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A gas of hard rods in one dimension
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boundary  conditions, and shows how such a system differs from the truly uniform 
infinite system ; 

Lt  n~(xl,  x2) = noo(xl, x2) = nnoo(X 2 - x 1 - 1). (6.9) 
L+oo  
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Hard rod gas is a solvable model of one-dimensional fluid in equilibrium
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The Complete Equation of State of One, Two and Three-Dimensional Gases of
Hard Elastic Spheres

LEwi ToNKs, Research Laboratory, Genera/ Electric Company, Schenectady, ¹ F.
{Received August 3, 1936)

Equations of state have been derived for one, two and
three-dimensional gases of hard elastic spheres of finite
size. For the linear gas the phase integral is directly inte-
grable, and by using the virial the equation was found to
be fl =NkT/(1 —0), f being the force of the gas, l the length
of the gas, N the total number of atoms, and 0 the fraction
of the gas length occupied by the atoms themselves. By
two tests a linear gas consisting of a single atom was found
on a time average basis to obey statistical laws, the first show-
ing that the equation of state is unchanged if l be sub-
divided into N equal compartments with an atom in each;
and the second showing that the length of the single atom
gas consisting of one atom bounded by its two neighbors
obeys the Boltzmann equation, This is significant for the
Debye-Huckel theory of electrolytes. For the ptane gas,

Boltzmann's method of correcting the virial is used for
low 8, the fraction of the surface which would be covered in
close triangular packing, giving 7.a = Nk T(1+1.814 8
+2.573 8'+ .), where v is the surface tension and a the
area of the gas. For 8 near unity, a combination treatment
involving both the virial and an extension of the concepts
developed for one dimension leads to va=NkT/(1 —8&).
The adsorption isotherm of the plane gas is derived from
the equation of state and is compared. with those for films
in which the adatoms occupy fixed positions on the surface.
In three dimensions the same methods give pv=NkT
(1+2.962015.4830'+ .) and Pv =NkT/(1 —0&), respec-
tively. Expressions which match these near 8=0 and 8=1
but cover the complete range are given.

HE exhaustive investigations carried on in
this laboratory concerning the behavior of

monatomic films of caesium on tungsten' have
led to the need of deriving the equation of state
of a two-dimensional gas. The nature of the
forces between the particles themselves and
between the particles and the underlying solid
surface is important for the actual cases, but it
is of value to know what can be expected in the
simplest case, . that of the classical hard elastic
spheres. Equations of state are derived on this
basis in the present paper, not only for low con-
centrations of the gas but for concentrations
approaching the maximum possible; that is,
close packing of the particles. For that condition
it was necessary to employ ideas based on an
analysis of the one-dimensional case. These ideas
also made an extension of the analysis to three
dimensions possible.
Aside from the specific results which formed

the objective of the inquiry, two others of special
interest have been developed; first, an actual
integration in generalized positional space of a
simple one-dimensional case with excluded re-
gions, and second, a theoretical justification for
the application of certain statistical concepts on
a time-average basis to a gas containing only a
single atom.
' J. B. Taylor and I. Langmuir, Phys. Rev. 44, 423

(1935).

1. TIIE EQUATION Ol STATE OF A TWO-DIMEN-
SIONAI. GAS FOR LOW CONCENTRATIONS

By using the virial of Clausius the equation of
state of a three-dimensional gas can be written'

pe= NkT+ ', Pry(r), -
where p(r) is the repulsive force between two
atoms at a distance r and the summation extends
over all 'pairs of atoms. A similar derivation in
two dimensions yields'

ra= Nk T+,'pry(r), -
7 being the surface tension and a the area of the
two-dimensional, gas.
Since the centers of two hard spherical atoms

of diameter cr cannot approach closer than o. to
each other, it is as if each center were surrounded
by a sphere of radius o- which is impervious to
the center of all other atoms. Such an imaginary
sphere will be called an exclusion sphere. In two
dimensions it becomes an exclusion circle and in
one dimension an exclusion length. It is con-
venient for analytical purposes to replace the gas
of finite atoms by the corresponding gas of point
masses each carrying its exclusion figure.
For the three-dimensional case Jeans gives a
' Jeans, Dynamical Theory of Gases, 4th edition, $164.
This equation was originally stated by I. Langmuir,J. Am. Chem. Soc. 54, 2798 (1932), Eq, (56).
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was fond of adopting the free discourse and chaff of 
school-boy days. His friendship was like that of the 
explorers and prairie-hunters of whom he loved to read 
-absolutely staunch. If you had the good fortune to be 
his " chum," he would stand by you through thick and 
thin, and share all he had with you. I do not think there 
was any limit to what he would have done for his friend. 
We took our degrees together in 1868 ; and in the fol-
lowing spring-he having been elected Radcliffe Travel-
ling Fellow, and I Burdett-Coutts Scholar-we spent six 
weeks in the Auvergne and the country between that and 
Marseilles. In the following winter (February 187o) we 
took up our quarters together at Vienna, and studied with 
Stricker, and in Rokitanski's laboratory. He entered, 
on our return, at University College, London, as a student 
of the Medical Faculty. In 1871, after his winter medical 
session, he joined me at Leipzig, where his great abilities 
were discerned and thoroughly appreciated by Prof. Lud-
wig, in whose laboratory we had the privilege of working. 
His first scientific memoirs were published whilst he was 
here-one, on the nerves of the cornea of mammals, as 
shown by the gold method (then not so familiar as it is 
now), and one on the circulation in the wing of the cock-
roach. 

In the autumn of the same year, Moseleywent,as member 
of the Government Eclipse Expedition, to Ceylon, under Mr. 
Norman Lockyer, whilst I joined Anton Dohrn at Naples. 
Moseley made valuable spectroscopic observations of the 
eclipse at Trincomali, and also brought home a large booty 
of Land Planarians, which he at once studied by means of 
sections, going to Oxford for the purpose of using the 
laboratory and the library attached to the Museum. This 
admirable piece of work delighted Rolleston, who com-
municated it to the Royal Society ; it was published in 
the Philosophical Transactions after Moseley had sailed 
on the Clzallenger, as one of the naturalists of the 
Expedition, in December 1872. We did not see him 
again until May 1876, but I had frequent letters from 
him, and sometimes a small parcel, or some photographs. 
Of the scientific staff of the Expedition, Wyville Thom-
son and Suhm are dead, as well as Moseley; John Murray 
and J. Y. Buchanan are the two survivors. Moseley, 
although not a botanist, undertook the collecting of plants 
whenever the Expedition touched land ; he also made 
important anthropological studies on the Admiralty 
Islanders, and has published a wonderful mass of notes 
and observations, accompanied by pla tes and woodcuts, 
in his " Notes of a Naturalist on the Challenger." He 
showed the stuff he was made of very soon after 
the Expedition started, vi z. on the arrival of the 
Clzallenger at the Cape. He immediately started off 
in quest of Peripatus-a strange, imperfectly described 
beast which we had discussed together over some 
spirit specimens of it which I had received from Roland 
Trimen, of Cape Town. Moseley had made up his mind 
before he left England to "tackle " Peripatus, and he 
did so. He obtained living specimens, discovered the 
trache;e and the most important features in the develop-
ment, showing that the "jaws" are in-turned para podia 
-and sent home a memoir which was at once published 
in the Philosophical Transactions. In the later part of 
the voyage he was occupied with the corals, and especially 
the Millepores and Stylasterids. The wonderfully elaborate 
plates, and the discovery they embodied, necessitating 
the formation of a new group of animals, the Hydro-
corallin<e, were the first-fruits of his voyage which he 
produced on landing in 1876. During his absence both 
his father and his mother had died. His old College, 
Exeter-where I became a Fellow in the year of the 
Challenger's departure-now was inspired through the 
good offices of an eminent Greek scholar, with the happy 
thought of offering Moseley a Fellowship and a home in 
the College, so that he found on landing a welcome 
awaiting him, and a place in which to store for a while 
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his treasures. I do not think that a College Fellowship 
was ever better bestowed : that was in the good old days 
before Lord Selborne's Commission. In his rooms in 
Exeter, Moseley displayed his Japanese and Melanesian 
curiosities, and wrote many papers embodying the ob-
servations made during his voyage, besides the book 
above mentioned. He was elected F .R.S. in 1879, and 
after a visit to Oregon (of which he published an account) 
was appointed ( 1 879) Assistant Registrar of the University 
of London. He took up his residence in Burlington 
Gardens, but not for long. In 1881 he married the 
youngest daughter of Mr. J. Gwyn Jeffreys, F.R.S., the 
distinguished conchologist, and in the same year was 
elected, on the death of his teacher and close friend, Prof. 
Rolleston, to the Linacre Professorship in the University 
of Oxford. 

Moseley had had no previous experience in teaching, 
but he set to work with that unbounded energy and 
strength which characterized him. He spared no pains 
to make his lectures absolutely up to date, and arranged 
a thorough laboratory course extending over two years to 
illustrate them. The regulations of the University as to 
examinations and curriculum were at that time not un-
favourable to the study of animal morphology, and 
Moseley usually had ten or a dozen serious students 
besides the elementary class. Lincoln, University, and 
New Colleges encouraged his and their efforts by offering 
and awarding Fellowships to students of the University 
distinguished in animal morphology ; and after six years 
all was progressing as satisfactorily as possible, when he 
was attacked by illness which brought his work to an 
end. Not only was he unable to carry on his work, but his 
absence naturally enough was unfavourable to the in-
terests of those studies which he would have fostered 
and guarded, had he been able to take part in the legisla· 
tion of the Universitv. 

During the happy and busy six years which Moseley 
spent a s Linacre Professor at Oxford, he trained Bourne, 
Hickson, and Fowler to carry on his coral work; with 
Baldwin Spencer he investigated the pineal eye of 
Lacertilia , and himself published his remarkable dis-
covery of eyes and other sense-organs in the shells of 
Chitonid ::e. He was largely instrumental in securing 
the Pitt-Rivers collection of anthropological objects for 
the U niversity, and superintended the preliminary ar-
rangement of the collection in the building erected for 
it. He served twice on the Council of the Royal Society, 
was a founder and member of Council of the Marine 
Biologica l Association, and was President of Section D 
of the British Association at the Montreal meeting. 

His love of travel was shared by his wife, who went 
with him from Montreal to Arizona to visit the town-
building Indians of that remote region, and who, only 
a year before his illness, accompanied him on an 
Easter holiday trip to Tangier and Fez. During his 
illness she has been his constant companion. He leaves, 
besides her, two daughters and a so11. 

E. RAY LANK ESTER. 

ON THE VIRIAL OF A SYSTEM OF HARD 
COLLIDING BODIES. 

A RECENT correspondence has led me to examine 
the manner in which various authors have treated 

the influence of the finite size of molecules . in the virial 
equation, and I should like to lay a few remarks upon the 
subject before the readers of NATURE. 

To fix the ideas, we may begin by supposing that the 
molecules are equal hard elastic spheres, which exert no 
force upon one another except at the instant of collision. 
By calling the molecules hard, it is implied that the col-
lisions are instantaneous, and it follows that at any 
moment the potential energy of the system is nrgligible 
in comparison with the kinetic energy. 

Lord Rayleigh (1891)
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The Complete Equation of State of One, Two and Three-Dimensional Gases of
Hard Elastic Spheres
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Equations of state have been derived for one, two and
three-dimensional gases of hard elastic spheres of finite
size. For the linear gas the phase integral is directly inte-
grable, and by using the virial the equation was found to
be fl =NkT/(1 —0), f being the force of the gas, l the length
of the gas, N the total number of atoms, and 0 the fraction
of the gas length occupied by the atoms themselves. By
two tests a linear gas consisting of a single atom was found
on a time average basis to obey statistical laws, the first show-
ing that the equation of state is unchanged if l be sub-
divided into N equal compartments with an atom in each;
and the second showing that the length of the single atom
gas consisting of one atom bounded by its two neighbors
obeys the Boltzmann equation, This is significant for the
Debye-Huckel theory of electrolytes. For the ptane gas,

Boltzmann's method of correcting the virial is used for
low 8, the fraction of the surface which would be covered in
close triangular packing, giving 7.a = Nk T(1+1.814 8
+2.573 8'+ .), where v is the surface tension and a the
area of the gas. For 8 near unity, a combination treatment
involving both the virial and an extension of the concepts
developed for one dimension leads to va=NkT/(1 —8&).
The adsorption isotherm of the plane gas is derived from
the equation of state and is compared. with those for films
in which the adatoms occupy fixed positions on the surface.
In three dimensions the same methods give pv=NkT
(1+2.962015.4830'+ .) and Pv =NkT/(1 —0&), respec-
tively. Expressions which match these near 8=0 and 8=1
but cover the complete range are given.

HE exhaustive investigations carried on in
this laboratory concerning the behavior of

monatomic films of caesium on tungsten' have
led to the need of deriving the equation of state
of a two-dimensional gas. The nature of the
forces between the particles themselves and
between the particles and the underlying solid
surface is important for the actual cases, but it
is of value to know what can be expected in the
simplest case, . that of the classical hard elastic
spheres. Equations of state are derived on this
basis in the present paper, not only for low con-
centrations of the gas but for concentrations
approaching the maximum possible; that is,
close packing of the particles. For that condition
it was necessary to employ ideas based on an
analysis of the one-dimensional case. These ideas
also made an extension of the analysis to three
dimensions possible.
Aside from the specific results which formed

the objective of the inquiry, two others of special
interest have been developed; first, an actual
integration in generalized positional space of a
simple one-dimensional case with excluded re-
gions, and second, a theoretical justification for
the application of certain statistical concepts on
a time-average basis to a gas containing only a
single atom.
' J. B. Taylor and I. Langmuir, Phys. Rev. 44, 423

(1935).

1. TIIE EQUATION Ol STATE OF A TWO-DIMEN-
SIONAI. GAS FOR LOW CONCENTRATIONS

By using the virial of Clausius the equation of
state of a three-dimensional gas can be written'

pe= NkT+ ', Pry(r), -
where p(r) is the repulsive force between two
atoms at a distance r and the summation extends
over all 'pairs of atoms. A similar derivation in
two dimensions yields'

ra= Nk T+,'pry(r), -
7 being the surface tension and a the area of the
two-dimensional, gas.
Since the centers of two hard spherical atoms

of diameter cr cannot approach closer than o. to
each other, it is as if each center were surrounded
by a sphere of radius o- which is impervious to
the center of all other atoms. Such an imaginary
sphere will be called an exclusion sphere. In two
dimensions it becomes an exclusion circle and in
one dimension an exclusion length. It is con-
venient for analytical purposes to replace the gas
of finite atoms by the corresponding gas of point
masses each carrying its exclusion figure.
For the three-dimensional case Jeans gives a
' Jeans, Dynamical Theory of Gases, 4th edition, $164.
This equation was originally stated by I. Langmuir,J. Am. Chem. Soc. 54, 2798 (1932), Eq, (56).
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was fond of adopting the free discourse and chaff of 
school-boy days. His friendship was like that of the 
explorers and prairie-hunters of whom he loved to read 
-absolutely staunch. If you had the good fortune to be 
his " chum," he would stand by you through thick and 
thin, and share all he had with you. I do not think there 
was any limit to what he would have done for his friend. 
We took our degrees together in 1868 ; and in the fol-
lowing spring-he having been elected Radcliffe Travel-
ling Fellow, and I Burdett-Coutts Scholar-we spent six 
weeks in the Auvergne and the country between that and 
Marseilles. In the following winter (February 187o) we 
took up our quarters together at Vienna, and studied with 
Stricker, and in Rokitanski's laboratory. He entered, 
on our return, at University College, London, as a student 
of the Medical Faculty. In 1871, after his winter medical 
session, he joined me at Leipzig, where his great abilities 
were discerned and thoroughly appreciated by Prof. Lud-
wig, in whose laboratory we had the privilege of working. 
His first scientific memoirs were published whilst he was 
here-one, on the nerves of the cornea of mammals, as 
shown by the gold method (then not so familiar as it is 
now), and one on the circulation in the wing of the cock-
roach. 

In the autumn of the same year, Moseleywent,as member 
of the Government Eclipse Expedition, to Ceylon, under Mr. 
Norman Lockyer, whilst I joined Anton Dohrn at Naples. 
Moseley made valuable spectroscopic observations of the 
eclipse at Trincomali, and also brought home a large booty 
of Land Planarians, which he at once studied by means of 
sections, going to Oxford for the purpose of using the 
laboratory and the library attached to the Museum. This 
admirable piece of work delighted Rolleston, who com-
municated it to the Royal Society ; it was published in 
the Philosophical Transactions after Moseley had sailed 
on the Clzallenger, as one of the naturalists of the 
Expedition, in December 1872. We did not see him 
again until May 1876, but I had frequent letters from 
him, and sometimes a small parcel, or some photographs. 
Of the scientific staff of the Expedition, Wyville Thom-
son and Suhm are dead, as well as Moseley; John Murray 
and J. Y. Buchanan are the two survivors. Moseley, 
although not a botanist, undertook the collecting of plants 
whenever the Expedition touched land ; he also made 
important anthropological studies on the Admiralty 
Islanders, and has published a wonderful mass of notes 
and observations, accompanied by pla tes and woodcuts, 
in his " Notes of a Naturalist on the Challenger." He 
showed the stuff he was made of very soon after 
the Expedition started, vi z. on the arrival of the 
Clzallenger at the Cape. He immediately started off 
in quest of Peripatus-a strange, imperfectly described 
beast which we had discussed together over some 
spirit specimens of it which I had received from Roland 
Trimen, of Cape Town. Moseley had made up his mind 
before he left England to "tackle " Peripatus, and he 
did so. He obtained living specimens, discovered the 
trache;e and the most important features in the develop-
ment, showing that the "jaws" are in-turned para podia 
-and sent home a memoir which was at once published 
in the Philosophical Transactions. In the later part of 
the voyage he was occupied with the corals, and especially 
the Millepores and Stylasterids. The wonderfully elaborate 
plates, and the discovery they embodied, necessitating 
the formation of a new group of animals, the Hydro-
corallin<e, were the first-fruits of his voyage which he 
produced on landing in 1876. During his absence both 
his father and his mother had died. His old College, 
Exeter-where I became a Fellow in the year of the 
Challenger's departure-now was inspired through the 
good offices of an eminent Greek scholar, with the happy 
thought of offering Moseley a Fellowship and a home in 
the College, so that he found on landing a welcome 
awaiting him, and a place in which to store for a while 
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his treasures. I do not think that a College Fellowship 
was ever better bestowed : that was in the good old days 
before Lord Selborne's Commission. In his rooms in 
Exeter, Moseley displayed his Japanese and Melanesian 
curiosities, and wrote many papers embodying the ob-
servations made during his voyage, besides the book 
above mentioned. He was elected F .R.S. in 1879, and 
after a visit to Oregon (of which he published an account) 
was appointed ( 1 879) Assistant Registrar of the University 
of London. He took up his residence in Burlington 
Gardens, but not for long. In 1881 he married the 
youngest daughter of Mr. J. Gwyn Jeffreys, F.R.S., the 
distinguished conchologist, and in the same year was 
elected, on the death of his teacher and close friend, Prof. 
Rolleston, to the Linacre Professorship in the University 
of Oxford. 

Moseley had had no previous experience in teaching, 
but he set to work with that unbounded energy and 
strength which characterized him. He spared no pains 
to make his lectures absolutely up to date, and arranged 
a thorough laboratory course extending over two years to 
illustrate them. The regulations of the University as to 
examinations and curriculum were at that time not un-
favourable to the study of animal morphology, and 
Moseley usually had ten or a dozen serious students 
besides the elementary class. Lincoln, University, and 
New Colleges encouraged his and their efforts by offering 
and awarding Fellowships to students of the University 
distinguished in animal morphology ; and after six years 
all was progressing as satisfactorily as possible, when he 
was attacked by illness which brought his work to an 
end. Not only was he unable to carry on his work, but his 
absence naturally enough was unfavourable to the in-
terests of those studies which he would have fostered 
and guarded, had he been able to take part in the legisla· 
tion of the Universitv. 

During the happy and busy six years which Moseley 
spent a s Linacre Professor at Oxford, he trained Bourne, 
Hickson, and Fowler to carry on his coral work; with 
Baldwin Spencer he investigated the pineal eye of 
Lacertilia , and himself published his remarkable dis-
covery of eyes and other sense-organs in the shells of 
Chitonid ::e. He was largely instrumental in securing 
the Pitt-Rivers collection of anthropological objects for 
the U niversity, and superintended the preliminary ar-
rangement of the collection in the building erected for 
it. He served twice on the Council of the Royal Society, 
was a founder and member of Council of the Marine 
Biologica l Association, and was President of Section D 
of the British Association at the Montreal meeting. 

His love of travel was shared by his wife, who went 
with him from Montreal to Arizona to visit the town-
building Indians of that remote region, and who, only 
a year before his illness, accompanied him on an 
Easter holiday trip to Tangier and Fez. During his 
illness she has been his constant companion. He leaves, 
besides her, two daughters and a so11. 

E. RAY LANK ESTER. 

ON THE VIRIAL OF A SYSTEM OF HARD 
COLLIDING BODIES. 

A RECENT correspondence has led me to examine 
the manner in which various authors have treated 

the influence of the finite size of molecules . in the virial 
equation, and I should like to lay a few remarks upon the 
subject before the readers of NATURE. 

To fix the ideas, we may begin by supposing that the 
molecules are equal hard elastic spheres, which exert no 
force upon one another except at the instant of collision. 
By calling the molecules hard, it is implied that the col-
lisions are instantaneous, and it follows that at any 
moment the potential energy of the system is nrgligible 
in comparison with the kinetic energy. 

Lord Rayleigh (1891)

Hard rod gas is a solvable model of one-dimensional fluid in equilibrium

• Classical fluid in external potential

Radial distribution function
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We have made a detailed study of the time evolution of the distribution function f(q,v, t) of a labeled
(test) particle in a one-dimensional system of hard rods of diameter a. The system has a density p and is in
equilibrium at t=0. (Some properties of this system were studied earlier by Jepsen. ) When the distribution
function f at t =0 corresponds to a delta function in position and velocity, then f(q, s,t) is essentially the
time-displaced self-distribution function f,. This function f. (which can be found in an explicit closed
form) and all of the system properties which can be derived from it depend on p and u only through the com-
bination n= p/(1 —po). In particular, the diffusion constant D is given by D r=lim ~sg (s)] = (2spm)'~re,
where f(s) is the Laplace transform of the velocity autocorrelation function p(t) = (e(t)s). An expansion of
(s)) r in powers of e, on the other hand, has the form p 8~a'/s& r, leading to divergence of the density

coefBcients for l&2 when s -+ 0. This is similar to the divergences found in higher dimensional systems.
Similar results are found as well in the expansion of the collision operator describing the time evolution of
f(g,v,t). The lowest-order term in the expansion is the ordinary (linear) Boltzmann equation, while higher
terms are O(p'1' '). Thus any attempt to write a Bogoliubov, Choh-Uhlenbeck —type Markoffian kinetic
equation as a power series in the density leads to divergence in the terms beyond the Boltzmann equation.
A Markofhan collision operator can, however, be constructed, without using a density expansion, which, e.g.,
describes the stationary distribution of a charged test particle in the system in the presence of a constant
electric field. The distribution of the test particle in the presence of an oscillating external field is also
found. Finally, the short- and long-time behavior of the self-distribution is examined.

1. INTRODUCTION
HE nonequilibrium properties of a macroscopic
system "close" to equilibrium, such as linear

transport coeKcients, may be determined from the time-
displaced distribution functions (t.d.f.) (giving the
probability of finding particles in specified states at two
different times) in a manner similar to that in which
the equilibrium properties are determined from the
equilibrium distribution functions (e.d.f.). Further-
more, some time-displaced distribution functions may
be obtained "directly" from neutron-scattering experi-
ments and from molecular-dynamic computations. '
This, combined with the absence of any partition-func-
tion formalism for nonequilibrium systems, makes these
functions of central importance in the study of non-

*The work presented in this paper is supported in part by the
U. S. Air Force Office of Scientific Research Grant No. 508-66 at
Yeshiva University and in part by the U. S. Atomic Energy Com-
mission Computing and Applied Mathematics Center, Courant
Institute of Mathematical Sciences, New York University, under
Contract No. AT(30-1)-1480with the U. S. Atomic Energy Com-
mission and Grant No. AF-AFOSR-945-65 with the U. S.Air Force
Once of Scientific Research.' L. Van Hove, Phys. Rev. 95, 249 (1954). Formal definitions for
classical systems, the only ones we are concerned with here, are
given in Appendix A.

2 M. S. Green, J. Chem. Phys. 22, 398 (1954);R. Kubo, J. Phys.
Soc. Ja an 12, 570 (1957); R. Zwanzig, Ann. Rev. Phys. Chem.
16, 67 1965).' A. Rahman, Phys. Rev. 136, A405 (1964).This paper also con-
tains some interesting approximations for some t.d.f. L. Verlet (to
be published).

equilibrium processes. Now, while the prescriptions for
determining the t.d.f. are as precise as those for the
e.d.f. (see Appendix A), their theoretical analysis is far
more complex. There are no virial expansions or approxi-
mate theories for the t.d.f. comparable4 to the virial
expansions and approximate integral equations which
have proven useful for the e.d.f. The questions raised
recently" concerning (a) the divergencies in time of the
coeKcients in the density expansion of various kinetic
equations and (b) the nonanalyticity in the density p of
transport coeKcients are related directly to the proper-
ties of the t.d.f. and indicate their possible complexities.
In order to understand more fully the nature of these

divergences in the virial expansions and to develop a
feeling for how an approximate theory of the t.d.f.might
go, we have made an extensive study of the one solvable
Quid model. 7 This is a classical system of one-dimen-

'For some approximate theories, see G. H. Vineyard, Phys.
Rev. 110, 999 (1958);J.M. J. van Leeuwen and S. Yip, ibid. 139,
A1138 (1965); P. G. de Gennes, Physica 25, 825 (1959); K. S.
Singwi, Phys. Rev. 136, A969 (1964); H. Mori, Progr. Theoret.
Phys. (Kyoto) 34, 399 (1965).' J. R. Dorfman and E. G. D. Cohen, Phys. Letters 16, 124
(1965); J. Weinstock, Phys. Rev. 140, A460 (1965); R. Goldman
and E. A, Freeman, BulL Am. Phys. Soc. 11, 531 (1965); J. V.
Sengers, Phys. Rev. Letters 15, 515 (1965); K. Kawasaki and I.
Oppenheim, Phys. Rev. 139, A1763 (1965).' J. M. J. van Leeuwen and A. Weyland, Phys. Letters 19,
562 (1965). This work is most closely related to ours as it treats
the diffusion of a single particle moving in a random array of fixed
spheres; see, however, Appendix C.' The exact t.d.f. for @ harmonic crystal are y'ven in Ref. 1.
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We have developed and, to some extent, solved a number of kinetic equations for displaced
correlation functions in a classical fluid. These functions, of which the Van Hove neutron
scattering function is a special example, are one-particle distribution functions obtained from
a Gibbs ensemble which is initially, at t = 0, in equilibrium except for one labeled particle
whose distribution S'(r, v) at t = 0 differs from its equilibrium value 0ho(v), where p is the
average fluid density, and ho{v) is the Maxwellian velocity distribution function. We investi-
gate the time evolution of the (self- ) distribution function of this labeled particle, fs(r, v, t),
as well as the deviation from equilibrium, g(r, v, t), of the total one-particle distribution func-
tion. The latter represents the density of fluid particles, labeled and unlabeled, at position
r and velocity v. Since both fs and p are linear functionals of W, they mill satisfy exactly a
linear non-Markovian kinetic equation of the form f= ~B+ fo dt' M (t') f (i —t'). B ie a time-in-
dependent and M a time-dependent {memory) operator (nonsingular in t). Our kinetic equa-
tions {first- and higher-order) are based on neglecting or approximating M in such a way that
the short-time behavior of fs and q is described exactly. The rationale behind this scheme is
that our choice of initial ensemble is precisely of the type generally assumed in the "derivation"
of kinetic equations. The calculation of B is straightforward and depends in a very important
way on whether the interparticle potential in the fluid is smooth or contains a hard core. In
the former case, the first-order kinetic equation is of the Vlasov type with an effective poten-
tial given by the equilibrium direct correlation function, while in the latter case, B contains,
in addition, a linear Enskog-type collision term. %'e show that this Vlasov equation (also de-
rived previously by many authors) gives a damping linear in the wave number k for small k in-
stead of the hydrodynamic k dependence. The kinetic equation for systems with hard cores does
not give correct hydrodynamic behavior. (For a one-dimensional system of hard rods, the first-
order kinetic equation is exact;. ) We also obtain and solve a second-order kinetic equation, which
is a generalized Vlasov-Fokker-Planck-type equation, for systems with continuous potentials.

I. INTRODUCTION

We have recently obtained and discussed the
time evolution of the Van Hove self- and total
correlation functions of a one-dimensional system
of hard rods. ' ' The reason for studying this sys-
tem is that it is the only fluid with a true Hamil-
tonian for which these functions can be obtained
exactly. We investigated, in particular, the rela-
tion between the exact result and that obtained
from the solution of various approximate kinetic
equations in the hope that the study of such a sys-
tem would suggest viable approximations for real
fluids. It is the purpose of this paper to discuss
such approximate kinetic equations for these special
time-dependent distributions in classical fluids.
The kinetic-equation approach to time-dependent

phenomena in a fluid is on a level intermediate

between that of hydrodynamics, where microstruc-
ture is totally ignored, and a full-scale attack on
the N-body problem. It generally involves the der-
ivation and solution of a trasnport equation for
the one- (or a few) particle distribution function.
It is thus somewhat analogous to the use of integral
equations for the low-order configurational distri-
bution functions in equilibrium fluids. In the lat-
ter case, such methods have been found successful
in yielding good approximations over a wide range
of fluid temperatures and densities. This is par-
ticularly true in the case of the Percus- Yevick
equation, which is exact for a one-dimensional
system of hard rods. ' It is our hope that we
might be equally successful with some of our one-
dimensional inspired kinetic equations, although
the time-dependent problem is much more com-
plicated.
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• Time dependent distribution functions 

• Distribution function of labelled particle 

• Velocity auto-correlation functions 

• Self diffusion

• Boltzmann equation for hard rod fluid



Non-equilibrium properties : Hydrodynamic equations & transport coefficients
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Boldrighini C and Suhov Y M 1997 Commun. Math. Phys. 189 577

• Rigorous derivation of hydrodynamic 
    Equations, both at ballistic and    
    diffusive scales

Vir B Bulchandani J. Stat. Mech. (2024) 043205 • Revised Enskog equation for hard 
rods

Spohn H 1982 Ann. Phys., NY 141 353 
Spohn H 1991 Large Scale Dynamics of Interacting Particles  
(New York: Springer) 
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• Equilibrium current-current correlation

F. Hübner, L. Biagetti, J. De Nardis & B. Doyon, arXiv: 2503:07794 • Diffusive hydrodynamics of hard rods 
from microscopics



Hard rod systems, being one of the simplest integrable systems  
in one dimension, has recently drawn a lot of interest. It is due  
to the development of generalised hydrodynamics (GHD) that  
describes large scale motion in integrable systems.



Quasiparticles

Gas of hard rods   Gas of interacting quasiparticles≡Broad goal: Large scale motion, fluctuation and correlation in hard rod gas



Main topics

• Generalised hydrodynamics of hard rods

• Microscopic characteristics: Stochastic motion of quasiparticles 

• Fluctuations in hydrodynamics

• Long-range correlation

Space

Density profile

t=0 t>0Application to large scale 
    dynamics 



Integrable systems

✤ Integrable systems have extensive number of local conservation laws (integrals of motion) and 
they fail to thermalize to Gibbs state. 

✤ It is believed that such systems with local conservation laws thermalize to generalized Gibbs 
state (GGE) upon coarse graining.

H({xi, pi}) : Conserved quantities Q↵({xi, pi}), ↵ = 1, 2, ...
<latexit sha1_base64="G6ulO1z1U0GNz+GEr6GqhUs5cCs="></latexit>
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Non-integrable systems Integrable systems

H({xi, pi}) : Conserved quantities

Number : N

Energy : E

Momentum : P
<latexit sha1_base64="xesSlsoWqA8gW8UUc3gpTjxYcIw="></latexit>

PGE =
1

Z
exp [��(E � µN � ⌫P )]
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Generalised Gibbs ensemble (GGE): 

Herbert’ talk, Benjamin’s talk



Image taken from: Doyon, Lecture notes (2019)

These systems have hydrodynamics different from non-integrable systems 62 CHAPTER 4. GENERALISED HYDRODYNAMICS

Figure 4.1: Where GHD fits.

The quasiparticle density, per unit of length and momentum, now depends not just on the momentum, but
on space-time as well. This function of p tells us in what state the fluid cell at space-time point (x, t) is.

Once we have this, we simply write the Euler hydrodynamic equation (2.33), and replace in it the
expressions for qi and ji from the TBA technology, (3.40) and (3.62) respectively. Bringing the space-time
derivatives inside the momentum integral,

Z
dphi(p)

⇣
∂trp(p,x, t)+∂x

⇥
veff(p,x, t)rp(p,x, t)

⇤⌘
= 0. (4.2)

Using completeness of the set of functions {hi}, we then extract the bracket, and obtain the Euler-scale
GHD equations:

∂trp(p,x, t)+∂x
⇥
veff(p,x, t)rp(p,x, t)

⇤
= 0. (4.3)

This is the most important result from our analysis, and is at the basis of much of the development in GHD.
Recall that the x, t-dependence of rp(p,x, t) is because this function represents the state at the fluid cell

x, t. The x, t-dependence of veff(p,x, t) arises because veff(p,x, t) is the effective velocity evaluated in the
state at x, t: it is a functional of rp(·,x, t). For instance, in (3.63), the quasiparticle density in the integrand
becomes x, t-dependent, rp(p0,x, t), hence the solution veff(p,x, t) also is. Likewise, in (3.61), the dressing
operation introduces an x, t-dependence even if the function it dresses is not x, t-dependent, i.e. we write
hdr(p,x, t) for h(p), because (3.33) involves the occupation function, n(p,x, t).

Equation (4.3) is a integro-differential equation, which is first-order in derivatives. It is highly nonlinear,
because veff(p,x, t) depends nonlinearly on the solution rp(p,x, t) that we seek. The equation is, however,
homogeneous in space-time, in that it does not depend on x, t except through the solution sought rp(p,x, t).
In order to “solve” it, one would need to set an initial condition rp(p,x,0), then use this in order to evaluate
veff(p,x,0), and, with a finite-element discretisation of (4.3), solve for rp(p,x,dt), etc. The initial condi-
tion depends on the problem, but it may be obtained by the “local density approximation”, which is the

e.g.- Number N, Momentum P, Energy H
<latexit sha1_base64="KbH/CDq18yvgP+dCgKxnqzqe55Q="></latexit>

H({xi, pi})
Conserved Q↵({xi, pi}), ↵ = 1, 2, ...

quantities
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Non-integrable

Integrable



✤The hydrodynamics can be written concisely in terms of quasiparticle densities

Generalised hydrodynamics

@tq↵ + @xj↵(q̄(x, t)) = 0, ↵ = 1, 2, ....
<latexit sha1_base64="Rx1ygvAfjzYNf9zG/fkmqsRZRkY="></latexit>

@tf(x, v, t) + @x (ve↵(x, v, t) f(x, v, t)) = 0
<latexit sha1_base64="BYd+DB9UQjlT0V/QGN9AKv8CAFc="></latexit>

hQ↵i =
*
X

i

h↵(vi)

+
=

ˆ
dx

ˆ
dv h↵(v)

*
X

i

�(x� xi(t))�(v � vi(t))

+

=

ˆ
dx

ˆ
dv h↵(v) f(x, v, t) =

ˆ
dx q↵(x, t)

<latexit sha1_base64="lLkdau2eMgmM/S+q0raV8pFzZXo="></latexit>

j↵(x, t) =

ˆ
dv h↵(v)ve↵(x, v, t)f(x, v, t)
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Conserved quantities:

Q↵ =
1X

i=1

h↵(vi), ↵ = 1, 2, 3, ...

For hard rods h↵(v) = v↵
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B. Doyon, Lecture notes (2019) 

Castro-Alvaredo O A, Doyon B and Yoshimura T , PRX, (2016) 

Bertini B, Collura M, De Nardis J and Fagotti M , PRL, (2016)
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f(x, v, t) = Phase space density

of quasi-particles



A collection of hard-rods moving in one dimension is an integrable system.



Recall: At collision two hard-rods exchange velocities, do not mix the velocities

Ti
m

e

Space

<latexit sha1_base64="hJdOteAAWQbIy+vsgcnqT7AcvyM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2Va7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6RZrXiXlYv7aql2k8WRhxM4hXPw4ApqcAd1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx99TY1I</latexit>a<latexit sha1_base64="ECks9VwUvpl92xfaxDaz3UTtXBQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WRPBYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5Fcnfa/aL1fcmrsAWideTiqQo9kvf/UGMUkFlYZwrHXXcxMTZFgZRjidlXqppgkmYzykXUslFlQH2eLYGbqwygBFsbIlDVqovycyLLSeitB2CmxGetWbi/953dREt0HGZJIaKslyUZRyZGI0/xwNmKLE8KklmChmb0VkhBUmxuZTsiF4qy+vk1a95l3Xrh7rlcZ9HkcRzuAcLsGDG2jAAzTBBwIMnuEV3hzpvDjvzseyteDkM6fwB87nD8RhjgQ=</latexit>v1

<latexit sha1_base64="ECks9VwUvpl92xfaxDaz3UTtXBQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WRPBYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5Fcnfa/aL1fcmrsAWideTiqQo9kvf/UGMUkFlYZwrHXXcxMTZFgZRjidlXqppgkmYzykXUslFlQH2eLYGbqwygBFsbIlDVqovycyLLSeitB2CmxGetWbi/953dREt0HGZJIaKslyUZRyZGI0/xwNmKLE8KklmChmb0VkhBUmxuZTsiF4qy+vk1a95l3Xrh7rlcZ9HkcRzuAcLsGDG2jAAzTBBwIMnuEV3hzpvDjvzseyteDkM6fwB87nD8RhjgQ=</latexit>v1

<latexit sha1_base64="vPpnH45EYCid757+M7h4cGk67Qo=">AAAB7HicdVBdSwJBFJ21L7Mvq8dehjToadkdTe1NiKBHgzRBF5kdZ3VwdnaZmRVk8Tf00kMRvfaDeuvfNKsGFXXgwuGce7n3Hj/mTGnH+bBya+sbm1v57cLO7t7+QfHwqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqf3/uQq8++nVCoWiTs9i6kX4pFgASNYG6ldng5QeVAsOfZlo4YuEHRsx6mjSi0jqF5FFegaJUMJrNAaFN/7w4gkIRWacKxUz3Vi7aVYakY4nRf6iaIxJhM8oj1DBQ6p8tLFsXN4ZpQhDCJpSmi4UL9PpDhUahb6pjPEeqx+e5n4l9dLdNDwUibiRFNBlouChEMdwexzOGSSEs1nhmAimbkVkjGWmGiTT8GE8PUp/J90kO3W7OotKjWvV3HkwQk4BefABXXQBDegBdqAAAYewBN4toT1aL1Yr8vWnLWaOQY/YL19Aijejkk=</latexit>v2

<latexit sha1_base64="vPpnH45EYCid757+M7h4cGk67Qo=">AAAB7HicdVBdSwJBFJ21L7Mvq8dehjToadkdTe1NiKBHgzRBF5kdZ3VwdnaZmRVk8Tf00kMRvfaDeuvfNKsGFXXgwuGce7n3Hj/mTGnH+bBya+sbm1v57cLO7t7+QfHwqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqf3/uQq8++nVCoWiTs9i6kX4pFgASNYG6ldng5QeVAsOfZlo4YuEHRsx6mjSi0jqF5FFegaJUMJrNAaFN/7w4gkIRWacKxUz3Vi7aVYakY4nRf6iaIxJhM8oj1DBQ6p8tLFsXN4ZpQhDCJpSmi4UL9PpDhUahb6pjPEeqx+e5n4l9dLdNDwUibiRFNBlouChEMdwexzOGSSEs1nhmAimbkVkjGWmGiTT8GE8PUp/J90kO3W7OotKjWvV3HkwQk4BefABXXQBDegBdqAAAYewBN4toT1aL1Yr8vWnLWaOQY/YL19Aijejkk=</latexit>v2
<latexit sha1_base64="99slDUJWFgUpfjIoO6IdConhmuk="></latexit>

Conserved quantities:

Q↵ =
1X

i=1

v↵i , ↵ = 1, 2, 3, ...



Dynamics is similar to hard point gas

Exchange velocities at collision
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<latexit sha1_base64="hJdOteAAWQbIy+vsgcnqT7AcvyM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2Va7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6RZrXiXlYv7aql2k8WRhxM4hXPw4ApqcAd1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx99TY1I</latexit>a<latexit sha1_base64="ECks9VwUvpl92xfaxDaz3UTtXBQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WRPBYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5Fcnfa/aL1fcmrsAWideTiqQo9kvf/UGMUkFlYZwrHXXcxMTZFgZRjidlXqppgkmYzykXUslFlQH2eLYGbqwygBFsbIlDVqovycyLLSeitB2CmxGetWbi/953dREt0HGZJIaKslyUZRyZGI0/xwNmKLE8KklmChmb0VkhBUmxuZTsiF4qy+vk1a95l3Xrh7rlcZ9HkcRzuAcLsGDG2jAAzTBBwIMnuEV3hzpvDjvzseyteDkM6fwB87nD8RhjgQ=</latexit>v1

<latexit sha1_base64="ECks9VwUvpl92xfaxDaz3UTtXBQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WRPBYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5Fcnfa/aL1fcmrsAWideTiqQo9kvf/UGMUkFlYZwrHXXcxMTZFgZRjidlXqppgkmYzykXUslFlQH2eLYGbqwygBFsbIlDVqovycyLLSeitB2CmxGetWbi/953dREt0HGZJIaKslyUZRyZGI0/xwNmKLE8KklmChmb0VkhBUmxuZTsiF4qy+vk1a95l3Xrh7rlcZ9HkcRzuAcLsGDG2jAAzTBBwIMnuEV3hzpvDjvzseyteDkM6fwB87nD8RhjgQ=</latexit>v1

<latexit sha1_base64="vPpnH45EYCid757+M7h4cGk67Qo=">AAAB7HicdVBdSwJBFJ21L7Mvq8dehjToadkdTe1NiKBHgzRBF5kdZ3VwdnaZmRVk8Tf00kMRvfaDeuvfNKsGFXXgwuGce7n3Hj/mTGnH+bBya+sbm1v57cLO7t7+QfHwqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqf3/uQq8++nVCoWiTs9i6kX4pFgASNYG6ldng5QeVAsOfZlo4YuEHRsx6mjSi0jqF5FFegaJUMJrNAaFN/7w4gkIRWacKxUz3Vi7aVYakY4nRf6iaIxJhM8oj1DBQ6p8tLFsXN4ZpQhDCJpSmi4UL9PpDhUahb6pjPEeqx+e5n4l9dLdNDwUibiRFNBlouChEMdwexzOGSSEs1nhmAimbkVkjGWmGiTT8GE8PUp/J90kO3W7OotKjWvV3HkwQk4BefABXXQBDegBdqAAAYewBN4toT1aL1Yr8vWnLWaOQY/YL19Aijejkk=</latexit>v2

<latexit sha1_base64="vPpnH45EYCid757+M7h4cGk67Qo=">AAAB7HicdVBdSwJBFJ21L7Mvq8dehjToadkdTe1NiKBHgzRBF5kdZ3VwdnaZmRVk8Tf00kMRvfaDeuvfNKsGFXXgwuGce7n3Hj/mTGnH+bBya+sbm1v57cLO7t7+QfHwqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqf3/uQq8++nVCoWiTs9i6kX4pFgASNYG6ldng5QeVAsOfZlo4YuEHRsx6mjSi0jqF5FFegaJUMJrNAaFN/7w4gkIRWacKxUz3Vi7aVYakY4nRf6iaIxJhM8oj1DBQ6p8tLFsXN4ZpQhDCJpSmi4UL9PpDhUahb6pjPEeqx+e5n4l9dLdNDwUibiRFNBlouChEMdwexzOGSSEs1nhmAimbkVkjGWmGiTT8GE8PUp/J90kO3W7OotKjWvV3HkwQk4BefABXXQBDegBdqAAAYewBN4toT1aL1Yr8vWnLWaOQY/YL19Aijejkk=</latexit>v2

<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1
<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2

<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2
<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1

Hard point gas (  )a = 0



Dynamics is similar to hard point gas

Exchange velocities at collision
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<latexit sha1_base64="hJdOteAAWQbIy+vsgcnqT7AcvyM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2Va7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6RZrXiXlYv7aql2k8WRhxM4hXPw4ApqcAd1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx99TY1I</latexit>a<latexit sha1_base64="ECks9VwUvpl92xfaxDaz3UTtXBQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WRPBYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5Fcnfa/aL1fcmrsAWideTiqQo9kvf/UGMUkFlYZwrHXXcxMTZFgZRjidlXqppgkmYzykXUslFlQH2eLYGbqwygBFsbIlDVqovycyLLSeitB2CmxGetWbi/953dREt0HGZJIaKslyUZRyZGI0/xwNmKLE8KklmChmb0VkhBUmxuZTsiF4qy+vk1a95l3Xrh7rlcZ9HkcRzuAcLsGDG2jAAzTBBwIMnuEV3hzpvDjvzseyteDkM6fwB87nD8RhjgQ=</latexit>v1

<latexit sha1_base64="ECks9VwUvpl92xfaxDaz3UTtXBQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WRPBYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5Fcnfa/aL1fcmrsAWideTiqQo9kvf/UGMUkFlYZwrHXXcxMTZFgZRjidlXqppgkmYzykXUslFlQH2eLYGbqwygBFsbIlDVqovycyLLSeitB2CmxGetWbi/953dREt0HGZJIaKslyUZRyZGI0/xwNmKLE8KklmChmb0VkhBUmxuZTsiF4qy+vk1a95l3Xrh7rlcZ9HkcRzuAcLsGDG2jAAzTBBwIMnuEV3hzpvDjvzseyteDkM6fwB87nD8RhjgQ=</latexit>v1

<latexit sha1_base64="vPpnH45EYCid757+M7h4cGk67Qo=">AAAB7HicdVBdSwJBFJ21L7Mvq8dehjToadkdTe1NiKBHgzRBF5kdZ3VwdnaZmRVk8Tf00kMRvfaDeuvfNKsGFXXgwuGce7n3Hj/mTGnH+bBya+sbm1v57cLO7t7+QfHwqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqf3/uQq8++nVCoWiTs9i6kX4pFgASNYG6ldng5QeVAsOfZlo4YuEHRsx6mjSi0jqF5FFegaJUMJrNAaFN/7w4gkIRWacKxUz3Vi7aVYakY4nRf6iaIxJhM8oj1DBQ6p8tLFsXN4ZpQhDCJpSmi4UL9PpDhUahb6pjPEeqx+e5n4l9dLdNDwUibiRFNBlouChEMdwexzOGSSEs1nhmAimbkVkjGWmGiTT8GE8PUp/J90kO3W7OotKjWvV3HkwQk4BefABXXQBDegBdqAAAYewBN4toT1aL1Yr8vWnLWaOQY/YL19Aijejkk=</latexit>v2

<latexit sha1_base64="vPpnH45EYCid757+M7h4cGk67Qo=">AAAB7HicdVBdSwJBFJ21L7Mvq8dehjToadkdTe1NiKBHgzRBF5kdZ3VwdnaZmRVk8Tf00kMRvfaDeuvfNKsGFXXgwuGce7n3Hj/mTGnH+bBya+sbm1v57cLO7t7+QfHwqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqf3/uQq8++nVCoWiTs9i6kX4pFgASNYG6ldng5QeVAsOfZlo4YuEHRsx6mjSi0jqF5FFegaJUMJrNAaFN/7w4gkIRWacKxUz3Vi7aVYakY4nRf6iaIxJhM8oj1DBQ6p8tLFsXN4ZpQhDCJpSmi4UL9PpDhUahb6pjPEeqx+e5n4l9dLdNDwUibiRFNBlouChEMdwexzOGSSEs1nhmAimbkVkjGWmGiTT8GE8PUp/J90kO3W7OotKjWvV3HkwQk4BefABXXQBDegBdqAAAYewBN4toT1aL1Yr8vWnLWaOQY/YL19Aijejkk=</latexit>v2

Non-interacting gas
<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1

<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2

<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1
<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2

Exchange the labels  
instead of velocities

<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1
<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2

<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2
<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1

Hard point gas (  )a = 0



Dynamics is similar to hard point gas

Exchange velocities at collision

Ti
m

e

Space

<latexit sha1_base64="hJdOteAAWQbIy+vsgcnqT7AcvyM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2Va7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6RZrXiXlYv7aql2k8WRhxM4hXPw4ApqcAd1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx99TY1I</latexit>a<latexit sha1_base64="ECks9VwUvpl92xfaxDaz3UTtXBQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WRPBYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5Fcnfa/aL1fcmrsAWideTiqQo9kvf/UGMUkFlYZwrHXXcxMTZFgZRjidlXqppgkmYzykXUslFlQH2eLYGbqwygBFsbIlDVqovycyLLSeitB2CmxGetWbi/953dREt0HGZJIaKslyUZRyZGI0/xwNmKLE8KklmChmb0VkhBUmxuZTsiF4qy+vk1a95l3Xrh7rlcZ9HkcRzuAcLsGDG2jAAzTBBwIMnuEV3hzpvDjvzseyteDkM6fwB87nD8RhjgQ=</latexit>v1

<latexit sha1_base64="ECks9VwUvpl92xfaxDaz3UTtXBQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WRPBYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5Fcnfa/aL1fcmrsAWideTiqQo9kvf/UGMUkFlYZwrHXXcxMTZFgZRjidlXqppgkmYzykXUslFlQH2eLYGbqwygBFsbIlDVqovycyLLSeitB2CmxGetWbi/953dREt0HGZJIaKslyUZRyZGI0/xwNmKLE8KklmChmb0VkhBUmxuZTsiF4qy+vk1a95l3Xrh7rlcZ9HkcRzuAcLsGDG2jAAzTBBwIMnuEV3hzpvDjvzseyteDkM6fwB87nD8RhjgQ=</latexit>v1

<latexit sha1_base64="vPpnH45EYCid757+M7h4cGk67Qo=">AAAB7HicdVBdSwJBFJ21L7Mvq8dehjToadkdTe1NiKBHgzRBF5kdZ3VwdnaZmRVk8Tf00kMRvfaDeuvfNKsGFXXgwuGce7n3Hj/mTGnH+bBya+sbm1v57cLO7t7+QfHwqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqf3/uQq8++nVCoWiTs9i6kX4pFgASNYG6ldng5QeVAsOfZlo4YuEHRsx6mjSi0jqF5FFegaJUMJrNAaFN/7w4gkIRWacKxUz3Vi7aVYakY4nRf6iaIxJhM8oj1DBQ6p8tLFsXN4ZpQhDCJpSmi4UL9PpDhUahb6pjPEeqx+e5n4l9dLdNDwUibiRFNBlouChEMdwexzOGSSEs1nhmAimbkVkjGWmGiTT8GE8PUp/J90kO3W7OotKjWvV3HkwQk4BefABXXQBDegBdqAAAYewBN4toT1aL1Yr8vWnLWaOQY/YL19Aijejkk=</latexit>v2

<latexit sha1_base64="vPpnH45EYCid757+M7h4cGk67Qo=">AAAB7HicdVBdSwJBFJ21L7Mvq8dehjToadkdTe1NiKBHgzRBF5kdZ3VwdnaZmRVk8Tf00kMRvfaDeuvfNKsGFXXgwuGce7n3Hj/mTGnH+bBya+sbm1v57cLO7t7+QfHwqKOiRBLaJhGPZNfHinImaFszzWk3lhSHPqf3/uQq8++nVCoWiTs9i6kX4pFgASNYG6ldng5QeVAsOfZlo4YuEHRsx6mjSi0jqF5FFegaJUMJrNAaFN/7w4gkIRWacKxUz3Vi7aVYakY4nRf6iaIxJhM8oj1DBQ6p8tLFsXN4ZpQhDCJpSmi4UL9PpDhUahb6pjPEeqx+e5n4l9dLdNDwUibiRFNBlouChEMdwexzOGSSEs1nhmAimbkVkjGWmGiTT8GE8PUp/J90kO3W7OotKjWvV3HkwQk4BefABXXQBDegBdqAAAYewBN4toT1aL1Yr8vWnLWaOQY/YL19Aijejkk=</latexit>v2

Non-interacting gas
<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1

<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2

<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1
<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2

Exchange the labels  
instead of velocities

<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1
<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2

<latexit sha1_base64="3bL/ES9o+G0qtSika8IgNrJmqvs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQbTdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlpapItQnkkvVCbGmnAnqG2Y47SSK4jjktB2O7+d+e0KVZlI8mWlCgxgPBYsYwcZKfnXSr1f75YpbcxdA68TLSQVyNPvlr95AkjSmwhCOte56bmKCDCvDCKezUi/VNMFkjIe0a6nAMdVBtjh2hi6sMkCRVLaEQQv190SGY62ncWg7Y2xGetWbi/953dREt0HGRJIaKshyUZRyZCSaf44GTFFi+NQSTBSztyIywgoTY/Mp2RC81ZfXSate865rV4/1SuMuj6MIZ3AOl+DBDTTgAZrgAwEGz/AKb45wXpx352PZWnDymVP4A+fzB8T/jgI=</latexit>v2
<latexit sha1_base64="xRSpZodv4Z1SveBaDPB9T7D0Jis=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRjDx1LQFAW9ELx4xESQBQrbLFjZst83uloQQfoMXDxrj1R/kzX/jFjBRoy+Z5OW9mczM82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFItn2sKGeCNjXTnLZjSXHoc3rvj69T/35CpWKRuNPTmPZCPBQsYARrIzWLk75b7OcLjn1Zq3gXHnJsx6l6pUpKvGrZKyHXKCkKsEKjn3/vDiKShFRowrFSHdeJdW+GpWaE03mumygaYzLGQ9oxVOCQqt5scewcnRllgIJImhIaLdTvEzMcKjUNfdMZYj1Sv71U/MvrJDqo9WZMxImmgiwXBQlHOkLp52jAJCWaTw3BRDJzKyIjLDHRJp+cCeHrU/Q/aXm2W7HLt16hfrWKIwsncArn4EIV6nADDWgCAQYP8ATPlrAerRfrddmasVYzx/AD1tsnJnKORQ==</latexit>v1

Hard point gas (  )a = 0

Exchange labels: 
Does not become 
Non-interacting !!

We get interacting  
Quasiparticles.



Quasiparticles

Gas of hard rods   Gas of interacting quasiparticles≡

Actual rod trajectories Quasiparticle trajectories

The quasiparticle picture will be useful for hydrodynamic description



Solving microscopic dynamics



One can map the dynamics of hard rod gas (HRG) to the dynamics of hard point gas (HPG)

0

0

Lebowitz, Percus, Sykes Phys. Rev. (1969)

{xi, vi}| {z }
HRG config

n.

! {x0
i, vi}| {z }

HPG config
n.

<latexit sha1_base64="wxe35Xe6aCGlgKJWD/28KonYX28="></latexit>

<latexit sha1_base64="muRilRhfrIl16nevR6d3ywnNclg="></latexit>

x0
i = xi � (i� 1/2)a = xi � a

X

j 6=i

⇥(xi � xj)

v0i = vi

point particle  
coordinates

Solving microscopic dynamics



Trajectories of hard rods and mapping to hard point gas

Initial HP  
coordinates

Initial HR  
coordinates

Transform
Evolve 
Point  

particles
Final HR  

coordinates
Final HP  

coordinates
<latexit sha1_base64="cKfSuYrlm8IeJQKFbH3B5rE690M="></latexit>

{xi(0), vi(0)} ���������!
x0
i=xi�(i�1)a

{x0
i(0), vi} ����������!

x0
i(t)=x0

i(0)+vit
{xi(t), vi(t)} ���������!

xi=x0
i+(i�1)a

{x0
i(t), vi}

Transform 
Back



Hydrodynamic evolution of hard rod gas?



(Euler) Generalised hydrodynamics (GHD)

f0(v, x0, t) = Phase space density of point particles
<latexit sha1_base64="Q3NMym2vfTqGZAihWLsYjnBNOZs="></latexit>

Hard point gas (a=0)

<latexit sha1_base64="rrmGNIIMszUEDlp67MAQsCAX41Y="></latexit>

@tf
0(v, x0, t) + @x0

�
v f0(v, x0, t)

�
= 0

For hard rods the GHD can be written in terms  
of phase space density of quasiparticles. 



f0(v, x0, t) = Phase space density of point particles
<latexit sha1_base64="Q3NMym2vfTqGZAihWLsYjnBNOZs="></latexit>

Hard point gas

Hard rod gas

Doyon, Lecture notes (2019) 

Doyon & Spohn, JStat Mech (2017)

<latexit sha1_base64="mYYS8/rQtZBauvyPPW2cuZC+P2w="></latexit>

f(x, v, t) = Phase space density of quasi-particles

<latexit sha1_base64="nP1+jc4JjblMqUeRM5QtrFLrxPs="></latexit>

ve↵(v) =
v � a⇢u

1� a⇢
, where

⇢(x, t) =

Z
f(x, v, t)dv,

u(x, t) =
1

⇢

Z
v f(x, v, t)dv.
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@tf
0(v, x0, t) + @x0

�
v f0(v, x0, t)

�
= 0

(Euler) Generalised hydrodynamics

Mass density:

Flow velocity:



How to solve the generalised hydrodynamic equation?



Mapping to HPG in continuous variables

f(x, v, t) =
f0(x0, v, t)

1 + a⇢0(x0, t)
,

⇢0(x0, t) =

Z
dv f0(x0, v, t),

F 0(x0, t) =

Z x

0
dx0 ⇢0(x0, t),
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xi = x0
i + a

X

j 6=i

⇥(x0
i � x0

j)

Recall microscopic solution:

Recall:

Initial HP  
coordinates

Initial HR  
coordinates

Transform
Evolve 
Point  

particles
Final HR  

coordinates
Final HP  

coordinates
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i(0)+vit
{xi(t), vi(t)} ���������!

xi=x0
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{x0
i(t), vi}

Transform 
Back



Hard rod hydrodynamics   hard point particle Hydrodynamics→
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f0(v, x0, t) = Phase space density of point particles

f(v, x, t) = Phase space density of hard rods

Euler GHD of hard rods:f(x, v, t) =
f0(x0, v, t)

1 + a⇢0(x0, t)
,

⇢0(x0, t) =

Z
dv f0(x0, v, t),

F 0(x0, t) =

Z x

0
dx0 ⇢0(x0, t),
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Euler GHD of hard point particles:

Solve

f0(x0, v, t)
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Transform back to

Hard rods
f(x, v, t)
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feuler(x(x
0), v, t) =

f0(x0, v, t)

1 + a⇢0(x0, t)

x(x0) = x+ aF 0(x0, t)

Thus the mapping to HPG allows one to solve the E-GHD equations

and

study non-equilibrium evolution

Evolution

time = 0 time > 0

Solution of the Euler GHD equations of hard rod gas



An example



Uniformly filled box with inhomogeneous velocity distribution

Rods have velocity 1 Velocities are chosen from Maxwell distribution

(Special component) (Background component)



Uniformly filled box with inhomogeneous velocity distribution

How do the density profiles of different components evolve?

where, recall L′ = L −Na. For the background component we set %(y) = ⇢0b(y,0) and p(u) = h(u) to get:

⇢
0
b(x′, t) = � ∞

−∞ dvf
0
b (x′, v, t),

= ⇢0

1 − a⇢0
1√
2⇡T

∞�
n=−∞�

L′

L′�2 dy�
∞
−∞ dv e

−v2�2T [�(x − y − vt + 2nL) + �(x + y − vt − 2nL)] ,
= ⇢0

1 − a⇢0
1√
2⇡T

∞�
n=−∞�

L′

L′�2 dy
1

t
�exp�−(2nL′ + x − y)2

2Tt2
� + exp�−(2nL′ − x − y)2

2Tt2
�� ,

= ⇢0

2(1 − a⇢0)
∞�

n=−∞ �erf�
x +L′�2 + (2n − 1)L′√

2Tt
� − erf�x −L′�2 + (2n − 1)L′√

2Tt
�� . (28)

= ⇢0

2(1 − a⇢0)
∞�

n=−∞ �erf�
x −L′�2 + 2nL′√

2Tt
� − erf�x +L′�2 + 2nL′√

2Tt
�� . (29)

Using the Poisson resummation formula, this can be rewritten in the alternative series form:

⇢
0
b(x′, t) = ⇢0

2(1 − a⇢0) +
2⇢0(1 − a⇢0)

∞�
k=1

1

⇡k
cos�k⇡(L′ − x)

L′ � sin k⇡

2
e
−⇡2k2t2

2L′2 . (30)

Note that shifting the origin to L
′�2 (i.e., x′ → z

′ = x′−L′�2) and taking L
′ →∞, one obtains the solution

of Euler GHD on the infinite line as

g
0(z′, t) = ⇢0

1 − a⇢0⇥(z′ − t),
⇢
0
b(z′, t) = ⇢0

2(1 − a⇢0) �1 + erf�
z
′√
2Tt
�� , (31)

where T = 1. The corresponding densities of the hard rods for the two components, respectively g(x, t) and
⇢b(x, t), can be obtained using the inverse mapping Eq. 16 and Eq. (18) along with ⇢

0(x′, t) = g0(x′, t)+⇢0b(x′, t).
We show in Fig. 1 the evolution of g(x, t) and ⇢b(x, t) obtained from the solutions of the Euler GHD

equation as well as the results from direct MD simulations.

(a) (b)

Fig. 1: Comparing solution of Euler equation with MD simulation for initial condition A:
Plot comparing the solution of the Euler equation with those of molecular dynamics for (a) the density
of v = 1 particles, denoted by g(x) and (b) the density of background particles, denoted by ⇢b(x). Dashed
lines are MD simulations and solid lines are solutions of Euler equation. We have taken times t = 0 (dark
blue), t = 40 (orange), t = 80 (green), t = 160 (red), t = 240 (violet), t = 320 (brown), t = 400 (pink),
t = 480 (grey), t = 560 (mud green) and t = 640 (cyan). We see that even for very long time like t = 640,
the profile obtained from MD does not relax to GGE, i.e., it does not become uniform. We also see that
there is a discrepancy between MD and Euler solutions at the shock front due to dissipative e↵ects. We
have taken length of the box L = 2500, total number of particles N = 2000 and length of rod a = 1.0. We
have performed ensemble averaging over 5000 realizations while doing MD.
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f(x, v, 0) = ⇢ �(v � 1) ✓(L/2� x)| {z }
special rods

+ ⇢ pmx(v) ✓(x� L/2)| {z }
background rods



f(x, v, t) = g(x, t) �(v � 1)| {z }
special rods

+ fb(x, v, t)| {z }
background rods

<latexit sha1_base64="dfk4PHxwCI4edtpkba7q3ACCY7w="></latexit>

f(x, v, 0) = ⇢ �(v � 1) ✓(L/2� x)| {z }
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where, recall L′ = L −Na. For the background component we set %(y) = ⇢0b(y,0) and p(u) = h(u) to get:
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2(1 − a⇢0)
∞�
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x −L′�2 + 2nL′√

2Tt
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2Tt
�� . (29)

Using the Poisson resummation formula, this can be rewritten in the alternative series form:

⇢
0
b(x′, t) = ⇢0

2(1 − a⇢0) +
2⇢0(1 − a⇢0)

∞�
k=1

1

⇡k
cos�k⇡(L′ − x)

L′ � sin k⇡

2
e
−⇡2k2t2

2L′2 . (30)

Note that shifting the origin to L
′�2 (i.e., x′ → z

′ = x′−L′�2) and taking L
′ →∞, one obtains the solution

of Euler GHD on the infinite line as

g
0(z′, t) = ⇢0

1 − a⇢0⇥(z′ − t),
⇢
0
b(z′, t) = ⇢0

2(1 − a⇢0) �1 + erf�
z
′√
2Tt
�� , (31)

where T = 1. The corresponding densities of the hard rods for the two components, respectively g(x, t) and
⇢b(x, t), can be obtained using the inverse mapping Eq. 16 and Eq. (18) along with ⇢

0(x′, t) = g0(x′, t)+⇢0b(x′, t).
We show in Fig. 1 the evolution of g(x, t) and ⇢b(x, t) obtained from the solutions of the Euler GHD

equation as well as the results from direct MD simulations.

(a) (b)

Fig. 1: Comparing solution of Euler equation with MD simulation for initial condition A:
Plot comparing the solution of the Euler equation with those of molecular dynamics for (a) the density
of v = 1 particles, denoted by g(x) and (b) the density of background particles, denoted by ⇢b(x). Dashed
lines are MD simulations and solid lines are solutions of Euler equation. We have taken times t = 0 (dark
blue), t = 40 (orange), t = 80 (green), t = 160 (red), t = 240 (violet), t = 320 (brown), t = 400 (pink),
t = 480 (grey), t = 560 (mud green) and t = 640 (cyan). We see that even for very long time like t = 640,
the profile obtained from MD does not relax to GGE, i.e., it does not become uniform. We also see that
there is a discrepancy between MD and Euler solutions at the shock front due to dissipative e↵ects. We
have taken length of the box L = 2500, total number of particles N = 2000 and length of rod a = 1.0. We
have performed ensemble averaging over 5000 realizations while doing MD.
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Solution of the Euler GHD equation matches quite well.

Simulation 

Solution of  

Euler GHD

f(x, v, t) = g(x, t) �(v � 1)| {z }
special rods

+ fb(x, v, t)| {z }
background rods
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where, recall L′ = L −Na. For the background component we set %(y) = ⇢0b(y,0) and p(u) = h(u) to get:
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Using the Poisson resummation formula, this can be rewritten in the alternative series form:

⇢
0
b(x′, t) = ⇢0

2(1 − a⇢0) +
2⇢0(1 − a⇢0)

∞�
k=1

1

⇡k
cos�k⇡(L′ − x)

L′ � sin k⇡

2
e
−⇡2k2t2
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Note that shifting the origin to L
′�2 (i.e., x′ → z

′ = x′−L′�2) and taking L
′ →∞, one obtains the solution

of Euler GHD on the infinite line as

g
0(z′, t) = ⇢0

1 − a⇢0⇥(z′ − t),
⇢
0
b(z′, t) = ⇢0

2(1 − a⇢0) �1 + erf�
z
′√
2Tt
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where T = 1. The corresponding densities of the hard rods for the two components, respectively g(x, t) and
⇢b(x, t), can be obtained using the inverse mapping Eq. 16 and Eq. (18) along with ⇢

0(x′, t) = g0(x′, t)+⇢0b(x′, t).
We show in Fig. 1 the evolution of g(x, t) and ⇢b(x, t) obtained from the solutions of the Euler GHD

equation as well as the results from direct MD simulations.

(a) (b)

Fig. 1: Comparing solution of Euler equation with MD simulation for initial condition A:
Plot comparing the solution of the Euler equation with those of molecular dynamics for (a) the density
of v = 1 particles, denoted by g(x) and (b) the density of background particles, denoted by ⇢b(x). Dashed
lines are MD simulations and solid lines are solutions of Euler equation. We have taken times t = 0 (dark
blue), t = 40 (orange), t = 80 (green), t = 160 (red), t = 240 (violet), t = 320 (brown), t = 400 (pink),
t = 480 (grey), t = 560 (mud green) and t = 640 (cyan). We see that even for very long time like t = 640,
the profile obtained from MD does not relax to GGE, i.e., it does not become uniform. We also see that
there is a discrepancy between MD and Euler solutions at the shock front due to dissipative e↵ects. We
have taken length of the box L = 2500, total number of particles N = 2000 and length of rod a = 1.0. We
have performed ensemble averaging over 5000 realizations while doing MD.
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Comparison of simulation result with GHD solution



Simulation 

Solution of  
Euler GHD

(a) (b)

Fig. 1: Comparing solution of Euler equation with MD simulation for intial condition A:
Plot comparing Euler equation with those of molecular dynamics for the density of v = 1 particles, which
we have denoted by g(x) and the density of background particles, which we have denoted by ⇢b(x). We
have taken length of the box L = 2500, total number of particles N = 2000 and length of rod a = 1.0.
We have performed ensemble averaging over 500 realizations while doing MD. In (a), we show the plot
for g and in (b), we show the plot for ⇢b. Dashed lines are MD simulations and solid lines are solutions
of Euler equation. We have taken times t = 0 (dark blue), t = 40 (orange), t = 80 (green), t = 160 (red),
t = 240 (violet), t = 320 (brown), t = 400 (pink), t = 480 (grey), t = 560 (mud green) and t = 640 (light
blue). We see that even for very long time like t = 640, the profile obtained from MD does not relax to
GGE, i.e., it does not become uniform. We also see that there is a discrepancy at the shock front due to
dissipative e↵ects.

ticle (hard rod) picture. Where the v = 1 particles are not present, we denote the density of background

particles by ⇢
′
b1(⇢b1) in the point particle (hard rod) picture. The part where particles with v = 1 are

present has a total density (in the point particle picture) given by g
′
0 +⇢′b0 = ⇢∞

2(1−a⇢∞) + ⇢∞
1−a⇢∞ = 3⇢∞

2(1−a⇢∞) .
The part where they are not present will have a total density given by ⇢

′
b1 = ⇢∞

2(1−a⇢∞) . Thus using the

inverse mapping (Eq. 16), we have:

⇢b1 = ⇢∞
2 − a⇢∞ , (22)

and

g0 + ⇢b0 = 3⇢∞
2 + a⇢∞ . (23)

The last equation can be solved together with the following equation (obtained by using number conser-

vation for background particles) to get g0 and ⇢b0:

⇢b0

2g0
+ ⇢b1� 1

⇢∞ −
1

2g0
� = 1

2
. (24)

We finally have:

g0 = 2⇢∞
2 + a⇢∞ , (25)

⇢b0 = ⇢∞
2 + a⇢∞ . (26)

In our MD simulation, we have taken ⇢∞ = 0.8, a = 1. Plugging these values into the expressions above,

we get ⇢b1 = 0.67, ⇢b0 = 0.286, g0 = 0.57. We have verified that this matches with our MD results in Fig. 1.
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We have performed ensemble averaging over 500 realizations while doing MD. In (a), we show the plot
for g and in (b), we show the plot for ⇢b. Dashed lines are MD simulations and solid lines are solutions
of Euler equation. We have taken times t = 0 (dark blue), t = 40 (orange), t = 80 (green), t = 160 (red),
t = 240 (violet), t = 320 (brown), t = 400 (pink), t = 480 (grey), t = 560 (mud green) and t = 640 (light
blue). We see that even for very long time like t = 640, the profile obtained from MD does not relax to
GGE, i.e., it does not become uniform. We also see that there is a discrepancy at the shock front due to
dissipative e↵ects.
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where, recall L′ = L −Na. For the background component we set %(y) = ⇢0b(y,0) and p(u) = h(u) to get:
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Using the Poisson resummation formula, this can be rewritten in the alternative series form:
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Note that shifting the origin to L
′�2 (i.e., x′ → z

′ = x′−L′�2) and taking L
′ →∞, one obtains the solution

of Euler GHD on the infinite line as
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where T = 1. The corresponding densities of the hard rods for the two components, respectively g(x, t) and
⇢b(x, t), can be obtained using the inverse mapping Eq. 16 and Eq. (18) along with ⇢

0(x′, t) = g0(x′, t)+⇢0b(x′, t).
We show in Fig. 1 the evolution of g(x, t) and ⇢b(x, t) obtained from the solutions of the Euler GHD

equation as well as the results from direct MD simulations.

(a) (b)

Fig. 1: Comparing solution of Euler equation with MD simulation for initial condition A:
Plot comparing the solution of the Euler equation with those of molecular dynamics for (a) the density
of v = 1 particles, denoted by g(x) and (b) the density of background particles, denoted by ⇢b(x). Dashed
lines are MD simulations and solid lines are solutions of Euler equation. We have taken times t = 0 (dark
blue), t = 40 (orange), t = 80 (green), t = 160 (red), t = 240 (violet), t = 320 (brown), t = 400 (pink),
t = 480 (grey), t = 560 (mud green) and t = 640 (cyan). We see that even for very long time like t = 640,
the profile obtained from MD does not relax to GGE, i.e., it does not become uniform. We also see that
there is a discrepancy between MD and Euler solutions at the shock front due to dissipative e↵ects. We
have taken length of the box L = 2500, total number of particles N = 2000 and length of rod a = 1.0. We
have performed ensemble averaging over 5000 realizations while doing MD.
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Disagreement with the Euler solution at the discontinuities



(a) (b)

Fig. 3: (a) Time dependence of the width and (b) the fluctuation in the location of the

shock: (a) This shows the structure of the shock for the initial condition A at di↵erent times for a given
system size (N = 2000, L = 2500). The curves have been shifted so that the shock fronts for all the curves
coincide. While doing MD, ensemble averaging over 5000 initial microstates were performed. We see that
there is trend of increasing width with time while in the inset (which shows curves for t = 20,40,80), we
see that there is a scaling collapse in the variable x�√t for short times when the v = 1 pulse does not know
about the boundaries of the system and hence behaves like it is in an infinite system. We explain this√
t dependence in Appendix A. (b) This shows plot of g(x, t) for two di↵erent realizations (microstates)

for initial condition A. We see that in a single realization the shock remains sharp, while the positions of
the shock front in two realizations are di↵erent. Consequently, ensemble averaging will lead to smearing
of the shock and thus is necessary to observe dissipation. Here we have chosen N = 8000, L = 10000.

Fig. 4: System size dependence of the shock width for initial condition A: This shows the
structure of the shock at late times (when the width saturates) for the initial condition A for di↵erent
system sizes. For all the curves we have chosen t = 10000 which is much longer than the time at which
the width of the pulse g(x, t) and that of the shock saturates. Even after this long time, the curve g(x, t)
does not become uniform, i.e., it does not relaxes to GGE. The curve has been shifted so that the shock
fronts for all the three curves coincide. We see that the shock broadens with system size, while in the
inset, we see that there is a scaling collapse in the variable x�√N , thus showing that the shock broadens
with the system size as

√
N . In this case ensemble averaging over 500 realizations was performed.

Let us denote the value of the density of the v = 1 particles inside the pulse by g
′
1, in the point particle

picture, and by g1 in the hard rod picture. Similarly, we denote the density of the background particles

inside the pulse region by ⇢
′
b and ⇢b, respectively, in the point particle and hard rod pictures. We also

denote the density of background particles outside the pulse region by ⇢̄
′
b and ⇢̄b, once again, in the point

11

Initial discontinuity spreads with time

(a)

Fig. 2: Lack of thermalization to GGE: Figure showing plot of g for a very large time (t = 1010).
We see that even for such a large time, the system does not thermalize to GGE, i.e., g does not become
uniform. Here N = 2000, L = 2500, a = 1.0 and ensemble averaging over 100 realizations were performed
while doing MD.

(a)

Fig. 3: Comparing two di↵erent realizations: Figure showing plot of g for two di↵erent realizations
for initial condition A. Here N = 4000, L = 5000. We see that in a single realization the shock remains
sharp, while the positions of the shock front in two realizations are di↵erent. Thus ensemble averaging
will lead to smearing of the shock. Thus ensemble averaging is necessary to observe dissipation.

can be obtained and compared with MD simulations. The momentum density field p
0(x′, t) for the point

particle problem is given by:

p
0(x′, t) = 2tN

(L −Na)�L2 −Na�
∞�
k=1

exp�� −k2⇡2
t
2

2(L −Na)2 �� sin �
k⇡(L − 2Na)
2(L −Na) � sin �

k⇡x
′

(L −Na)�. (29)

p(x, t) for the hard rod problem can be found using the inverse mapping:

p(x, t) = p
0(x′, t)

1 + a⇢0(x′, t) , (30)

with x = x′ + aF 0(x′, t).
We show the plots comparing p(x, t) in Fig. 10. We see a nice agreement. We see a lot of fluctuations

for the case t = 1000. Thus we increased the number of realizations and the corresponding plot is shown

in Fig. 11.
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Recall initial condition:

Spreading of the shock with time (on infinite line):

Singh, Dhar, Spohn, A.K. (2023) 

(a)

Fig. 2: Lack of thermalization to GGE: Figure showing plot of g for t = 1000,2000. The width of
the pulse for both times are same, thus indicating that it saturates and does not become uniform, i.e.,
it does not relax to GGE. The inset shows the shock for the two times, where we see that its width also
saturates. Here N = 2000, L = 2500, a = 1.0 and ensemble averaging over 100 realizations were performed
while doing MD.

(a) (b)

Fig. 3: System size dependence of the shock width: Figure (a) showing the structure of the shock
for the initial condition A for di↵erent system sizes. All the curves are for times t = 10000. Even after
this long time, the curve g(x, t) does not become uniform, i.e., it does not relaxes to GGE. This time
is much after the width of the pulse g(x, t) and that of its shock saturates. The curve has been shifted
so that the shock fronts for all the three curves coincide. While doing MD, ensemble averaging over 500
realizations were performed. We see that the shock broadens with system size, while in the inset, we see
that there is a scaling collapse in the variable x�√N , thus showing that the shock broadens with the
system size as

√
N . Time dependence of the shock width: Figure (b) showing the structure of the

shock for the initial condition A for di↵erent times for a given system size (N = 2000, L = 2500). The
curves have been shifted so that the shock fronts for all the curves coincide. While doing MD, ensemble
averaging over 500 realizations were performed. We see that there is trend of increasing width with time
while in the inset (which shows curves for t = 20,40,80), we see that there is a scaling collapse in the
variable x�√t for short times when the v = 1 pulse does not know about the boundaries of the system
and hence behaves like it is in an infinite system. We explain this

√
t dependence in Appendix 2.

3.3 Euler vs MD for initial condition B

The initial condition we now take is B, in which a gas of N hard rods confined to one half of a container

with hard walls at x = 0 and x = L. At t = 0, all the particles of the gas are confined in the region [0, L2 ]
with uniform density and velocity drawn from a normal distribution. This initial condition then maps

to (using x
′ = x − aF (x, t)) a point particle gas in a container of length L −Na, with all the particles

8

Doyon & Spohn, JStat Mech (2017)

⇠(t)
width of
the shock

/ fluctuation in the # of background
particles to the left of the shock

/
p

Mean # of such particles

/
p
t
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How to obtain the spread theoretically

— Navier-Stokes correction to E-GHD 

— Microscopic solution



 Microscopic approach

For certain type of initial conditions one can perform exact microscopic calculations.

we choose the initial condition for hard point particles  
and then convert to hard rod configurations

in which,



Initial condition

— We first choose  locations randomly and independently from .N p( ̂x′ )
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— We first choose  locations randomly and independently from .N p( ̂x′ )

Initial condition
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x̂0
5

<latexit sha1_base64="LUsCscOD0ohNFat72UDq54Dq+7s=">AAAB83icdVDLSgMxFM3UV62vqks3wVZ0NWQ6tU53RTcuK9gHdIaSSdM2NPMgyYhl6G+4caGIW3/GnX9jpq2gogcuHM65l3vv8WPOpELow8itrK6tb+Q3C1vbO7t7xf2DtowSQWiLRDwSXR9LyllIW4opTruxoDjwOe34k6vM79xRIVkU3qppTL0Aj0I2ZAQrLblld4xVej877VfL/WIJmXWnhqoORCZCjm3bmpwjq16xoaWVDCWwRLNffHcHEUkCGirCsZQ9C8XKS7FQjHA6K7iJpDEmEzyiPU1DHFDppfObZ/BEKwM4jISuUMG5+n0ixYGU08DXnQFWY/nby8S/vF6iho6XsjBOFA3JYtEw4VBFMAsADpigRPGpJpgIpm+FZIwFJkrHVNAhfH0K/yftimnVzOpNpdS4XMaRB0fgGJwBC1yABrgGTdACBMTgATyBZyMxHo0X43XRmjOWM4fgB4y3T2pVkUw=</latexit>

x̂0
4

— We first choose  locations randomly and independently from .N p( ̂x′ )

Initial condition



<latexit sha1_base64="NAQaWkLol9yKSRJqDCp9LkFUwCQ=">AAAB83icdVDLSsNAFJ3UV62vqks3g63oKiRpbeuu6MZlBfuAJpTJdNIOnUzCzEQsob/hxoUibv0Zd/6Nk7aCih64cDjnXu69x48ZlcqyPozcyura+kZ+s7C1vbO7V9w/6MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn1xlfveOCEkjfqumMfFCNOI0oBgpLblld4xUej87HdjlQbFkmReNmnPuQMu0rLpTqWXEqVedCrS1kqEElmgNiu/uMMJJSLjCDEnZt61YeSkSimJGZgU3kSRGeIJGpK8pRyGRXjq/eQZPtDKEQSR0cQXn6veJFIVSTkNfd4ZIjeVvLxP/8vqJChpeSnmcKMLxYlGQMKgimAUAh1QQrNhUE4QF1bdCPEYCYaVjKugQvj6F/5OOY9o1s3rjlJqXyzjy4AgcgzNggzpogmvQAm2AQQwewBN4NhLj0XgxXhetOWM5cwh+wHj7BF/0kUU=</latexit>

x̂0
1

<latexit sha1_base64="WqIdlNL8yfIHTaXohDGc5tux2cI=">AAAB83icdVDLSgMxFM34rPVVdekm2IquSlKcPnZFNy4r2Ad0hpJJM21o5kGSEcvQ33DjQhG3/ow7/8ZMW0FFD1w4nHMv997jxYIrjdCHtbK6tr6xmdvKb+/s7u0XDg47KkokZW0aiUj2PKKY4CFra64F68WSkcATrOtNrjK/e8ek4lF4q6cxcwMyCrnPKdFGckrOmOj0fnY2qJQGhSIq2wg3qjWIyghh264a0mjUbYwhNkqGIliiNSi8O8OIJgELNRVEqT5GsXZTIjWngs3yTqJYTOiEjFjf0JAETLnp/OYZPDXKEPqRNBVqOFe/T6QkUGoaeKYzIHqsfnuZ+JfXT7Rfd1MexolmIV0s8hMBdQSzAOCQS0a1mBpCqOTmVkjHRBKqTUx5E8LXp/B/0qmUcbV8cVMpNi+XceTAMTgB5wCDGmiCa9ACbUBBDB7AE3i2EuvRerFeF60r1nLmCPyA9fYJbz2RUA==</latexit>

x̂0
2

<latexit sha1_base64="dTgDX6zRrvxpSF9FWn8hLTmJuL4=">AAAB83icdVDLTgIxFO3gC/GFunTTCEZXkw4Iwo7oxiUm8kiYCemUAg2dzqTtGMmE33DjQmPc+jPu/Bs7gIkaPclNTs65N/fe40ecKY3Qh5VZWV1b38hu5ra2d3b38vsHbRXGktAWCXkouz5WlDNBW5ppTruRpDjwOe34k6vU79xRqVgobvU0ol6AR4INGcHaSG7RHWOd3M9O++ViP19ANqpW6qgOkV1BTm1OEKrWSmXoGJKiAJZo9vPv7iAkcUCFJhwr1XNQpL0ES80Ip7OcGysaYTLBI9ozVOCAKi+Z3zyDJ0YZwGEoTQkN5+r3iQQHSk0D33QGWI/Vby8V//J6sR7WvISJKNZUkMWiYcyhDmEaABwwSYnmU0MwkczcCskYS0y0iSlnQvj6FP5P2iXbqdrnN6VC43IZRxYcgWNwBhxwARrgGjRBCxAQgQfwBJ6t2Hq0XqzXRWvGWs4cgh+w3j4BZwiRSg==</latexit>

x̂0
3

<latexit sha1_base64="APmZppwmLGtPfQbT9CGg5wr9Jq4=">AAAB83icdVBNS8NAEJ34WetX1aOXxVb0VJKgtb0VvXisYD+gCWWz3bZLN5uwuxFL6N/w4kERr/4Zb/4bN20FFX0w8Hhvhpl5QcyZ0rb9YS0tr6yurec28ptb2zu7hb39looSSWiTRDySnQArypmgTc00p51YUhwGnLaD8VXmt++oVCwSt3oSUz/EQ8EGjGBtJK/kjbBO76cnvfNSr1C0y7ZBpYIy4lRtx5Bareq6NeTMLNsuwgKNXuHd60ckCanQhGOluo4daz/FUjPC6TTvJYrGmIzxkHYNFTikyk9nN0/RsVH6aBBJU0Kjmfp9IsWhUpMwMJ0h1iP128vEv7xuogdVP2UiTjQVZL5okHCkI5QFgPpMUqL5xBBMJDO3IjLCEhNtYsqbEL4+Rf+Tllt2KuWzG7dYv1zEkYNDOIJTcOAC6nANDWgCgRge4AmercR6tF6s13nrkrWYOYAfsN4+AVpkkUI=</latexit>

x̂0
5

<latexit sha1_base64="W4aChkdTuyKQ68pv/qd+/Lk/TUE=">AAAB83icdVDLSsNAFJ34rPVVdelmsBVdhaRqrbuiG5cV7AOaUCbTSTt08mDmRiyhv+HGhSJu/Rl3/o3TNIKKHrhwOOde7r3HiwVXYFkfxsLi0vLKamGtuL6xubVd2tltqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONr2Z+545JxaPwFiYxcwMyDLnPKQEtORVnRCC9nx71a5V+qWyZZ5Z9UTvBlmllyEjdrtaxnStllKPZL707g4gmAQuBCqJUz7ZicFMigVPBpkUnUSwmdEyGrKdpSAKm3DS7eYoPtTLAfiR1hYAz9ftESgKlJoGnOwMCI/Xbm4l/eb0E/Lqb8jBOgIV0vshPBIYIzwLAAy4ZBTHRhFDJ9a2YjogkFHRMRR3C16f4f9KumnbNPL2plhuXeRwFtI8O0DGy0TlqoGvURC1EUYwe0BN6NhLj0XgxXuetC0Y+s4d+wHj7BELxkTE=</latexit>

x̂0
6

<latexit sha1_base64="LUsCscOD0ohNFat72UDq54Dq+7s=">AAAB83icdVDLSgMxFM3UV62vqks3wVZ0NWQ6tU53RTcuK9gHdIaSSdM2NPMgyYhl6G+4caGIW3/GnX9jpq2gogcuHM65l3vv8WPOpELow8itrK6tb+Q3C1vbO7t7xf2DtowSQWiLRDwSXR9LyllIW4opTruxoDjwOe34k6vM79xRIVkU3qppTL0Aj0I2ZAQrLblld4xVej877VfL/WIJmXWnhqoORCZCjm3bmpwjq16xoaWVDCWwRLNffHcHEUkCGirCsZQ9C8XKS7FQjHA6K7iJpDEmEzyiPU1DHFDppfObZ/BEKwM4jISuUMG5+n0ixYGU08DXnQFWY/nby8S/vF6iho6XsjBOFA3JYtEw4VBFMAsADpigRPGpJpgIpm+FZIwFJkrHVNAhfH0K/yftimnVzOpNpdS4XMaRB0fgGJwBC1yABrgGTdACBMTgATyBZyMxHo0X43XRmjOWM4fgB4y3T2pVkUw=</latexit>

x̂0
4

— We first choose  locations randomly and independently from .N p( ̂x′ )

Initial condition



<latexit sha1_base64="kl99mV4ySjeTbXosFNz8BTgm0X0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IrvEqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzfLTac8r94olt+LOgJaJl5ESZKj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLAheIsvL5NmteJdVM7vqqXadRZHHo7gGM7Ag0uowS3UoQEEHuAZXuHNkc6L8+58zFtzTjZzCH/gfP4AJ7CONA==</latexit>

x0
1

<latexit sha1_base64="4upl7t7KFUIHrwriCr1obVXfydY=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IrvEqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzfLTaa9a7hVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE175KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7qJzfVUu16yyOPBzBMZyBB5dQg1uoQwMIPMAzvMKbI50X5935mLfmnGzmEP7A+fwBKTWONQ==</latexit>

x0
2

<latexit sha1_base64="Az4D6HogNSOlm93I1T4OyPwp7DU=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6Irto1CPRi0dM5COBDemWLlS67abtGsmG/+DFg8Z49f94899YYA+KvmSSl/dmMjMviDnTxnW/nNzS8srqWn69sLG5tb1T3N1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj66nfeqBKMynuzDimfoQHgoWMYGOlZvnxuHda7hVLbsWdAf0lXkZKkKHeK352+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZtRN0ZJU+CqWyJQyaqT8nUhxpPY4C2xlhM9SL3lT8z+skJrz0UybixFBB5ovChCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMGG4C2+/Jc0qxXvvHJ2Wy3VrrI48nAAh3ACHlxADW6gDg0gcA9P8AKvjnSenTfnfd6ac7KZffgF5+MbKrqONg==</latexit>

x0
3

<latexit sha1_base64="z8xFEajfCAx1RtUF5NzD9Al/fzU=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IruEqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfckkL+/NZGZeEHOmjet+ObmV1bX1jfxmYWt7Z3evuH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G1zO//UCVZlLcmUlM/QgPBQsZwcZKrfLjab9W7hdLbsWdA/0lXkZKkKHRL372BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0YpUBCqWyJQyaqz8nUhxpPYkC2xlhM9LL3kz8z+smJrz0UybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2//Je0qhXvvFK7rZbqV1kceTiCYzgDDy6gDjfQgCYQuIcneIFXRzrPzpvzvmjNOdnMIfyC8/ENLD+ONw==</latexit>

x0
4

<latexit sha1_base64="deD80aINXAcZQe2M94tgv50Ljo0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIhg9kV3i60j04hETeSSwIbPDLIzMzmxmZo1kwz948aAxXv0fb/6NA+xB0Uo6qVR1p7sriDnTxnW/nNzS8srqWn69sLG5tb1T3N1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj66nfeqBKMynuzDimfoQHgoWMYGOlZvnxuHdW7hVLbsWdAf0lXkZKkKHeK352+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZtRN0ZJU+CqWyJQyaqT8nUhxpPY4C2xlhM9SL3lT8z+skJrz0UybixFBB5ovChCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMGG4C2+/Jc0qxXvvHJ6Wy3VrrI48nAAh3ACHlxADW6gDg0gcA9P8AKvjnSenTfnfd6ac7KZffgF5+MbLcSOOA==</latexit>

x0
5

<latexit sha1_base64="6LmVeMzW9Dsk59Z87wO/Qj3SkLA=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IrvEoEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfckkL+/NZGZeEHOmjet+ObmV1bX1jfxmYWt7Z3evuH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G1zO//UCVZlLcmUlM/QgPBQsZwcZKrfLjab9W7hdLbsWdA/0lXkZKkKHRL372BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0YpUBCqWyJQyaqz8nUhxpPYkC2xlhM9LL3kz8z+smJrz0UybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2//Je0qhWvVjm/rZbqV1kceTiCYzgDDy6gDjfQgCYQuIcneIFXRzrPzpvzvmjNOdnMIfyC8/ENL0mOOQ==</latexit>

x0
6

— We arrange these locations in increasing order and place point particles there. 

<latexit sha1_base64="NAQaWkLol9yKSRJqDCp9LkFUwCQ=">AAAB83icdVDLSsNAFJ3UV62vqks3g63oKiRpbeuu6MZlBfuAJpTJdNIOnUzCzEQsob/hxoUibv0Zd/6Nk7aCih64cDjnXu69x48ZlcqyPozcyura+kZ+s7C1vbO7V9w/6MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn1xlfveOCEkjfqumMfFCNOI0oBgpLblld4xUej87HdjlQbFkmReNmnPuQMu0rLpTqWXEqVedCrS1kqEElmgNiu/uMMJJSLjCDEnZt61YeSkSimJGZgU3kSRGeIJGpK8pRyGRXjq/eQZPtDKEQSR0cQXn6veJFIVSTkNfd4ZIjeVvLxP/8vqJChpeSnmcKMLxYlGQMKgimAUAh1QQrNhUE4QF1bdCPEYCYaVjKugQvj6F/5OOY9o1s3rjlJqXyzjy4AgcgzNggzpogmvQAm2AQQwewBN4NhLj0XgxXhetOWM5cwh+wHj7BF/0kUU=</latexit>

x̂0
1

<latexit sha1_base64="WqIdlNL8yfIHTaXohDGc5tux2cI=">AAAB83icdVDLSgMxFM34rPVVdekm2IquSlKcPnZFNy4r2Ad0hpJJM21o5kGSEcvQ33DjQhG3/ow7/8ZMW0FFD1w4nHMv997jxYIrjdCHtbK6tr6xmdvKb+/s7u0XDg47KkokZW0aiUj2PKKY4CFra64F68WSkcATrOtNrjK/e8ek4lF4q6cxcwMyCrnPKdFGckrOmOj0fnY2qJQGhSIq2wg3qjWIyghh264a0mjUbYwhNkqGIliiNSi8O8OIJgELNRVEqT5GsXZTIjWngs3yTqJYTOiEjFjf0JAETLnp/OYZPDXKEPqRNBVqOFe/T6QkUGoaeKYzIHqsfnuZ+JfXT7Rfd1MexolmIV0s8hMBdQSzAOCQS0a1mBpCqOTmVkjHRBKqTUx5E8LXp/B/0qmUcbV8cVMpNi+XceTAMTgB5wCDGmiCa9ACbUBBDB7AE3i2EuvRerFeF60r1nLmCPyA9fYJbz2RUA==</latexit>

x̂0
2

<latexit sha1_base64="dTgDX6zRrvxpSF9FWn8hLTmJuL4=">AAAB83icdVDLTgIxFO3gC/GFunTTCEZXkw4Iwo7oxiUm8kiYCemUAg2dzqTtGMmE33DjQmPc+jPu/Bs7gIkaPclNTs65N/fe40ecKY3Qh5VZWV1b38hu5ra2d3b38vsHbRXGktAWCXkouz5WlDNBW5ppTruRpDjwOe34k6vU79xRqVgobvU0ol6AR4INGcHaSG7RHWOd3M9O++ViP19ANqpW6qgOkV1BTm1OEKrWSmXoGJKiAJZo9vPv7iAkcUCFJhwr1XNQpL0ES80Ip7OcGysaYTLBI9ozVOCAKi+Z3zyDJ0YZwGEoTQkN5+r3iQQHSk0D33QGWI/Vby8V//J6sR7WvISJKNZUkMWiYcyhDmEaABwwSYnmU0MwkczcCskYS0y0iSlnQvj6FP5P2iXbqdrnN6VC43IZRxYcgWNwBhxwARrgGjRBCxAQgQfwBJ6t2Hq0XqzXRWvGWs4cgh+w3j4BZwiRSg==</latexit>

x̂0
3

<latexit sha1_base64="APmZppwmLGtPfQbT9CGg5wr9Jq4=">AAAB83icdVBNS8NAEJ34WetX1aOXxVb0VJKgtb0VvXisYD+gCWWz3bZLN5uwuxFL6N/w4kERr/4Zb/4bN20FFX0w8Hhvhpl5QcyZ0rb9YS0tr6yurec28ptb2zu7hb39looSSWiTRDySnQArypmgTc00p51YUhwGnLaD8VXmt++oVCwSt3oSUz/EQ8EGjGBtJK/kjbBO76cnvfNSr1C0y7ZBpYIy4lRtx5Bareq6NeTMLNsuwgKNXuHd60ckCanQhGOluo4daz/FUjPC6TTvJYrGmIzxkHYNFTikyk9nN0/RsVH6aBBJU0Kjmfp9IsWhUpMwMJ0h1iP128vEv7xuogdVP2UiTjQVZL5okHCkI5QFgPpMUqL5xBBMJDO3IjLCEhNtYsqbEL4+Rf+Tllt2KuWzG7dYv1zEkYNDOIJTcOAC6nANDWgCgRge4AmercR6tF6s13nrkrWYOYAfsN4+AVpkkUI=</latexit>

x̂0
5

<latexit sha1_base64="W4aChkdTuyKQ68pv/qd+/Lk/TUE=">AAAB83icdVDLSsNAFJ34rPVVdelmsBVdhaRqrbuiG5cV7AOaUCbTSTt08mDmRiyhv+HGhSJu/Rl3/o3TNIKKHrhwOOde7r3HiwVXYFkfxsLi0vLKamGtuL6xubVd2tltqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONr2Z+545JxaPwFiYxcwMyDLnPKQEtORVnRCC9nx71a5V+qWyZZ5Z9UTvBlmllyEjdrtaxnStllKPZL707g4gmAQuBCqJUz7ZicFMigVPBpkUnUSwmdEyGrKdpSAKm3DS7eYoPtTLAfiR1hYAz9ftESgKlJoGnOwMCI/Xbm4l/eb0E/Lqb8jBOgIV0vshPBIYIzwLAAy4ZBTHRhFDJ9a2YjogkFHRMRR3C16f4f9KumnbNPL2plhuXeRwFtI8O0DGy0TlqoGvURC1EUYwe0BN6NhLj0XgxXuetC0Y+s4d+wHj7BELxkTE=</latexit>

x̂0
6

<latexit sha1_base64="LUsCscOD0ohNFat72UDq54Dq+7s=">AAAB83icdVDLSgMxFM3UV62vqks3wVZ0NWQ6tU53RTcuK9gHdIaSSdM2NPMgyYhl6G+4caGIW3/GnX9jpq2gogcuHM65l3vv8WPOpELow8itrK6tb+Q3C1vbO7t7xf2DtowSQWiLRDwSXR9LyllIW4opTruxoDjwOe34k6vM79xRIVkU3qppTL0Aj0I2ZAQrLblld4xVej877VfL/WIJmXWnhqoORCZCjm3bmpwjq16xoaWVDCWwRLNffHcHEUkCGirCsZQ9C8XKS7FQjHA6K7iJpDEmEzyiPU1DHFDppfObZ/BEKwM4jISuUMG5+n0ixYGU08DXnQFWY/nby8S/vF6iho6XsjBOFA3JYtEw4VBFMAsADpigRPGpJpgIpm+FZIwFJkrHVNAhfH0K/yftimnVzOpNpdS4XMaRB0fgGJwBC1yABrgGTdACBMTgATyBZyMxHo0X43XRmjOWM4fgB4y3T2pVkUw=</latexit>

x̂0
4

<latexit sha1_base64="LUsCscOD0ohNFat72UDq54Dq+7s=">AAAB83icdVDLSgMxFM3UV62vqks3wVZ0NWQ6tU53RTcuK9gHdIaSSdM2NPMgyYhl6G+4caGIW3/GnX9jpq2gogcuHM65l3vv8WPOpELow8itrK6tb+Q3C1vbO7t7xf2DtowSQWiLRDwSXR9LyllIW4opTruxoDjwOe34k6vM79xRIVkU3qppTL0Aj0I2ZAQrLblld4xVej877VfL/WIJmXWnhqoORCZCjm3bmpwjq16xoaWVDCWwRLNffHcHEUkCGirCsZQ9C8XKS7FQjHA6K7iJpDEmEzyiPU1DHFDppfObZ/BEKwM4jISuUMG5+n0ixYGU08DXnQFWY/nby8S/vF6iho6XsjBOFA3JYtEw4VBFMAsADpigRPGpJpgIpm+FZIwFJkrHVNAhfH0K/yftimnVzOpNpdS4XMaRB0fgGJwBC1yABrgGTdACBMTgATyBZyMxHo0X43XRmjOWM4fgB4y3T2pVkUw=</latexit>

x̂0
4

Order

— We first choose  locations randomly and independently from .N p( ̂x′ )

Positions:

Initial condition



— We arrange these locations in increasing order and place point particles there. 

<latexit sha1_base64="kl99mV4ySjeTbXosFNz8BTgm0X0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IrvEqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzfLTac8r94olt+LOgJaJl5ESZKj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLAheIsvL5NmteJdVM7vqqXadRZHHo7gGM7Ag0uowS3UoQEEHuAZXuHNkc6L8+58zFtzTjZzCH/gfP4AJ7CONA==</latexit>

x0
1

<latexit sha1_base64="4upl7t7KFUIHrwriCr1obVXfydY=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IrvEqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzfLTaa9a7hVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE175KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7qJzfVUu16yyOPBzBMZyBB5dQg1uoQwMIPMAzvMKbI50X5935mLfmnGzmEP7A+fwBKTWONQ==</latexit>

x0
2

<latexit sha1_base64="Az4D6HogNSOlm93I1T4OyPwp7DU=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6Irto1CPRi0dM5COBDemWLlS67abtGsmG/+DFg8Z49f94899YYA+KvmSSl/dmMjMviDnTxnW/nNzS8srqWn69sLG5tb1T3N1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj66nfeqBKMynuzDimfoQHgoWMYGOlZvnxuHda7hVLbsWdAf0lXkZKkKHeK352+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZtRN0ZJU+CqWyJQyaqT8nUhxpPY4C2xlhM9SL3lT8z+skJrz0UybixFBB5ovChCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMGG4C2+/Jc0qxXvvHJ2Wy3VrrI48nAAh3ACHlxADW6gDg0gcA9P8AKvjnSenTfnfd6ac7KZffgF5+MbKrqONg==</latexit>

x0
3

<latexit sha1_base64="z8xFEajfCAx1RtUF5NzD9Al/fzU=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IruEqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfckkL+/NZGZeEHOmjet+ObmV1bX1jfxmYWt7Z3evuH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G1zO//UCVZlLcmUlM/QgPBQsZwcZKrfLjab9W7hdLbsWdA/0lXkZKkKHRL372BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0YpUBCqWyJQyaqz8nUhxpPYkC2xlhM9LL3kz8z+smJrz0UybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2//Je0qhXvvFK7rZbqV1kceTiCYzgDDy6gDjfQgCYQuIcneIFXRzrPzpvzvmjNOdnMIfyC8/ENLD+ONw==</latexit>

x0
4

<latexit sha1_base64="deD80aINXAcZQe2M94tgv50Ljo0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIhg9kV3i60j04hETeSSwIbPDLIzMzmxmZo1kwz948aAxXv0fb/6NA+xB0Uo6qVR1p7sriDnTxnW/nNzS8srqWn69sLG5tb1T3N1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj66nfeqBKMynuzDimfoQHgoWMYGOlZvnxuHdW7hVLbsWdAf0lXkZKkKHeK352+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZtRN0ZJU+CqWyJQyaqT8nUhxpPY4C2xlhM9SL3lT8z+skJrz0UybixFBB5ovChCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMGG4C2+/Jc0qxXvvHJ6Wy3VrrI48nAAh3ACHlxADW6gDg0gcA9P8AKvjnSenTfnfd6ac7KZffgF5+MbLcSOOA==</latexit>

x0
5

<latexit sha1_base64="6LmVeMzW9Dsk59Z87wO/Qj3SkLA=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IrvEoEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfckkL+/NZGZeEHOmjet+ObmV1bX1jfxmYWt7Z3evuH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G1zO//UCVZlLcmUlM/QgPBQsZwcZKrfLjab9W7hdLbsWdA/0lXkZKkKHRL372BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0YpUBCqWyJQyaqz8nUhxpPYkC2xlhM9LL3kz8z+smJrz0UybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2//Je0qhWvVjm/rZbqV1kceTiCYzgDDy6gDjfQgCYQuIcneIFXRzrPzpvzvmjNOdnMIfyC8/ENL0mOOQ==</latexit>

x0
6

— We first choose  locations randomly and independently from .N p( ̂x′ )

— Hard rod coordinates are obtained using the transformation xi = x′ i + a∑
j≠i

Θ(x′ i − x′ j)

<latexit sha1_base64="ZllKiHRO8MIlrmRai+nTRxP49H4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQdjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38789iNVmsXywUwSGgg8lCxiBBsr+dWnvlftlytuzZ0DrRIvJxXI0eyXv3qDmKSCSkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUSC6qDbH7sFJ1ZZYCiWNmSBs3V3xMZFlpPRGg7BTYjvezNxP+8bmqi6yBjMkkNlWSxKEo5MjGafY4GTFFi+MQSTBSztyIywgoTY/Mp2RC85ZdXSate8y5rF/f1SuMmj6MIJ3AK5+DBFTTgDprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB8aIjgM=</latexit>x1
<latexit sha1_base64="kfS2zZzMkSUcFIFXb0Wrgxmv4FA=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4IrvEqEeiF4+YuEACG9ItXWjodjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789iNTmsfywUwS5kdkKHnIKTFW8qpP/Xq1X644NWcOvErcnFQgR7Nf/uoNYppGTBoqiNZd10mMnxFlOBVsWuqlmiWEjsmQdS2VJGLaz+bHTvGZVQY4jJUtafBc/T2RkUjrSRTYzoiYkV72ZuJ/Xjc14bWfcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5lGwI7vLLq6RVr7mXtYv7eqVxk8dRhBM4hXNw4QoacAdN8IACh2d4hTck0Qt6Rx+L1gLKZ47hD9DnD8gNjgQ=</latexit>x2

<latexit sha1_base64="Ynynx9QPDjYEiWl6Kjn4982hfBk=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4Irto1CPRi0dMXCSBDemWLjR0u5u2ayQbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q0nGqKPNoLGLVDohmgkvmGW4EayeKkSgQ7CEY3Uz9h0emNI/lvRknzI/IQPKQU2Ks5FWfemfVXrni1JwZ8DJxc1KBHM1e+avbj2kaMWmoIFp3XCcxfkaU4VSwSambapYQOiID1rFUkohpP5sdO8EnVunjMFa2pMEz9fdERiKtx1FgOyNihnrRm4r/eZ3UhFd+xmWSGibpfFGYCmxiPP0c97li1IixJYQqbm/FdEgUocbmU7IhuIsvL5NWveZe1M7v6pXGdR5HEY7gGE7BhUtowC00wQMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfP8mSjgU=</latexit>x3
<latexit sha1_base64="fQnmiTVlYP6JjhyrdcxVTCdXL4w=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHYJUY9ELx4xcZEENqRbutDQbTdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy+hCOb2b+wyNVmklxbyYJDWI8FCxiBBsr+dWnfqPaL1fcmjsHWiVeTiqQo9Uvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugoyJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Str1mndRa9zVK83rPI4inMApnIMHl9CEW2iBDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPH8sXjgY=</latexit>x4

<latexit sha1_base64="OmuACUxQJ28SvFfFxfBn4nNKVlI=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4IrvEryPRi0dMXCSBDemWLjR0u5u2ayQbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q0nGqKPNoLGLVDohmgkvmGW4EayeKkSgQ7CEY3Uz9h0emNI/lvRknzI/IQPKQU2Ks5FWfeufVXrni1JwZ8DJxc1KBHM1e+avbj2kaMWmoIFp3XCcxfkaU4VSwSambapYQOiID1rFUkohpP5sdO8EnVunjMFa2pMEz9fdERiKtx1FgOyNihnrRm4r/eZ3UhFd+xmWSGibpfFGYCmxiPP0c97li1IixJYQqbm/FdEgUocbmU7IhuIsvL5NWveZe1M7u6pXGdR5HEY7gGE7BhUtowC00wQMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfP8ycjgc=</latexit>x5
<latexit sha1_base64="5XLWyP6++89UZNC31BvrxuVMwZ0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY9ELx4xcZEENqRbutDQbTdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy+hCOb2b+wyNVmklxbyYJDWI8FCxiBBsr+dWnfqPaL1fcmjsHWiVeTiqQo9Uvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugoyJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Str1mteoXdzVK83rPI4inMApnIMHl9CEW2iBDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPH84hjgg=</latexit>x6

Transform:

Hard rod 
Coordinates

Hard point 
Coordinates

<latexit sha1_base64="nFvZ6deUE3/zXBjtOwg+kjKuuvo="></latexit>

xi = x→
i + (i→ 1)a

Initial condition



— We arrange these locations in increasing order and place point particles there. 

<latexit sha1_base64="kl99mV4ySjeTbXosFNz8BTgm0X0=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IrvEqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzfLTac8r94olt+LOgJaJl5ESZKj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLAheIsvL5NmteJdVM7vqqXadRZHHo7gGM7Ag0uowS3UoQEEHuAZXuHNkc6L8+58zFtzTjZzCH/gfP4AJ7CONA==</latexit>

x0
1

<latexit sha1_base64="4upl7t7KFUIHrwriCr1obVXfydY=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IrvEqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZeEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGN1O/9UiVZlLcm3FM/QgPBAsZwcZKzfLTaa9a7hVLbsWdAS0TLyMlyFDvFb+6fUmSiApDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lAkdU++ns2gk6sUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE175KRNxYqgg80VhwpGRaPo66jNFieFjSzBRzN6KyBArTIwNqGBD8BZfXibNasW7qJzfVUu16yyOPBzBMZyBB5dQg1uoQwMIPMAzvMKbI50X5935mLfmnGzmEP7A+fwBKTWONQ==</latexit>

x0
2

<latexit sha1_base64="Az4D6HogNSOlm93I1T4OyPwp7DU=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6Irto1CPRi0dM5COBDemWLlS67abtGsmG/+DFg8Z49f94899YYA+KvmSSl/dmMjMviDnTxnW/nNzS8srqWn69sLG5tb1T3N1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj66nfeqBKMynuzDimfoQHgoWMYGOlZvnxuHda7hVLbsWdAf0lXkZKkKHeK352+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZtRN0ZJU+CqWyJQyaqT8nUhxpPY4C2xlhM9SL3lT8z+skJrz0UybixFBB5ovChCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMGG4C2+/Jc0qxXvvHJ2Wy3VrrI48nAAh3ACHlxADW6gDg0gcA9P8AKvjnSenTfnfd6ac7KZffgF5+MbKrqONg==</latexit>

x0
3

<latexit sha1_base64="z8xFEajfCAx1RtUF5NzD9Al/fzU=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IruEqEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfckkL+/NZGZeEHOmjet+ObmV1bX1jfxmYWt7Z3evuH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G1zO//UCVZlLcmUlM/QgPBQsZwcZKrfLjab9W7hdLbsWdA/0lXkZKkKHRL372BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0YpUBCqWyJQyaqz8nUhxpPYkC2xlhM9LL3kz8z+smJrz0UybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2//Je0qhXvvFK7rZbqV1kceTiCYzgDDy6gDjfQgCYQuIcneIFXRzrPzpvzvmjNOdnMIfyC8/ENLD+ONw==</latexit>

x0
4

<latexit sha1_base64="deD80aINXAcZQe2M94tgv50Ljo0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIhg9kV3i60j04hETeSSwIbPDLIzMzmxmZo1kwz948aAxXv0fb/6NA+xB0Uo6qVR1p7sriDnTxnW/nNzS8srqWn69sLG5tb1T3N1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj66nfeqBKMynuzDimfoQHgoWMYGOlZvnxuHdW7hVLbsWdAf0lXkZKkKHeK352+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZtRN0ZJU+CqWyJQyaqT8nUhxpPY4C2xlhM9SL3lT8z+skJrz0UybixFBB5ovChCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMGG4C2+/Jc0qxXvvHJ6Wy3VrrI48nAAh3ACHlxADW6gDg0gcA9P8AKvjnSenTfnfd6ac7KZffgF5+MbLcSOOA==</latexit>

x0
5

<latexit sha1_base64="6LmVeMzW9Dsk59Z87wO/Qj3SkLA=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjB6IrvEoEeiF4+YyEcCG9ItXah0203bNZIN/8GLB43x6v/x5r+xwB4UfckkL+/NZGZeEHOmjet+ObmV1bX1jfxmYWt7Z3evuH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G1zO//UCVZlLcmUlM/QgPBQsZwcZKrfLjab9W7hdLbsWdA/0lXkZKkKHRL372BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0YpUBCqWyJQyaqz8nUhxpPYkC2xlhM9LL3kz8z+smJrz0UybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2//Je0qhWvVjm/rZbqV1kceTiCYzgDDy6gDjfQgCYQuIcneIFXRzrPzpvzvmjNOdnMIfyC8/ENL0mOOQ==</latexit>

x0
6

— We first choose  locations randomly and independently from .N p( ̂x′ )

— Hard rod coordinates are obtained using the transformation xi = x′ i + a∑
j≠i

Θ(x′ i − x′ j)

<latexit sha1_base64="X1KUdarEw0mBgDsV4l+danaYBr8=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY9ELx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8qvpoFEdlCtuzV0ArRMvJxXI0RqUv/rDmKSCSkM41rrnuYkJMqwMI5zOSv1U0wSTCR7RnqUSC6qDbHHsDF1YZYiiWNmSBi3U3xMZFlpPRWg7BTZjverNxf+8XmqimyBjMkkNlWS5KEo5MjGaf46GTFFi+NQSTBSztyIyxgoTY/Mp2RC81ZfXSbte8xq1q4d6pXmbx1GEMziHS/DgGppwDy3wgQCDZ3iFN0c6L86787FsLTj5zCn8gfP5A8mMjgU=</latexit>u6
<latexit sha1_base64="nfykpFz31+zHIHjd3zza7d6O1Y0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJX0eiF4+YuEACG9ItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38389hNVmsXy0UwSGgg8lCxiBBsr+dW0f1ntlytuzZ0DrRIvJxXI0eyXv3qDmKSCSkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUSC6qDbH7sFJ1ZZYCiWNmSBs3V3xMZFlpPRGg7BTYjvezNxP+8bmqimyBjMkkNlWSxKEo5MjGafY4GTFFi+MQSTBSztyIywgoTY/Mp2RC85ZdXSate865qFw/1SuM2j6MIJ3AK5+DBNTTgHprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB8gHjgQ=</latexit>u5

<latexit sha1_base64="3OauNLoUmtNTJqztk6HJLVEczAE=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHYJUY9ELx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8qvpoFEdlCtuzV0ArRMvJxXI0RqUv/rDmKSCSkM41rrnuYkJMqwMI5zOSv1U0wSTCR7RnqUSC6qDbHHsDF1YZYiiWNmSBi3U3xMZFlpPRWg7BTZjverNxf+8XmqimyBjMkkNlWS5KEo5MjGaf46GTFFi+NQSTBSztyIyxgoTY/Mp2RC81ZfXSbte865qjYd6pXmbx1GEMziHS/DgGppwDy3wgQCDZ3iFN0c6L86787FsLTj5zCn8gfP5A8aCjgM=</latexit>u4
<latexit sha1_base64="4IO/fyBSY1nK5JnzKmV+ojGZI+M=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHbRqEeiF4+YuEACG9ItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38389hNVmsXy0UwSGgg8lCxiBBsr+dW0f1HtlytuzZ0DrRIvJxXI0eyXv3qDmKSCSkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUSC6qDbH7sFJ1ZZYCiWNmSBs3V3xMZFlpPRGg7BTYjvezNxP+8bmqimyBjMkkNlWSxKEo5MjGafY4GTFFi+MQSTBSztyIywgoTY/Mp2RC85ZdXSate865qlw/1SuM2j6MIJ3AK5+DBNTTgHprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB8T9jgI=</latexit>u3

<latexit sha1_base64="ZmS7OPcNrnqeQiN3IPwIbyVDIgs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoS9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMfRZLGLVDqhGwSX6hhuB7UQhjQKBj8H4duY/PqHSPJYPZpJgL6JDyUPOqLGSX0379Wq/XHFr7hxklXg5qUCOZr/81R3ELI1QGiao1h3PTUwvo8pwJnBa6qYaE8rGdIgdSyWNUPey+bFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XSU143cu4TFKDki0WhakgJiazz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfnmVtOo177J2cV+vNG7yOIpwAqdwDh5cQQPuoAk+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/AMN4jgE=</latexit>u2
<latexit sha1_base64="19ZtDdgQGlD9kIIdvOgOEUebnVM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUUY9FLx4rmFpoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBj+HoduY/PqHSPJEPZpxiENOB5BFn1FjJr2Y9r9orV9yaOwdZJV5OKpCj2St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuyUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ56TPFTIjxpZQpri9lbAhVZQZm0/JhuAtv7xKWvWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30AQfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/wfOOAA==</latexit>u1

<latexit sha1_base64="ZllKiHRO8MIlrmRai+nTRxP49H4=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY9ELx4xcYEENqRbutDQdjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc38789iNVmsXywUwSGgg8lCxiBBsr+dWnvlftlytuzZ0DrRIvJxXI0eyXv3qDmKSCSkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUSC6qDbH7sFJ1ZZYCiWNmSBs3V3xMZFlpPRGg7BTYjvezNxP+8bmqi6yBjMkkNlWSxKEo5MjGafY4GTFFi+MQSTBSztyIywgoTY/Mp2RC85ZdXSate8y5rF/f1SuMmj6MIJ3AK5+DBFTTgDprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB8aIjgM=</latexit>x1
<latexit sha1_base64="kfS2zZzMkSUcFIFXb0Wrgxmv4FA=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4IrvEqEeiF4+YuEACG9ItXWjodjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCopeNUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY38789iNTmsfywUwS5kdkKHnIKTFW8qpP/Xq1X644NWcOvErcnFQgR7Nf/uoNYppGTBoqiNZd10mMnxFlOBVsWuqlmiWEjsmQdS2VJGLaz+bHTvGZVQY4jJUtafBc/T2RkUjrSRTYzoiYkV72ZuJ/Xjc14bWfcZmkhkm6WBSmApsYzz7HA64YNWJiCaGK21sxHRFFqLH5lGwI7vLLq6RVr7mXtYv7eqVxk8dRhBM4hXNw4QoacAdN8IACh2d4hTck0Qt6Rx+L1gLKZ47hD9DnD8gNjgQ=</latexit>x2

<latexit sha1_base64="Ynynx9QPDjYEiWl6Kjn4982hfBk=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4Irto1CPRi0dMXCSBDemWLjR0u5u2ayQbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q0nGqKPNoLGLVDohmgkvmGW4EayeKkSgQ7CEY3Uz9h0emNI/lvRknzI/IQPKQU2Ks5FWfemfVXrni1JwZ8DJxc1KBHM1e+avbj2kaMWmoIFp3XCcxfkaU4VSwSambapYQOiID1rFUkohpP5sdO8EnVunjMFa2pMEz9fdERiKtx1FgOyNihnrRm4r/eZ3UhFd+xmWSGibpfFGYCmxiPP0c97li1IixJYQqbm/FdEgUocbmU7IhuIsvL5NWveZe1M7v6pXGdR5HEY7gGE7BhUtowC00wQMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfP8mSjgU=</latexit>x3
<latexit sha1_base64="fQnmiTVlYP6JjhyrdcxVTCdXL4w=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHYJUY9ELx4xcZEENqRbutDQbTdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy+hCOb2b+wyNVmklxbyYJDWI8FCxiBBsr+dWnfqPaL1fcmjsHWiVeTiqQo9Uvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugoyJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Str1mndRa9zVK83rPI4inMApnIMHl9CEW2iBDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPH8sXjgY=</latexit>x4

<latexit sha1_base64="OmuACUxQJ28SvFfFxfBn4nNKVlI=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4IrvEryPRi0dMXCSBDemWLjR0u5u2ayQbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q0nGqKPNoLGLVDohmgkvmGW4EayeKkSgQ7CEY3Uz9h0emNI/lvRknzI/IQPKQU2Ks5FWfeufVXrni1JwZ8DJxc1KBHM1e+avbj2kaMWmoIFp3XCcxfkaU4VSwSambapYQOiID1rFUkohpP5sdO8EnVunjMFa2pMEz9fdERiKtx1FgOyNihnrRm4r/eZ3UhFd+xmWSGibpfFGYCmxiPP0c97li1IixJYQqbm/FdEgUocbmU7IhuIsvL5NWveZe1M7u6pXGdR5HEY7gGE7BhUtowC00wQMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfP8ycjgc=</latexit>x5
<latexit sha1_base64="5XLWyP6++89UZNC31BvrxuVMwZ0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY9ELx4xcZEENqRbutDQbTdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy+hCOb2b+wyNVmklxbyYJDWI8FCxiBBsr+dWnfqPaL1fcmjsHWiVeTiqQo9Uvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvmxU3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugoyJpLUUEEWi6KUIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPyYbgLb+8Str1mteoXdzVK83rPI4inMApnIMHl9CEW2iBDwQYPMMrvDnCeXHenY9Fa8HJZ47hD5zPH84hjgg=</latexit>x6

Transform:
<latexit sha1_base64="LodH4jytfXc28S7eT7CvECKfjh4="></latexit>

xi = x0
i + (i� 1)a,

ui = ui

Hard rod 
Coordinates

Hard point 
Coordinates

— Choose the velocities of the rods independently from a distribution . h(u)

Initial condition



⇢rod(x, t) = h⇢̂rod(x, t)i =
DX

i

�(x� xi(t))
E

<latexit sha1_base64="p/7ckINFUg4JdejgWDDf+QugC0Q="></latexit>

Exact microscopic solution

Using the mapping to hard point particles
<latexit sha1_base64="1WXcRAi5EgaBaSVvSIUelLfiVbs="></latexit>

⇢rod(x, t) =
NX

i=1

Ppointi (x0
i)

where x0
i = [x� (i� 1)a].

<latexit sha1_base64="RpZQqNkph88UOy1PKaKdjW6MmGk="></latexit>

Ppointi (z)dz = Prob.


that ith point particle is

within [z, z + dz] at time t

�

For i.i.d. initial conditions on point particles

Ppointi (z) = N

✓
N � 1

i� 1

◆
q(z, t)i�1 p(z, t) (1� q(z, t))N�i, 0 < z < L0,

p(z, t)dz = Prob. [that a point particle is within [z, z + dz] at time t]

q(y, t) =

Z y

dz p(z, t).
<latexit sha1_base64="KCZwt0LlOGbjj+YWzn9YahBdXBE="></latexit>



⇢rod(x, t) = h⇢̂rod(x, t)i =
DX

i

�(x� xi(t))
E

<latexit sha1_base64="p/7ckINFUg4JdejgWDDf+QugC0Q="></latexit>

Exact microscopic solution

<latexit sha1_base64="RpZQqNkph88UOy1PKaKdjW6MmGk="></latexit>

Ppointi (z)dz = Prob.


that ith point particle is

within [z, z + dz] at time t

�<latexit sha1_base64="5dv6cYLsPZhO9iYKicvwH9z/SAU="></latexit>

ωrod(x, t) =
N∑

i=1

Ppoint
i (x→

i)

Map to hard point particles

<latexit sha1_base64="BAywZlECLLZemgfP+2q1EaLCurw=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWGIUJIEL2VvmYMPe3mV3z0gIP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFieDauO63k1tb39jcym8Xdnb39g+Kh0ctHaeKYZPFIlbtgGoUXGLTcCOwnSikUSDwIRhdz/yHR1Sax/LejBP0IzqQPOSMGivdlZ/KvWLJrbhzkFXiZaQEGRq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+anTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwkt/wmWSGpRssShMBTExmf1N+lwhM2JsCWWK21sJG1JFmbHpFGwI3vLLq6RVrXi1Su22WqpfZXHk4QRO4Rw8uIA63EADmsBgAM/wCm+OcF6cd+dj0Zpzsplj+APn8weg5I1h</latexit>x

<latexit sha1_base64="DcifA1MPQM5PNdohktMQ85MCI5A=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWGIiHwl3kr1lDzbs7l1290zIhb9hY6Extv4ZO/+NC1yh4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Hbud5+o0iyWD2aa0EDgkWQRI9hYya+yx8xXApnxrDooV9yauwBaJ15OKpCjNSh/+cOYpIJKQzjWuu+5iQkyrAwjnM5KfqppgskEj2jfUokF1UG2uHmGLqwyRFGsbEmDFurviQwLracitJ0Cm7Fe9ebif14/NdF1kDGZpIZKslwUpRyZGM0DQEOmKDF8agkmitlbERljhYmxMZVsCN7qy+ukU695jVrjvl5p3uRxFOEMzuESPLiCJtxBC9pAIIFneIU3J3VenHfnY9lacPKZU/gD5/MHTzuROQ==</latexit>

ith
<latexit sha1_base64="bdHUp4jD6pmOTDvj6m8g7mQUtv4=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmI5hgIbmjQEuijSUm8pHAhezt7cGGvd3L7p4JIfwNGwuNsfXP2PlvXOAKBV8yyct7M5mZFyScaeO6305uY3Nreye/W9jbPzg8Kh6ftLVMFaEtIrlU3QBrypmgLcMMp91EURwHnHaC8d3c7zxRpZkUj2aSUD/GQ8EiRrCxUr9cYVfeZRkpGepBseRW3QXQOvEyUoIMzUHxqx9KksZUGMKx1j3PTYw/xcowwums0E81TTAZ4yHtWSpwTLU/Xdw8QxdWCVEklS1h0EL9PTHFsdaTOLCdMTYjverNxf+8XmqiG3/KRJIaKshyUZRyZCSaB4BCpigxfGIJJorZWxEZYYWJsTEVbAje6svrpF2revVq/aFWatxmceThDM6hAh5cQwPuoQktIJDAM7zCm5M6L86787FszTnZzCn8gfP5A7kNkDM=</latexit>

(i→ 1) rods
<latexit sha1_base64="ONff/SZ9p2J9jcBAPypwiP1+ZTU=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhMhFoa7FNEyaGMlEcwHJEfY29tLluztHrt7Qgj5GzYWitj6Z+z8N26SKzT6YODx3gwz84KEM21c98vJra1vbG7ltws7u3v7B8XDo7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOML6Z+51HqjST4sFMEurHeChYxAg2VuqXK3cX7LyMlAz1oFhyq+4C6C/xMlKCDM1B8bMfSpLGVBjCsdY9z02MP8XKMMLprNBPNU0wGeMh7VkqcEy1P13cPENnVglRJJUtYdBC/TkxxbHWkziwnTE2I73qzcX/vF5qoit/ykSSGirIclGUcmQkmgeAQqYoMXxiCSaK2VsRGWGFibExFWwI3urLf0m7VvXq1fp9rdS4zuLIwwmcQgU8uIQG3EITWkAggSd4gVcndZ6dN+d92Zpzsplj+AXn4xvllpBQ</latexit>

(N → i) rods

<latexit sha1_base64="DcifA1MPQM5PNdohktMQ85MCI5A=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWGIiHwl3kr1lDzbs7l1290zIhb9hY6Extv4ZO/+NC1yh4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRWibxDxWvRBrypmkbcMMp71EUSxCTrvh5Hbud5+o0iyWD2aa0EDgkWQRI9hYya+yx8xXApnxrDooV9yauwBaJ15OKpCjNSh/+cOYpIJKQzjWuu+5iQkyrAwjnM5KfqppgskEj2jfUokF1UG2uHmGLqwyRFGsbEmDFurviQwLracitJ0Cm7Fe9ebif14/NdF1kDGZpIZKslwUpRyZGM0DQEOmKDF8agkmitlbERljhYmxMZVsCN7qy+ukU695jVrjvl5p3uRxFOEMzuESPLiCJtxBC9pAIIFneIU3J3VenHfnY9lacPKZU/gD5/MHTzuROQ==</latexit>

ith
<latexit sha1_base64="7NFj8fmn1MpjLq+auAME8V90efI=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJFKgNV0qEwVrAwoSLRh9RGleM6rVXHtmwHqYq68CssDCDEymew8Te4bQYoHMnS0Tn3Xt97QsmoNp735eRWVtfWN/Kbha3tnd09d/+gpUWiMGliwYTqhEgTRjlpGmoY6UhFUBwy0g7H1zO//UCUpoLfm4kkQYyGnEYUI2OlvntUKt+e07MSlIJyAyVShmJGdN8tehVvDviX+BkpggyNvvvZGwicxIQbzJDWXd+TJkizedNCL9FEIjxGQ9K1lKOY6CCdHzCFp1YZwEgo++wWc/VnR4pirSdxaCtjZEZ62ZuJ/3ndxESXQUq5TAzhePFRlDBoBJylAQdUEWzYxBKEFbW7QjxCCmFjMyvYEPzlk/+SVrXi1yq1u2qxfpXFkQfH4ASUgQ8uQB3cgAZoAgym4Am8gFfn0Xl23pz3RWnOyXoOwS84H9/GM5VI</latexit>

(N → i) point particles
<latexit sha1_base64="OPzre3fO/j2EakFVU3CJ/SmOohc=">AAACAHicbVDLTgIxFO3gC/E16sKFm0YwwYVkhgW6JLpxiYk8EpiQTulAQ6dt2o4JmbDxV9y40Bi3foY7/8YCs1DwJE1Ozrn39t4TSka18bxvJ7e2vrG5ld8u7Ozu7R+4h0ctLRKFSRMLJlQnRJowyknTUMNIRyqC4pCRdji+nfntR6I0FfzBTCQJYjTkNKIYGSv13ZNSmV76FyUoBeUGSqQMxYzovlv0Kt4ccJX4GSmCDI2++9UbCJzEhBvMkNZd35MmSLN500Iv0UQiPEZD0rWUo5joIJ0fMIXnVhnASCj77BZz9XdHimKtJ3FoK2NkRnrZm4n/ed3ERNdBSrlMDOF48VGUMGgEnKUBB1QRbNjEEoQVtbtCPEIKYWMzK9gQ/OWTV0mrWvFrldp9tVi/yeLIg1NwBsrAB1egDu5AAzQBBlPwDF7Bm/PkvDjvzseiNOdkPcfgD5zPH5hrlSs=</latexit>

(i→ 1) point particles

<latexit sha1_base64="nh3OcKc1GF2m9ZsxXepHspU3dn0=">AAAB+HicbVDJTgJBEK1xRVwY9eilIxjxAJnhgF5MiF48YiJLApNJT9MDHXqWdPcYcMKXePGgMV79FG/+jc1yUPAllby8V5Wqel7MmVSW9W2srW9sbm1ndrK7e/sHOfPwqCmjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3vB26rceqZAsCh/UOKZOgPsh8xnBSkuumSuMzl12PSoVWcm+wAXXzFtlawa0SuwFycMCddf86vYikgQ0VIRjKTu2FSsnxUIxwukk200kjTEZ4j7taBrigEonnR0+QWda6SE/ErpChWbq74kUB1KOA093BlgN5LI3Ff/zOonyr5yUhXGiaEjmi/yEIxWhaQqoxwQlio81wUQwfSsiAywwUTqrrA7BXn55lTQrZbtart5X8rWbRRwZOIFTKIINl1CDO6hDAwgk8Ayv8GY8GS/Gu/Exb10zFjPH8AfG5w/t+JFU</latexit>

x→
i = x→ (i→ 1)a
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Figure 7. Plots showing a comparison of the density profile of background rods
at t =40 and t =80 starting from the domain wall initial condition. The initial
overall density of the rods is !0 = 0.6. The velocity of the special rods are v 0 = 1
and the velocities of the background rods are chosen from Maxwell distribution
in equation (38) with T =1.0. The solid lines (green) are results from numerical
simulation and the stars (deep pink) are obtained evaluating the theoretical result
in equation (113) numerically (see appendix C for details of numerical evaluation).
The simulation data are obtained after averaging over 105 realizations. For com-
parison we also plot the Euler solution (dashed lines in midnight blue) of the GHD
equation given in section (4.1) of [40]. We observe that both our microscopic solu-
tion as well as the Euler solution agree with numerical simulation data well except
at the locations of the jumps. At this location, the density profiles, instead of hav-
ing a discontinuity as predicted by the Euler solutions, are smooth and widened.
In order to demonstrate the agreement between the microscopic solution and the
Euler solution, we have zoomed into the region near the jump locations in the
insets. The simulations are performed inside a 1D box of size X ∈ [−1250,1250]
with N =750 and a =1.

time t as

P (b) (X, t|X0,v) =
N∑

ns=0

N−1∑

nr=0

N−nr−1∑

n"=0

δ(nr−n"−ns),#X−X0−vt
a $ P (s) (ns, t) P (b) (nr,n", t) . (112)

Here one should note that the probabilities P (s) and P (b) also depend explicitly on
x=X0(1− a!0)+ vt and v (see equation (B.4)). For simplicity of notations we have
suppressed their explicit dependencies. The density, ρb(X, t) of background rods at any
time, t is then obtained by integrating over the initial position X 0 and the velocity v

ρb (X, t) = !0

ˆ ∞

0
dX0

ˆ ∞

−∞
dv h(v) P (b) (X, t|X0,v) , (113)

where, h(v) is the velocity distribution of the background rods. We numerically evaluate
the background density ρb(X, t) and compare with the same obtained from numerical
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Fig. 1 Comparing solution of Euler equation with MD simulation for initial condition A: Plot comparing the
solution of the Euler equation with those of molecular dynamics for a the density of v = 1 particles, denoted
by g(x) and b the density of background particles, denoted by ρb(x). Dashed lines are MD simulations and
solid lines are solutions of Euler equation. We have taken times t = 0 (dark blue), t = 40 (orange), t = 80
(green), t = 160 (red), t = 240 (violet), t = 320 (brown), t = 400 (pink), t = 480 (grey), t = 560 (mud
green) and t = 640 (cyan). We see that even for very long time like t = 640, the profile obtained from MD
does not relax to GGE, i.e., it does not become uniform. We also see that there is a discrepancy between MD
and Euler solutions at the shock front due to dissipative effects. We have taken length of the box L = 2500,
total number of particles N = 2000 and length of rod a = 1.0. We have performed ensemble averaging over
5000 realizations while doing MD (Color figure online)

Note that shifting the origin to L ′/2 (i.e., x ′ → z′ = x ′ − L ′/2) and taking L ′ → ∞, one
obtains the solution of Euler GHD on the infinite line as

g0(z′, t) = ρ0

1 − aρ0
"(z′ − t),

ρ0
b (z

′, t) = ρ0

2(1 − aρ0)

[
1+ erf

(
z′√
2T t

)]
,

(35)

where T = 1. The corresponding densities of the hard rods for the two components, respec-
tively g(x, t) and ρb(x, t), can be obtained using the inverse mapping Eqs. 20 and (22) along
with ρ0(x ′, t) = g0(x ′, t)+ρ0

b (x
′, t). We show in Fig. 1 the evolution of g(x, t) and ρb(x, t)

obtained from the solutions of the Euler GHD equation as well as the results from direct MD
simulations.

For the solutions of the Euler GHD, we make the following observations:

a. There is always a shock at the front of the density profiles for both the components. On
the infinite line, the shocks for the two components move in opposite directions. Note that
the density profiles g0(x ′, t) and ρ0(x ′, t) in the point particle gas evolve independently
of each other. Consequently, g0(x ′, t) will move with constant speed v0 = 1 keeping the
initial shape unchanged, i.e., with two discontinuities at L/2 separation. Hence the total
density, ρ0(x ′, t) = g0(x ′, t)+ρ0

b (x
′, t)will also have discontinuities. Consequently, the

density profiles g(x, t) and ρ(x, t) of the hard rods, obtained through the transformation
in Eq. (20) also exhibits discontinuities, i.e., shocks.

b. At early times the evolution of these density profiles correspond to that on an infinite line
and can be described by g(x, t) and ρb(x, t) obtained after transforming the solutions
given in Eqs. ((35)) for the Euler equation of the point particles.

c. At later times, each component of the gas gets reflected from the walls of the box which
are described, in the point particle picture, by various terms in the series in Eqs. (31) and
(33).
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Comparison with microscopic solution



Large  asymptotic of the microscopic solution     correction to Euler solutionN
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where,

⌃2
a(z, t) = F 0(z, t)(N � F 0(z, t))

⇢0(z, t) = Np(z, t)

F 0(z, t) = Nq(z, t).
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In the large N limit with small a keeping Na finite,

⇢(x, t) ⇡
Z 1

�1
dz0

p
N exp

⇣
�N(x�z0�aF 0(z0,t))2

2a2⌃2
a(z

0,t)

⌘

p
2⇡a2⌃2

a(z
0, t)

⇢0(z0, t)

⇢euler(x, t) ⇡
Z 1

�1
dz0 �(x� z0 � aF 0(z0, t))⇢0(z0, t)

=
⇢0(x0(x), t)

1 + a⇢0(x0(x), t)
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(Numerical) solution of the Navier-Stokes equation



GHD with Navier-Stokes correction

Navier-Stokes term

Doyon & Spohn, (2017)
Boldirghini & Suhov (1997)
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@tf + @x(ve↵f) = @xN ,

N =
a2

2(1� a⇢)

Z
dw|v � w|(f(w)@xf(v)� f(v)@xf(w))

where, recall L′ = L −Na. For the background component we set %(y) = ⇢0b(y,0) and p(u) = h(u) to get:

⇢
0
b(x′, t) = � ∞

−∞ dvf
0
b (x′, v, t),

= ⇢0

1 − a⇢0
1√
2⇡T

∞�
n=−∞�

L′

L′�2 dy�
∞
−∞ dv e

−v2�2T [�(x − y − vt + 2nL) + �(x + y − vt − 2nL)] ,
= ⇢0

1 − a⇢0
1√
2⇡T

∞�
n=−∞�

L′

L′�2 dy
1

t
�exp�−(2nL′ + x − y)2

2Tt2
� + exp�−(2nL′ − x − y)2

2Tt2
�� ,

= ⇢0

2(1 − a⇢0)
∞�

n=−∞ �erf�
x +L′�2 + (2n − 1)L′√

2Tt
� − erf�x −L′�2 + (2n − 1)L′√

2Tt
�� . (28)

= ⇢0

2(1 − a⇢0)
∞�

n=−∞ �erf�
x −L′�2 + 2nL′√

2Tt
� − erf�x +L′�2 + 2nL′√

2Tt
�� . (29)

Using the Poisson resummation formula, this can be rewritten in the alternative series form:

⇢
0
b(x′, t) = ⇢0

2(1 − a⇢0) +
2⇢0(1 − a⇢0)

∞�
k=1

1

⇡k
cos�k⇡(L′ − x)

L′ � sin k⇡

2
e
−⇡2k2t2

2L′2 . (30)

Note that shifting the origin to L
′�2 (i.e., x′ → z

′ = x′−L′�2) and taking L
′ →∞, one obtains the solution

of Euler GHD on the infinite line as

g
0(z′, t) = ⇢0

1 − a⇢0⇥(z′ − t),
⇢
0
b(z′, t) = ⇢0

2(1 − a⇢0) �1 + erf�
z
′√
2Tt
�� , (31)

where T = 1. The corresponding densities of the hard rods for the two components, respectively g(x, t) and
⇢b(x, t), can be obtained using the inverse mapping Eq. 16 and Eq. (18) along with ⇢

0(x′, t) = g0(x′, t)+⇢0b(x′, t).
We show in Fig. 1 the evolution of g(x, t) and ⇢b(x, t) obtained from the solutions of the Euler GHD

equation as well as the results from direct MD simulations.

(a) (b)

Fig. 1: Comparing solution of Euler equation with MD simulation for initial condition A:
Plot comparing the solution of the Euler equation with those of molecular dynamics for (a) the density
of v = 1 particles, denoted by g(x) and (b) the density of background particles, denoted by ⇢b(x). Dashed
lines are MD simulations and solid lines are solutions of Euler equation. We have taken times t = 0 (dark
blue), t = 40 (orange), t = 80 (green), t = 160 (red), t = 240 (violet), t = 320 (brown), t = 400 (pink),
t = 480 (grey), t = 560 (mud green) and t = 640 (cyan). We see that even for very long time like t = 640,
the profile obtained from MD does not relax to GGE, i.e., it does not become uniform. We also see that
there is a discrepancy between MD and Euler solutions at the shock front due to dissipative e↵ects. We
have taken length of the box L = 2500, total number of particles N = 2000 and length of rod a = 1.0. We
have performed ensemble averaging over 5000 realizations while doing MD.
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We would like to solve this equation numerically 
Ideally for this domain wall initial condition

f(x, v, 0) = ⇢ �(v � 1) ✓(L/2� x)| {z }
special rods

+ ⇢ pmx(v) ✓(x� L/2)| {z }
background rods
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Navier-Stokes term

Doyon & Spohn, (2017)
Boldirghini & Suhov (1997)
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@tf + @x(ve↵f) = @xN ,

N =
a2

2(1� a⇢)

Z
dw|v � w|(f(w)@xf(v)� f(v)@xf(w))

We would like to solve this equation numerically 
Ideally for this domain wall initial condition

f(x, v, 0) = ⇢ �(v � 1) ✓(L/2� x)| {z }
special rods

+ ⇢ pmx(v) ✓(x� L/2)| {z }
background rods
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Instead we solved for a slightly smoother version

where, recall L′ = L −Na. For the background component we set %(y) = ⇢0b(y,0) and p(u) = h(u) to get:

⇢
0
b(x′, t) = � ∞

−∞ dvf
0
b (x′, v, t),

= ⇢0

1 − a⇢0
1√
2⇡T

∞�
n=−∞�

L′

L′�2 dy�
∞
−∞ dv e

−v2�2T [�(x − y − vt + 2nL) + �(x + y − vt − 2nL)] ,
= ⇢0

1 − a⇢0
1√
2⇡T

∞�
n=−∞�

L′

L′�2 dy
1

t
�exp�−(2nL′ + x − y)2

2Tt2
� + exp�−(2nL′ − x − y)2

2Tt2
�� ,

= ⇢0

2(1 − a⇢0)
∞�

n=−∞ �erf�
x +L′�2 + (2n − 1)L′√

2Tt
� − erf�x −L′�2 + (2n − 1)L′√

2Tt
�� . (28)

= ⇢0

2(1 − a⇢0)
∞�

n=−∞ �erf�
x −L′�2 + 2nL′√

2Tt
� − erf�x +L′�2 + 2nL′√

2Tt
�� . (29)

Using the Poisson resummation formula, this can be rewritten in the alternative series form:

⇢
0
b(x′, t) = ⇢0

2(1 − a⇢0) +
2⇢0(1 − a⇢0)

∞�
k=1

1

⇡k
cos�k⇡(L′ − x)

L′ � sin k⇡

2
e
−⇡2k2t2

2L′2 . (30)

Note that shifting the origin to L
′�2 (i.e., x′ → z

′ = x′−L′�2) and taking L
′ →∞, one obtains the solution

of Euler GHD on the infinite line as

g
0(z′, t) = ⇢0

1 − a⇢0⇥(z′ − t),
⇢
0
b(z′, t) = ⇢0

2(1 − a⇢0) �1 + erf�
z
′√
2Tt
�� , (31)

where T = 1. The corresponding densities of the hard rods for the two components, respectively g(x, t) and
⇢b(x, t), can be obtained using the inverse mapping Eq. 16 and Eq. (18) along with ⇢

0(x′, t) = g0(x′, t)+⇢0b(x′, t).
We show in Fig. 1 the evolution of g(x, t) and ⇢b(x, t) obtained from the solutions of the Euler GHD

equation as well as the results from direct MD simulations.

(a) (b)

Fig. 1: Comparing solution of Euler equation with MD simulation for initial condition A:
Plot comparing the solution of the Euler equation with those of molecular dynamics for (a) the density
of v = 1 particles, denoted by g(x) and (b) the density of background particles, denoted by ⇢b(x). Dashed
lines are MD simulations and solid lines are solutions of Euler equation. We have taken times t = 0 (dark
blue), t = 40 (orange), t = 80 (green), t = 160 (red), t = 240 (violet), t = 320 (brown), t = 400 (pink),
t = 480 (grey), t = 560 (mud green) and t = 640 (cyan). We see that even for very long time like t = 640,
the profile obtained from MD does not relax to GGE, i.e., it does not become uniform. We also see that
there is a discrepancy between MD and Euler solutions at the shock front due to dissipative e↵ects. We
have taken length of the box L = 2500, total number of particles N = 2000 and length of rod a = 1.0. We
have performed ensemble averaging over 5000 realizations while doing MD.
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GHD with Navier-Stokes correction



Conserved densities of hard rods: microscopic to hydrodynamic solutions
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Figure 9. Plot showing the comparison of the NS solution (orange dots) and the
Euler solution (green dashed line) for the mass densities corresponding to (a) special
HRs and (b) background HRs, at time, t =40 from the initial condition (115). We
observe that the NS solution has a better agreement with molecular dynamics
(blue solid line) than the Euler solution. The inset shows the deviation of the NS
solution from the Euler solution. Moreover, we show that the microscopic solution
(red stars) also agrees well with both NS solution and molecular dynamics. Here,
N =1000, L=1250, a =1 and X ∈ [−1250,1250].

where w =W(1− a!0). Boosting these initial conditions with their respective velocities,
we get the following Euler solution in the PP picture at later time, t :

g0,w (x, t) = g0,w (x−V0t, t= 0) =
!0

2(1− a!0)

(
1−Erf

[
x−V0t

w

])
(117a)

f 0,w
b (x,V , t) = f 0,w

b (x−V t,V , t= 0) =
!0

2(1− a!0)

(
1+Erf

[
x−V t

w

])
h(V ) . (117b)

Now using the mapping in equations (43) and (44), one obtains the solution of
the Euler solution for HRs. In figure 9, we observe that the Euler solution does not
agree with the NS solution near the domain wall front. The NS solution for both the
components shows a larger spread of the wall front than the Euler solution. This is also
demonstrated further in the insets where we plot the difference between the two.

Following the process outlined in the previous section, one can also compute the
microscopic solution. In figure 9, we also show a comparison between the microscopic
solutions (red stars) of the mass densities of both the special and the background com-
ponents with the molecular dynamics simulations (blue solid line), the Euler solution
(green dashed line) and the NS solution (orange dots). Interestingly, we see that in
addition to agreeing well with results from molecular dynamics as was demonstrated in
several contexts in the previous sections, the microscopic solution agrees well with the
NS solution as well. This further demonstrates how the solution of the GHD equation
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Comparison with the solution of Navier-Stokes equation



The effect of the Navier-Stokes correction can be seen 
more prominently in the tagged quasi-particle problem



The tagged quasi-particle problem (homogeneous background)

Homogeneously filled box with velocity chosen from Maxwell distribution,  
additionally there is one particle  at the origin with velocity v0

v0

0
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Lebowitz, Percus, Sykes Phys. Rev. (1969)

How will the tagged quasiparticle move ?
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Case of hard point particles (a=0)

v0

0
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⇢v0(x, 0) = �(x) �! ⇢v0(x, t) = �(x� v0t)
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time = 0
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time = t

This will not be true for hard rods (a ≠ 0)



For hard rod gas, a quasiparticle moves randomly
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0
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On an average it will move by amount vefft

<latexit sha1_base64="fCWCxbstw9VBJfDXMFlR0tXHCXk="></latexit>

⇢v0(x, 0) = �(x) �! ⇢v0(x, t) = �(x� ve↵(v0)t)

0
<latexit sha1_base64="KUwBdVSXBtOXpmesow6EEPLXseo=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gJOE+xEdKhEKRtFK91W32i9X3Jo7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbTrNe+iVr+rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AExOI0S</latexit>

<latexit sha1_base64="WhayOgbMiak02zCATVBkCZLOc6s=">AAACIXicbZBNS8NAEIY3ftb6FfXoZbEKnkoioh6LXjwqWFtoQ9lsJ+3SzSbsTkpL6F/x4kH/ijfxJv4Rj25rDlp9YeHhnRlm9g1TKQx63ruzsLi0vLJaWiuvb2xubbs7u/cmyTSHOk9kopshMyCFgjoKlNBMNbA4lNAIB1fTemMI2ohE3eE4hSBmPSUiwRlaq+PuHg47eRthhDlE0WRC8bDjVryqNxP9C34BFVLopuN+trsJz2JQyCUzpuV7KQY50yi4hEm5nRlIGR+wHrQsKhaDCfLZ7RN6ZJ0ujRJtn0I6c39O5Cw2ZhyHtjNm2Dfztan5X62VYXQR5EKlGYLi34uiTFJM6DQI2hUaOMqxBca1sLdS3meacbRx/dpi0AKono3YfiZl2gxESn0YlW1U/nwwf+H+pOqfVU9vTyq1yyK0EtknB+SY+OSc1Mg1uSF1wsmIPJAn8uw8Oi/Oq/P23brgFDN75Jecjy/wKKPO</latexit>

ve↵t

Euler GHD =>
<latexit sha1_base64="MtLCX1EqU5f0SayLLtXAcv62yVo="></latexit>

ve↵ =
v0

1� a⇢0

What is the probability to find the quasiparticle at x at time t?



v0

0
<latexit sha1_base64="KUwBdVSXBtOXpmesow6EEPLXseo=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gJOE+xEdKhEKRtFK91W32i9X3Jo7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbTrNe+iVr+rVxrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AExOI0S</latexit>

From numerical simulation we observe spreading of the distribution
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Fig. 5: Verifying NS equation for LPS-like initial condition: (a) This figure compares the results
from MD simulation for the evolution of the density profile with those obtained from the solution of the
NS equation, for the LPS-like initial condition. (b) We show the plot in terms of the scaling variables.
We see that there is a good scaling collapse, and a nice agreement with the solution of NS equation. We
have taken, N = 2× 106, L = 2.5× 106, a = 1.0, v0 = 1.0 (and so µ(v0) ≈ 1.0). For MD, ensemble averaging
has been done over 10000 realizations. The times considered are much before the pulse hits the boundary
of the box, hence the system is e↵ectively infinite.

4.3 Euler vs MD for initial condition C

Finally we consider the free expansion set up in which the N hard rods are initially confined to the left

half of the box of size L and distributed uniformly in space with density ⇢0 = N�L. The velocities of the

rods are drawn from the Maxwell distribution h(v) in Eq. (3). As in the previous cases, we have hard

reflecting walls at x = 0 and x = L. We now follow the same approach outlined in Sec. (4.1), to obtain a

solution of the Euler equation for this initial condition, via the mapping to hard point gas. The solution

in the point particle picture is similar to that obtained in [27], with the density given by:
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where ⇢0 = N�L and T = 1. In the a → 0 limit, the above expression of the density profile ⇢
0(x, t)

matches with those obtained in [27]. Using the inverse mapping in Eq. (16), the density profile ⇢(x, t)
of the rods can be found, where recall x = x′ + aF 0(x′, t) and the cumulative density profile, F 0(x′, t),
can be computed from ⇢

0(x′, t). In Fig. 6(a), we compare the theoretically computed profiles of the

rods at di↵erent times with the density profiles obtained from MD simulation, and we observe excellent

agreement. From this plot, we observe that with increasing time the density profile of the rods spreads

to the right half of the box in a monotonic fashion and finally approaches a time-independent spatially

uniform profile which is consistent with a GGE state.

In a similar way, the exact Euler expression for the momentum density field p(x, t) can be obtained.

First we compute the momentum field p
0(x′, t) in the point particle picture and then transform to the

momentum field for the hard rods using

p(x, t) = p
0(x′, t)

1 + a⇢0(x′, t) . (44)
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Numerical distribution has diffusive scaling
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Diffusive solution from GHD with NS correction

Solution of the linearised NS GHD:
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dw|v � w|(f(w)@xf(v)� f(v)@xf(w)).

Lebowitz, Percus, Sykes, Phys. Rev. (1969)
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Agrees with



Gaussian distribution of single tagged quasiparticle

0

•  JL Lebowitz, JK Percus, and J Sykes,   
 Physical review, 171(1):224, 1968 
(Solving kinetic equations) 

•   S. K. Singh, A. Dhar, H. Spohn, and A. Kundu,   
Journal of Statistical Physics, 191(6):66, 2024 
(Solving HD equations) 

•   M. J. Powdel, and A. Kundu,   
Journal of Statistical Mechanics, 2024 (12), 123205 
(Using a microscopic approach)
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N rods
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Basic steps of the computation
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X(t) = v0t+ a[nrω(t)→ nωr(t)]
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Joint pdf.: P(nrω = n, nrω = m) = P(n) P(m)

= Independent Poisson distribution for large N



Recall: Single tagged quasiparticle

0

Tracer rod seems to move  
like a Brownian particle
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Recall: Single tagged quasiparticle

0

Tracer rod seems to move  
like a Brownian particle
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Further evidence?



To get more evidence we compute… 
                                         correlation of single tracer rod positions at two different times
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hXv0(t1)Xv0(t2)ic

Autocorrelation



Single tracer auto-correlation (homogeneous background)
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hXv0(t1)Xv0(t2)ic ⇠ D(v0) min(t1, t2)

• Similar to the two time correlation for  
    uniformly drifted Brownian particle

Seema, Mukherjee, Dhar, Spohn. Kundu (2025)



Quasiparticles in homogeneous background move like drifted Brownian particles
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Quasiparticles perform drifted Brownian motion
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This fact was proved rigorously using a probabilistic approach.

Ferrari and Olla, The Annals of Applied Probability, 35(2):1125, 2025

For Toda quasiparticle, a similar stochastic motion has recently been predicted.

A. Aggarwal, arXiv:2503.11407



Two quasiparticles

Are they correlated?

Space

Ti
m

e
We compute co-variance:
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Co-variance (homogeneous background)
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Covariance between the positions of two tracer rods
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Recall:



 in an interesting way !

Quasiparticles are correlated



Tracer rods moving in a homogeneous  
background with the same velocity v0 = u0

Seema, Mukherjee, Dhar, Spohn. Kundu (2025)
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→(Y ↑X)2↓c (Homogeneous background)
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Y (t)→X(t)

<latexit sha1_base64="viJwBvHtAQ6U/vs0gs2LlgJgJk8="></latexit>

Density: ω0, ε0 = ω0

1→aω0
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N rods
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Variance of the separation: large t asymptotic

Variance:

Seema, Mukherjee, Dhar, Spohn. Kundu (2025)
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Figure 4: Numerical simulation (circles and stars) of (a) mean, (b) variance, (c)

covariance of the two tracer rods positions and (d) variance of their separation is

compared with the exact results (dashed line) for homogeneous and domain wall initial

condition (inset), given in Eqs. (38) - (40) and Eqs. (A.7) - (A.10), respectively. The

parameters taken here are N = 5000, a = 0.5, v0 = 0.5, u0 = 1.0, ω0 = 0.4, T = 1

and Y0 = (N2 + 1)a, N̄ = ω0Y0 for the homogeneous case and ωl = 0.4, ωm = 0.6, ωr =

0.5 , N̄ = 750 for the domain wall case. Average has been done over 107 independent

initial configurations for (a),(b),(c), and over 104 for (d).

as their variances. The covariance between the positions of the two tracers appears to

be

!2
XY (t) = a

2(prω + pωr) + a
2pmω pmr

N̄
. (36)

Hence, the variance of the separation between the two tracer rods is

!2
(Y→X)(t) = →(X ↑ Y )2↓c = a

2(pωm + prm + pmω + pmr)↑
a
2

N̄
(pmω + pmr)

2
. (37)

Till this point, the results are valid for any general initial mass density profiles

εω(x), εr(x), εm(x). As before the expressions of the mean, variance and covariance

derived above, becomes simple in the special case of homogeneous initial state in which

mass density profile is uniform throughout the system i.e., ω0 such that εω = εr = εm =

<latexit sha1_base64="J8JSw14x4qoLnV0hVfYatH7LkiE="></latexit>→ t
Domain  
wall

<latexit sha1_base64="ljNcNVoCjp0OzP2PCTA+FLWwsHM="></latexit>

→(Y (t)↑X(t))2↓c ↔
{

t for small t

const. for large t
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Scaling of the variance of the separation
<latexit sha1_base64="mirC9+j6MsT+oO8gJyLnhunvDV8="></latexit>

→(Y ↑X)2↓c

<latexit sha1_base64="ZeVHFmBQ4FtmqMAICzuPoM5huLE="></latexit>

→(Y ↑X)2↓c
t

=a2ω0 K

(
N̄

tω0

)
, where y0 =

N̄

ω0
, and

K(ε) = 2[D(v0)↑F(v0 ↑ ε)↑ F̄(v0 + ε)]↑ 1

ε
[F(v0)↑ F(v0 ↑ ε) + F̄(v0)↑ F̄(v0 + ε)]2.

<latexit sha1_base64="viJwBvHtAQ6U/vs0gs2LlgJgJk8="></latexit>

Density: ω0, ε0 = ω0

1→aω0
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Seema, Mukherjee, Dhar, Spohn. Kundu (2025)
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t
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Figure 4: Numerical simulation (circles and stars) of (a) mean, (b) variance, (c)

covariance of the two tracer rods positions and (d) variance of their separation is

compared with the exact results (dashed line) for homogeneous and domain wall initial

condition (inset), given in Eqs. (38) - (40) and Eqs. (A.7) - (A.10), respectively. The

parameters taken here are N = 5000, a = 0.5, v0 = 0.5, u0 = 1.0, ω0 = 0.4, T = 1

and Y0 = (N2 + 1)a, N̄ = ω0Y0 for the homogeneous case and ωl = 0.4, ωm = 0.6, ωr =

0.5 , N̄ = 750 for the domain wall case. Average has been done over 107 independent

initial configurations for (a),(b),(c), and over 104 for (d).

as their variances. The covariance between the positions of the two tracers appears to

be

!2
XY (t) = a

2(prω + pωr) + a
2pmω pmr

N̄
. (36)

Hence, the variance of the separation between the two tracer rods is

!2
(Y→X)(t) = →(X ↑ Y )2↓c = a

2(pωm + prm + pmω + pmr)↑
a
2

N̄
(pmω + pmr)

2
. (37)

Till this point, the results are valid for any general initial mass density profiles

εω(x), εr(x), εm(x). As before the expressions of the mean, variance and covariance

derived above, becomes simple in the special case of homogeneous initial state in which

mass density profile is uniform throughout the system i.e., ω0 such that εω = εr = εm =

<latexit sha1_base64="J8JSw14x4qoLnV0hVfYatH7LkiE="></latexit>→ t
Domain  
wall

<latexit sha1_base64="ljNcNVoCjp0OzP2PCTA+FLWwsHM="></latexit>

→(Y (t)↑X(t))2↓c ↔
{

t for small t

const. for large t

Diffusion coefficient  
of the separation:

<latexit sha1_base64="Jq4R2ITwuAoSwlOhMMRvAhh+T3E="></latexit>

h(Y (t)�X(t))2ic
t

! 0, as t ! 1
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Two tagged quasiparticles seems to move like a rigid body  
with respect to the motion of their centre of mass !!

Rigid body motion

<latexit sha1_base64="qNCDvscOVmt305AR93vrll8FasE=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSx0BKjfCRwIXvLHGzY27vs7pkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm7nffkKleSwfzSRBP6JDyUPOqLHSQ9kt94slt+IuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCa/9KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWteLVKrX7aql+m8WRhzM4h0vw4ArqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx80/Y0e</latexit>
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Ti
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Variance 
of separation:

whereas
<latexit sha1_base64="Jq4R2ITwuAoSwlOhMMRvAhh+T3E="></latexit>

h(Y (t)�X(t))2ic
t

! 0, as t ! 1

<latexit sha1_base64="fZTNfMjInflWo3wfCKdcTK87Bhc="></latexit>

hX(t)2ic ⇠ D(v0) t

hY (t)2ic ⇠ D(u0) t



Summary of tagged quasiparticle statistics

Seema, Mukherjee, Dhar, Spohn. Kundu (2025)

1. Homogeneous background

2. Also have expressions for inhomogeneous background.

<latexit sha1_base64="d78BQMdIwwSy32QtwV7xQrACT+E="></latexit>

D(v) = ω0a
2

∫ →

↑→
dw

∣∣w → v
∣∣h(w) -20 -10 0 10 20

0.2

0.4

0.6

0.8

1.0

<latexit sha1_base64="08QG7fB4TPq4qIHCOY+KQ/6IovQ="></latexit>

Variance 1: →Xv0(t)
2↑c ↓ D(v0) t

Variance 2: →Yu0(t)
2↑c ↓ D(u0) t

Auto-correlation: →Xv0(t1)Xv0(t2)↑c ↓ D(v0) min(t1, t2)

Co-variance: →Xv0(t)Yu0(t)↑c ↓ (D(u0) + D(v0)↔ |v0 ↔ u0|) t



Inhomogeneous background: Step profile

<latexit sha1_base64="qNCDvscOVmt305AR93vrll8FasE=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSx0BKjfCRwIXvLHGzY27vs7pkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm7nffkKleSwfzSRBP6JDyUPOqLHSQ9kt94slt+IuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCa/9KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWteLVKrX7aql+m8WRhzM4h0vw4ArqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx80/Y0e</latexit>
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<latexit sha1_base64="Ji5kia20NOjKhuQwcYbIqExAob8="></latexit>

Domain wall background:

→X2
v0
(t)↑c = a2 Ddw(v0, ωr, ωω) t

→Xv0(t1)Xv0(t2)↑c = a2 Ddw(v0, ωr, ωω) min(t1, t2)

Ddw(v0) = εr

∫ v0

→↑
du (v0 ↓ u)h(u) + εω

∫ ↑

v0

du (u↓ v0)h(u)

<latexit sha1_base64="E3ublwx3wKvsxtxq23vYnZkKe2g="></latexit>

Homogeneous background:

→X2
v0(t)↑c = a2 ω0 Dh(v0) t

→Xv0(t1)Xv0(t2)↑c = a2 ω0 Dh(v0) min(t1, t2)

Dh(v0) = ω0

∫ →

↑→
du |v0 ↓ u|h(u)



Inhomogeneous background: Step profile
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ar
(X

(t
))

<latexit sha1_base64="ExGMvWRVQc3e0Xk5xaiTEk5LL/A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsbDAKB8JXMjesgcb9vYuu3MmhPATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53cxubW9k5+t7C3f3B4VDw+aZk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjdzv/3EtRGxesRJwv2IDpUIBaNopYcylvvFkltxFyDrxMtICTI0+sWv3iBmacQVMkmN6Xpugv6UahRM8lmhlxqeUDamQ961VNGIG3+6OHVGLqwyIGGsbSkkC/X3xJRGxkyiwHZGFEdm1ZuL/3ndFMNrfypUkiJXbLkoTCXBmMz/JgOhOUM5sYQyLeythI2opgxtOgUbgrf68jppVSterVK7r5bqd1kceTiDc7gED66gDrfQgCYwGMIzvMKbI50X5935WLbmnGzmFP7A+fwBndKNZw==</latexit>

t
<latexit sha1_base64="ExGMvWRVQc3e0Xk5xaiTEk5LL/A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsbDAKB8JXMjesgcb9vYuu3MmhPATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53cxubW9k5+t7C3f3B4VDw+aZk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjdzv/3EtRGxesRJwv2IDpUIBaNopYcylvvFkltxFyDrxMtICTI0+sWv3iBmacQVMkmN6Xpugv6UahRM8lmhlxqeUDamQ961VNGIG3+6OHVGLqwyIGGsbSkkC/X3xJRGxkyiwHZGFEdm1ZuL/3ndFMNrfypUkiJXbLkoTCXBmMz/JgOhOUM5sYQyLeythI2opgxtOgUbgrf68jppVSterVK7r5bqd1kceTiDc7gED66gDrfQgCYwGMIzvMKbI50X5935WLbmnGzmFP7A+fwBndKNZw==</latexit>

t

<latexit sha1_base64="SAkof/J5b4KdvBxBQOVvCmnS21w=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJFKkuVdCiMlVgYGIpEH1JTVY5721p1nMh2kKrQgV9hYQAhVn6Djb/BTTNAy5GudHzOvfK9x484U9pxvq3c2vrG5lZ+u7Czu7d/YB8etVQYSwpNGvJQdnyigDMBTc00h04kgQQ+h7Y/uZ777QeQioXiXk8j6AVkJNiQUaKN1LdPSh4nYsQBd8r6AnsyfZT6dtGpOCnwKnEzUkQZGn37yxuENA5AaMqJUl3XiXQvIVIzymFW8GIFEaETMoKuoYIEoHpJuv8MnxtlgIehNCU0TtXfEwkJlJoGvukMiB6rZW8u/ud1Yz286iVMRLEGQRcfDWOOdYjnYeABk0A1nxpCqGRmV0zHRBKqTWQFE4K7fPIqaVUrbq1Su6sW67dZHHl0is5QGbnoEtXRDWqgJqLoET2jV/RmPVkv1rv1sWjNWdnMMfoD6/MHDvqU4w==</latexit> →X
(t
)↑
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Inhomogeneous background: Sinusoidal profile
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(t
)↑
↓

vt

<latexit sha1_base64="ExGMvWRVQc3e0Xk5xaiTEk5LL/A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsbDAKB8JXMjesgcb9vYuu3MmhPATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53cxubW9k5+t7C3f3B4VDw+aZk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjdzv/3EtRGxesRJwv2IDpUIBaNopYcylvvFkltxFyDrxMtICTI0+sWv3iBmacQVMkmN6Xpugv6UahRM8lmhlxqeUDamQ961VNGIG3+6OHVGLqwyIGGsbSkkC/X3xJRGxkyiwHZGFEdm1ZuL/3ndFMNrfypUkiJXbLkoTCXBmMz/JgOhOUM5sYQyLeythI2opgxtOgUbgrf68jppVSterVK7r5bqd1kceTiDc7gED66gDrfQgCYwGMIzvMKbI50X5935WLbmnGzmFP7A+fwBndKNZw==</latexit>

t
<latexit sha1_base64="ExGMvWRVQc3e0Xk5xaiTEk5LL/A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsbDAKB8JXMjesgcb9vYuu3MmhPATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53cxubW9k5+t7C3f3B4VDw+aZk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjdzv/3EtRGxesRJwv2IDpUIBaNopYcylvvFkltxFyDrxMtICTI0+sWv3iBmacQVMkmN6Xpugv6UahRM8lmhlxqeUDamQ961VNGIG3+6OHVGLqwyIGGsbSkkC/X3xJRGxkyiwHZGFEdm1ZuL/3ndFMNrfypUkiJXbLkoTCXBmMz/JgOhOUM5sYQyLeythI2opgxtOgUbgrf68jppVSterVK7r5bqd1kceTiDc7gED66gDrfQgCYwGMIzvMKbI50X5935WLbmnGzmFP7A+fwBndKNZw==</latexit>

t

<latexit sha1_base64="J8JSw14x4qoLnV0hVfYatH7LkiE="></latexit>→ t

<latexit sha1_base64="J8JSw14x4qoLnV0hVfYatH7LkiE="></latexit>→ t



Inhomogeneous background: Gaussian profile
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<latexit sha1_base64="TRvT60D10YYQ9cSqG+/hU1s8YdY=">AAAB+3icbVA9TwJBEN3zE/HrxNJmI5hAQ+4o0JLExsICE/lI4EL2lgU27O1dducM5HJ/xcZCY2z9I3b+Gxe4QsGXTPLy3kxm5vmR4Boc59va2t7Z3dvPHeQPj45PTu2zQluHsaKsRUMRqq5PNBNcshZwEKwbKUYCX7COP71d+J0npjQP5SPMI+YFZCz5iFMCRhrYhVIf2AySNlFpuVuGSqU0sItO1VkCbxI3I0WUoTmwv/rDkMYBk0AF0brnOhF4CVHAqWBpvh9rFhE6JWPWM1SSgGkvWd6e4iujDPEoVKYk4KX6eyIhgdbzwDedAYGJXvcW4n9eL4bRjZdwGcXAJF0tGsUCQ4gXQeAhV4yCmBtCqOLmVkwnRBEKJq68CcFdf3mTtGtVt16tP9SKjfssjhy6QJeojFx0jRroDjVRC1E0Q8/oFb1ZqfVivVsfq9YtK5s5R39gff4AZ02Tag==</latexit> V
ar
(X

(t
))

<latexit sha1_base64="pTsKDHgIl4A+mV95L4A+eYfsXgQ=">AAACBHicbVC7TgJBFJ3FF+Jr1ZJmIphgIdmlQEsSGwsLTOSRsITMDgNMmJ3dzNwlIRsKG3/FxkJjbP0IO//GAbZQ8CQ3OXPOvZl7jx8JrsFxvq3MxubW9k52N7e3f3B4ZB+fNHUYK8oaNBShavtEM8ElawAHwdqRYiTwBWv545u535owpXkoH2AasW5AhpIPOCVgpJ6dL3qCyKFguF2CC+yp5eNygqHYswtO2VkArxM3JQWUot6zv7x+SOOASaCCaN1xnQi6CVHAqWCznBdrFhE6JkPWMVSSgOlusjhihs+N0seDUJmSgBfq74mEBFpPA990BgRGetWbi/95nRgG192EyygGJunyo0EsMIR4ngjuc8UoiKkhhCpudsV0RBShYHLLmRDc1ZPXSbNSdqvl6n2lULtL48iiPDpDJeSiK1RDt6iOGoiiR/SMXtGb9WS9WO/Wx7I1Y6Uzp+gPrM8f+AyWbA==</latexit> →X
(t
)↑
↓

vt

<latexit sha1_base64="ExGMvWRVQc3e0Xk5xaiTEk5LL/A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsbDAKB8JXMjesgcb9vYuu3MmhPATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53cxubW9k5+t7C3f3B4VDw+aZk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjdzv/3EtRGxesRJwv2IDpUIBaNopYcylvvFkltxFyDrxMtICTI0+sWv3iBmacQVMkmN6Xpugv6UahRM8lmhlxqeUDamQ961VNGIG3+6OHVGLqwyIGGsbSkkC/X3xJRGxkyiwHZGFEdm1ZuL/3ndFMNrfypUkiJXbLkoTCXBmMz/JgOhOUM5sYQyLeythI2opgxtOgUbgrf68jppVSterVK7r5bqd1kceTiDc7gED66gDrfQgCYwGMIzvMKbI50X5935WLbmnGzmFP7A+fwBndKNZw==</latexit>

t
<latexit sha1_base64="ExGMvWRVQc3e0Xk5xaiTEk5LL/A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsbDAKB8JXMjesgcb9vYuu3MmhPATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53cxubW9k5+t7C3f3B4VDw+aZk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjdzv/3EtRGxesRJwv2IDpUIBaNopYcylvvFkltxFyDrxMtICTI0+sWv3iBmacQVMkmN6Xpugv6UahRM8lmhlxqeUDamQ961VNGIG3+6OHVGLqwyIGGsbSkkC/X3xJRGxkyiwHZGFEdm1ZuL/3ndFMNrfypUkiJXbLkoTCXBmMz/JgOhOUM5sYQyLeythI2opgxtOgUbgrf68jppVSterVK7r5bqd1kceTiDc7gED66gDrfQgCYwGMIzvMKbI50X5935WLbmnGzmFP7A+fwBndKNZw==</latexit>

t

<latexit sha1_base64="qNCDvscOVmt305AR93vrll8FasE=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSx0BKjfCRwIXvLHGzY27vs7pkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm7nffkKleSwfzSRBP6JDyUPOqLHSQ9kt94slt+IuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCa/9KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWteLVKrX7aql+m8WRhzM4h0vw4ArqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx80/Y0e</latexit>

0

<latexit sha1_base64="J8JSw14x4qoLnV0hVfYatH7LkiE="></latexit>→ t



Inhomogeneous background: Power law profile

<latexit sha1_base64="qNCDvscOVmt305AR93vrll8FasE=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSx0BKjfCRwIXvLHGzY27vs7pkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm7nffkKleSwfzSRBP6JDyUPOqLHSQ9kt94slt+IuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCa/9KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWteLVKrX7aql+m8WRhzM4h0vw4ArqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx80/Y0e</latexit>
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<latexit sha1_base64="TRvT60D10YYQ9cSqG+/hU1s8YdY=">AAAB+3icbVA9TwJBEN3zE/HrxNJmI5hAQ+4o0JLExsICE/lI4EL2lgU27O1dducM5HJ/xcZCY2z9I3b+Gxe4QsGXTPLy3kxm5vmR4Boc59va2t7Z3dvPHeQPj45PTu2zQluHsaKsRUMRqq5PNBNcshZwEKwbKUYCX7COP71d+J0npjQP5SPMI+YFZCz5iFMCRhrYhVIf2AySNlFpuVuGSqU0sItO1VkCbxI3I0WUoTmwv/rDkMYBk0AF0brnOhF4CVHAqWBpvh9rFhE6JWPWM1SSgGkvWd6e4iujDPEoVKYk4KX6eyIhgdbzwDedAYGJXvcW4n9eL4bRjZdwGcXAJF0tGsUCQ4gXQeAhV4yCmBtCqOLmVkwnRBEKJq68CcFdf3mTtGtVt16tP9SKjfssjhy6QJeojFx0jRroDjVRC1E0Q8/oFb1ZqfVivVsfq9YtK5s5R39gff4AZ02Tag==</latexit> V
ar
(X

(t
))

<latexit sha1_base64="pTsKDHgIl4A+mV95L4A+eYfsXgQ=">AAACBHicbVC7TgJBFJ3FF+Jr1ZJmIphgIdmlQEsSGwsLTOSRsITMDgNMmJ3dzNwlIRsKG3/FxkJjbP0IO//GAbZQ8CQ3OXPOvZl7jx8JrsFxvq3MxubW9k52N7e3f3B4ZB+fNHUYK8oaNBShavtEM8ElawAHwdqRYiTwBWv545u535owpXkoH2AasW5AhpIPOCVgpJ6dL3qCyKFguF2CC+yp5eNygqHYswtO2VkArxM3JQWUot6zv7x+SOOASaCCaN1xnQi6CVHAqWCznBdrFhE6JkPWMVSSgOlusjhihs+N0seDUJmSgBfq74mEBFpPA990BgRGetWbi/95nRgG192EyygGJunyo0EsMIR4ngjuc8UoiKkhhCpudsV0RBShYHLLmRDc1ZPXSbNSdqvl6n2lULtL48iiPDpDJeSiK1RDt6iOGoiiR/SMXtGb9WS9WO/Wx7I1Y6Uzp+gPrM8f+AyWbA==</latexit> →X
(t
)↑
↓

vt

<latexit sha1_base64="ExGMvWRVQc3e0Xk5xaiTEk5LL/A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsbDAKB8JXMjesgcb9vYuu3MmhPATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53cxubW9k5+t7C3f3B4VDw+aZk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjdzv/3EtRGxesRJwv2IDpUIBaNopYcylvvFkltxFyDrxMtICTI0+sWv3iBmacQVMkmN6Xpugv6UahRM8lmhlxqeUDamQ961VNGIG3+6OHVGLqwyIGGsbSkkC/X3xJRGxkyiwHZGFEdm1ZuL/3ndFMNrfypUkiJXbLkoTCXBmMz/JgOhOUM5sYQyLeythI2opgxtOgUbgrf68jppVSterVK7r5bqd1kceTiDc7gED66gDrfQgCYwGMIzvMKbI50X5935WLbmnGzmFP7A+fwBndKNZw==</latexit>

t
<latexit sha1_base64="ExGMvWRVQc3e0Xk5xaiTEk5LL/A=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxsbDAKB8JXMjesgcb9vYuu3MmhPATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53cxubW9k5+t7C3f3B4VDw+aZk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjdzv/3EtRGxesRJwv2IDpUIBaNopYcylvvFkltxFyDrxMtICTI0+sWv3iBmacQVMkmN6Xpugv6UahRM8lmhlxqeUDamQ961VNGIG3+6OHVGLqwyIGGsbSkkC/X3xJRGxkyiwHZGFEdm1ZuL/3ndFMNrfypUkiJXbLkoTCXBmMz/JgOhOUM5sYQyLeythI2opgxtOgUbgrf68jppVSterVK7r5bqd1kceTiDc7gED66gDrfQgCYwGMIzvMKbI50X5935WLbmnGzmFP7A+fwBndKNZw==</latexit>

t

-20 -10 10 20

0.02

0.04

0.06

0.08

0.10

0.12

0.14



Inhomogeneous background: Generic inhomogeneous profile

<latexit sha1_base64="qNCDvscOVmt305AR93vrll8FasE=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSx0BKjfCRwIXvLHGzY27vs7pkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm7nffkKleSwfzSRBP6JDyUPOqLHSQ9kt94slt+IuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCa/9KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWteLVKrX7aql+m8WRhzM4h0vw4ArqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx80/Y0e</latexit>
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<latexit sha1_base64="kVauMnJ1RAa0MyFo2o4j94BOTeM="></latexit>

Generic inhomogeneous background:

→X2
v0(t)↑c = a2 Dih[ω(X); v0, t]

→Xv0(t1)Xv0(t2)↑c = a2 Dih[ω(X); v0,min(t1, t2)]

<latexit sha1_base64="WaPmvDBw2ORdt/jf4XKRNLIyiOE="></latexit>

Homogeneous background:

→X2
v0(t)↑c = a2 ω0 Dh(v0) t

→Xv0(t1)Xv0(t2)↑c = a2 ω0 Dh(v0) min(t1, t2)

<latexit sha1_base64="t6PEqeAJtXngLSxYgI85+OGVabc="></latexit>

Domain wall background:

→X2
v0(t)↑c = a2 Ddw(v0, ωr, ωω) t

→Xv0(t1)Xv0(t2)↑c = a2 Ddw(v0, ωr, ωω) min(t1, t2)



Coming back to homogeneous background case
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Recall: Quasiparticle statistics (Homogeneous Background)

<latexit sha1_base64="Ty9GZtZczN2uMJcYoWTvaQl/Rr8="></latexit>

D(v) = ω0a
2

∫ →

↑→
dw

∣∣w → v
∣∣h(w)

G(u, v) = D(u) + D(v)→ |u→ v|

<latexit sha1_base64="fh2dkwQGmhRP1/0aAEl7dG1TmKY="></latexit>

Variance 1: →Xv0(t)
2↑c ↓ D(v0) t

Variance 2: →Yu0(t)
2↑c ↓ D(u0) t

Auto-correlation: →Xv0(t1)Xv0(t2)↑c ↓ D(v0) min(t1, t2)

Co-variance: →Xv0(t)Yu0(t)↑c ↓ G(u, v) t



Quasiparticles in homogeneous background move like drifted Brownian particles

<latexit sha1_base64="R3Hz3kRiCt814Y3+7vPW76ayrZQ="></latexit>

dXv

dt
=

v

1� a%0
+ ⇠v(t),

<latexit sha1_base64="Tn1c/L9msudpZ/JWSyGiYqMEhck="></latexit>

Xv(t)

they are also correlated with other quasiparticles.

Quasiparticles perform correlated drifted Brownian motion

<latexit sha1_base64="utE4CLQ2hqgfCRNiy7kRpiuYas8="></latexit>

dXi

dt
= v̄i + ⇠i(t), for i = 1, 2, ...,N, with v̄i =

vi
1� a%0

,
<latexit sha1_base64="lYi6Ak0N/Uxt14BSsBz3JBD8xZY="></latexit>

h⇠i(t)⇠j(t0)i =
G(vi, vj)p

D(vi)
p

D(vj)
�(t� t0),

h⇠i(t)⇠i(t0)i = D(vi) �(t� t0),

for i, j = 1, 2, ...,N,

Summary  suggests⇒



<latexit sha1_base64="utE4CLQ2hqgfCRNiy7kRpiuYas8="></latexit>

dXi

dt
= v̄i + ⇠i(t), for i = 1, 2, ...,N, with v̄i =

vi
1� a%0

,
<latexit sha1_base64="lYi6Ak0N/Uxt14BSsBz3JBD8xZY="></latexit>

h⇠i(t)⇠j(t0)i =
G(vi, vj)p

D(vi)
p

D(vj)
�(t� t0),

h⇠i(t)⇠i(t0)i = D(vi) �(t� t0),

for i, j = 1, 2, ...,N,

 A homogeneous  gas of hard rods can be thought of a gas  

of non-interacting but correlated  (drifted) brownian particles.

⇒

Gas of Brownian particles

 Phenomenological derivation of fluctuating hydrodynamics ⇒



Phenomenological derivation of the fluctuating hydrodynamics for homogeneous gas

<latexit sha1_base64="cICQCvplrqY59O7l0MoNFdhjDgo="></latexit>

f̂(k, v, t) =

Z 1

�1
dX e◆kX f(X, v, t) =

X

j

e◆kXj �(v � vj).

<latexit sha1_base64="O651g2AFWtkvwBYwXlony52R89g="></latexit>

f(X, v, t) =
NX

i=1

�(X �Xi) �(v � vi).Empirical density:

Fourier transform:

<latexit sha1_base64="zAP5/jXEklUSZa4kFBR4HmJ717Y="></latexit>

@tf̂(k, v, t) = ◆kv̄f̂(k, v, t)� k2

2
D(v)f̂(k, v, t) + ◆k ⇣k(v, t)

Seema, Mukherjee, Dhar, Spohn. Kundu (2025)

<latexit sha1_base64="iq9UDNwlSFTyhWoW7EqWY5eMuCg="></latexit>

f̂(k, v, t+ dt) =
∑

j

[
1 + ωk v̄jdt+ ωk εϑj(dt)→

k
2

2
(εϑj)

2 +O(dt2)

]
e
ωkXj(t)ε(v → vj)

<latexit sha1_base64="8h0RUZvyNLXFOqZ+2BCQ57nhAcA="></latexit>

ωk(v, t) =
1

dt

∑

j

eωkXj(t) ε(v → vj)εϑj(dt)



Phenomenological derivation of the fluctuating hydrodynamics for homogeneous gas

Inverse Fourier transform:

Seema, Mukherjee, Dhar, Spohn. Kundu (2025)

<latexit sha1_base64="0mk5dyjnFxN7sSkoQ0BHHw+gHJY="></latexit>

@tf(X, v, t) =
v

1� a%0
@Xf(X, v, t) +

D(v)

2
@2
Xf(X, v, t) + @Xf(X, v, t)

p
D(v)Ẇt(v),

<latexit sha1_base64="KqvqZnwd2Y+/akwG9PtfXPWzLcg="></latexit>

hẆt(v)Ẇs(v)i = �(t� s)D(v), and, hẆt(u)Ẇs(v)i = �(t� s)
G(u, v)p

D(v)
p

D(u)
.

<latexit sha1_base64="yJwHuza/qj0Lefw1bqCbz75TZYo="></latexit>

D(v) = ω0a
2

∫ →

↑→
dw

∣∣w → v
∣∣h(w)



Phenomenological derivation of the fluctuating hydrodynamics for homogeneous gas

Inverse Fourier transform:

Seema, Mukherjee, Dhar, Spohn. Kundu (2025)

<latexit sha1_base64="0mk5dyjnFxN7sSkoQ0BHHw+gHJY="></latexit>

@tf(X, v, t) =
v

1� a%0
@Xf(X, v, t) +

D(v)

2
@2
Xf(X, v, t) + @Xf(X, v, t)

p
D(v)Ẇt(v),

<latexit sha1_base64="KqvqZnwd2Y+/akwG9PtfXPWzLcg="></latexit>

hẆt(v)Ẇs(v)i = �(t� s)D(v), and, hẆt(u)Ẇs(v)i = �(t� s)
G(u, v)p

D(v)
p

D(u)
.

<latexit sha1_base64="yJwHuza/qj0Lefw1bqCbz75TZYo="></latexit>

D(v) = ω0a
2

∫ →

↑→
dw

∣∣w → v
∣∣h(w)

Proved rigorously using a probabilistic method

Macroscopic diffusive fluctuations for generalized hard rods dynamics  
     P. Ferrari and S. Olla,   Ann. Appl. Probab. 35(2): 1125-1142 (2025)



 —- Euler GHD (even with NS terms) can only provide 
        mean behaviour of the conserved densities, not 
        their fluctuations. 

 —- Fluctuating HD can provide statistics beyond mean 

—- Ballistic macroscopic fluctuation theory  
     Doyon B, Perfetto G, Sasamoto T and Yoshimura T,  
     SciPost Phys. 15 136 (2023)     

Density correlations



These correlations essentially originate from  
the randomness in the initial configurations. 



These correlations essentially originate from  
the randomness in the initial configurations. 

Quasiparticle statistical properties can be obtained from  
Euler scale correlation of the phase space density

<latexit sha1_base64="08QG7fB4TPq4qIHCOY+KQ/6IovQ="></latexit>

Variance 1: →Xv0(t)
2↑c ↓ D(v0) t

Variance 2: →Yu0(t)
2↑c ↓ D(u0) t

Auto-correlation: →Xv0(t1)Xv0(t2)↑c ↓ D(v0) min(t1, t2)

Co-variance: →Xv0(t)Yu0(t)↑c ↓ (D(u0) + D(v0)↔ |v0 ↔ u0|) t
<latexit sha1_base64="d78BQMdIwwSy32QtwV7xQrACT+E="></latexit>

D(v) = ω0a
2

∫ →

↑→
dw

∣∣w → v
∣∣h(w)

Recall: for homogeneous background



Tagged particle fluctuation from Euler scale correlation in a homogeneous gas

This can be expressed in terms of the mass density  of hard rods.ρ(Y, t)

<latexit sha1_base64="9RKOxZ6B7Z/ExOjkElMB4YIGXDw="></latexit>

Displacement of the tracer rod can be written as

X(t) = v0t+ a



 nrω︸︷︷︸
Number of rods

crossed from r→ω

→ nωr︸︷︷︸
Number of rods

crossed from ω→r



 ,
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X(t) = v0t+ a

[∫ X(t)

→↑
dY ω(Y, t)→

∫ 0

→↑
dY ω(Y, 0)

]
,

<latexit sha1_base64="abjD9a1RLByTn9Km2EqeD7DY7lw="></latexit> ∫ X(t)

→↑
dY ω(Y, t)

︸ ︷︷ ︸
Number of rods on the left
of the quasiparticle at t>0

=

∫ 0

→↑
dY ω(Y, 0)

︸ ︷︷ ︸
Number of rods on the left
of the quasiparticle at t=0

+ (nrω → nωr)︸ ︷︷ ︸
Net number of rods that crossed the trajectory
of the tagged quasiparticle from r↓ω till t>0

,

Hence we have:



Tagged particle fluctuation from Euler scale correlation
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X(t) = v0t+ a

[∫ X(t)

→↑
dY ω(Y, t)→

∫ 0

→↑
dY ω(Y, 0)

]
,
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This can be further expressed in terms of the point particle mass density as

X(t) = v0t+ a





∫ v0t

→↑
dy ω(y, t)︸ ︷︷ ︸

Hard point

mass density at t

→
∫

0

→↑
dy ω(y, 0)




,



Tagged particle fluctuation from Euler scale correlation
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Variance: ⌃2
X(t) = hA(0)2ic + hA(t)2ic � 2hA(t)A(0)ic,

where

hA(t)A(t0)ic = a2
Z 0

�1
dy

Z 0

�1
dy0 h'(y, t)'(y0, t0)ic.

Mass density correlation  
of the hard point particles 
at Euler space time scale
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X(t) = v0t+ a





∫ v0t

→↑
dy ω(y, t)︸ ︷︷ ︸

Hard point

mass density at t

→
∫

0

→↑
dy ω(y, 0)




,



Euler scale correlation of the phase space density
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This initial correlation gets evolved in time.

<latexit sha1_base64="HmIQzWhYxIDYhJVbkK1PMYbZad8="></latexit>

We assume the hard rod gas starts in a homogeneous state with mass density
%0 and velocities chosen from a symmetric distribution h(v) = h(�v).

For this case, the initial correlation of the corresponding hard point density is

hf(x, v, 0)f(y, u, 0)ic = '0 �(x� y)�(v � u) h(v).



Euler scale correlation of the phase space density
<latexit sha1_base64="HmIQzWhYxIDYhJVbkK1PMYbZad8="></latexit>

We assume the hard rod gas starts in a homogeneous state with mass density
%0 and velocities chosen from a symmetric distribution h(v) = h(�v).

For this case, the initial correlation of the corresponding hard point density is

hf(x, v, 0)f(y, u, 0)ic = '0 �(x� y)�(v � u) h(v).
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This ) the following (point particle) mass-density correlation

h'(y, t)'(y0, t0)ic =
Z

dv

Z
du hf(y, v, t)f(y0, u, t0)ic

=

Z
dv

Z
du hf(y � vt, v, 0)f(y0 � ut0, u, 0)ic.

= '0
1

|t� t0| h

✓
y � y0

|t� t0|

◆
,
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One can use this correlation to study the tagged particle fluctuations.



Tagged particle fluctuation from Euler scale correlation

<latexit sha1_base64="ESj426F/I0Fs+BQ11AufFxeX34w="></latexit>

Variance: ⌃2
X(t) = hA(0)2ic + hA(t)2ic � 2hA(t)A(0)ic,

where

hA(t)A(t0)ic = a2
Z 0

�1
dy

Z 0

�1
dy0 h'(y, t)'(y0, t0)ic.
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Recall: The (point particle) mass-density correlation

h'(y, t)'(y0, t0)ic = '0
1

|t� t0| h

✓
y � y0

|t� t0|

◆
,
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One gets the same result obtained previously using microscopic approach

!
2
X(t) = t a2ω0

∫ →

↑→
dw |w → v0| h(w) = t a2ω0 D(v0),



Tagged particle fluctuation from Euler scale correlation
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Following similar method

Seema, Mukherjee, Dhar, Spohn. Kundu (2025)
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Auto-correlation: →Xv0(t1)Xv0(t2)↑c ↓ D(v0) min(t1, t2)

Co-variance: →Xv0(t)Yu0(t)↑c ↓ (D(u0) + D(v0)↔ |v0 ↔ u0|) t



Equilibrium space-time correlation of hard rod gas

<latexit sha1_base64="3KaRwhffKAvJtIEsUoxWDDkXCqc="></latexit>

Recall: The (point particle) mass-density correlation

h'(y, t)'(y0, t0)ic = '0
1

|t� t0| h

✓
y � y0

|t� t0|

◆
,
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For hard rod gas this gets translated to

Ceq
0,0(X, t;X 0, t0) = h%(X, t)%(X 0, t0)i

= %0(1� a%0)
3 1

|t� t0|h
✓
(1� a%0) (xa � xb)

|t� t0|

◆
,

This result is true for homogeneous gas.

<latexit sha1_base64="KG+9skA7eFU20jkui8ZDDUT2o8Y="></latexit>

%0 = '0

1+a'0



What about inhomogeneous case? 

Long-range correlation

Ballistic macroscopic fluctuation theory (BMFT) 
           Doyon, Perfetto, Sasamoto, Yoshimura, SciPost 15, 136 (2023). 

                                      Physical Review Letters, 131(2):027101, 2023.



Phase space density correlation
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C(xa, ua, ta; xb, ub; tb) := →f(xa, ua, ta)f(xb, ub, tb)↑c
where the empirical phase space density is

f(x, u, t) =
N∑

i=1

ω(x↓ xi)ω(u↓ vi)
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C(xa, ua, ta; xb, ub; tb) = →
[
ω

ωε

↑f(xb, ub, tb)e→ωf(xa,ua,ta)↓Pr

↑e→ωf(xa, ua, ta)↓Pr

]

ω=0

,

where Pr(xi, vi) = Joint pdf of {xi, vi}



Hard rod gas initial condition

A kundu, Arxiv: 2504.09201
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The joint probability distribution from which the initial positions and velocities
of the rods are chosen:

Pr({xi, vi}) =
1

Zr

NY

i=1

 (xi, vi)
N�1Y

i=1

⇥(xi+1 � xi � a),

with  (x, v) = e� (x/`,v).



Hard rod gas initial condition

A kundu, Arxiv: 2504.09201
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The joint probability distribution from which the initial positions and velocities
of the rods are chosen:

Pr({xi, vi}) =
1

Zr

NY

i=1

 (xi, vi)
N�1Y

i=1

⇥(xi+1 � xi � a),

with  (x, v) = e� (x/`,v).
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Recall the other initial condition: Point particle positions are first chosen from
i.i.d. distribution and then ordered and transformed to hard rod coordinates.

Ppoint({xi, vi}, 0) = N !
NY

i=1

pa(xi)h(vi)
N�1Y

i=1

⇥(xi+1 � xi),

xi = xi + a
X

j 6=i

⇥(xi � xj).



Generic initial condition

A kundu, Arxiv: 2504.09201
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The joint probability distribution from which the initial positions and velocities
of the rods are chosen:

Pr({xi, vi}) =
1

Zr

NY

i=1

 (xi, vi)
N�1Y

i=1

⇥(xi+1 � xi � a),

with  (x, v) = e� (x/`,v).
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0

<latexit sha1_base64="MKb39crPrtA8+yZ4eQeSxjlEXGc="></latexit>

`
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q↵(x, 0)
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Ballistic macroscopic fluctuation theory of systems with ballistic transport

Doyon, Perfetto, Sasamoto, Yoshimura, SciPost 15, 136 (2023).

Principles:

1.  Hydrodynamic principle: The large scale motion of the system can be described  
      by mesoscopic means of local observables (coarse grained) which are functions  
      of locally conserved densities. This means the currents are functions of the  
      conserved densities  Euler Equations. 

2. Principle of local relaxation: Mesoscopic means of local observables do not  
     fluctuate independently from the conserved densities, but are fixed functions  
     of conserved densities  
3.

→

“Euler- scale fluctuations of time-evolved observables are obtained by 
deterministically transporting fluctuations of conserved quantities in  
the initial state via the Euler hydrodynamic equations of the model. “

<latexit sha1_base64="YvEzKfPXrAyX9hKouNziDdsYQzs="></latexit>

O=

∫
dx

∫
dv b(x, v)f(x, v, t)



Ballistic Macroscopic Fluctuation Theory
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→e→ωO↑Pr ↓
∫

D[f(x, v, t)] P[f(x, v, t)] e→ω
∫
dx

∫
dv b(x,v) f(x,v,t)

P[f(x, v, t)] =

∫
D[f(x, v, 0)] Pini[f(x, v, 0)]︸ ︷︷ ︸

↑e→ωF[f(x,v,0)]

ω {εtf(x, v, t) + εx (ve!(x, v, t)f(x, v, t))}
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O=

∫
dx

∫
dv b(x, v)f(x, v, t)

<latexit sha1_base64="JfLlEAp96aq99vyTBSQU4GVU5Kw="></latexit>

→...↑Pr ↓ →...↑P[f]

Doyon, Perfetto, Sasamoto, Yoshimura, SciPost 15, 136 (2023).
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C(xa, ua, ta; xb, ub; tb) = →
[
ω

ωε

↑f(xb, ub, tb)e→ωf(xa,ua,ta)↓Pr

↑e→ωf(xa, ua, ta)↓Pr

]

ω=0

,

where Pr(xi, vi) = Joint pdf of {xi, vi}



Ballistic Macroscopic Fluctuation Theory
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→e→ωO↑Pr ↓
∫

D[f(x, v, t)] P[f(x, v, t)] e→ω
∫
dx

∫
dv b(x,v) f(x,v,t)

P[f(x, v, t)] =

∫
D[f(x, v, 0)] Pini[f(x, v, 0)]︸ ︷︷ ︸

↑e→ωF[f(x,v,0)]

ω {εtf(x, v, t) + εx (ve!(x, v, t)f(x, v, t))}
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O=

∫
dx

∫
dv b(x, v)f(x, v, t)
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→...↑Pr ↓ →...↑P[f]

Doyon, Perfetto, Sasamoto, Yoshimura, SciPost 15, 136 (2023).

Benjamin’s Talk
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C(xa, ua, ta; xb, ub; tb) = →
[
ω

ωε

↑f(xb, ub, tb)e→ωf(xa,ua,ta)↓P[f]

↑e→ωf(xa, ua, ta)↓P[f]

]

ω=0

,



Phase space density correlation

<latexit sha1_base64="fufyhQ3//YGdnR39rnh8auiNxug="></latexit>

C(xa, ua, ta; xb, ub; tb) = →
[
ω

ωε

↑f(xb, ub, tb)e→ωf(xa,ua,ta)↓P[f]

↑e→ωf(xa, ua, ta)
↓P[f]

]

ω=0

,
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→...↑Pr ↓ →...↑P[f]

Doyon, Perfetto, Sasamoto, Yoshimura, SciPost 15, 136 (2023).
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C(xa, ua, ta; xb, ub; tb) =
1

ω
C
(xa

ω
, ua,

ta
ω
;
xb
ω
, ub,

tb
ω

)
,

C(xa, ua, ta;xb, ub, tb) = →
[
ε

εϑ
fsdω (xb, ub, tb)

]

ω=0

Saddle point method for large :ℓ



Phase space density correlation
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→e→ωO↑Pr ↓
∫

D[f(x, v, t)] P[f(x, v, t)] e→ω
∫
dx

∫
dv b(x,v) f(x,v,t)

P[f(x, v, t)] =

∫
D[f(x, v, 0)] Pini[f(x, v, 0)]︸ ︷︷ ︸

↑e→ωF[f(x,v,0)]

ω {εtf(x, v, t) + εx (ve!(x, v, t)f(x, v, t))}
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O=

∫
dx

∫
dv b(x, v)f(x, v, t)

BMFT in terms of point particle phase space densities
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Pfree[f(x
→, v, t)] =

∫
D[f(x→, v, 0)] Pfree

ini [f(x→, v, 0)]︸ ︷︷ ︸
↑e→ωFfree[f(x↑,v,0)]

ω {εtf(x→, v, t) + εx↑ (vf(x→, v, t))}

A kundu, Arxiv: 2504.09201

BMFT in terms of hard rod phase space densities



Phase space density correlation

Scaled correlation function:
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C(xa, ua, ta; xb, ub; tb) =
1

ω
C
(xa

ω
, ua,

ta
ω
;
xb
ω
, ub,

tb
ω

)
,

C(xa, ua, ta;xb, ub, tb) = →
[
ε

εϑ
fsdω (xb, ub, tb)

]

ω=0
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O=

∫
dx

∫
dv b(x, v)f(x, v, t)

We compute the saddle point density                        of the hard rods.
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fsd(x, v, t)
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O=

∫
dx→

∫
dv b(x(x→), v)f(x→, v, t)



Long-range non-equilibrium correlation

For large  the correlation has scaling formℓ
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C(xa, ua, ta; xb, ub; tb) =
1

ω
C
(xa

ω
, ua,

ta
ω
;
xb
ω
, ub,

tb
ω

)
,

A kundu, Arxiv: 2504.09201
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C0,0(xa, ta;xb; tb) = ωxaωxb

[
(1→ aε̄(xa, ta))(1→ aε̄(xb, tb)) H(xa, ta;xb, tb)

]
,

where

H(xa, ta;xb, tb) =

∫
dy→

∫
du !(x→

a → uta → y→)!(x→
b → utb → y→)̄f(y→, u, 0)

→ a

∫
dy→

∫
du

∫
dw (1→ aε̄(y, 0))!(x→

a → wta → y→)!(x→
b → utb → y→)

↑
{ 2→ aε̄(y, 0)

(1→ aε̄(y, 0))2
f̄(y, u, 0)̄f(y, w, 0)→ f̄(y, u, 0)f̄(x→

a, w, ta)

→ f̄(y, w, 0)f̄(x→
b, u, tb)→ aε̄(y, 0)f̄(x→

a, w, ta)f̄(x
→
b, u, tb)

}
.



Long-range non-equilibrium correlation

Doyon, Perfetto, Sasamoto, Yoshimura, SciPost 15, 136 (2023). 
Physical Review Letters, 131(2):027101, 2023. 
Hubner, Biagetti, De Nardis, Doyon. arXiv:2503.07794

This was previously computed by 
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C0,0(xa, ta;xb; tb) = @xa@xb

⇥
(1� a%̄(xa, ta))(1� a%̄(xb, tb)) H(xa, ta;xb, tb)

⇤
,

where

H(xa, ta;xb, tb) =

Z
dy0

Z
du ⇥(x0

a � uta � y0)⇥(x0
b � utb � y0)f̄(y0, u, 0)

� a

Z
dy0

Z
du

Z
dw (1� a%̄(y, 0))⇥(x0

a � wta � y0)⇥(x0
b � utb � y0)

⇥
n 2� a%̄(y, 0)

(1� a%̄(y, 0))2
f̄(y, u, 0)̄f(y, w, 0)� f̄(y, u, 0)f̄(x0

a, w, ta)

� f̄(y, w, 0)f̄(x0
b, u, tb)� a%̄(y, 0)f̄(x0

a, w, ta)f̄(x
0
b, u, tb)

o
.

A kundu, Arxiv: 2504.09201
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Expression of C(xa, ua, ta;xb, ub, tb)
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C0,0(xa, ta;xb; tb) = @xa@xb

⇥
(1� a%̄(xa, ta))(1� a%̄(xb, tb)) H(xa, ta;xb, tb)

⇤
,

where

H(xa, ta;xb, tb) =

Z
dy0

Z
du ⇥(x0

a � uta � y0)⇥(x0
b � utb � y0)f̄(y0, u, 0)

� a

Z
dy0

Z
du

Z
dw (1� a%̄(y, 0))⇥(x0

a � wta � y0)⇥(x0
b � utb � y0)

⇥
n 2� a%̄(y, 0)

(1� a%̄(y, 0))2
f̄(y, u, 0)̄f(y, w, 0)� f̄(y, u, 0)f̄(x0

a, w, ta)

� f̄(y, w, 0)f̄(x0
b, u, tb)� a%̄(y, 0)f̄(x0

a, w, ta)f̄(x
0
b, u, tb)

o
.

Satisfies three conditions of having non-zero long-range part:

1. In-homogeneous initial state. 
2. Presence of interaction  

3. Presence of more than one hydrodynamic  
      modes with different velocities.

(a ≠ 0) Doyon, Perfetto, Sasamoto, Yoshimura,  

SciPost 15, 136 (2023). 

Physical Review Letters, 131(2):027101, 2023.
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Figure 2. Plot of the correlation C0,0(xa, ta;xb, tb) at di↵erent times for the initial condition in Eq. (109).
The plots (a), (b) and (c) correspond to the long-range part of the equal time correlations of mass densities
and the plot in (d) corresponds to unequal space-time correlation for hard rods of length a = 1. Recall,
the densities at two distant locations at a later time t get correlated (long-range correlation) because the
fluctuations at these two locations originated from the same initial density fluctuation that coherently got
carried to these locations by Euler evolution [see [38] for more physical insights]. Hence, for the initial
condition in Eq. (109), long-range correlation can get developed only over a finite region over a given
duration. The width of the region of course depends on ta, tb and the maximum relative speed of the
particles, whereas the location of this region is decided by xb. One finds that the ranges over which the long-
range correlations get develop for the four plots are, (a) [�2.002, 2.002] (b) [�1.016, 1.016] (c) [�0.218, 3.359]
and (d) [0.342, 2.91]. These ranges can be identified from the ⇥ functions present in the explicit expression
in Eqs. (105) and (106). We observe discontinuities in the unequal space time correlation in plot (d) at
locations x± = xf̄(ta)

(x0
a(±)) with x0

a(±) = x0
b ± (ta � tb) for x0

b = 0.883 (xb = 1.8), ta = 0.2 and tb = 0.5.

It seems the discontinuities are artifacts of the discrete velocity distribution chosen in Eq. (109). For both
plots,

integrals in Eq. (106) numerically and plotting the resulting correlation in Eq. (105). For the following initial
PSD

f(y, v, 0) =
1 + 3e�y

2

3 + 3e�y2 g(v), with, g(v) =
1

2
�(v � 1) +

1

2
�(v + 1), (109)

we numerically compute the long-range part of the correlation Clr
0,0(xa, ta; xb, tb) for di↵erent choices of

locations and time. We plot these correlations in fig. 2 which demonstrate the symmetry C0,0(xa, ta; xb; ta) =
C0,0(xb, ta; xa; ta) = C0,0(�xa, ta; �xb; ta).

6. Conclusion

In this paper we studied the dynamic fluctuations of PSD in a gas of hard rods starting from a slowly varying
initial statistical state. To study such fluctuations, recently a general theory called ballistic macroscopic
fluctuation theory has been developed for systems supporting ballistic transport. Examples of such systems
include certain integrable systems in one dimension. A collection of hard rods moving in one-dimension in
absence of any external potential is one such integrable system for which one can perform explicit calculations.
For this system we review the BMFT by developing the concepts from microscopic description in detail.
We found, as expected from our experience with equilibrium systems and MFT in di↵usive systems, the
probability of fluctuations in the PSD on macroscopic space-time scale possesses a large-deviation form with
an appropriate large deviation functional. One important di↵erence between BMFT and MFT, is that in
the former case one looks at the fluctuations at Euler space-time scaling whereas in MFT one looks at
the di↵usive space-time scaling. Hence the source of the noise in the former case is solely from the initial



Conclusions

1. GHD has emerged as a fruitful description for studying large scale motion of integrable systems. 

2. Hard rod system provides a simple yet non-trivial platform to understand various features of GHD, 

     because, one can study this system both microscopically as well as hydrodynamically. 

3. For certain class of initial conditions, one can perform microscopic computations which allow one  

     to see deviations of Euler solutions. 

4. Such deviations can also be described by Navier-Stokes (NS) corrections. 

5. The effect of the NS terms can be exhibited prominently in tagged quasiparticle problem.  

6. We find a tagged quasiparticle spreads diffusively —- in fact moves effectively as a drifted Brownian  

     motion. 

8. An effective description of hard rod gas as a gas of drifted and correlated Brownian particles  

     provides a phenomenological derivation of the FHD obtained by Ferrari and Olla. 

9. We showed that the variance and co-variance of tagged particles are originated from the fluctuations  

   and correlations in the initial state that got transported ballistically by the Euler equations.



Thank you

References:

Thermalization and hydrodynamics in an interacting integrable system: the case of hard rods  
Singh, Dhar, Spohn, Kundu. Jstat. Phys. 191 (6), 66, (2024) 
  
Conserved densities of hard rods: microscopic to hydrodynamic solutions  
MJ Powdel, A Kundu, Jstat. Mech. 2024 (12), 123205  

Dynamics of tagged quasiparticles in hard rod gas, 
S. Chahal, I. Mukherjee, A. Dhar, H. Spohn, A. Kundu, Arxiv: 2506.xxxx 

Macroscopic fluctuation theory of correlations in hard rod gas  
A kundu, Arxiv: 2504.09201


