δH
δS

× S

For arbitrary function  ,    A(S)

✓Many-body Spin Systems :    H({Si})
   

  : Spin Poisson bracket

∂t A({Si}) = {A, H}

{A, B} := ∑
i

∑
abc

εabc ∂A
∂Sa

i

∂B
∂Sb

i
Sc

i

h

S
Torque dynamics 
→Precession around the -axis h

  ∂t A(S) = ∑
a

δA
δSa

∂tSa = ∑
abc

δA
δSa

εabc δH
δSb

Sc

 : Levi-Civita symbolεabc
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Local Energy Current in -Dim LRI Systems1 8

   satisfies. →Energy is locally conserved.H = ∑
n

ϵn• Local Energy on the site n
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J
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• Local Energy Current  ??𝒥ϵ
n ❖ Criteria : Continuity eq. holds. 

  ∂tϵn = − 𝒥ϵ
n+1 + 𝒥ϵ

n

✓Nearest-neighbor interacting case can be straightforwardly derived

n n+1n−1

𝒥ϵ
n+1𝒥ϵ

n
= 𝒥ϵ

n+1 = 𝒥ϵ
n

       
∂tϵn = {ϵn , H} = {ϵn , ϵn+1} + {ϵn , ϵn−1}

= − {ϵn+1 , ϵn} + {ϵn , ϵn−1}



✓Continuity eq. for -dim long-range interacting systems1
tn←m := {ϵn , ϵm}       ∂tϵn = {ϵn , H} = ∑
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Local Energy Current in -Dim LRI Systems1
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Energy Diffusion in the -Dim LRI Spin Systems：Outline1

 Thm. ：Cumulant Power-law Clustering 

 Consider -local LRI systems on -dim lattices. 
 For the regime  ,  

1
k D

α > D, T > Tc

⟨𝒪X1
. . . 𝒪Xn

⟩c ≤ const .

∑
i1, . . . , in

:connected

n−1

∏
p=1

∥𝒪Xp
∥

|Xip | |Xip+1
|e (|Xip|+|Xip+1

|)/k

(dXip,Xip+1
)α

Thm. ：Upper Bound on    

For the prototypical -local LRI spin 
systems (Trans. Ising & XYZ),  

2 ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

2

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ n2−2α , ( 1 < α < 2 )

 is Sufficient for Normal Diffusionα > 3/2

If  ？：Fluctuating Hydrodynamics→Levy Diffusionα < 3/2

10

✓Normal Diffusion→Thermal Conductivity (Green-Kubo formula) is convergent. 

 κN =
1

kBT2 ∫
∞

0
dt ∑

n

⟨𝒥ϵ
n(t) 𝒥ϵ

0⟩eq We focus on The Amplitude of  ⟨𝒥ϵ
n𝒥ϵ

0⟩eq



Energy Diffusion in the -Dim LRI Spin Systems：Outline1

 Thm. ：Cumulant Power-law Clustering 

 Consider -local LRI systems on -dim lattices. 
 For the regime  ,  

1
k D

α > D, T > Tc

⟨𝒪X1
. . . 𝒪Xn

⟩c ≤ const .

∑
i1, . . . , in

:connected

n−1

∏
p=1

∥𝒪Xp
∥

|Xip | |Xip+1
|e (|Xip|+|Xip+1

|)/k

(dXip,Xip+1
)α

Thm. ：Upper Bound on    

For the prototypical -local LRI spin 
systems (Trans. Ising & XYZ),  

2 ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

2

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ n2−2α , ( 1 < α < 2 )

 is Sufficient for Normal Diffusionα > 3/2

If  ？：Fluctuating Hydrodynamics→Levy Diffusionα < 3/2

10

We focus on The Amplitude of  ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

✓Normal Diffusion→Thermal Conductivity (Green-Kubo formula) is convergent. 

 κN =
1

kBT2 ∫
∞

0
dt ∑

n

⟨𝒥ϵ
n(t) 𝒥ϵ

0⟩eq



Normal Diffusion and Green-Kubo formula
• If the energy diffusion is normal, 

    : Diffusion eq. 

 ,      : Thermal conductivity     ：Specific Heat per unit volume

∂tϵn(t) = 𝒟∇2
nϵn(t)

𝒟 =
κ
cV

κ cV

11

• Green-Kubo formula for thermal conductivity 

 , 　κN =
1

kBT2 ∫
∞

0
dt CN (t) CN (t) = ∑

n

⟨𝒥ϵ
n(t) 𝒥ϵ

0⟩eq

• Normal diffusion → Thermal conductivity converges to finite.

- Remark :   for cV < ∞ α > 1



Numerical Simulation : Total Current Correlation 12

• LRI Transverse Ising Model 

ϵn = −
J
2 ∑

r

Sz
nSz

n+r + Sz
nSz

n−r

rα
− hSx

n

H = ∑
n

ϵn

• Total current correlation :  

  

CN (t) = ∑
n

⟨𝒥ϵ
n(t) 𝒥ϵ

0⟩eq

✓  : Rapid decay in timeCN(t)

✓ Green-Kubo integral is convergent.
→ No long-time tail in CN(t)

✓ Due to non-integrable systems &  
no continous translational symmetry.
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• Thermal conductivity :  

  

κN =
1

kBT2 ∫
∞

0
dt CN (t) , CN (t) = ∑

n

⟨𝒥ϵ
n(t) 𝒥ϵ

0⟩eq

✓ Small  seems to show the diverging thermal conductivity.α ( < 1.5)
→What is the origin of the anomalous behavior ?

cf) There is NO long-time tail in .CN(t)
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 , 　 κN =
1

kBT2 ∫
∞

0
dt CN (t)

CN (t) = ∑
n

⟨𝒥ϵ
n(t) 𝒥ϵ

0⟩eq

14Divergence of Thermal Conductivity (Green-Kubo formula)

✓ Both are qualitatively same.
✓ New mechanism :  
Anomalous enhancement of 
the amplitude of  CN(0)

 We focus on the equal-time current correlation : CN(0) = ∑
n

⟨𝒥ϵ
n 𝒥ϵ

0 ⟩eq



Energy Diffusion in the -Dim LRI Spin Systems：Outline1

 Thm. ：Cumulant Power-law Clustering 

 Consider -local LRI systems on -dim lattices. 
 For the regime  ,  

1
k D

α > D, T > Tc

⟨𝒪X1
. . . 𝒪Xn

⟩c ≤ const .

∑
i1, . . . , in

:connected

n−1

∏
p=1

∥𝒪Xp
∥

|Xip | |Xip+1
|e (|Xip|+|Xip+1

|)/k

(dXip,Xip+1
)α

Thm. ：Upper Bound on    

For the prototypical -local LRI spin 
systems (Trans. Ising & XYZ),  

2 ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

2

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ n2−2α , ( 1 < α < 2 )

 is Sufficient for Normal Diffusionα > 3/2

If  ？：Fluctuating Hydrodynamics→Levy Diffusionα < 3/2

We focus on The Amplitude of  ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

 Thm. ：Cumulant Power-law Clustering 

 Consider -local LRI systems on -dim lattices. 
 For the regime  ,  

1
k D

α > D, T > Tc

⟨𝒪X1
. . . 𝒪Xn

⟩c ≤ const .

∑
i1, . . . , in

:connected

n−1

∏
p=1

∥𝒪Xp
∥

|Xip | |Xip+1
|e (|Xip|+|Xip+1

|)/k

(dXip,Xip+1
)α

✓Normal Diffusion→Thermal Conductivity (Green-Kubo formula) is convergent. 

 κN =
1

kBT2 ∫
∞

0
dt ∑

n

⟨𝒥ϵ
n(t) 𝒥ϵ

0⟩eq



Clustering Theorem for Many-body Systems

X Y
𝒪X 𝒪Y

dX,Y

✓Clustering Theorem for Short-range Interacting Systems 

 ⟨δ𝒪Xδ𝒪Y⟩eq ≤ const. ⋅ ∥𝒪X∥ ⋅ ∥𝒪Y∥e−c′ dX,Y

δ𝒪X := 𝒪X − ⟨𝒪X⟩eq

Araki, Comm. Math. Phys. (1969)  
Gross, Comm. Math. Phys. (1979)  
Kliesh et al., Phys. Rev. X (2014)

✓Clustering Theorem for Long-range Interacting Systems 

⟨δ𝒪Xδ𝒪Y⟩eq ≤ const. ⋅ ∥𝒪X∥ ⋅ ∥𝒪Y∥
|X | |Y |e(|X|+|Y|)/k

dα
X,Y

Kim, Kuwahara, Saito 
Phys. Rev. Lett. (2025)

Proof: high-temperature cluster expansion technique 

15



Cumulant Power-law Clustering Theorem for LRI Systems

⟨𝒪X1
. . . 𝒪Xn

⟩c :=
∂n

∂λ1 . . . ∂λn ⃗λ =0

μ( ⃗λ )

μ( ⃗λ ) = ln⟨(∑
i

λi𝒪Xi
)⟩ Xi2

Xi1

𝒪Xi1 𝒪Xi2

dXi1,Xi2

Xin

𝒪Xin

dXi2,Xi3

Xi3

𝒪Xi3

dXin−1,Xin

 Thm. ：Cumulant Power-law Clustering Theorem for LRI Systems 

 Consider -local LRI systems on -dim lattices. For  , the following inequality holds:  

1
k D α > D, T > Tc

⟨𝒪X1
. . . 𝒪Xn

⟩c ≤ const . ∑
i1, . . . , in

:connected

n−1

∏
p=1

∥𝒪Xp
∥

|Xip | |Xip+1
|e (|Xip|+|Xip+1

|)/k

(dXip,Xip+1
)α

HN & K.Saito, arXiv:2502.10139

Proof: high-temperature cluster expansion technique 

16



Cumulant Power-law Clustering Theorem for LRI Systems

e.g. case of rd order cumulants 

    

3

⟨δ𝒪Xδ𝒪Yδ𝒪Z⟩eq ≤
𝒪(1)

(dX,Y)α(dY,Z)α
+

𝒪(1)
(dY,Z)α(dZ,X)α

+
𝒪(1)

(dZ,X)α(dX,Y)α

16

X YdX,Y

Z
dY,Z

X Y

Z
dY,Z

dZ,X

X YdX,Y

ZdZ,X

⟨𝒪X1
. . . 𝒪Xn

⟩c :=
∂n

∂λ1 . . . ∂λn ⃗λ =0

μ( ⃗λ )

μ( ⃗λ ) = ln⟨(∑
i

λi𝒪Xi
)⟩

 Thm. ：Cumulant Power-law Clustering Theorem for LRI Systems 

 Consider -local LRI systems on -dim lattices. For  , the following inequality holds:  

1
k D α > D, T > Tc

⟨𝒪X1
. . . 𝒪Xn

⟩c ≤ const . ∑
i1, . . . , in

:connected

n−1

∏
p=1

∥𝒪Xp
∥

|Xip | |Xip+1
|e (|Xip|+|Xip+1

|)/k

(dXip,Xip+1
)α

HN & K.Saito, arXiv:2502.10139



Thm. ：Upper Bound on    

For the prototypical -local LRI spin 
systems (Trans. Ising & XYZ),  

2 ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

2

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ n2−2α , ( 1 < α < 2 )

Thm. ：Upper Bound on    

For the prototypical -local LRI spin 
systems (Trans. Ising & XYZ),  

2 ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

2

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ n2−2α , ( 1 < α < 2 )

Energy Diffusion in the -Dim LRI Spin Systems：Outline1

 is Sufficient for Normal Diffusionα > 3/2

If  ？：Fluctuating Hydrodynamics→Levy Diffusionα < 3/2

 Thm. ：Cumulant Power-law Clustering 

 Consider -local LRI systems on -dim lattices. 
 For the regime  ,  

1
k D

α > D, T > Tc

⟨𝒪X1
. . . 𝒪Xn

⟩c ≤ const .

∑
i1, . . . , in

:connected

n−1

∏
p=1

∥𝒪Xp
∥

|Xip | |Xip+1
|e (|Xip|+|Xip+1

|)/k

(dXip,Xip+1
)α  is Sufficient for Normal Diffusionα > 3/2

We focus on The Amplitude of  ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

✓Normal Diffusion→Thermal Conductivity (Green-Kubo formula) is convergent. 

 κN =
1

kBT2 ∫
∞

0
dt ∑

n

⟨𝒥ϵ
n(t) 𝒥ϵ

0⟩eq



Symmetry of Hamiltonian ＋ Cumulant Power-law Clustering Thm.Sketch of Proof

⟨𝒥ϵ
n𝒥ϵ

0⟩eq = ∑
k ≥ n > l

k′ ≥ 0 > l′ 

∑
{a, b} = {k, l}

{a′ , b′ } = {k′ , l′ }

ϵabϵa′ b′ 
J2h2

4
δb,b′ 

⟨Sx
aSx

a′ 
(Sy

b)2⟩eq

dα
a,bdα

a′ ,b

⟨Sx
aSx

a′ 
(Sy

b)2⟩eq = ⟨Sx
aSx

a′ 
(Sy

b)2⟩c + ⟨Sx
aSx

a′ 
⟩c⟨(Sy

b)2⟩c

<latexit sha1_base64="c87ah+7/dn1/mOVoiCjDKGRYG+4="></latexit>a

<latexit sha1_base64="82ZCcFnNBBWvUAbWkiG3e6MZuRU="></latexit>

a0

<latexit sha1_base64="VZlocpSaaDcAsXgc5rs+GVinwIo="></latexit>

d�↵
a,b

<latexit sha1_base64="+sO24BgM0J/aGJjNsPz7AvaCW6Q="></latexit>

d�↵
a0,b

<latexit sha1_base64="5HtZ7wu+rAMLheNt5thO+E7GG+0="></latexit>

b

Upper Bound on Energy Current Correlation 17

kl′ 
∑

k ≥ n, l′ < 0

d−2α
k,l′ 

≤ const. ⋅ n2−2α

Thm. ：Upper Bound on Current Correlation for -dim LRI Spin Systems 

For -dim prototypical -local LRI spin systems (Trans. Ising & XYZ), the equal-time 
equilibrium energy current correlation is upper-bound as 

2 1

1 2

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ n2−2α , ( 1 < α < 2 )

HN & K.Saito, 
arXiv:2502.10139

✓ Trans. Ising→　⟨Sz
i ⟩eq = ⟨Sy

i ⟩eq = 0 , ⟨Sy
i Sy

j 𝒪⟩eq = δij⟨(Sy
i )2𝒪⟩eq H = − J∑

i,j

Sz
i Sz

j

dα
i,j

− h∑
i

Sx
i



Upper Bound on Energy Current Correlation

✓ Trans. Ising→　⟨Sz
i ⟩eq = ⟨Sy

i ⟩eq = 0 , ⟨Sy
i Sy

j 𝒪⟩eq = δij⟨(Sy
i )2𝒪⟩eq

✓ XYZ→　⟨Sσ
i ⟩eq. = 0 , ⟨Sσ

i Sτ
j ⟩eq. = δστ⟨Sσ

i Sσ
j ⟩eq. (σ, τ = x, y, z)

17

Symmetry of Hamiltonian ＋ Cumulant Power-law Clustering Thm.Sketch of Proof

Thm. ：Upper Bound on Current Correlation for -dim LRI Spin Systems 

For -dim prototypical -local LRI spin systems (Trans. Ising & XYZ), the equal-time 
equilibrium energy current correlation is upper-bound as 

2 1

1 2

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ n2−2α , ( 1 < α < 2 )

HN & K.Saito, 
arXiv:2502.10139



Upper Bound on Energy Current Correlation

< ∞ ( α > 3/2 )CN (0) = ∑
n

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ ′ N3−2α + const .0.1
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Assuming that  is integrable, 
 is sufficient for Normal Diffusion.
⟨𝒥ϵ

n(t) 𝒥ϵ
0⟩

α > αc = 3/2

18

Thm. ：Upper Bound on Current Correlation for -dim LRI Spin Systems 

For -dim prototypical -local LRI spin systems (Trans. Ising & XYZ), the equal-time 
equilibrium energy current correlation is upper-bound as 

2 1

1 2

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ n2−2α , ( 1 < α < 2 )

HN & K.Saito, 
arXiv:2502.10139



Energy Diffusion in the -Dim LRI Spin Systems：Outline1

If  ？：Fluctuating Hydrodynamics→Levy Diffusionα < 3/2

 Thm. ：Cumulant Power-law Clustering 

 Consider -local LRI systems on -dim lattices. 
 For the regime  ,  

1
k D

α > D, T > Tc

⟨𝒪X1
. . . 𝒪Xn

⟩c ≤ const .

∑
i1, . . . , in

:connected

n−1

∏
p=1

∥𝒪Xp
∥

|Xip | |Xip+1
|e (|Xip|+|Xip+1

|)/k

(dXip,Xip+1
)α

Thm. ：Upper Bound on    

For the prototypical -local LRI spin 
systems (Trans. Ising & XYZ),  

2 ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

2

⟨𝒥ϵ
n 𝒥ϵ

0⟩eq < c′ n2−2α , ( 1 < α < 2 )

 is Sufficient for Normal Diffusionα > 3/2

If  ？：Fluctuating Hydrodynamics→Levy Diffusionα < 3/2

We focus on The Amplitude of  ⟨𝒥ϵ
n𝒥ϵ

0⟩eq

✓Normal Diffusion→Thermal Conductivity (Green-Kubo formula) is convergent. 

 κN =
1

kBT2 ∫
∞

0
dt ∑

n

⟨𝒥ϵ
n(t) 𝒥ϵ

0⟩eq



Fluctuating Hydrodynamics for Short-range Interacting Systems 19

✓Diverging viscosity in low-dim fluids 
✓Diverging thermal conductivity in low-dim lattices 
✓Long-range correlation in noneq. steady states

Important is The Fluctuation in Mesoscale.
They cannot be described by macroscopic hydrodynamics. 

Micro 
(Newton eq.)

MESO 
(Fluctuating Hydrodynamics : FHD)

Macro 
(Hydrodynamics)



Fluctuating Hydrodynamics for Short-range Interacting Systems 

DRG

Forester, Nelson, Stephen  
Phys. Rep. (1977)

<latexit sha1_base64="ycVMN6p3e3HhTFQuvQyQEQ33p24="></latexit>

@tua(x, t) = �@x
h
Ja({u})�

X

a0

Da,a0@x0ua(x, t) + ⇠a,x(t)
i

Equilibrium 
current

Dissipation FluctuationLocal conserved 
quantities

Spohn, J. Stat. 
Phys. (2014)

✓FHD in LRI Spin Systems ??
<latexit sha1_base64="p9rPKtInoHBqOtwA3vR8+ED+GC8="></latexit>

@tua(x, t) = �@x
hX

a0

Z
dx0D̃a,a0(x� x0)@x0ua0(x0, t) + ⇠a,x(t)

i

Nonlocal Diffusion (Dissipation)HN & K.Saito, arXiv:2502.10139

✓Diverging thermal conductivity in α < 3/2

Micro 
(Newton eq.) Macro 

(Hydrodynamics)
MESO 
(FHD)

Projection

 Zwanzig Phys. Rep. (1961) 
Saito et al., PRL (2021)
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Fluctuating Hydrodynamics of Energy for LRI Spin Systems 

Dn = T−2c−1
V ∫

∞

0
dt⟨𝒥ϵ

n(t)𝒥ϵ
0⟩

• Fluctuating Hydrodynamics for LRI Spin Systems

∂tϵn(t) = ∇n(∑
m

Dn−m ∇mϵm + ξn(t))
⟨ξn(t)ξm(t′ )⟩ = 2Dn−mδ(t − t′ )

⟨𝒥ϵ
n𝒥ϵ

0⟩eq < c′ n2−2αThm.2
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Fluctuating Hydrodynamics of Energy for LRI Spin Systems 

⟨δϵn(t)δϵ0(0)⟩eq ∼
t−1/(2α−1)f( n

t1/(2α−1) ) (α < 3/2)

t−1/2f( n
t1/2 ) (α ≥ 3/2)

Levy Diffusion

Normal Diffusion

Fourier tr. ⟨δϵ̃(k, t)δϵ0⟩eq ∼ k2k2α−3⟨δϵ̃(k, t)δϵ0⟩eq

Dn = T−2c−1
V ∫

∞

0
dt⟨𝒥ϵ

n(t)𝒥ϵ
0⟩ ∼ n2−2α

⟨𝒥ϵ
n𝒥ϵ

0⟩eq ∼ n2−2αThm.  is optimal！2

• Fluctuating Hydrodynamics for LRI Spin Systems

∂tϵn(t) = ∇n(∑
m

Dn−m ∇mϵm + ξn(t))
⟨ξn(t)ξm(t′ )⟩ = 2Dn−mδ(t − t′ )
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Energy Diffusion in the -Dim LRI Spin Systems1

Levy Diffusion

Normal Diffusion

✓Space-time energy correlation：C(n, t) := ⟨δϵn(t)δϵ0⟩eq
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Outline
1. Overview of Long-range Interacting (LRI) Systems 
2. Energy Diffusion in the Long-range Interacting (LRI) Spin Systems 

• Models & Dynamics : Transverse Ising・XYZ 
• Local Energy Current in Long-range Interacting Systems 

• Divergence of Thermal Conductivity (Green-Kubo formula) 

• Cumulant Power-law Clustering Theorem in the LRI Systems 

• Fluctuating Hydrodynamics for Anomalous Diffusion 

• The case of  dimensions 

3. Conclusion

D ( ≥ 2)



Green-Kubo Formula for -dim LRI Systems D

✓Green-Kubo formula：𝒟 =
1

cVkBT2 ∫
∞

0
dtC(D)

N (t)

C(D)
N (t) = N1−D

D

∑
i=1

N

∑
ni=1

⟨𝒥(i)
ni∣ni−1(t)𝒥

(i)
0∣−1⟩

𝒥(i)
ni∣ni−1 = ∑

k:ki ≥ ni

ℓ:li < ni

tk←ℓ

Assuming that  is integrable, for , Energy Diffusion is always Normal !!C(D)
N (t) α > D

：Diffusion constant𝒟

<latexit sha1_base64="kEveoDfQ+S/YOlkDtTZWzb5aW/M="></latexit>n<latexit sha1_base64="mUhz5/sSGsyPtz0KyJfINMOhn+0="></latexit>n� ei

<latexit sha1_base64="Md15RrXhbiO6ThXpjCJlLHfEvUk="></latexit>

J (i)
ni|ni�1
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Thm. ：Upper Bound on Current Correlation of -dim LRI Spin Systems 

For -dim prototypical -local LRI spin systems (Trans. Ising & XYZ) , 
assuming  , equal-time total energy current correlation is finite : 

3 D

D ( ≥ 2) 2
α > D C(D)

N (0) < ∞

HN & K.Saito, 
arXiv:2502.10139

HN & K.Saito, arXiv:2502.10139



Conclusion
Energy Diffusion in the Arbitrary Dimensional LRI Spin Systems 

• Energy diffusion in the prototypical -local classical LRI spin systems (Trans. Ising, XYZ 
model) 

• Mechanism : Anomalous enhancement of the equal-time current correlation 

• Cumulant Power-law Clustering Theorem for LRI systems  

• -Dim : Fluctuating Hydrodynamics 
1.   : Normal Diffusion 
2.   : Levy Diffusion with exponent  

• -Dim ：For  , Normal Diffusion

2

1
α ≥ αc = 3/2
α < αc = 3/2 2α − 1

D ( ≥ 2) α > D

HN & K.Saito, 
arXiv:2502.10139
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Quantum case
✓Thm.  holds even for quantum case (for bounded systems). 

✓Quantum Trans. Ising / XYZ model ( & Non-integrable Fermionic systems) 
：Thm.  also holds. We expect the same behavior (For -Dim, ).  

However, the numerical confirmation of the rapid decay in time is demanding. 
✓Non integrable Bosonic systems 
：Unbound systems→Thm.  cannot be directly applicable. Open question.

1

2,3 1 αc = 3/2

1



Proof : Cumulant Power-law Clustering Theorem for LRI Systems
✓ -local LRI Hamiltonian : k

        : a subset of interacting sites        : LRIH = ∑
Z:|Z|≤k

hZ Z Ji,j := ∑
Z:Z∋{i,j}

∥hZ∥ ≤
g

(di,j + 1)α

O(i,j)
X := O(i)

X − O( j)
X , (i < j)

 Õ(1,2,...,n)
X1,X2,...,Xn

:= O(1)
X1

n

∏
j=2

(
j−1

∑
k=1

O(k,j)
Xj ) : -th cumulant operator n

✓Multi-phase spaces technique : 

: local physical quantity supported by the region  in the -th spaceO(i)
X X i

: p.d.f in the multi-phase spacesρ̃ = ⊗N
i=1 ρ(i)

⟨OX1
. . . OXn

⟩c = tr(ρ̃Õ(1,...,n)
X1,...,Xn) : -th cumulant n



Proof : Cumulant Power-law Clustering Theorem for LRI Systems
Lemma  

If  are NOT connected to  ,  
1

Z1, . . . , Zm X1, . . . , Xn tr(ÕZ1
. . . ÕZm

Õ(1,...,n)
X1,...,Xn) = 0

ρ̃ =
e−βH̃

𝒵n H̃ = ⊗n
i=1 H(i)：equilibrium p.d.f. in the multi-phase spaces

→We can take the cluster expansion using only connecting components 
：By using Lemma , all disconnected paths vanish.1

⟨OX1
. . . OXn

⟩c = tr(ρ̃Õ(1,...,n)
X1,...,Xn) =

1
𝒵n

tr(e−βH̃Õ(1,...,n)
X1,...,Xn)

=
1

𝒵n

∞

∑
m=0

∑
Z1, . . . Zm

:connected

(−β)m

m!
tr(h̃Z1

. . . h̃Zm
Õ(1,...,n)

X1,...,Xn)



Proof : Cumulant Power-law Clustering Theorem for LRI Systems

⟨OX1
. . . OXn

⟩c =
1

𝒵n

∞

∑
m=0

∑
Z1, . . . Zm

:connected

(−β)m

m!
tr(h̃Z1

. . . h̃Zm
Õ(1,...,n)

X1,...,Xn)

Xi2

Xi1
XinXi3

ω i1,i2
cl

ωr;i2,i3
cl

ω i2,i3
cl

d−α
Xi1,Xi2

d−α
Xi2,Xi3

e(|Xi2
|+|Xi3

|)/k

ω in−1,in
cl

d−α
Xin−1,Xin

≤ const . ∑
i1, . . . , in

:connected

n−1

∏
p=1

∥𝒪Xp
∥

|Xip | |Xip+1
|e (|Xip|+|Xip+1

|)/k

(dXip,Xip+1
)α



Proof : Cumulant Power-law Clustering Theorem for LRI Systems
✓Representation of -th cumulant on multi-phase space n

⟨OX1
. . . OXn

⟩c = tr(ρ̃Õ(1,...,n)
X1,...,Xn)

We show the following relation in the multi-phase space.

Õ(1,...,n)
X1,...,Xn

:= O(1)
X1

n

∏
j=2

(
j−1

∑
k=1

O(k,j)
Xj )

Õ(1,...,n)
X1,...,Xn

= Õu
X1,...,Xn

− 𝒟n Õu
X1,...,Xn

:= O(1)
X1

O(1)
X2

n

∏
j=3

(O(1)
Xj

+
j−1

∑
k=2

O(k,j)
Xj )

⟨OX1
. . . OXn

⟩ = tr(ρ̃Õu
X1,...,Xn)

✓ Decomposition of -th moment :  n ⟨OX1
. . . OXn

⟩ = ⟨OX1
. . . OXn

⟩c + Dn

：All the summation of -th representations decomposed into products of 

cumulant up to -th order, involving  

Dn n
(n−1) OX1

, . . . , OXn

D2 = ⟨OX1
⟩c⟨OX2

⟩c

D3 = ⟨OX1
OX2

⟩c⟨OX3
⟩c + ⟨OX2

OX3
⟩c⟨OX1

⟩c + ⟨OX3
OX1

⟩c⟨OX2
⟩c + ⟨OX1

⟩c⟨OX2
⟩c⟨OX3

⟩c



✓Goal of proof： Õ(1,...,n)
X1,...,Xn

= Õu
X1,...,Xn

− 𝒟n

𝒟3 = 𝒟2(O(1,3)
X3

+ O(2,3)
X3

) + (Õ(1,2)
X1,X2

+ 𝒟2)O(3)
X3

 contributes to st-
order cumulants

OX3
1 contributes to higher-

order ( ) cumulants
OX3

≥ 2

O(1)
X1

O(2)
X2

O(2,3)
X3

+ O(1)
X2

O(2)
X1

O(2,3)
X3

= O(1)
X1

O(2)
X2

(O(1,3)
X3

+ O(2,3)
X3

)

Õ(1,2,3)
X1,X2,X3

= O(1)
X1

O(1,2)
X2

(O(1,2)
X3

+ O(1,3)
X3

)

Õu
X1,X2,X3

= O(1)
X1

O(1)
X2

(O(1)
X3

+ O(2,3)
X3

)

𝒟2 = O(1)
X1

O(2)
X2

Õ(1,2)
X1,X2

= O(1)
X1

O(1,2)
X2

Õu
X1,X2

= O(1)
X1

O(1)
X2

O(1)
X1

O(1,2)
X2

O(3)
X3

+ O(1)
X1

O(2)
X2

O(3)
X3

= (O(1)
X1

O(1,2)
X2

+ O(1)
X1

O(2)
X2

)O(3)
X3

⟨OX1
⟩c⟨OX2

OX3
⟩c + ⟨OX2

⟩c⟨OX1
OX3

⟩c ⟨OX1
OX2

⟩c⟨OX3
⟩c + ⟨OX1

⟩c⟨OX2
⟩c⟨OX3

⟩c

✓Induction：  casen = 3

Proof : Cumulant Power-law Clustering Theorem for LRI Systems



Õ(1,2,3)
X1,X2,X3

= O(1)
X1

O(1,2)
X2

(O(1,2)
X3

+ O(1,3)
X3

)Õ(1,...,n)
X1,...,Xn

= Õu
X1,...,Xn

− 𝒟n

Õu
X1,X2,X3

= O(1)
X1

O(1)
X2

(O(1)
X3

+ O(2,3)
X3

)

𝒟3 = 𝒟2(O(1,3)
X3

+ O(2,3)
X3

) + (Õ(1,2)
X1,X2

+ 𝒟2)O(3)
X3

𝒟2 = O(1)
X1

O(2)
X2

Õ(1,2)
X1,X2

= O(1)
X1

O(1,2)
X2

Õu
X1,X2

= O(1)
X1

O(1)
X2

Õu
X1,X2,X3

− 𝒟3 = Õu
X1,X2,X3

− 𝒟2(O(1,3)
X3

+ O(2,3)
X3

) − (Õ(1,2)
X1,X2

+ 𝒟2)O(3)
X3

= Õu
X1,X2

(O(1)
X3

+ O(2,3)
X3

) − 𝒟2(O(1,3)
X3

+ O(2,3)
X3

) − Õu
X1,X2

O(3)
X3

= (Õu
X1,X2

− 𝒟2)(O(1)
X3

+ O(2,3)
X3

)

= Õ(1,2)
X1,X2

(O(1)
X3

+ O(2,3)
X3

) = Õ(1,2,3)
X1,X2,X3

Proof : Cumulant Power-law Clustering Theorem for LRI Systems
✓Goal of proof： 

 contributes to st-
order cumulants

OX3
1 contributes to higher-

order ( ) cumulants
OX3

≥ 2

✓Induction：  casen = 3



Õ(1,...,n)
X1,...,Xn

= Õu
X1,...,Xn

− 𝒟n Õ(1,...,n)
X1,...,Xn

:= O(1)
X1

n

∏
j=2

(
j−1

∑
k=1

O(k,j)
Xj )

Õu
X1,...,Xn

:= O(1)
X1

O(1)
X2

n

∏
j=3

(O(1)
Xj

+
j−1

∑
k=2

O(k,j)
Xj )

✓ Induction：Assume -case→proof  -case n n+1
Õu

X1,...,Xn+1
− 𝒟n+1

= Õu
X1,...,Xn+1

− 𝒟n

n

∑
l=1

O(l,n+1)
Xn+1

− (Õ(1,...,n)
X1,...,Xn

+ 𝒟n)O(n+1)
Xn+1

= Õu
X1,...,Xn+1

− 𝒟n

n

∑
l=1

O(l,n+1)
Xn+1

− Õu
X1,...,Xn

O(n+1)
Xn+1

= (Õu
X1,...,Xn+1

− 𝒟n)
n

∑
l=1

O(l,n+1)
Xn+1

= Õ(1,...,n)
X1,...,Xn

n

∑
l=1

O(l,n+1)
Xn+1

= Õ(1,...,n+1)
X1,...,Xn+1

Lemma  2
𝒟n+1 = 𝒟n

n

∑
l=1

O(l,n+1)
Xn+1

+ (Õ(1,..,n)
X1,...,Xn

+ 𝒟n)O(n+1)
Xn+1

Proof : Cumulant Power-law Clustering Theorem for LRI Systems
✓Goal of proof： 



Õ(1,...,n)
X1,...,Xn

:= O(1)
X1

n

∏
j=2

(
j

∑
k=1

O(k,j)
Xj )

 contributes to 
higher-order cumulants

OXn+1
 contributes to 

st-order cumulants
OXn+1

1

Lemma  2
𝒟n+1 = 𝒟n

n

∑
l=1

O(l,n+1)
Xn+1

+ (Õ(1,..,n)
X1,...,Xn

+ 𝒟n)O(n+1)
Xn+1

Õ(i(1),...i(l1))
Xi(1),...,Xi(l1)

Õ(i(l1+1),...,i(l2))
Xi(l1+1),...,Xi(l2)

. . . Õ(i(lm−1+1),...,i(lm))
Xi(lm−1+1),...,Xi(lm)

Õ(i(lp−1+1),...,i(lp))
Xi(lp−1+1),...,Xi(lp) (O (i(lp−1+1),n+1)

Xn+1
+ . . . + O (i(lp),n+1)

Xn+1
) = Õ(i(lp−1+1),...,i(lp),n+1)

Xi(lp−1+1),...,Xi(lp),Xn+1

Decomposition of   into  products of cumulants𝒟n m ( ≤ n)

Proof : Cumulant Power-law Clustering Theorem for LRI Systems



Upper Bound on Energy Current Correlation：Trans. Ising Model
⟨𝒥n𝒥0⟩eq. = ∑

k ≥ n > l
k′ ≥ 0 > l′ 

∑
{a, b} = {k, l}

{a′ , b′ } = {k′ , l′ }

ϵabϵa′ b′ 
J2h2

4
⟨Sx

aSy
bSx

a′ 
Sy

b′ 
⟩eq.

dα
a,bdα

a′ ,b′ 

= ∑
k ≥ n > l

k′ ≥ 0 > l′ 

∑
{a, b} = {k, l}

{a′ , b′ } = {k′ , l′ }

ϵabϵa′ b′ 
J2h2

4
δb,b′ 

⟨Sx
aSx

a′ 
(Sy

b)2⟩eq.

dα
a,bdα

a′ ,b

⟨Sy
i Sy

j 𝒪⟩eq. = 0 , (i ≠ j)

⟨Sx
aSx

a′ 
(Sy

b)2⟩eq. = ⟨Sx
aSx

a′ 
(Sy

b)2⟩c + ⟨Sx
aSx

a′ 
⟩c⟨(Sy

b)2⟩c

a b

b′ a′ 

d−α
a,b

d−α
a′ ,b′ 

≤ d−α
a,a′ 

d−α
a′ ,b ≤ d−α

a,bd−α
b,a′ 

≤ d−α
a′ ,ad

−α
a,b ≤ d−α

a,a′ 

a

a′ 

b
b = b′ 

d−α
a,b

d−α
a′ ,b

= ∑
k ≥ n
l′ < 0

d−2α
k,l′ 

< const. ⋅ n2−2α

kl′ 

(1) (2) (3) (4)

+ + +

+ + +≤

≤
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Upper Bound on Energy Current Correlation：XY model

⟨𝒥n𝒥0⟩eq. = ∑
k ≥ n > l

k′ ≥ 0 > l′ 

∑
m,m′ 

∑
{σ, τ} = {x, y}

{σ′ , τ′ } = {x, y}

∑
{a, b, c} = {k, l, m}

{a′ , b′ , c′ } = {k′ , l′ , m′ }

ϵστzϵσ′ τ′ zϵabcϵa′ b′ c′ 
JσJτJσ′ 

Jτ′ 

16
⟨Sσ

a Sτ
bSz

cSσ′ 

a′ 
Sτ′ 

b′ 
Sz

c′ 
⟩eq.

dα
a,cdα

b,cdα
a′ ,c′ 

dα
b′ ,c′ 

= ∑ ∑ ∑ ∑ . . . δc,c′ 

⟨Sσ
a Sτ

bSσ′ 

a′ 
Sτ′ 

b′ 
(Sυ

c )2⟩eq.

dα
a,cdα

b,cdα
a′ ,cdα

b′ ,c

⟨Sσ
a Sτ

bSσ′ 

a′ 
Sτ′ 

b′ 
(Sz

c)2⟩eq. = ⟨SSSS(Sz)2⟩c + ∑ ⟨SSSS⟩c⟨(Sz)2⟩c + ∑ ⟨SS⟩c⟨SS⟩c⟨(Sz)2⟩c

kl′ 

∑
k ≥ n
l′ < 0

d−α
k,l′ 
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(1)

(2)

Upper Bound on Energy Current Correlation：XYZ model
⟨𝒥n𝒥0⟩eq. = ∑

k ≥ n > l
k′ ≥ 0 > l′ 

∑
m,m′ 

∑
{σ, τ, υ} = {x, y, z}

{σ′ , τ′ , υ′ } = {x, y, z}

∑
{a, b, c} = {k, l, m}

{a′ , b′ , c′ } = {k′ , l′ , m′ }

ϵστυϵσ′ τ′ υ′ ϵabcϵa′ b′ c′ 
JσJτJσ′ 

Jτ′ 

16
⟨Sσ

a Sτ
bSυ

c Sσ′ 

a′ 
Sτ′ 

b′ 
Sυ′ 

c′ 
⟩eq.

dα
a,cdα

b,cdα
a′ ,c′ 

dα
b′ ,c′ 

⟨Sσ
a Sτ

bSυ
c Sσ′ 

a′ 
Sτ′ 

b′ 
Sυ′ 

c′ 
⟩eq. = ⟨SSSSSS⟩c + ∑ ⟨SS⟩c⟨SSSS⟩c + ∑ ⟨SS⟩c⟨SS⟩c⟨SS⟩c
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Coarse-grained Conserved Quantity (Energy)： 

 

Continuity Eq. ：　

̂ϵx :=
1
l

xl

∑
n=(x−1)l+1

ĥn

∂t ̂ϵx = − ∂x �̂�x , �̂�x = ̂J(x−1)l+1

① Coarse-graining 
Microscopic Phase Space： 

 

Conserved Quantities (Micro)： 
　only Local Energy 

Continuity Eq.：　

Γ := (Sx
1, Sy

1, Sz
1, . . . , Sx

N, Sy
N, Sz

N)

ĥn
∂tĥn = − ∂n

̂Jn
l l

ĥ1ĥ2 ĥl ĥl+1 ĥ2l
n − coordinate

x − coordinatex = 1 x = 2
̂ϵ1 ̂ϵ2

�̂�2 �̂�3

Derivation of Fluctuating Hydrodynamics in LRI Spin Systems
HN & K.Saito, arXiv:2502.10139 
K.Saito et al., Phys. Rev. Lett. 2021



② Projection 

 

By projection operator , any function  is 
redefined in terms of coarse-grained quantities.

(𝒫 ̂A)[Γ]:= Ω−1(Γ)∫ dΓ′ 
̂A(Γ′ )∏

x

δ( ̂ϵx(Γ′ ) − ̂ϵx(Γ)) ,

Ω(Γ) = ∫ dΓ′ ∏
x

δ( ̂ϵx(Γ′ ) − ̂ϵx(Γ))

𝒫 ̂A

Γ

̂ϵ′ x ̂A′ 

̂ϵ′ ′ x

̂A′ ′ 

̂ϵ′ ′ ′ x

̂A′ ′ ′ 

̂Âϵx

if ̂ϵx(Γ) = ̂ϵx(Γ′ ) ,

then (𝒫 ̂A)(Γ) = (𝒫 ̂A)(Γ′ )

：hydro mode𝒫 ：particle mode𝒬

+=
No Continuous Translational Invariance  
→ Hydro Mode  does NOT Exist !! 𝒫

Zwanzig, Phys. Rev. 1961

Derivation of Fluctuating Hydrodynamics in LRI Spin Systems



• p.d.f for Coarse-grained Conserved Quantities (Coarse-grained Energy) 

 

• Markovian Approximation→Derivation of Fokker-Planck eq. 

 

f(ϵ, t) := ∫ dΓ ̂ρ(Γ, t)∏
x

δ( ̂ϵx(Γ) − ϵx) , ∂t ̂ρ(Γ, t) = {H, ̂ρ(Γ, t)}

∂t f(ϵ, t) = ∑
x,x′ 

δ
δϵx

Ω(ϵ)(∂x∂x′ 
K(x, x′ )

δ
δϵx ( f(ϵ, t)

Ω(ϵ) )) ,

K(x, x′ ) = ∫
∞

0
ds∫ dΓ Ω−1(ϵ)∏

z

δ( ̂ϵz(Γ) − ϵz)[�̂�x(Γ)es𝒬𝕃�̂�x′ 
(Γ)]

∼ ∫
∞

0
ds⟨𝕁x es𝕃𝕁x′ 

⟩local Gibbs ∼ ∫
∞

0
ds⟨𝕁x(0)𝕁x′ 

(s)⟩eq

③ Derivation of Fokker-Planck eq. for Coarse-grained p.d.f.
Derivation of Fluctuating Hydrodynamics in LRI Spin Systems



∂t f(ϵ, t) = ∫ dΓ ̂ρ(Γ, t)∑
x

∂x�̂�x(Γ)
δ

δϵx ∏
x

δ( ̂ϵx(Γ) − ϵx)

= ∫ dΓ [𝒫 ̂ρ(Γ, t) + 𝒬 ̂ρ(Γ, t)]∑
x

∂x�̂�x(Γ)
δ

δϵx ∏
x

δ( ̂ϵx(Γ) − ϵx)

= ∫ dΓ𝒬 ̂ρ(Γ, t)∑
x

∂x�̂�x(Γ)
δ

δϵx ∏
x

δ( ̂ϵx(Γ) − ϵx)

= ∑
x,x′ 

δ
δϵx ∫

t

−∞
ds∫ 𝒟ϵ′ Ω(ϵ)(∂x∂x′ 

K(x, x′ ; t − s))
δ

δϵ′ x′ 
( f(ϵ′ , s)

Ω(ϵ′ ) )
K(x, x′ ; t − s) = ∫ dΓ Ω−1(ϵ)∏

z

δ( ̂ϵz(Γ) − ϵz)[�̂�x(Γ)(e(t−s)𝒬𝕃∏
y

δ( ̂ϵy(Γ) − ϵ′ y)𝕁x′ 
(Γ))]

∼ ∫ dΓ Ω−1(ϵ)∏
z

δ( ̂ϵz(Γ) − ϵz)[�̂�x(Γ)(e(t−s)𝒬𝕃𝕁x′ 
(Γ))]∏

y

δ(ϵy − ϵ′ y)

Derivation of Fluctuating Hydrodynamics in LRI Spin Systems



∂tϵx(t) = − ∂x[∑
x′ 

K(x, x′ )
∂

∂x′ 

δS̄
δϵx′ 

+ ξx(t)]

④ Derivation of Fluctuating Hydrodynamic Eq. (Langevin Eq.)

⟨⟨ξx(t)ξx′ 
(t′ )⟩⟩ = 2K(x, x′ )δ(t − t′ ) ,

S̄ = ln Ω(ϵ)

= − ∂x[∑
x′ 

K(x, x′ )
∂

∂x′ 

βx′ 
+ ξx(t)]

= − ∂x[∑
x′ ,x′ ′ 

K(x, x′ )
∂

∂x′ 

Λ(x′ , x′ ′ )ϵx′ ′ 
+ ξx(t)]

= − ∂x[∑
x′ 

D(x, x′ )ϵx′ 
(t) + ξx(t)]

Λ(x, x′ ) = ( ∂ϵx′ 

∂βx
)

−1

eq

= (⟨δϵxδϵx′ 
⟩eq)−1

∼ (cVkBT2)−1δx,x′ 

D(x, x′ ) = ∑
x′ ′ 

K(x, x′ ′ )Λ(x′ ′ , x′ )

= K(x, x′ )/(cVkBT2)

Corresponding Langevin eq.

Derivation of Fluctuating Hydrodynamics in LRI Spin Systems



Rapid Decay of Total Current Correlation : Appendix
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Optimality of Upper Bound on Current Correlation : Appendix



0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

�100 �50 0 50 100

Trans. Ising

(a) ↵ = 1.1

0

0.002

0.004

�200�100 0 100 200

0

0.002

0.004

0.006

0.008

�100 �50 0 50 100

XYZ

(b) ↵ = 1.1

0

0.001

0.002

�200�100 0 100 200

t = 120
t = 160
t = 200
t = 240
t = 280

t5
/6
C
(n
,t
)

n/t5/6

C
(n
,t
)

n

t = 240
t = 320
t = 400
t = 480
t = 560

t5
/6
C
(n
,t
)

n/t5/6

C
(n
,t
)

n

✓Space-time Energy Correlation：C(n, t) := ⟨δϵn(t)δϵ0⟩eq

Energy Diffusion in LRI Spin Systems：Appendix



Energy Diffusion in LRI XY models : Appendix 
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From Numerical Data
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Validity of Fluctuating Hydrodynamics in LRI Spin Systems

∂tϵn(t) = ∇n(∑
m

Dn−m ∇mϵm + ξn(t))
Dn = (⟨δϵδϵ⟩eq)−1 ∫

∞

0
dt⟨Jn(t)J0⟩eq



Validity of Fluctuating Hydrodynamics in LRI Spin Systems
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= ∑
r∈𝒟+

tn←n+r − ∑
r∈𝒟+

tn−r←n

= − ∑
r∈𝒟+

∇r𝒥ϵ
n:r

𝒥ϵ
n:r := − tn←n+r

∇r An:r := An:r − An−r:r

✓Continuity Eq. for -dim LRI SystemsD ( ≥ 2)
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∇r𝒥ϵ
n:r

✓Constructive definition of  𝒟+

＝one of the two point-symmetric divisions 
of all lattices excluding the origin

𝒥ϵ
n:r := − tn←n+r

∇r An:r := An:r − An−r:r

Derivation of Continuity Eq. for -dim LRI SystemsD
✓Continuity Eq. for -dim LRI SystemsD ( ≥ 2)



Derivation of Green-Kubo Formula for -dim LRI SystemsD
✓Green-Kubo Formula for -dim LRI Systems D ( ≥ 2)

σ(t) =
D

∑
i=1

∑
n

n2
i ⟨δϵn(t)δϵ0(0)⟩

P(n, t) = 𝒩−1⟨δϵn(t)δϵ0(0)⟩ , 𝒩 := ∑
n

⟨δϵnδϵ0⟩

S(t) = ⟨
D

∑
i=1

n2
i (t)⟩ = ∑

n

D

∑
i=1

n2
i P(n, t) =

1
kBT2cV

σ(t) ∼ 2𝒟t

 : Mean Square DisplacementS(t)

：Diff. const.𝒟

Here, we use the Continuity Eq. 

     ∂tϵn = − ∑
r∈𝒟+

∇r𝒥ϵ
n:r



σ(t) =
D

∑
i=1

∑
n

n2
i ⟨δϵn(t)δϵ0(0)⟩ =

D

∑
i=1

∑
n

n2
i ⟨ − (∫

t

0
ds ∑

r∈𝒟+

∇r𝒥n:r(s))δϵ0(0)⟩

=
D

∑
i=1

∑
n

∑
r∈𝒟+

(2rini + r2
i )∫

t

0
ds⟨𝒥n:r(s)δϵ0(0)⟩ =

D

∑
i=1

∑
n

∑
r∈𝒟+

(2rini + r2
i )∫

t

0
ds⟨𝒥n:r(0)δϵ0(−s)⟩

=
D

∑
i=1

∑
n

∑
r∈𝒟+

(2rini + r2
i )∫

t

0
ds⟨𝒥n:r(0)( − ∑

r′ ∈𝒟+
∫

s

0
ds′ ∇r′ 

𝒥0:r′ 
(−s′ ))⟩

=
D

∑
i=1

∑
n

∑
r,r′ ∈𝒟+

(2rini + r2
i )∫

t

0
ds⟨ − (𝒥n:r(0) − 𝒥n−r′ :r(0))∫

s

0
ds′ 𝒥0:r′ 

(−s′ )⟩

=
D

∑
i=1

∑
n

∑
r,r′ ∈𝒟+

2rir′ i ∫
t

0
ds∫

s

0
ds′ ⟨𝒥n:r(0)𝒥0:r′ 

(−s′ )⟩ =
D

∑
i=1

∑
n

∑
r,r′ ∈𝒟+

2rir′ i ∫
t

0
ds∫

s

0
ds′ ⟨𝒥n:r(s′ )𝒥0:r′ 

(0)⟩

=
D

∑
i=1

1
ND

⟨(∫
t

0
ds∑

n
∑

r∈𝒟+
i

ri𝒥n:r(s))(∫
t

0
ds′ ∑

n′ 

∑
r′ ∈𝒟+

r′ i𝒥n′ :r′ 
(s′ ))⟩

✓Green-Kubo Formula for -dim LRI Systems D ( ≥ 2)
Derivation of Green-Kubo Formula for -dim LRI SystemsD



σ(t) =
D

∑
i=1

1
ND

⟨(∫
t

0
ds∑

n
∑

r∈𝒟+
i

ri𝒥n:r(s))(∫
t

0
ds′ ∑

n′ 

∑
r′ ∈𝒟+

r′ i𝒥n′ :r′ 
(s′ ))⟩

𝒥(i)
ni∣ni−1 = ∑

k:ki ≥ ni

ℓ:li < ni

tk←ℓ
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