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Long-range Interactions (LRI) are Ubiquitous in Nature

~ <
a r

» Long-range Interaction : V(r) ~ r~ _I/:

e.g. @ = 1 : Gravitational field, Plasma field " n+tr
a = 3 : Magnetic dipole interaction

a = 6 : Lennard-Jones potential



Long-range Interactions (LRI) are Ubiquitous in Nature
* Recent experimental advances (Rydberg atom, Cold atomic gases, lon trap etc)
—Long-range interacting spin systems with tunable power-law exponents o

v Rydberg atoms v/ Cold atomic gases v lonic traps

Long-range Ising model LLong-range lsing, XY model Long-range Ising model
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The effect of Long-range Interaction (LRI)

* Change of Thermodynamics

~Y ]/‘_a
Today’s focus
Non-extensive | Extensive _@

D : Spacial Dimensions

e Information Propagation in LRI Systems

Kuwahara & Saito PRX (2020)

\ I / Tran et al., PRX (2021)
€ e
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The effect of Long-range Interaction (LRI)

* Change of Thermodynamics ~
Today’s focus
Non-extensive | Extensive _@

D : Spacial Dimensions

* Energy Propagation in LRI systems

v'Spin systems : Relevant for Rydberg Atom, Cold Atom, Ion Trap etc.

However, there are NO previous studies in spin systems, not even numerical studies.

—»We want to construct the Theory of (ll N
Energy Diffusion in the LRI Spin Systems. . : Universal ?? '

Q. What is . where a transition from Normal to Levy diffusion occurs ??
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Models : Typical Spin Systems ;

. Hamiltonian 1-dim 2-local Classical LRI Spin Systems

H = Z e, : Local energy at site n N spins

n+N=n :PBC.
(@) LRI Transverse Ising Model (b) LRI XYZ Model (including XY)

N2 ¢z¢z ZQ7 N/2 o QO o QO
J SnSn+r+SnSn r X J SnSn+r+SnSn r
€, =—— ) L HRT_ pee 6y =— ) z'
2 r —
= r=1 G—WZ Nr

/e

/ Extensivity— ||€ || < oo : one site energy is well-defined

o0

| - || : operator norm (maximum value) ( [ drr™" < OO)
1

v Typical models, and relevant for Rydberg atoms, cold atoms, & ionic trap.



Dynamics : Classical Spin Systems 7
/SingleSpin: H=—-h-S

oH
0,S=—-—8SXh=—X3S
oS

For arbitrary function A(S),

0A 0A oH
0, A(S) = Z = 0,5% = Z cabe 21 g

059 0S?

abc Torque dynamics
£%¢ . Levi-Civita symbol —Precession around the h-axis

v Many-body Spin Systems : H({S;})
0, A({5;}) = {A, H}

{A,B} = 2 Z abe 9 757 0 ?SZ : Spin Poisson bracket

I abc



Outline

1. Overview of Long-range Interacting (LRI) Systems
2. Energy Diffusion in the Long-range Interacting (LRI) Spin Systems

* Models & Dynamics : Transverse Ising + XYZ

e Local Energy Current in Long-range Interacting Systems
* Divergence of Thermal Conductivity (Green-Kubo formula)
* Cumulant Power-law Clustering Theorem in the LRI Systems

* Fluctuating Hydrodynamics for Anomalous Diffusion

e The case of D ( > 2) dimensions

3. Conclusion



Local Energy Current in 1-Dim LRI Systems

* Local Energy on the site n H = Z e, satisfies. —»Energy is locally conserved.

SZSZ
__Z Z hSY :Transverse Ising =

: XYZ
‘ja

L 0=X,),2
 Local Energy Current £ 77 Criteria : Continuity eq. holds.
at€n= o rf-|-1+jrf

v Nearest-neighbor interacting case can be straightforwardly derived
at€n — {en ’H} — {Gn ’ €n+1} + {Gn ’ €n—1}
_{€n+1’€}+{€n’€n—1} je ¢

- E n _, = n+1
= = 7€ NN

n+1 n—li 14/ §n+1
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Local Energy Currentin 1-Dim LRI Systems
v Continuity eq. for 1-dim long-range interacting systems k& K saito, arXiviaso2.10130

0.€, —{en,H}—Z{(—:n,e }—Z S t .. = 1€,,€.}

m#n m=n
N/2 N/2

n—r n—1§n§n+1 n+r

PN < Criteria : Continuity eq. holds.

This expression does o€, = — nel T I
NOT satisty the criteria !!
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Local Energy Currentin 1-Dim LRI Systems
v Continuity eq. for 1-dim long-range interacting systems k& K saito, arXiviaso2.10130

e, = 1€,,H} = Z L€, ,€, } = Z t o t .. = 1€,,€.}

M=+n
N/2 N/2
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Local Energy Currentin 1-Dim LRI Systems
v Continuity eq. for 1-dim long-range interacting systems k& K saito, arXiviaso2.10130

atenz{en,H}—Z{en,e }—2 S t .. = 1€,,€.}

m#n m=n

N/2 NI2 L ..
Z Z < Criteria : Continuity eq. holds.
n+r<n n<«<n—r

ateﬂn:_ n+1+jrf
Zt +Zt

j<ntlsi J<n<i
—_ € o . .
n+1 N jI:l n—linin 1 -‘
— =+
3 i

e
Jj<n<i I n+1
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Energy Diffusion in the 1-Dim LRI Spin Systems : Qutline

v/ Normal Diffusion—Thermal Conductlwty (Green Kubo formula) is convergent

J dt Z (Fn (D) F O>eq We focus on The Amphtude of ( f ej())

aA kT2

Thm.1 1 Cumulant Power- law Clustering / Thm. 2 : Upper Bound on <j ,ff 5 >eq

Consider k-local LRI systems on D-dim lattices. For the prototypical 2-local LRI spin

systems ('T'rans. Ising & XYZ),

’ For the regime a > D, T > T.,
(j6j0)6q<c’ e (1 <a<2) |

(ﬁxl ... Ox ). < const.

(1%, | +1X; ik

Ip+1

n] | X; [1X; . e PP —
Y o ——2— | — —
e P (dy y )* | fa > 3/2 is Sufficient for Normal Diffusion |
i TR L, p:] ip*ipt j‘. o oo A At s v VG s Vol

- P - <
e o e e L o e

If a < 3/ 2 ? Fluetuatmg Hydrodynamlcs—>Levy lefusmn ‘



Energy Diffusion in the 1-Dim LRI Spin Systems : Outline

v/ Normal Diffusion—Thermal Conductwnty (Green Kubo formula) is convergent

J dt Z (Fn (D F O>eq We focus on The Amphtude of ( f 6f0>

W= ki T2
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Normal Diffusion and Green-Kubo formula
* If the energy diffusion is normal,

e (1) =Y V2€ ~(#) :Diffusion eq.

K
& = —, k :Thermal conductivity ¢y, : Specific Heat per unit volume

Cy
e Green-Kubo formula for thermal conductivity

J drCy (D), Cy® = Y (T F)eq

N T

* Normal diffusion — Thermal conductivity converges to finite.

- Remark: ¢, < oo fora > 1
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Numerical Simulation : Total Current Correlation
- LRI Transverse Ising Model H= ) e,

ARA RIS SIS B

=“Z%—W

- Total current correlation: Cy () = Z (Fo(1) jg)eq

! t v C\(?) : Rapid decay in time
Jy dsCnls)— = N
iy (1) — — No long-time tail in Cy(?)

o0—=13 N = 1024 v Green-Kubo integral is convergent.

------- , v Due to non-integrable systems &
0 10 20 no continous translational symmetry.




Numerical Simulation : Thermal Conductivity h

o0
- Thermal conductivity : xy = sz dtCy (1), Cy(O)= ) (F) I eq
B 0 "
100 3 (a) a=1.1 O
| NS = 1.2
1();_ .' NOS . a=13 =
: I ]—\}0.4 0424
S
! : * ¢ o @ --------- : __________ :_ _____ a=1.8
0.1} 2 : : e Na 0 =20
100 - N 1000

v Small a ( < 1.5) seems to show the diverging thermal conductivity.

—What is the origin of the anomalous behavior ?
cf) There is NO long-time tail in Cy/(7).



Divergence of Thermal Conductivity (Green-Kubo formula)
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We focus on the equal-time current correlation : Cy(0) = Z (B H Deq

100 ; 2§

10 |
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n

= dt Cy (1),
KN kBT2 JO N()

Cn (1) = ) (I FE)eq

v Both are qualitatively same.

v New mechanism :
Anomalous enhancement of

the amplitude of C,/(0)



Energy Diffusion in the 1-Dim LRI Spin Svstems : Outline

v/ Normal Diffusion—Thermal Conductlwty (Green Kubo formula) is convergent

Ky = k > [ dt Z ( (1) f0>eq e focus on The Amphtude of ( f 6f0>

’ Thm.1 1 Cumulant Power- law Clustering

| Consider k-local LRI systems on D-dim lattices. f
' For the regimea > D, T > T,, '
(ﬁxl ... Ox ). < const.

a1 |X ‘ ‘X ‘e(‘X H_‘XpHD/k

Y MMiog——r———

B TR I p=1 ip*ipt]
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Clustering Theorem for Many-body Systems

Araki, Comm. Math. Phys. (1969)

v Clustering Theorem for Short-range Interacting Systems  Gross, Comm. Math. Phys. 1970)
Kliesh et al., Phys. Rev. X (2014)

(6060y), < const. - ||Oyl| - ||Oylle™ (O 6
X Y

5@X = Ux — <@X>eq X

dX,Y
v Clustering Theorem for Long-range Interacting Systems  Xim kuvahara, Saito

Phys. Rev. Lett. (2025)
| X || Y| e(XIHIYIK
(60x50y)eq < const. - [| 0] - O l———
XY

Proof: high-temperature cluster expansion technique



Cumulant Power-law Clustering for LRI Systems

' Thm.1 : Cumulant Power-law Clustering Theorem for LRI Systems HN & K Saito, arXiv:2502.10139 |

Consider k-local LRI systems on D-dim lattices. For a > D, T > T, the following inequality holds:

(X, 1 +1X; . ik

Ip+1

‘Xip‘ ‘X' \e
(Oy, ... 0y ). < const. Z H |6x | -
(dx x )

..... n p 1 lp p_l_l

Oy ...0 — A X i X
( X, X> Y Oﬂ( ) . i @X | 3 |

2 2
ﬂm—ln«ZwX» T X, 74

Proof: high-temperature cluster expansion technique
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Cumulant Power-law _

' Thm.1 : Cumulant Power-law Clustering Theorem for LRI Systems HN & K.Saito, arXiv:2502.10139

Consider k-local LRI systems on D-dim lattices. For a > D, T > T, the following inequality holds:

(Oy, ... 0y ). < const. Z Hu@ |—= -
(dx X )

9999 n p 1 lp p+ |
connected !

p+1

N pp—_ (D)
R o | "

=0
u(2) =1n(( Y 4,6x)) bz 2/

e.g. case of 3rd order cumulants dyy

(50450,56,,) LJF&JF&
A eq B (dX Y)a(dY Z) (dY,Z)a(dZ,X)a (dZ,X) (dX,Y)a




Energy Diffusion in the 1-Dim LRI Spin Svstems : Outline

v/ Normal Diffusion—Thermal Conductlwty (Green Kubo formula) is convergent

J dt 2 (Fn (D F, O>eq { e focus on The Amphtude of ( f 6f0>

W= kT2

’ Thm.1 1 Cumulant Power- law Clustering ’ Thm. 2 : Upper Bound on ( j ’f jS)eq

For the prototypical 2-local LRI spin
systems ('T'rans. Ising & XYZ),

.<@X1“'@Xn>c < const. (jEJO)eq <cn, (1<a<?2) .
X, 11X, ‘e(\X +1X, k] :
2 11 | Xp | (dy X & | ta > 3/2 is Sufficient for Normal Diffusion |
- e n p lp p_|_1 e i A N e O AR Pl D Nl TR IO Nl S Saa Nl

| Consider k-local LRI systems on D-dim lattices. f
' For the regime a > D, T > T, '

Ip+1
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Upper Bound on Energy Current Correlatlon

HN&K.Saito, ,,'/
arXiv:2502.10139 %

Thm 2 Upper Bound on Current Correlatlon for 1 dlm LRI Spm Svstems

For 1-dim prototypical 2-local LRI spin systems (Trans. Ising & XYZ), the equal-time
equilibrium energy current correlation is upper-bound as

(InFodeg < e’ ?“, (l<a<2)

Sketch of Proof Symmetry of Hamrltoman + Cumulant Power law Clustermg Thm

v/ Trans. Ising—  (S%)., = (5)eq =0, (Sl-ijy@%q = z']'((Siy)z@)eq H=-J) S;fz RS

21,2
e 3T e,

k>n>1 {a,b}={k1}
kK'>20>1U"{a, b} ={k,l'}

(SESUS))eq = (SIS3 SY)2> + (SISEASDP) d

/ a’,b
S D> > 5 i somrs
k>nl<0

X QX 2 _
<SaSa’(S]Z) >eq da,(g
dgydg
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Upper Bound on Energy Current Correlatlon

HN&K.Saito, ,,'/
arXiv:2502.10139 %

Thm 2 Upper Bound on Current Correlatlon for 1 dlm LRI Spm Svstems

i For 1-dim prototypical 2-local LRI spin systems (Trans. Ising & XYZ), the equal-time
equilibrium energy current correlation is upper-bound as

(i Fo)eq <€ o / (1<a<2)

Sketch of Proof Symmetry of Hamrltoman + Cumulant Power law Clustermg Thm

v/ Trans. Ising—  (§7)eq = (87)eq =0, (Sl.ijy@)eq = l-]-((Siy)Z@>eq
XYZo (S0 =0, (ST eq = 6,(S7STNq (027 = X3
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Upper Bound on Energy Current Correlatlon

HN&K.Saito, ,,'/
arXiv:2502.10139 %

Thm 2 Upper Bound on Current Correlatlon for 1 dlm LRI Spm Svstems

For 1-dim prototypical 2-local LRI spin systems (Trans. Ising & XYZ), the equal-time
equilibrium energy current correlation is upper-bound as

(jefo)eq< c’ 2= 2 (1 <a<2)

— CN(O) = 2 (fef())eq < c”N3 20‘+ const. < o0 (a > 3/2)

10 Assummg that ( j e(t) jO) is mtegrable
= | . a > A = 3/ 2 is sufﬁcnent for Normal lefusmn
= 1 o M B “="T. .
S N . u RS N """"" a=1.0 o

. N . a= 1.8
ot Pr LD Himeeia=20

100 N 1000



Energy Diffusion in the 1-Dim LRI Spin Svstems : Outline

v/ Normal Diffusion—Thermal Conductlwty (Green Kubo formula) is convergent

J dt Z (Fn (D) F O>eq We focus on The Amphtude of ( f ej())

W= kT2

Thm.1 1 Cumulant Power- law Clustering / Thm. 2 : Upper Bound on <j ,ff 5 >eq

Consider k-local LRI systems on D-dim lattices. For the prototypical 2-local LRI spin

systems ('T'rans. Ising & XYZ),

’ For the regime a > D, T > T.,
(I I Veq <Cn*, (1<a<2)|

(ﬁxl ... Ox ). < const.

(1%, | +1X; ik

Ip+1

n] | X; [1X; . e PP —
Y o ——2— | — —
e P (dy y )* | fa > 3/2 is Sufficient for Normal Diffusion |
i TR L, p:] ip*ipt j‘. o oo A At s oo VG s Yol

PR - _
N G o ae o o c o e q o ame

If a< 3/ 2 ? Fluetuatmg Hydrodynamlcs—>Levy lefusmn



Fluctuating Hydrodynamics for Short-range Interacting Systems

N AP A
DA T

Al D7
= A NV D= SV P P
Micro MESO Macro

(Newton eq.) (Fluctuating Hydrodynamics : FHD) (Hydrodynamics)

v'Diverging viscosity in low-dim fluids

v'Diverging thermal conductivity in low-dim lattices
v'Long-range correlation in noneq. steady states

They cannot be described by macroscopic hydrodynamics.

—> [mportant is The Fluctuation in Mesoscale.



Fluctuating Hydrodynamics for Short-range Interacting Systems

avﬂﬂ

IVNEV4 V4=V,
SVEEVL-V V>

P ti
rojection 1(\1/?131 SD(; MACTO

Zwanzig Phys Rep. (1961 roesenvensoven (Hydrodynamics)

Phy Rep. (1977)

Saito et al., PRL (20 )

Ortia (¥, t) = =0p | Ja({u}) = ) DaarOurtta(w,) + Eaa(t) | “hozic

SRR RTERE

Local conserved Equlhbrlum a’ DlSSlpatlon Fluctuation
quantities current

/FHD in LRI Spin Systems ?? |/ Diverging thermal conductivity in a < 3/2

Otal,t) = 0, Z/dw Do (@ = /)t (1) + 0o (1)

HN & K.Saito, arXiv:2502.10139 Nonlocal Diffusion (Dissipation)



Fluctuating Hydrodynamics of Energy for LRI Spin Systems

N = 256 ——
 Fluctuating Hydrodynamics for LRI Spin Systems 12 ___LRI'Trans. Ising =5l —
: | n—06 N =2048 —
y - N = 4096 —
ath(t) o (2 n—m m € T éz(t)) /510
S0
/ / § RN
<C§n(t)5m(t )> — 2Dn—m5(t T t) \/10—6
o0 orlle ™
D, =T [ di{ FE(0) FE) R e
* N = 256 ——
Thm 2 <j€ €>eq 07 o =1.3 n_ NN 1(5);21 _
:: 10 ’ :?/Ci 10
10 § 107 ‘ || ,
107 i’ 10 n
o ‘ 110 100
1 10 100



Fluctuating Hydrodynamics of Energy for LRI Spin Systems ™

N =256 —

+ Fluctuating Hydrodynamics for LRI Spin Systems "'~ Lt Trans-Ising N
at‘gn(t) =V, ( Z Dy, Vi€ + gn(t)) /szz —
& E: 107°
(DG, (1)) = 2D, _,0(t=1) -
o0 10-7 =
D, =T "c;, 1[ di 7, (D7) ~ nl2a 0 0
Thm.2 is optimal ! | (FE.£5)e, | 0| oy =
‘- Fourier tr. (Sz(k, 1)5¢g)eq ~ kK2 3(5E(k, D)0€))eq S . & " L
sV e
Levy Diffusion 5106§ A || |
—1/Qa—1 orlg ,
(Se (D06 O)eq ~ 1 T ) @<3) e
€n €0 eq _ S 0 100
=) (a > 3/2) n

Normal Diffusion
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Energy Diffusion in the 1-Dim LRI Spin Systems
v Space-time energy correlation : C(n, 1) := ((Sen(t)éeo)eq

Trans. Ising 000z | (1) /‘\
0.006 | (a) o = 1.3 0.001 | 0.004 -

0 F

= 0.003 -

= t = 600
= 0.004 1 t:1§88 —0.001 F ™= l l | = 0,002 l l l l l
O%) iiuoo_ —200—100 0 100 200 o%> ' i —200—100 0 100 200
g 0.002 - , g

t = 1400 —— n i
N 3, 0.001

(R S e o e O0F
5/8
, n/t
Irans. Ising / 0.003 - C(n,t)
0.006  (b) av = 1.6 0-002 /\ 0.003 |
—~ 0.001 —
£ 0004 | g . 00(1) . - < 0002 |
@ t = 2000 —— | - S
S 0.002 | EZ Se00 ~200-100 0 100 200 T o001 |
8 n * Levy Diff. , Normal Dift
o [

-0 -0 o 50100 Noprmal Diffusion Q, = 3/2



Outline

1. Overview of Long-range Interacting (LRI) Systems
2. Energy Diffusion in the Long-range Interacting (LRI) Spin Systems

* Models & Dynamics : Transverse Ising + XYZ

* Local Energy Current in Long-range Interacting Systems
* Divergence of Thermal Conductivity (Green-Kubo formula)
* Cumulant Power-law Clustering Theorem in the LRI Systems

* Fluctuating Hydrodynamics for Anomalous Diffusion

e The case of D ( > 2) dimensions

3. Conclusion



Green-Kubo Formula for D-dim LRI Systems -
HN & K.Saito, arXiv:2502.10139 1
v/ Green-Kubo formula : 9 = —{ dtCzi,D)(f)
C\/kBTz
D N
(D) — A7L=D (i) (1)
i=1 n=1 (i) i "
< : Diffusion constant S ni|n—1 — 2 lker
k:k: > n, (’L
S HN &K Sae N

f Thm 3 Upper Bound on Current Correlatlon of D dlm LRI Spln Svstems

arXiv:2502.10139
For D ( > 2)-dim prototypical 2-local LRI spin systems (Trans. Ising & XYZ),

assummg a > D equal tlme total energy current correlatlon IS ﬁnlte C (D )(O) < 00

Assummg that C (D )(t) IS mtegrable for a > D Energy lefusmn IS always Normal I"
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Conclusion
Energy Diffusion in the Arbitrary Dimensional LRI Spin Systems a?ﬁfzs'ifi‘lff;g

* Energy diffusion in the prototypical 2-local classical LRI spin systems (Trans. Ising, XYZ
model)

* Mechanism : Anomalous enhancement of the equal-time current correlation

e Cumulant Power-law Clustering Theorem for LRI systems

* ]-Dim : Fluctuating Hydrodynamics
1. a > a.= 3/2 :Normal Diffusion

2. a < a.= 3/2 :Levy Diffusion with exponent 2a — 1

* D( 2 2)-Dim : Fora > D, Normal Diffusion| 1 pim a<l 1<a<3/2 3/2<a

— Levy Normal

D-Dim a<D D <«
(D>2) — Normal
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Quantum case
v/ Thm.1 holds even for quantum case (for bounded systems).

v Quantum Trans. Ising / XYZ model ( & Non-integrable Fermionic systems)
. Thm. 2,3 also holds. We expect the same behavior (For 1-Dim, a, = 3/2).

However, the numerical confirmation of the rapid decay in time is demanding.

v Non integrable Bosonic systems
: Unbound systems—Thm.1 cannot be directly applicable. Open question.



Proof : Cumulant Power-law Clustering Theorem for LRI Systems

v’ k-local LRI Hamiltonian :
g

H = Z h, Z:asubsetof interacting sites J. . := Z 17,]| < : : LRI

& . a
Z:|Z|<k Z:731i,j} d”f + 1)

v/ Multi-phase spaces technique :
= ®§\; | pW: p.d.f in the multi-phase spaces
O)((i): local physical quantity supported by the region X in the i-th space

O)((i,j) . — 0(1) 0(]), (i <])

0% %{27%( L= 0(1) (Z O(k] )> : n-th cumulant operator
j=2 k=1

(O, ...Ox). =1tr (,00(11 """ ) ) : n-th cumulant

n



Proof : Cumulant Power-law Clustering Theorem for LRI Systems
Lemma 1 *
| It Z,,...,Z, are NOT connected to X, ..., X

n)

tr(az .0, O n>) =0

.
= "> o 4o o o : Lok e L oo s Sk a e alr S s o e N B A O e for S > D I BT a2 WP, T P PRI W N R T P OV IR W0, SR O s T e e Ao S Lo poa2 S S s A e A Aee Bl L b a ot Jerl i o ) S aE Asi B Lo b s PTG D WL P W X T VI DY P e s <
- - P < - Z » o . _ iy o S < - o S S 5 ~ - e - ) | = - v 2 S ~ - I - = 3 - N ~ - 3 -

7 > equilibrium p.d.f. in the multi-phase spaces H=Q"., j240

—We can take the cluster expansion using only connecting components

: By using Lemma 1, all disconnected paths vanish.

..........

:connected



Proof : Cumulant Power-law Clustering Theorem for LRI Systems

( ﬁ)m 7 7N n
<0X1 c o OXn>C Z” Z 2 ( Zl c o thagfll .......... X)n>

m=0 Z;,.
_ d-*
.connected d)ziloinz dX;Xl-3 X, X,
/ e |
A a)izalé a)é’Z‘l’l” Y
Xil a)Cl cl Xl3 ........ Q@ ln
%QXZ-2
a)(fllz B (X, +1X /K
X |+|X. Dk
L XX e
< const . 2 Hu@X |——
1 (Xm X )a
1° Uy p= P’ 'p+l

:connected



Proof : Cumulant Power-law Clustering Theorem for LRI Systems
v/ Representation of n-th cumulant on multi-phase space

(O Ox ) = (PO ) Oy, %, = Oy, (Z o)
j=2 k=1
v/ Decomposition of n-th moment: (Ox ...Ox) =(Ox ...Ox).+ D,

D, : All the summation of n-th representations decomposed into products of

cumulant up to (n—1)-th order, involving Oy , .. ., Oy

D, = <OX1>C<OX2>C
D; = (Ox Ox ) {Ox.). + (Ox Ox) (Ox ). + (Ox Ox ) {Ox ). + (Ox ) {Ox ) {Ox.) .

oooooo

n
(1,...n) — Hu _ u — O ) (1) (k.))
O =0y =D, 0% =000y (0 +20 )
i=3 k=2



Proof : Cumulant Power-law Clustering Theorem for LRI Systems

. ~(1 ..... n) oY/ _ N(1,2,3) __ (1) (1,2) (1,2) (1,3)
/Goal Of prOOf ) OX X o Xl °°°°° X @n OX19X2>X3 o OXI OXZ (OX3 + 0X3 )
[9ee-92p n

- . u 1072108172180 (2,3)

v/ Induction : n = 3 case Ox, x,x, = Oy Oy (Oy "+ Oy ™)
— (1,3) (2,3) (1,2) (3) ~(1.2) _ (A2
D3 =Do0y "+ Oy )+ (O, + D)0y 04} = 00,
Oy, contributes to higher- O, contributes to 1st- O?Q,Xz = 0)((1)0)((2) Dy = 0)((1)0)((2)
order ( > 2) cumulants order cumulants

<0X1>C<0X20X3>C T <0X2>C<0X10X3>C <0X10X2>C<0X3>C T <OX1>C<0X2>C<OX3>C

(D)) H(2,3) (D)2 H(2,3) (1) H(1.2)H(3) (D H(2)H(3)
0’ 0P0F + 000y 00?0 + 000y

— OO nH.3) (2,3) — (O H:2) (DHENNHG)
= 0"0P(0{ + 02 = (0)04? + 0P 0OP)0¢



Proof : Cumulant Power-law Clustering Theorem for LRI Systems

. ~(1 ..... n) oY/ _ N(1,2,3) __ (1) (1,2) (1,2) (1,3)
‘/GOal Of pFOOf ) OX DX T XX, @n OX19X2»X3 - OX1 0X2 (OX3 T OX3 )
[922942n
- . u _ NOAHM)H(D) (2,3)
v/ Induction : n = 3 case Ox, x,x, = Oy Oy (Oy "+ Oy ™)
— (1,3) (2,3) (1,2) (3) ~1.2) _ A A1.2)
3= DoOx "+ O ")+ (O, + & Oxix, = Ox Oy,
Oy, contributes to higher- O, contributes to 1st- O?Q,Xz = O)((I)O)((z) Dy = 0)((1)0?((2)
order ( > 2) cumulants order cumulants

i _ — O _ (1,3) (2,3 —_ (O1:2) (3)
X19X29X3 93 — )(1,)(2,)(3 @2(0)(3 + OX3 ) (0)(1,)(2 + @2)0)(3
— U (1) (2,3)y _ (1,3) (2,3)y _ N (3)
— 0X1 , X2(0X3 + 0X3 ) @ 2(0X3 + OX3 ) 0 Xl ’ X2 0X3
— (4  _ (1) (2,3)
- (0X19X2 @2)(0)(3 + 0X3 )

— L2 (H) (2,3)y — NH(1.2,3)
B OX1»X2(OX3 T 0X3 ) = 0X1»X2aX3



Proof : Cumulant Power law Clustering Theorem for LRI Systems

(19 9”) — n ]_1
v’ Goal of proof : 0, Y -9, (otl) o (1) (k.j)
X19 9X | EXE 9 0X1 ..... Xn 0 (Z 0 ] )
v/ Induction : Assume n—case—>proof n+1-case =2 k=1
~ u — N (1) (kJ)
O;t(l ..... Xn+1 o QVH‘I 0Xl 9999 Xn T OX1 OX2 (O + Z 0 )
=3 k=2

e Ln+1) A(1,..., +1
=04 x —9D ZO(” '~ (O + )04+

=1

n
_ N - (Ln+1)  Au (n+1)
T OXl ..... X, @nz 0Xn+1 OX1 ,,,,, XnOXn+1

=1 ,

n
0" _9)20@,%1) Lem—maZ
Toeees n+1 n Xn
+ — +1 @;/H_l — 9 Z 0(ln+1) 4 (0(1, ) + 9 )0(n+1)
n

_ N)(1,....,n) (I,n+1) (1,..., n+1)
_ Oxl ..... X Z OXn+1 - Oxl ..... X .1



Pr()of Cumulant Power-law Clustering Theorem for LRI Systems

m; |
.. J
(Ln+1) ~(1,..,1) (n+1) (1 ..... n) ._ (1) (k.j)
D1 =9 20 +(0X1, %+ D)OLED | 04 = 0 (Zaxj )
0 N contributes to OXn+1 contributes to
higher-order cumulants 1st-order cumulants
Decomposition of &, into m ( < n) products of cumulants
O(l(l) 1) A +1),...i(5)) 0(1( 1t D,i(,)
1(1)’ 9Xz(ll) Xl(l1+1)’ ’Xl(lz) (m 1+1)o- 9Xz(lm)
Ao+ 1),..01(L,) o (i +1)n+1) (i(1,),n+1) A, +1),...i(L),n+1)
() P 1 p—1 ; () P
Xi(lp_1+1)a-"in(lp) (OXn+1 T 0 X1 ) Xz(lp 1+1)- ’Xl(lp)’Xn+1



Upper Bound on Energy Current Correlation : Trans. Ising Model

J2h2 (SESISESY)
Clb a/b/ a a cq.
€ €
<j j0>eq § , 2 , 4 dg,bdg',b'

k>n>1 {ab) =1kl
K>0>1{a. b} = (K.I)

< S,y Sj)’@>eq. = () . (l 75 ] )

< S xS x,( S )7) 2 > o

21,2
ab a/b/«] h a—d b
"¢ Op 1
4 T ga g
k>n>1 {a, b} ={k, I} a,b~a’,b

K'>0>10{a,b) = (k1)
(SIS Deq. = (SISHUSID) + (SSILESDD
<dd  <did®  <d S d’ <d* i kg J

a,a”"a',b a’,a’a,b

eSS
> > >

o~
ek
| —
®
®
Y
IA
®
o

©
IA
O
O

IN

+ < / = Z dk_ lz,“ < const. - n22@
l k k>n

"< 0




Current Correlation - XY model

Upper Bound on Energ

, J JJ T (SISESESTSESE e
<j j0>eq Z Z Z Z GUTZGGTZGQbCGabC oVtvoV1
k>n>lmm ot} =xy} {a,b,c} =1k [, m} 16 dgcdbcdacd

kK'>0>1T o', 7'} = {x,y} {a’,b,c'} = {k,l',m'}
SGSTSG’ST’ QU 2 d C b
230 Sp(Se) Veq.  ®

: _a. —
=)D ) D .0 T — da dyg

a,cb,c"a’,c*b’,c

d, " dyte

(lC

O o O
/ /
a C b’

(S7SESTSE(S ) eq, = (SSSS(SH?).+ D' (SSSS) (S, + Y (55)A(SS) (S,

XXX KX 2
D dif < const. - n*”



Upper Bound on Energy Current Correlation : XYZ model
T T T ASISESESaSESE Y eq

otv 0TV abc .a'b'c’ 0T 07T
(FTea = 20 2 2 D e e
o 16 dedgde_ds

k >n> [ m,m, {69790} — {x9y9Z} {a,b,C} — {ka lam} b,C a,c

k' Z 0> K {0,, T/,U,} — {X, y,Z} {Cl/,b,, C,} — {k/, l’,m/} a C b

(SSSESLSTSESY Yoy = (SSSSSS),. + 2 (5S) (SSSS) . + Z (5S) (SS) {SS). ) dgc ) dy )
VORI VZZ VDR R K MORMEZKCEAD 11 1 o g-a
DX RONREOE TS L LX o i g ey

XUDCEEZNYXZR | ¢ b
XXNZABAZERX |
s=ree. DOMINANT !

N :j 3 3 3 i fora < 2




Derivation of Fluctuating Hydrodynamics in LRI Spin Systems

HN & K.Saito, arXiv:2502.10139

@ Coarse'gra““ng K.Saito et al., Phys. Rev. Lett. 2021
Microscopic Phase Space :

[ := (51 57,85+ S S )

Conserved Quantities (Micro) : hih, hy By hyy
A —0-0-0-0—0—0-0-0-0—0-0 00— ; — coordinate
h, only Local Energy 7 7
Continuity Eq.©: 0h, =—9,J, & —— &
1 2
e oo
—~ll— — e > Y x — coordinate
Coarse-grained Conserved Quantity (Energy) : A
xl \J] \J]
A 1 n 2 3
€. . — 7 Z hn
n=(x—1)+1

A\ A\

Continuity Eq. © 08, =—0,J,, J,=J, 1y

X



Derivation of Fluctuating Hydrodynamlcs in LRI Spm Systems

@ Pr()]ectlon Zwanzig, Phys. Rev. 1961
(PAT]:= Q') JdF’A(F’)Hé(éx(F’) — e (),

am) = |arT[ae.a - e

By projection operator &, any function A is
redefined in terms of coarse-grained quantities.

@ : particle mode

hydro mod

PR
.« ®
.

-
----------
lllllllll

"
"
"
.

No Contmuou Translatlonal Invariance
— Hydro Mode & does NOT Exist !

3
-« .
"""""
., .
.
.
.



Derivation of Fluctuating Hydrodynamics in LRI Spin Systems
3 Derivation of Fokker-Planck eq. for Coarse-grained p.d.f.

* p.d.f for Coarse-grained Conserved Quantities (Coarse-grained Energy)

et i= |arpm.p[[o@m - e). 950 = (H.HT.0)

* Markovian Approximation—>Derivation of Fokker-Planck eq.

d,.f(e, 1) = Z éﬂ(e)(d d.K(x, x)— (fg(;(;)) ))

o0

K(x,x') = J

0

ds [dF Q') ] | 5e.) - €) [JA]X(F)eS@[LJA]x,(F)]

o0

~ ‘[ ds <\J]x esu_“ﬂx’> local Gibbs [ ds <‘J]X(O)‘J]x'(s)>eq
0 0



Derivation of Fluctuating Hydrodynamics in LRI Spin Systems

n O
o.fte.n) = |arpe.n ¥ 03,0 T[ae.m) - e

° [[sc@ -e)
5€x : €X €X

= Jdl“ [PH@T, 1)+ @p(T. D] Y 0,

° | | EEOEES
5€x : €x €X

— [dl“@“ﬁ(l“, ) Z 0,J,(I)

= Z ° J't dSJ@G’Q(e)(ﬁ 0. K(x, x'- t — 5)) 0 (f(e’, S))
XX’ o€ o o o€, \ (e

X Y9 —00

K(x,xs 1 — 5) = Jdl“ o' [Toem - e 3, (e [T o, - epa.m)|
Z Y

- Jdr Q') [T5.) - e)[ 3,00, [ 56, - €)
< Y



Derivation of Fluctuating Hydrodynamics in LRI Spin Systems
@) Derivation of Fluctuating Hydrodynamic Eq. (Langevin Eq.)

Corresponding Langevin eq.

0(H) = — 0 [ (0] SOEO) = 2K 1),
dx O€ § = 1n Q(e)

— , de, N\ 1 B

ﬁ + 5 (t)] Alx,x") = ( aﬁx ) — (<5€x5€x,>eq) 1

cq

Z K(x. x)—A(x’ X)E+ & (z)] ~ (cykgT2 16,

l
=0
{

D(x,x") = K(x, x")A(x", x")
— 0 ZD(X X)e, (t)+af(z)] Z

= K(x, x")/ (CVkBTz)



Rapid Decay of Total Current Correlation : Appendix

Crn (1) = ) (I I eq e
n 0.3 | YT /ot dsCy(s) —
0.2 | a=1.1 Cn(t) —
0.12
0.1
(a) ;
0.08 7 Trans. Ising Jy dsCn(s) — 0
a= 1.0 Cn(t) —
0.04 ] 0.06
0. N\ 0.04 |
' ' t
0 10 20
0.02 +

0 10 20 30



Optimality of Upper Bound on Current Correlation : Appendix
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v/ Space-time Energy Correlation : C(n, 1) := <5€n(t)5€o>eq

t>/5C(n, t)

0.014

0.012 F
0.01 ¢
0.008 F
0.006
0.004 +
0.002 F

0

Energy Diffusion in LRI Spin Systems ¢ Appendix

rans. Ising

(a) a=1.1
t = 120
t = 160
t = 9200 ——
t = 9240 ——
t = 980 ——

A

0.004 |
= 0.008

N——

—200-100 0 100 200 Q 0.004 ¢
©
n ~
e

0.002 +

0 F

—100 —50

0
n/t5/6

o0 100

£ 0.002
O 0| = 0.006
[ | | | [ Q

I\

—200-100 0 100 200
n

XYZ
. 0.002 |
‘(b)) a = 1.1 f\ =

£ 0.001

t = 240 S 0

t = 320

t =400 —

t =480 ——

t =560 — \\\

—100 —5H0 0 50 100
n/t5/6



Energy Diffusion in LRI XY models : Appendix

XY
i __0.002
(a) a = 1.1 =
£ 0.001
b — 240 o =
t = 320 $
t — 400 | | | | | 5
480 — —200-100 0 100 200 O
t = 560 —— n ©
15O
n .
—100 —50 0 50 100
n/t5/6
XY
0.004 F
(¢c) a=1.6
0.003 |
N
+ t = 1200
< t = 1600
= 0.002 | t=2000 —
O t = 2400 ——
o t = 2800 ——
S 0.001 |
O -

0.002

0.001

XY

—200-100 0 100 200
n

0.0015 -
(b) o= 1.3 ::ﬁ 0.001 -
£ 0.0005 f
=720 O 0 F
t = 960 —0.0005
t = 1200 —
¢ = 1440 ——
t = 1680 —
100 50 0 50 100
7l/t5/8
0.002 +
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Validity of Fluctuating Hydrodynamics in LRI Spin Systems

t =400 ——
0.007 - t = 800 ——
t = 1200

Trans. Ising
0.006 + t = 1600

a=1.3 fluctuating hydro

961) = V(X Dacn Vin + &0

0.000

0.004 -

o0

| A D, = ((5€5€>eq)_1[ (T (D)) eq
0

0.002 | /A\ \ f

From Numerical Data
0.001 |-

(0€,(t)0€n)eq

O s > e N f\"‘w‘

-~

—300 —200 —100 0 100 200 300




Validity of Fluctuating Hydrodynamics in LRI Spin Systems

t =240 ——
0.004 - (b) A f =720 —
/\ XY 7/ ~ t = 1200
S 0.003 - O = 1.3 t = 1680
=} fluctuating hydro
=
< 0.002 +
S
~—— 0.001 ¢ J//
0 = «4,.-,/
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Derivation of Continuity Eq. for D-dim LRI Systems
v Continuity Eq. for D ( > 2)-dim LRI Systems

at€n — {€n’H} — Z {Gn’em} — Z Ly m Ly = {Gn,Gm}

m#n m=n

n—+r
Z tn<—n+r IR Z tn—w—n

reQgT reQgT

- Z Vrjrf:r

regT

€ «— l-
n.r ° n—n-+r

VrAn:r .= An:r o An—r:r n—=r



Derivation of Continuity Eq. for D-dim LRI Systems
v Continuity Eq. for D ( > 2)-dim LRI Systems

€ o — l- .
aten _— — 2 V}"jlff'lf‘ nr ° n<«<—n-+r tn(_m - {Gn ’ €m}
reQT VrAn:r .= An:r _ An—r:r

v Constructive definition of &+

=one of the two point-symmetric divisions
of all lattices excluding the origin




Derivation of Green-Kubo Formula for D-dim LRI Systems
v/ Green-Kubo Formula for D ( > 2)-dim LRI Systems

S(1) : Mean Square Dlsplacement
|
S(t) = n(t n*P(n, 1) = f) ~ 2Dt
(1) = <2 (D) = ZZ (n,1) = chG() < : Diff. const.

n i=1

P(n,1) = N ~(e,(0ey(0)) , N 1= ) (B€,5¢)
D n
o(t) = ) ) n¥(Se,(1)56,0))

=1 n

Here, we use the Continuity Eq.

— 2 Vrjrf:r

reg™



Derivation of Green-Kubo Formula for D-dim LRI Systems
v Green Kubo Formula for D ( > 2)-dim LRI Systems

(1) = Z D n¥(8e,(1)5e)(0)) = Z ) n¥( - ([ ds ) V.7, ,,(S))éeo(O))

i=1 n i=1 n rEQZJr
Z Z Z (2rn; + r,-z)J ds{ 7,.(5)0€x(0)) = Z Z Z (2rn; + rl.z)J ds{ ¥Z,.(0)dey(—5))
n rezv i=1 n rea* 0

D, D, @rm+rd) L ds<fn;r<0>( - ) [

=1 n reg” regt 0

> ) <2r,.nl-+r,-2>[ ds( — (7,.(0) — 7,_ M(O))J ds' ., (—5")

1 n rreg*

dS,Vr’jO:r’(_S/)) >

1 1
Mw ] M@ T

l

D t S
=) D D 2 J dsJ ds'( 7,.(0) Fp.,A—s")) = Z > D 2y [ dsJ ds'{ 7. (") Fo..A0))
=1 n rreg" =1 n rreg” 0 0
D
Z% (J dsz Z rjn,,(s))<J' ds’ Z Z riZ, ,,(S))
i=1 n reg; n reg



Derivation of Green-Kubo Formula for D-dim LRI Systems
v/ Green-Kubo Formula for D ( > 2)-dim LRI Systems

"(”zi (J sy Y rfnxs))([ ds'y Y rfn,xs))

n red; n' regt

1

>

1

0

J an(@ 1(S)><[ an(@ 1(5))> 7

We count 7, ..
r; times (=the number of layers

n<—n+r

that cross the boundary in the

i-th direction)

(I OF )

nilnl’—l




Upper Bound on Total Current Correlation : D-dim Trans. Ising * XY

Cj&fD)(O) — Nl—Di i <j;(flll)\n 1 (l) >eq Trans. Ising §§D I>
=1 n=1
o AKX

. 1 /
(1) (l) 7
<jnl-\n 17 0]— 1> S @(1) Z 2
kik. > n, "kt
ANZAR,
D—1,_D+1-2a .
< O(1)NP~'n; ;

CP(0) < O(1)NP+H~** 4 const. < co (> D/2+ 1)



Upper Bound on Total Current Correlation : D-dim Trans. Ising * XY

| NI2 ) , —20/2
Z d;??é S J'x. > n.dxidyin[ dxkdyk{ (xi o yi) T Z (xj — )’j) }

I — 71

kik 2 m; "Rl y; <0 k#i © —N/2 JFi

£t < 0
N/2 00
<Coui| a7l vy e e )7
—N/2 Y= 0
y; <0
[, B(E=—, a—-2=2) N/2
< 2 2 ND_lJ' dxdy(nl 1+ x + y)D 1-2a
2 0
D—1 D—1
< L’G_Z)ND—IHD: 120

— 2(D=20)(D+1-2a) l



Upper Bound on Total Current Correlation : D-dim XYZ,

D N
CPO) =N ) > (F¢

=1 n=1

(STSFSUSTSTS Y eq

ni‘ni 1

(l) >€q

= (SSSSSS).+ ) (SS)(SSSS) .+ Y (55)(SS)ASS),

ORI

PO DN
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