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• Speed of information propagation and particle transport�

• Optimal transport theory & quantum speed limit�

• General speed limit based on optimal transport theory�

• Results on bosonic transport in closed quantum systems
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• Upper limit on speed of information propagation
τ

effective linear light cone τ ≳ dXY
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2. Propagating information ϱ(θ, t) = e−iHtϱ(θ)eiHt

3. Estimating  from θ trYc{ϱ(θ, t)}
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• Quantum metrology perspective

Wysocki and Chwedenczuk, Phys. Rev. Lett. (2025)
• Cramer-Rao inequality

var[ ̂θ] ≥
1

ℐ(θ)
 : quantum Fisher informationℐ(θ)

• Quantum Fisher information is upper bounded by operator spreading

ℐ(θ) ≤
3

∑
i=1

∥[OY,i(t), AX]∥2

X

Y
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Macroscopic particle transport
• Bosonic system on lattices�

- Time-dependent Hamiltonian�

- Long-range hopping & interactions

• Macroscopic particle transport

Y

dXY

X

:  constant�
: total number of bosons

μ ∈ (0,1] O(1)
𝒩

 bosonsμ𝒩

requirement : nY(τ) ≥ nXc(0) + μ𝒩

• Question: How fast can we transport particles?

Our approach: Optimal transport theory & Quantum speed limit
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Optimal transport
• Problem of transporting a source distribution to a target distribution

Gaspard Monge (1781)

piles holes

Optimal transport plan & optimal transport cost
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Monge formulation
Optimal transport cost with respect to a cost function  : 

�

   : one-to-one map that preserves the total probability

c(x, y)

M(pA, pB) = min
T ∫ dx c(x, T(x))pA(x)

T
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Monge formulation

• Non-existence of a valid transport map:  might not exist in discrete 
cases because no mass can be split

T

• Resolved by the relaxation of Kantorovich

Optimal transport cost with respect to a cost function  : 

�

   : one-to-one map that preserves the total probability

c(x, y)

M(pA, pB) = min
T ∫ dx c(x, T(x))pA(x)

T
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Discrete optimal transport
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m
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q

 : fraction of goods from factory  to store �
 : cost per unit of goods from factory  to store 

πmn n m
cmn n m

(πmn, cmn)

Total transport cost�

∑
m,n

πmncmn

𝒲(p, q) := min
π ∑

m,n

πmncmn

• -Wasserstein distanceL1

   transport plan  : �

  cost matrix  : 

π ∑
m

πmn = pn, ∑
n

πmn = qm

[cmn] cmn + cnk ≥ cmk

• Transport of goods
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Kantorovich-Rubinstein duality

𝒲(p, q) = max
ϕ

ϕ⊤(p − q)

• For symmetric cost matrix cmn = cnm

maximum is over all vectors  satisfying ϕ |ϕm − ϕn | ≤ cmn

• For general cost matrix

𝒲(p, q) ≤ max
ϕ

ϕ⊤(p − q)

maximum is over all vectors  satisfying ϕ ϕm − ϕn ≤ cmn
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Optimal transport and thermodynamics

stochastic and quantum
thermodynamics

optimal transport

pA

pB

𝒲(p, q) = min Στℳτ  : state mobilityℳτ

 : entropy productionΣτ

Discrete generalization of Benamou-Brenier formula
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|ϕτ⟩

|ϕ0⟩ | ·ϕt⟩ = − iH |ϕt⟩

⟨ϕ0 |ϕτ⟩ = 0
• Minimum time for evolution between orthogonal states

τ ≥
π
2

max { 1
ΔH

,
1

⟨H⟩ }
Mandelstam and Tamm, J. Phys. USSR (1945)�
Margolus and Levitin, Physica (1998)

• Generalizations to arbitrary states and other dynamics

τ ≥
ℒ(ϱ0, ϱτ)

v
 : distance metric (Bures angle, Fisher information, etc.)ℒ
 : maximal average velocityv

Deffner and Campbell, J. Phys. A (2017) (review)
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✓ speed limit between specific states�
x not tight for many-body systems

τ ≥
ℒ(ϱ0, ϱτ)

v

ℒ(ϱ0, ϱτ) = O(1)

…
…

→ We need a speed limit that can incorporate the structure of many-body systems
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• Undirected graph

General speed limit
G(V, E)

V = {1,…, N}
E = {(i, j) | i & j : neighboring nodes}

• Vector state                                    evolves on graphxt = [x1(t), …, xN(t)]⊤ ∈ ℝN
≥0 G

·xi(t) = ∑
j∈ℬi

fij(t)

 : anti-symmetric flowfij(t) = − fji(t)

 : neighboring nodes of ℬi i

fij(t)
xi

xj

→
N

∑
i=1

xi(t) = const
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General speed limit fij(t)
xi
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·xi(t) = ∑
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General speed limit

τ ≥
𝒲(x0, xτ)

v

• Minimum time required for changing states

 : average velocityv := τ−1 ∫
τ

0
dt ∑

(i,j)∈E

cij | fij(t) |

✓ tight and saturable
✓ hold for a general setup and arbitrary cost matrix

✓ incorporate geometric structure of dynamics into 𝒲(x0, xτ)
✓ suitable choices of cost matrix lead to significant implications

fij(t)
xi

xj

·xi(t) = ∑
j∈ℬi

fij(t)
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Derivation of general speed limit
𝒲(x0, xτ) = max

ϕ
ϕ⊤(xτ − x0)

= max
ϕ ∑

i

ϕi ∫
τ

0
dt ∑

j∈ℬi

fij(t)

= max
ϕ ∑

(i,j)∈E

(ϕi − ϕj)∫
τ

0
dt fij(t)

≤ max
ϕ ∑

(i,j)∈E

|ϕi − ϕj |∫
τ

0
dt | fij(t) |

≤ ∫
τ

0
dt ∑

(i,j)∈E

cij | fij(t) |
𝒲(x, y) := min

π ∑
m,n

πmncmn

• -Wasserstein distanceL1

• Kantorovich-Rubinstein duality

s.t. |ϕi − ϕj | ≤ cij ∀i, j

𝒲(x, y) = max
ϕ

ϕ⊤(x − y)
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Topological speed limit fij(t)
xi

xj

[cij]• Shortest-path distances

cij = 1 ∀(i, j) ∈ E

cij = min
P=[i↔⋯↔j]

length(P) ∀(i, j) ∉ E
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Topological speed limit fij(t)
xi

xj

• Topological speed limit

τ ≥
𝒲(x0, xτ)

v

 : average velocityv := τ−1 ∫
τ

0
dt ∑

(i,j)∈E

| fij(t) |

Vu and Saito, Phys. Rev. Lett. (2023)

[cij]• Shortest-path distances

cij = 1 ∀(i, j) ∈ E

cij = min
P=[i↔⋯↔j]

length(P) ∀(i, j) ∉ E
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Applications
• Quantum communication through spin chains

Ht = −
γ
2

N−1

∑
n=1

⃗σn ⋅ ⃗σn+1 +
N

∑
n=1

Bn(t)σz
n

τ ≥
N − 1

2γ

Time needed to transfer state from spin  to 1 N

✓ applicable to arbitrary graph of spins

chemical reaction networks

isolated quantum systems

S ·ϱt = − i[Ht, ϱt]

open quantum systems

S B ·ϱt = ℒtϱt

Alice ( )1 Bob ( )N

Bose, Phys. Rev. Lett. (2003)

|1⟩ ⊗ |0⟩ ⊗ … ⊗ |0⟩
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Particle transport in closed systems
• Boson system with long-range hopping and long-range interactions

Ht = ∑
i≠j

Jij(t)b̂ib̂†
j + ∑

Z⊂Λ

hZ(t)

: power-law decay  (spatial dimension)|Jij(t) | ≤ J/∥i − j∥α α > D

: arbitrary function of hZ(t) { ̂ni}i∈Z
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hZ(t)

: power-law decay  (spatial dimension)|Jij(t) | ≤ J/∥i − j∥α α > D

: arbitrary function of hZ(t) { ̂ni}i∈Z

α > D + 2 → τ ≳ dXY
Faupin, Lemm, and Sigal, �
Phys. Rev. Lett. (2022)

x open problem for full range α > D

• Speed of macroscopic particle transport
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Resolution of particle transport

Y
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∥i − j∥τ ≳ {
dXY if α > D + 1
dα−D

XY if D + 1 ≥ α > D

cost matrix cij = ∥i − j∥min(1,α−D−ϵ)

Vu, Kuwahara, and Saito, Quantum (2024)

τ ≳ dmin(1,α−D)
XY

 means x ≳ y x ≥ O(1) × y

→ ·xi(t) = ∑
j(≠i)

fij(t), fij = − fji

✓ bound is optimal
✓ resolve open problem of macroscopic particle transport
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Sketch proof

τ ≥
𝒲(x0, xτ)

v

cost matrix cij = ∥i − j∥αϵ

τ ≳ dmin(1,α−D)
XY

αϵ := min(1,α − D − ϵ)

• Observation #1: Wasserstein distance is bounded by transport distance

nY(τ) ≥ nXc(0) + μ𝒩 ⇒ 𝒲(x0, xτ) ≥ μdαϵ
XY

• Observation #2: velocity  is finitev

v ≤ Jγζ(α − αϵ − D + 1)  : zeta functionζ
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XY

Resolution of 
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General speed limit  τ ≥
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• Future works: exploit full quantum states to uncover new constraints

Hongchao’s talk on generalization to open systems (next Monday)�
Li, Shang, Kuwahara, and Vu, arXiv:2503.13731
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