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Infroduction
Mean-field theory (¢* theory)

Taylor expansion of free-energy by order parameter

F(¢)=£¢2+1¢4+--- 72 try F(¢) = F
5 A symmetry F(¢) = F(—¢)

prohibits odd terms.

Orderparameter

Saddle point equation

dF(¢) 0 e > () Disorder
I ?= V—elu <0 orer
¢ Scaling behavior
p=(—¢)

Mean-field critical exponent

c p=1/2

Order \|Disorder



iIntroauction
Mean field critical exponents

Order parameter () = (—g)ﬁ, p=1/2

Specific heat C = (—8)“, o =1(

Correlation length f — ‘8 ‘_y,

v =1/2

1
e

Susceptibility y = |e| ™",y

Relaxation time T fz, { = 2



d=2 d=3 d>4
@ 0 0.110 0
__________ (specific heat) |
B 1/8 0.33 1/2
Sorder parameter) |
v ] 0.63 1/2
(correlation length)

The mean-field theory fails to predict the critical exponents
iIn d=2 and 3 in equilibrium.




Introduction
Purpose of this study
Motivation
¢ |n equilibrium, the mean-field theory fails in d=2 and 3.
e \What will happen far from equilibrium?

e \We consider a model in shear flow as a prototypical
example of a nonequilibrium system.

Question:
How does the steady shear flow affect the
critical phenomena?

Our answer:
Mean-field theory becomes exact in d=2, and 3.
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Dynamical scaling in equilibrium
Model

We first review the dynamical scaling in equilibrium.

Langevin equation (model-A: nonconservative order parameter)

dp(x, 1) oF [¢(x,1)] I
= — +/2TE(x, t &: white noise
ot op(x, 1) \F(S(x (E(x, HEX', 1)) = 6(x —x)S(t — 1)

¢: order

parameter

Free energy functional (¢* free energy)

| f 2, & .0 U 4
F[Cb]—udx _2(V¢) +2¢ +4¢ |

Steady state distribution
Fl¢]

Peq[¢] xe 1!

Canonical distribution




Dynamical scaling in equilibrium
Linear analysis

To simplify the analysis, we linearize the equation

opx,0)  SFIp(, D]
or  Sp(x, 1) V2T D

= kV2p(x, 1) — e(x, 1) — ud(x, 1)° +\/2TE(x, 1)

* Linearize

op(x, 1)
ot

= kV2p(x, 1) — ed(x, 1) +/2TE(x, 1)



Dynamical scaling in equilibrium
Critical exponents

We want to investigate the power-law scaling near the transition point

Scaling Ansatz

x=bx',t=Dbt, ¢p(x,1) = blPp'(x', t')

aﬂ;’ ) = kV2¢(x, 1) —epp(x, 1) + \/ﬁ E(x, 1)
b2 vy * x3
— P — bled + b= 7\/2T¢E

ot’ *

_k/V/Z / _8¢ +‘/2T/




Dynamical scaling in equilibrium
Critical exponents

=K'V + —'p' +/2T'E

Scale invariance at transmon point € =
kK'=k T =

Scaling relations

Critical exponents of > _
the linear model z2=2,y=
(mean-field)




Dynamical scaling in equilibrium
Correlation functions

Two point correlation function

Cx,t,€) = (P(x,)(0,0))

v

Cx,t,€) = b¥*C(b~'x, b~ b%)

* Set the scaling parameter b = ¢!

Clx, t,e) = S_ZX/ZC(x/e_l/z, t/e_l,l)

Scaling Ansatz
x=bx',t =bt, p(x,t) = b p'(x', 1)

Correlation length Relaxation time
E=eY, v=1/2 r=¢"!

Correlation length and relaxation time diverge with power-law.



Dynamical scaling in equilibrium
Static structure factor

Two point equal time correlation function

Cx,t,€) = bX*C(b~'x, b~%, b%)

Fourier transformation m
* C(g-€) = dee_"q"‘c‘(x, £) = b*C(bg, b)

o C(g = 0.) = bC(0.b%) =5 ¢71C(0.1) ~ &~

—1

e ((q,e = 0) = b*C(bq,0) == ¢~*C(1,0) ~ g2

>

Cg, €) = (cle + c,g° + ---)_1

Ornstein-Zernike (OZ) equation




Dynamical scaling in equilibrium

Upper critical dimension

Scaling transform of the full equation of motion

oP(x,t
¢(6t ) = kV2p(x, 1) — ep(x, 1) — up(x, 1)’ + \V 2TE(x, 1)
N
o transformation
b)(—zi — b)(—ZkV/Z r /3 d-2|—z /ZTé

or '_

=K'V + —€e'¢d — u'p” +ﬁ5




Dynamical scaling in equilibrium
Upper critical dimensions

—k’V’qu +—&'Pp —u'p” +/2T'E

_ pd-d, b= {oo d<4 relevant

U —>
O d>4 irrelevant

For d<4, the non-linear term diverges
in the large length scale b>>1

l

The mean-field theory fails!!!
Upper critical dimension in equilibrium

d,, =4

What will happen far from equilibrium?
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Dynamical equation for non-conservative order parameter
(model-A)

bty | opeen|  SFIpG.n)]
A T +/2TE 1)

Shear flow with
constant velocity
y gradient

y =vyye,
» The simple shear is one
’,?' of the simplest settings to
N realize nonequilibrium
> X steady state.
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e 1976, P.G. De Gennes: Structure factor in shear flow

At the transition point: $(g) ~ _2/3.
Much weaker than the standard OZ equation

S(q) ~q*

e 2020 Nakano et al.: Simulation of O(2) model in
shear
— Observed mean-field exponents even in d=2

Previous studies suggest the shear flow reduce
upper critical dimension of the model-A. However

the theoretical understanding is yet to be completed.
(but see Onuki&Kawasaki 1979 for RG analysis of model-H in shear)
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Dynamical scaling under sh

In equilibrium, the mean-field theory fails in d=2 and 3.
Previous studies suggest that the shear flow suppress critical fluctuations.

Here, we develop the scaling theory of model-A under shear.

A new Gaussian fixed point appears under simple shear.

Upper critical dimensions of the new Gaussian fixed point is
dy, =2

— The mean-field becomes exact in d=2 and 3.



Dynamical scaling under shear
Scaling argument

Due to shear, critical fluctuations are anisotropic

y
v=yye, |
> -
>
> -

___»’

e

. x

OX ~ 5xf

(: anisotropy exponent _ _ _
Anisotropic scaling Ansatz

x = bx/, X, =bx|, t=bt, p(x,x,1) =b‘Pp'(x",x,1)

Parallel to shear Perpendicular to shear




Dynamical scaling under shear
Scaling argument

op o

s }'/ya— = kd’p + kV3 p — ep — ugp® ++/2T¢
X
Anisotropic scaling Ansatz
* x = bbx, X, =bx),t =0, p(x,x, 1) = bip'(x', x|, 1)
i %(’:, + bl—é“wy'i = b XkP ' + b kP — bledy — b ud”® + b= T /2T
X

b

0
- = ko' + k| V2P — 'p' — u'dp” +/2T¢

i

Nonlinear term




Dynamical scaling under shear
Stability of equilibrium fixed point

Critical exponents in equilibrium

2—d C — 1 The system
o IS isotropic

7=2  y=

" Fyy' — = 02¢ + k' Vlgb e+ 2T"E

ox’ \\ /

k”, k,, T are scale invariance

However, the coefficient of the shear diverges.
: _ : b— oo
},/ — pHZ C+1y — bZ}/ 00
The equilibrium fixed point is unstable
(even in d>4).



Dynamical scaling under shear
New fixed point

Advection Diffusion

7yaa—¢ > k||8)26¢ * k” is irrelevant!
X

We require the scale invariance of y, k,, T
1= —(d=1)=¢

}7, = bZ_C_H}./, kJ_ = bz_zk, T"'=b P T

v

Scaling relations
7—2y—(d—-1)-C

z—C+1=0,z—-2=0, ; =0
New critical exglonent Self-consistency check

p _ _ b— 00




Dynamical scaling under shear
Upper critical dimension

Now, we shall discuss the effects of the nonlinear terms

op’ ., 09’ i

+}/y,_ — k|,|a)2€’¢/+kj_vj_2¢,_8,¢,_ u/¢/3+\/27]w5/

e

Nonlinear term
Coefficient of the nonlinear term
1 b>oo 0 d> 2 Irrelevant
u' = bty = p*4 {

U — .
o d<?2 Relevant

But, the shear is

The upper critical dimension ill-defined for d<2.

dy, =2




Dynamical scaling under shear
Static structure factor

Two point correlation function

Clxy, x5 €) = (P, (0,0))

* Fourier transformation

é(Q||9 q1, 8) — bzé’(bgq”, bQJ_a ng)

e C(0.0.6) = b3C(0,0.b%) =55 71C(0,0.1) ~ ™!
@( 0.0) = h2C(b% g qul_uf Y ~2/3

e C(0.9,.0) = b*C(0.,bq,.0) =2 g7¢(0,1,0) ~ g7

~ —1
* C(qyr g1 €) = (Cle + g + eyq? + )

Anisotropic correlation function
DeGennes 1976
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Comparison with numerics
Finite size scaling

d(e, L, L) = b*dp(b%, b~ L, b~ 'L) = L*p(L°,1,L; L)

Scaling function

Scaling exponents
72=2,(=3,y=-1

P(e, L, L) = L7 'PD(L e, LTL)

Order parameter for y = 5.0

0.18F

m)

0.14F

58_ 0.10F

0.06

0.02|

—0— [x=100.0, Ly=125.0
—0— L[x=120.0, Ly=216.0
—0— [x=140.0, Ly=343.0
—8— [x=160.0, Ly=512.0
—0— [x=180.0, Ly=729.0

—1.I005 —1.000 —0.995 —0.990 —0.985 —0.980 —0.975

E

Scaling plot for y = 5.0

—0— [x=100.0, Ly=125.0
—0— L[x=120.0, Ly=216.0
—0— [x=140.0, Ly=343.0
—0— [x=160.0, Ly=512.0
—0— [x=180.0, Ly="729.0

-1.0 -0.5 .0

L (e — ¢,




Comparison with numerics
Structure factor at critical point

Static structure factor at critical point for y = 5.0

“Q\. x—2/3
N X
®

1072 107" 10°
Adx
S(q,,0) ~ g-*" is indeed observed in numerics.



Comparison with numerics
Crossover phenomenon

Scaling behavior for crossover phenomenon

-0 Equilibrium Ising model (2D)

q S(qx,()) _2+’7, n = 1/4

_ e—a -—b
5(¢,,0) = 7798 (777q,) g, < 7° Anisotropic scaling
e S(q.,0) ~ —2/3 —2/3
X

v

Scaling exponents

14 3
b_

a=—, = —
13 13




Comparison with numerics
Crossover phenomenon

Scaling function
S(q,,0) = 7 TS Tq,)

10, °

5(¢,,0)

100_

1072 107 10° 102 107" ¢ 10° 10’

q, Y 14q,

The mean-field scaling is always observed for g, < ;’/%
— Even infinitesimal shear rate changes the universality class!
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Summary and discussions

General relation
Y—z2=xy+1-¢ - C=z+1
Volume integral

dx — bd_1+§de||dxl ~ bdeff, eff — d + Z

r

Since the dimensional dependence appears only through the
volume integral, the scaling behavior of the shared system

can be identified with the equilibrium model ind.; = d + z

d,, = max[d,, — z, 2 |-<EETET



d,, d,,
< i g

in equilibrium in shear
Model-A 2 4 ' 2
Model-B 4 4 2
A+A—0 2 2 2
A+B—0 2 4 2
Directe_d 5 4 "

percolation

Mean-field behaviors are expected in d=2 for
various critical phenomena.




Summary

e \We investigated the phi-4 model with simple

shear by using the scaling analysis.

e \WWe found a new Gaussian fixed point.

e The upper critical dimension of the r

point is d,,,, = 2, meaning that the i
theory becomes exact in d=2 and 3.

ew fixed
ean-field

e |n general, the simple shear reduces the upper

. . . eq
critical dimension as d,, = d; — 2



