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Signatures of  
integrability/non-integrability 

in two-dimensional 
 quantum spin systems

local conserved quantities, operator growth 
and complex-time evolution

N. Shiraishi and H. Tasaki, “The  XY and XYZ models on the two or higher dimensional hypercubic 
lattice do not possess nontrivial local conserved quantities” (2412.18504), H. Tasaki, unpublished

S = 1/2



mathematical studies of quantum many-body systems

there are properties/phenomena (quantum chaos, 
thermalization, ETH = energy eigenstate thermalization 
hypothesis, standard hydrodynamics, …) that are expected to 
take place only in non-integrable systems

motivation

only cover integrable models

cover models in a certain class,  
both integrable and non-integrable models

exact solutions

rigorous, general theorems

free fermion, Bethe ansatz, Yang-Baxter relation ….

mathematical results that exclusively apply to non-
integrable systems??



Bouch (2015) singularity in the imaginary-
time evolution in a two-dimensional 

quantum spin system

early rigorous results that showed a concrete quantum 
model (with short-range interactions) exhibits a 
behavior that is never observed in integrable models

Cao (2021) “quantum chaotic” behavior of 
the moment in the one and two-dimensional 

quantum Ising models

Shiraishi (2019) absence of nontrivial local 
conserved quantities in the  XYZ-h 
spin chain

S = 1/2

Xiangyu Cao

Naoto Shiraishi

Gabriel Bouch
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∑

j,k∈Z
{X̂(j,k)Ẑ(j+1,k) + Ẑ(j,k)X̂(j,k+1)}

ĤB :=
∑

j,k∈Z{X̂(j,k)Ẑ(j+1,k) + Ẑ(j,k)X̂(j,k+1)}

ĤIsing =
1

2

∑

u,v∈Z2

(|u−v|=1)

ẐuẐv + h
∑

u∈Z2

X̂u

ĤIsing =
∑

j

{ẐjẐk+1 + hX̂j + h′Ẑj}
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 XYZ-h spin chain with HamiltonianS = 1
2

Shiraishi’s work in 2019

integrable (can be mapped to a free fermion) if JZ = 0
series of local conserved quantities

X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}
,

ĤXYZ-h = −
∑L

j=1

{
JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj

}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

Naoto Shiraishi, “Proof of the absence of local conserved quantities 
in the XYZ chain with a magnetic field”, 2019

X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}
,

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

the first rigorous result that applies exclusively 
to a standard “non-solvable” model!

if , , and , the model has no local 
conserved quantities with support size 

JX ≠ JY JZ ≠ 0 h ≠ 0
3 ≤ kmax ≤ L/2

<latexit sha1_base64="n8eihXnLxSvSh+4vzLsrWyCPI8E="></latexit>

[ĤXY-h, Q̂
±
kmax

] = 0
<latexit sha1_base64="Kwf/RHt8Af8WLRJDYPGyFYIBHwg=">AAACFXicbVDNSgMxGJz13/pXFbx4CRbBg5RdLepFEL14VLAq1FKyadqGZjdLkhXL0pfw4hP4Dl48KOJV8ObbmNYetHVgYJj5PpJvwkQKY33/yxsbn5icmp6Zzc3NLywu5ZdXLo1KNeNlpqTS1yE1XIqYl62wkl8nmtMolPwqbJ/08qtbro1Q8YXtJLwa0WYsGoJR6yyVX0MbNWR4hEYE4khxhy4OsYttlBwfIVGHgoWp5Qt+0e+DjIpgIAoY4KyW/7ypK5ZGPLZMUmMqgZ/Yaka1FUzybu4mNTyhrE2bvOJkTCNuqln/qi7ZdE6dNJR2jC3pu783MhoZ04lCNxlR2zLDWc/8L6uktnFQzUScpJbH7OehRiqJVaRXEakLzZmVHSco08L9lbAW1ZRZV2TOlRAMnzwqLneKwV5x77xUODoe1DGDdWxgCwH2cYRTnKEMhns84QWv3oP37L157z+jY95gZxV/4H18A2Lplts=</latexit>

kmax = 3, 4, . . .



integrability and conserved quantities
Liouville integrability of a classical Hamiltonian 
system with  dimensional phase space2n

there exist  independent conserved quantitiesn

the relationship between “integrability” and 
the presence of conserved quantities is subtle

quantum system with  dimensional Hilbert space 
and Hamiltonian  

D
Ĥ

there always exist  “conserved quantities” D |Ψj⟩⟨Ψj |
integrable quantum many-body systems

one finds (via transfer matrices, boost operator, …) a 
series of conserved quantities that are the sum of 
strictly local operators (some models possess quasi local 
conserved quantities)



absence of nontrivial local conserved quantities 
in one-dimensional quantum spin systems
quantum Ising model Chiba 2024 

PXP model Park and Lee 2024 

 chain with next-nearest neighbor interactions 
Shiraishi 2024 

 chain with bilinear biquadratic interactions  Park and 
Lee 2024 

 chain with anisotropic bilinear biquadratic 
interaction Hokkyo, Yamaguchi, Chiba 2024 

 chain with symmetric nearest 
neighbor interaction Yamaguchi, Chiba, Shiraishi 2024 

 chain with symmetric next-nearest  
neighbor interaction Shiraishi 2025

S = 1/2

S = 1

S = 1

S = 1/2

S = 1/2

empirical rule: a simple quantum spin model is either 
integrable or does not possess local conserved quantities

complete  
classifications!



recent general results for one-
dimensional quantum spin systems
A. Hokkyo, “Rigorous Test for Quantum Integrability and Nonintegrability”, 2025

N. Shiraishi and M. Yamaguchi, “Dichotomy theorem distinguishing 
non-integrability and the lowest-order Yang-Baxter equation for 
isotropic spin chains”, 2025

Akihiro Hokkyo

Naoto Shiraishi
Mizuki Yamaguchi

an efficient, rigorous scheme for 
establishing the absence of local conserved 
quantities in a general class of quantum 
spin systems (mostly in one dimension)

a simple, concrete criterion 
that determines whether a 
model satisfies the Reshetikin 
condition or lacks local 
conserved quantities



the dichotomy theorem
N. Shiraishi and M. Yamaguchi, “Dichotomy theorem distinguishing non-integrability 
and the lowest-order Yang-Baxter equation for isotropic spin chains”, 2025

a simple, concrete criterion that determines whether a 
model satisfies the Reshetikin condition or lacks local 
conserved quantities

<latexit sha1_base64="jWArspfBcMQXNra0NsQNvUgYUeM="></latexit>

ĥj =
P2S

n=1 Jn(Ŝj · Ŝj+1)n
<latexit sha1_base64="OeZxdC9qIOEHTnTT51euxFJzh9o="></latexit>

Ĥ =
PL

j=1 ĥj
<latexit sha1_base64="fmA0j2bcGQ3Em1RJxYM6hQvjf6Q=">AAACCXicbVC7TsMwFL3hWcorgMTCElEhMVUJQ2GsyoKYWkQfUltVjuu0Vh07sh2kKurKwnewwcAAQqzwBWwsfAtu2gFajuWro3PulX2PHzGqtOt+WQuLS8srq5m17PrG5ta2vbNbUyKWmFSxYEI2fKQIo5xUNdWMNCJJUOgzUvcH52O/fkOkooJf62FE2iHqcRpQjLSRhG3DJXSAwz3QtIaAQEMffHMSuIJRx865eTeFM0+8KckV9yvf9LH0Ue7Yn62uwHFIuMYMKdX03Ei3EyQ1xYyMsq1YkQjhAeqRpqEchUS1k3STkXNklK4TCGku106q/p5IUKjUMPRNZ4h0X816Y/E/rxnr4KydUB7FmnA8eSiImaOFM47F6VJJsGZDQxCW1PzVwX0kEdYmvKwJwZtdeZ7UTvJeIV+oeLliCSbIwAEcwjF4cApFuIAyVAHDLTzAM7xYd9aT9Wq9TVoXrOnMHvyB9f4D9RyYhA==</latexit>

Jn 2 R

theorem: if  contains a nonzero  
3-support product, then the model has no nontrivial local-
conserved quantities; else, the model satisfies the lowest 
order Yang-Baxter equation (the Reshetikin condition) and 
has conserved quantities  and 

[[ĥj, ĥj+1], (ĥj + ĥj+1)]

Q3 = ∑j [ĥj, ĥj+1]
Q4 = ∑j ([[ĥj, ĥj+1], ĥj+1] + 2[[ĥj, ĥj+1], ĥj+2])

the most general  invariant n.n. spin  chainSU(2) S



it is likely that a spin model is “less integrable” in higher 
dimensions

Yuuya Chiba

absence of nontrivial local conserved quantities in 
two or higher dimensional quantum spin systems

 Ising model with a magnetic field 
(not in the Z-direction) Chiba 2024

S = 1/2

 XY and XYZ model with or without 
a magnetic field  Shiraishi and Tasaki 2024

S = 1/2

on the -dimensional hypercubic lattice with , all 
“standard”  models (except for the classical Ising 
model) have no nontrivial local conserved quantities and 
are very likely to be “nonintegrable”

d d ≥ 2
S = 1/2

 quantum compass model on the square lattice 
Futami and Tasaki 2025
S = 1/2

a close cousin of the Kitaev honeycomb model



background 
main results 

 idea of the proof 

setting 
operator growth 

complex-time evolution 
 idea of the proof 

summary and discussion

part 1

part 2



 model in two dimensionsS = 1
2

 square lattice L × L

Î =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}
,

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

operators of a single spin is spanned by

with periodic boundary conditions
<latexit sha1_base64="xgEGjQoKSE5PUfyvM7ZRyrCbOvg=">AAACI3icbZDLSgMxFIbP1Futt1GXIgSL4ELKjEh1WXTjsoK9aDuUTJppQzOZIckIZei7uOmruHGhFDcufBfTy6K2/SHw851zODm/H3OmtOP8WJm19Y3Nrex2bmd3b//APjyqqiiRhFZIxCNZ97GinAla0UxzWo8lxaHPac3v3Y/rtVcqFYvEk+7H1AtxR7CAEawNiuxTGEIXMGhIoQ4DaEECl3PseQV7mbKWnXcKzkRo2bgzk4 eZyi171GxHJAmp0IRjpRquE2svxVIzwukg10wUjTHp4Q5tGCtwSJWXTm4coHND2iiIpHlCowmdn0hxqFQ/9E1niHVXLdbGcFWtkejg1kuZiBNNBZkuChKOdITGgaE2k5Ro3jcGE8nMXxHpYomJNrHmTAju4snLpnpVcIuF4uN1vnQ3iyMLJ3AGF+DCDZTgAcpQAQJv8A6f8GUNrQ9rZH1PWzPWbOYY/sn6/QMUqpta</latexit>

X̂u, Ŷu, Ẑu copies of  at site X̂, ̂Y, ̂Z u ∈ ΛÎ =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

Hamiltonian of the XYZ model

<latexit sha1_base64="TZA9AW7NPGqqfG04tq3i3uUNVWU="></latexit>

JX, JY, JZ, hX, hY, hZ 2 R, JX 6= 0, JY 6= 0

<latexit sha1_base64="OKy1AjyWAdHCv+4P4kfD7vDIKxk=">AAACGXicbVBNS8NAEJ34WetX1IvgJVgED1KSItWLUPTioYcK9gPaWDabTbt0kw27G6GE/g0vnv0XXjwo4lFP/hu3bQ7aOrDMe29mmJ3nxYxKZdvfxsLi0vLKam4tv76xubVt7uw2JE8EJnXMGRctD0nCaETqiipGWrEgKPQYaXqDq3G9eU+EpDy6VcOYuCHqRTSgGCktcXMfnqAKCELwwNf5QvMUHDjRmWmFgwKpWVXzEdxBqWsW7KI9CWseOBkoQBa1rvnZ8TlOQhIpzJCUbceOlZsioShmZJTvJJLECA9Qj7Q1jFBIpJtOLhtZR1rxrYAL/SJlTdTfEykKpRyGnu4MkerL2dpY/K/WTlRw7qY0ihNFIjxdFCTMUtwa22T5VBCs2FADhAXVf7VwHwmElTYzr01wZk+eB41S0SkXyzenhcplZkcODuAQjrXBZ1CBa6hBHTA8wDO8wpvxaLwY78bHtHXByGb24E8YXz/ZLZgj</latexit>

⇤ = {1, . . . , L}2



local conserved quantities

product of Pauli matrices
<latexit sha1_base64="a+W9FZtGeBwMeM44b6TvPv6++38=">AAACP3icbVC7bhNBFD0bkpCYkBgoaUZYSImQrN0UgQIkAw1lIuIkkmNZs+OxPco8VjN3kayV/4Umf0FDwwfQ0dJQEEVpIxrGjyIkXGk0Z85Dd+7NC60CpemPZOne8srq/bX12oONh5tb9UePj4IrvZBt4bTzJzkPUisr26RIy5PCS25yLY/zs/dT/fiT9EE5e0jjQnYNH1o1UIJTpFz9Bc6Rw0Gjj4AxzOJV4S0meDNTFYaRo3 gbyOjqRbWMioIFw8foO8cIPDrmqR7KXr2RNtNZsbsgW4BGa+fba/pz+Hm/V/9+2neiNNKS0DyETpYW1K24JyW0nNROyyALLs74UHYitNzI0K1m80/Y88j02cD5eCyxGXszUXETwtjk0Wk4jcJtbUr+T+uUNHjVrZQtSpJWzBsNSs3IsekyWV95KUiPI+DCq/hXJkbcc0Fx5bW4hOz2yHfB0W4z22vuHWSN1jvMaw1P8QzbyPASLXzAPtoQ+IKf+I2L5GvyK7lMrubWpWSReYJ/Krn+C+fnpiY=</latexit>

A =
N

u2S Âu
<latexit sha1_base64="mkb+phba3F3fBU9bKTyf9+iMfms=">AAACN3icbZC7SgNBFIbPxluMt1VLRRaDaCFh1yLaCFEbywTMRZMlzE4myZDZCzOzQlhS+ii+gUV8DTttLBQRrHwDJ9kUMckPAz/fOYcz53cCRoU0zVctMTe/sLiUXE6trK6tb+ibWyXhhxyTIvaZzysOEoRRjxQllYxUAk6Q6zBSdjpXg3r5nnBBfe9GdgNiu6jl0SbFSCrk64fwCG1AICGCC+hBHUI4H2OVETseY7cz2F3M6nrazJhDGdPGGpl0brdf+HnY6+fr+kut4ePQJZ7EDAlRtcxA2hHikmJGeqlaKEiAcAe1SFVZD7lE2NHw7p5xoEjDaPpcPU8aQzo+ESFXiK7rqE4XybaYrA3grFo1lM0zO6JeEEri4XhRM2SG9I1BiEaDcoIl6yqDMKfqrwZuI46wVFGnVAjW5MnTpnSSsbKZbMFK5y4hVhJ2YB+OwIJTyME15KEIGJ7gDT7gU3vW3rUv7TtuTWijmW34J+33D0uho+w=</latexit>

Âu = X̂u, Ŷu, Ẑu

the horizontal width of the support S ⊂ Λ

<latexit sha1_base64="EFr7aURju4zc8uBLVRYOglKQnTw=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGY8qBcx6MVjBLNAMoSeTk/SpGehu0YJQ/7DiwfXq5/h3Yv4N3aWgyY+KHi8V0VVPT+RQqPjfFu5hcWl5ZX8qr22vrG5Vdjeqek4VYxXWSxj1fCp5lJEvIoCJW8kitPQl7zu9y9Hfv2WKy3i6AYHCfdC2o1EIBhFI3XhFXpAASGDBgzbhaJTcsYg88SdkuL5h32WPH/ZlXbhs9WJWRryCJmkWjddJ0EvowoFk3xot1LNE8r6tMubhkY05NrLxlcPyYFROiSIlakIyVj9PZHRUOtB6JvOkGJPz3oj8T+vmWJw6mUiSlLkEZssClJJMCajCEhHKM5QDgyhTAlzK2E9qihDE5RtQnBnX54ntaOSe1w6vnaL5QuYIA97sA+H4MIJlOEKKlAFBgru4RGerDvrwXqx3iatOWs6swt/YL3/AG5tk4o=</latexit>

X̂
<latexit sha1_base64="S2RdRaCKN91lgcJVh8CS1uJLpAs=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGY8RC9i0IvHCGaRZAg9nU7SpGehu0YJQ/7DiwfXq5/h3Yv4N3aWgyY+KHi8V0VVPT+WQqPjfFuZhcWl5ZXsqr22vrG5ldveqeooUYxXWCQjVfep5lKEvIICJa/HitPAl7zm9y9Gfu2WKy2i8BoHMfcC2g1FRzCKRurCK/SAAkIKNzBs5fJOwRmDzBN3SvJnH/Zp/Pxll1u5z2Y7YknAQ2SSat1wnRi9lCoUTPKh3Uw0jynr0y5vGBrSgGsvHV89JAdGaZNOpEyFSMbq74mUBloPAt90BhR7etYbif95jQQ7J14qwjhBHrLJok4iCUZkFAFpC8UZyoEhlClhbiWsRxVlaIKyTQju7MvzpHpUcIuF4pWbL53DBFnYg304BBeOoQSXUIYKMFBwD4/wZN1ZD9aL9TZpzVjTmV34A+v9B2/zk4s=</latexit>

Ŷ
<latexit sha1_base64="WaxMBC1NBYpzIkkzXlOxzRbeNMY=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGY8RC9i0IvHCGbBZAg9nU7SpGehu0YJQ/7DiwfXq5/h3Yv4N3aWgyY+KHi8V0VVPT+WQqPjfFuZhcWl5ZXsqr22vrG5ldveqeooUYxXWCQjVfep5lKEvIICJa/HitPAl7zm9y9Gfu2WKy2i8BoHMfcC2g1FRzCKRurCK/SAAkIKNzBs5fJOwRmDzBN3SvJnH/Zp/Pxll1u5z2Y7YknAQ2SSat1wnRi9lCoUTPKh3Uw0jynr0y5vGBrSgGsvHV89JAdGaZNOpEyFSMbq74mUBloPAt90BhR7etYbif95jQQ7J14qwjhBHrLJok4iCUZkFAFpC8UZyoEhlClhbiWsRxVlaIKyTQju7MvzpHpUcIuF4pWbL53DBFnYg304BBeOoQSXUIYKMFBwD4/wZN1ZD9aL9TZpzVjTmV34A+v9B3F5k4w=</latexit>

Ẑ
<latexit sha1_base64="HR5kVNU/tBOeRoTp/G/3HKOywRc=">AAACB3icbVC7TsMwFL0prxIeDTCyRFRITFXCACwVBRbGItGH1FaV4zitVSeObAcpirqx8B2IhYUBhFiZ2FkQf4P7GKDlSFc6Pude+d7jxYxK5TjfRm5hcWl5Jb9qrq1vbBasre265InApIY546LpIUkYjUhNUcVIMxYEhR4jDW9wMfIbN0RIyqNrlcakE6JeRAOKkdIStwrwAB5wYOCDhBTC6SuDMxhCuWsVnZIzhj1P3Ckpnn6Y5fj+y6x2rc+2z3ESkkhhhqRsuU6sOhkSimJGhmY7kSRGeIB6pKVphEIiO9n4jqG9rxXfDrjQFSl7rP6eyFAoZRp6ujNEqi9nvZH4n9dKVHDSyWgUJ4pEePJRkDBbcXsUiu1TQbBiqSYIC6p3tXEfCYSVjs7UIbizJ8+T+mHJPSodXbnFyjlMkIdd2IMDcOEYKnAJVagBhlt4hGd4Me6MJ+PVeJu05ozpzA78gfH+AzN9l3M=</latexit>

A =

<latexit sha1_base64="OfeUe2CkRA3BvbZPkhsyi5pk7Xs=">AAACD3icbVC7TsMwFL3hWcorUImFxaJCYqoShsJYlYWBoZXoQ2qrynGc1qqdRLaDVEX9AxY+gpGFhQGEGFhY2Vj4FtzHAC1Hsnx8zr26vseLOVPacb6speWV1bX1zEZ2c2t7Z9fe26+rKJGE1kjEI9n0sKKchbSmmea0GUuKhcdpwxtcjP3GDZWKReG1Hsa0I3AvZAEjWBspsnNwDwIwaOgDMTeHFCowgq7Rr8xbgAc+4K6ddw rOBGiRuDOSLx1Uv9lD+b3StT/bfkQSQUNNOFaq5Tqx7qRYakY4HWXbiaIxJgPcoy1DQyyo6qSTfUbo2Cg+CiJpTqjRRP3dkWKh1FB4plJg3Vfz3lj8z2slOjjvpCyME01DMh0UJBzpCI3DQT6TlGg+NAQTycxfEeljiYk2EWZNCO78youkflpwi4Vi1c2XyjBFBg7hCE7AhTMowaUJuGbCvoVHeIYX6856sl6tt2npkjXrycEfWB8/q/WZ2Q==</latexit>

P⇤ the set of all products
<latexit sha1_base64="MucuaqXxRq68G+cqWS8rv4//mKc=">AAACG3icbVDLSgMxFL1TX3V8jboSN8EiuCozCtVNserGZQX7gLaUTJq2oZnJkGSEMvQ/3LgSf8ONi4q4EkT8G9PHQlsPBM49515u7vEjzpR23W8rtbC4tLySXrXX1jc2t5ztnbISsSS0RAQXsupjRTkLaUkzzWk1khQHPqcVv3c18it3VComwlvdj2gjwJ2QtRnB2kjC2YMEnkBCAAgqwKAFA1P7IIAbrqBvnEmVwIXx8nDSdDJu1h0DzRNvSjLnQzsfPX7ZxabzUW8JEgc01IRjpWqeG+lGgqVmhNOBXY8VjTDp4Q6tGRrigKpGMr5tgA6N0kJtIc0LNRqrvycSHCjVD3zTGWDdVbPeSPzPq8W6fdZIWBjFmoZksqgdc6QFGgWFWkxSonnfEEwkM39FpIslJtrEaZsQvNmT50n5OOvlsrkbL1O4hAnSsA8HcAQenEIBrqEIJSBwD88whFfrwXqx3qz3SWvKms7swh9Ynz+t8pwk</latexit>

WidA = 3<latexit sha1_base64="jAjdyzhqAFRrXMN0h6Nm/z+b87k=">AAACF3icbVC7SgNBFL0bX3F9RS0sbAaDYBV2LaKNGLWxjGAekIQwOzubDJndWWZmhbDkL2ysxZ+wsVDUVhvxb5w8Ck08MHDuOfdy5x4v5kxpx/m2MnPzC4tL2WV7ZXVtfSO3uVVVIpGEVojgQtY9rChnEa1opjmtx5Li0OO05vUuhn7thkrFRHSt+zFthbgTsYARrI0kcjuQwgNICAFBDRj4MDC1BwK44Qr6xhlXKZzBoJ3LOwVnBDRL3AnJn77ZJ/H9l11u5z6bviBJSCNNOFaq4TqxbqVYakY4HdjNRNEYkx7u0IahEQ6paqWjuwZo3yg+CoQ0L9JopP6eSHGoVD/0TGeIdVdNe0PxP6+R6OC4lbIoTjSNyHhRkHCkBRqGhHwmKdG8bwgmkpm/ItLFEhNtorRNCO70ybOkelhwi4XilZsvncMYWdiFPTgAF46gBJdQhgoQuIVHeIYX6856sl6t93FrxprMbMMfWB8/Sl2bjg==</latexit>

WidA

<latexit sha1_base64="tkm7Ul55Jh4/Ji5dFRNjLG2r3NY="></latexit>

Q̂ =
X

A2P⇤

(WidAkmax)

qA A

<latexit sha1_base64="wTScCb1W0/k5Rw0vwIYnw+JWzJs=">AAACD3icbVDLSsNAFL2pr1pf0S7dhBZBUErioroRim5ctmAfkIYymU7boZNMmJkIIfQP3Aj+gj/gxoUibt266984fSxq64GBc8+5lzv3+BGjUtn22MisrW9sbmW3czu7e/sH5uFRQ/JYYFLHnHHR8pEkjIakrqhipBUJggKfkaY/vJ34zQciJOXhvUoi4gWoH9IexUhpiZt5cOEFBoBAQQp3MILzhbqmaw+uwe6YRbtkT2GtEmdOipVC++x5XEmqHfOn3eU4DkioMENSuo4dKS9FQlHMyCjXjiWJEB6iPnE1DVFApJdO7xlZJ1rpWj0u9AuVNVUXJ1IUSJkEvu4MkBrIZW8i/ue5sepdeSkNo1iREM8W9WJmKW5NwrG6VBCsWKIJwoLqv1p4gATCSkeY0yE4yyevksZFySmXyjWdxg3MkIVjKMApOHAJFR1yFeqA4RFe4R0+jCfjzfg0vmatGWM+k4c/ML5/AT0cmNg=</latexit>

[Ĥ, Q̂] = 0

<latexit sha1_base64="IF97XC8Sp+47ts/3XPabTU0K8rs="></latexit>

qA 2 C

candidate of a local conserved quantity with width  
such that    

kmax
2 ≤ kmax ≤ L

2

 for at least one  with qA ≠ 0 A WidA = kmax

 is a local conserved quantity iffQ̂

<latexit sha1_base64="bXNHv/tTtPnQN9nX0a2JjF1uKEc=">AAACB3icbVC7TsMwFL3hWcqjAUaWiAqJqUoQKowVLAwMRdCH1EaV4zitVduJbAepirqx8CEsLAwgxMovsPE3uG0GaDmSrXPPuVf2PUHCqNKu+20tLa+srq0XNoqbW9s7JXt3r6niVGLSwDGLZTtAijAqSENTzUg7kQTxgJFWMLyc+K17IhWNxZ0eJcTnqC9oRDHSRortEtzCEyhIITA3AW2qa0DATR0C6tllt+JO4SwSLydlyFHv2V/dMMYpJ0JjhpTqeG6i/QxJTTEj42I3VSRBeIj6pGOoQJwoP5vuMXaOjBI6USzNEdqZqr8nMsSVGvHAdHKkB2rem4j/eZ1UR+d+RkWSaiLw7KEoZY6OnUkoTkglwZqNDEFYUvNXBw+QRFib6IomBG9+5UXSPKl41Ur15rRcu8jjKMABHMIxeHAGNbiCOjQAwwM8wyu8WY/Wi/Vufcxal6x8Zh/+wPr8AQaQlFc=</latexit>

S ⇢ ⇤

conserved quantities that are linear combinations of 
strictly local products



main theorems

Hamiltonian is a local conserved quantity with kmax = 2

<latexit sha1_base64="wTScCb1W0/k5Rw0vwIYnw+JWzJs=">AAACD3icbVDLSsNAFL2pr1pf0S7dhBZBUErioroRim5ctmAfkIYymU7boZNMmJkIIfQP3Aj+gj/gxoUibt266984fSxq64GBc8+5lzv3+BGjUtn22MisrW9sbmW3czu7e/sH5uFRQ/JYYFLHnHHR8pEkjIakrqhipBUJggKfkaY/vJ34zQciJOXhvUoi4gWoH9IexUhpiZt5cOEFBoBAQQp3MILzhbqmaw+uwe6YRbtkT2GtEmdOipVC++x5XEmqHfOn3eU4DkioMENSuo4dKS9FQlHMyCjXjiWJEB6iPnE1DVFApJdO7xlZJ1rpWj0u9AuVNVUXJ1IUSJkEvu4MkBrIZW8i/ue5sepdeSkNo1iREM8W9WJmKW5NwrG6VBCsWKIJwoLqv1p4gATCSkeY0yE4yyevksZFySmXyjWdxg3MkIVjKMApOHAJFR1yFeqA4RFe4R0+jCfjzfg0vmatGWM+k4c/ML5/AT0cmNg=</latexit>

[Ĥ, Q̂] = 0

Theorem: there are no local conserved quantities  with 
width  such that    

Q̂
kmax 3 ≤ kmax ≤ L

2

 is a local conserved quantity iffQ̂

Î =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

Theorem: any local conserved quantity with  is 
written as  with , where  is a linear 
combination of single-site Pauli matrices

kmax = 2
Q̂ = η Ĥ + Q̂1 η ≠ 0 Q̂1

<latexit sha1_base64="tkm7Ul55Jh4/Ji5dFRNjLG2r3NY="></latexit>

Q̂ =
X

A2P⇤

(WidAkmax)

qA A
<latexit sha1_base64="IF97XC8Sp+47ts/3XPabTU0K8rs="></latexit>

qA 2 C

<latexit sha1_base64="TZA9AW7NPGqqfG04tq3i3uUNVWU="></latexit>

JX, JY, JZ, hX, hY, hZ 2 R, JX 6= 0, JY 6= 0

Shiraishi and Tasaki 2024
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basic strategy of the proof

<latexit sha1_base64="wTScCb1W0/k5Rw0vwIYnw+JWzJs=">AAACD3icbVDLSsNAFL2pr1pf0S7dhBZBUErioroRim5ctmAfkIYymU7boZNMmJkIIfQP3Aj+gj/gxoUibt266984fSxq64GBc8+5lzv3+BGjUtn22MisrW9sbmW3czu7e/sH5uFRQ/JYYFLHnHHR8pEkjIakrqhipBUJggKfkaY/vJ34zQciJOXhvUoi4gWoH9IexUhpiZt5cOEFBoBAQQp3MILzhbqmaw+uwe6YRbtkT2GtEmdOipVC++x5XEmqHfOn3eU4DkioMENSuo4dKS9FQlHMyCjXjiWJEB6iPnE1DVFApJdO7xlZJ1rpWj0u9AuVNVUXJ1IUSJkEvu4MkBrIZW8i/ue5sepdeSkNo1iREM8W9WJmKW5NwrG6VBCsWKIJwoLqv1p4gATCSkeY0yE4yyevksZFySmXyjWdxg3MkIVjKMApOHAJFR1yFeqA4RFe4R0+jCfjzfg0vmatGWM+k4c/ML5/AT0cmNg=</latexit>

[Ĥ, Q̂] = 0

Î =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

Shiraishi 2019, 2024

for all <latexit sha1_base64="T5o3as0FMIZN9Iz4Tt/PWwhx3NM=">AAACDXicbVC7TsMwFHXKq5RXAImFJaIgMVUJQ2GsysLA0Er0ITVR5Dhua9WxI9tBqqL8AAtfgsTCAEJMSOxsLHwLTtsBWq5k+eice+1zTxBTIpVtfxmFpeWV1bXiemljc2t7x9zda0ueCIRbiFMuugGUmBKGW4ooiruxwDAKKO4Eo8tc79xiIQlnN2ocYy+CA0b6BEGlKd88dgNOQzmO9JXWM5cwN4JqiCBNG5nvXuuXQuibZbtiT8paBM4MlGsHzW/yUH9v+OanG3KURJgpRKGUPceOlZdCoQiiOCu5icQxRCM4wD0NGYyw9NLJNpl1opnQ6nOhD1PWhP09kcJI5oZ1Z25Vzms5+Z/WS1T/wksJixOFGZp+1E+opbiVR2OFRGCk6FgDiATRXi00hAIipQMs6RCc+ZUXQfus4lQr1aZOow6mVQSH4AicAgecgxq4Ag3QAgjcgUfwDF6Me+PJeDXepq0FYzazD/6U8fEDkEOgNQ==</latexit>

B 2 P⇤

X̂2 = Ŷ 2 = Ẑ2 = Î ,

X̂Ŷ = −Ŷ X̂ = iẐ, Ŷ Ẑ = −ẐŶ = iX̂, ẐX̂ = −X̂Ẑ = iŶ

X̂2 = Ŷ 2 = Ẑ2 = Î

X̂Ŷ = −Ŷ X̂ = iẐ

Ŷ Ẑ = −ẐŶ = iX̂

ẐX̂ = −X̂Ẑ = iŶ

Î =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

written in terms of 
JX, JY, JZ, hX, hY, hZ

<latexit sha1_base64="tkm7Ul55Jh4/Ji5dFRNjLG2r3NY="></latexit>

Q̂ =
X

A2P⇤

(WidAkmax)

qA A

<latexit sha1_base64="R5j9iQiul57dcAUjyMGaMtOHogA="></latexit>

A =
O

u2S

Âu

<latexit sha1_base64="u7ikAvg41xzxNmVYE9MSx07+JlA="></latexit>

[Ĥ,A] =
X

B2P⇤

�A,B B

<latexit sha1_base64="nYTHP16/uEsuHLhinnfRyjirqFU="></latexit>

[Ĥ, Q̂] =
X

B2P⇤

 
X

A2P⇤

(WidAkmax)

�A,B qA

!
B

<latexit sha1_base64="QoeNCwdzAzs7JHBV8hPL84ZylQs="></latexit> X

A2P⇤

�A,B qA = 0

basic relation for B



basic strategy of the proof

Î =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

Shiraishi 2019, 2024

for all <latexit sha1_base64="T5o3as0FMIZN9Iz4Tt/PWwhx3NM=">AAACDXicbVC7TsMwFHXKq5RXAImFJaIgMVUJQ2GsysLA0Er0ITVR5Dhua9WxI9tBqqL8AAtfgsTCAEJMSOxsLHwLTtsBWq5k+eice+1zTxBTIpVtfxmFpeWV1bXiemljc2t7x9zda0ueCIRbiFMuugGUmBKGW4ooiruxwDAKKO4Eo8tc79xiIQlnN2ocYy+CA0b6BEGlKd88dgNOQzmO9JXWM5cwN4JqiCBNG5nvXuuXQuibZbtiT8paBM4MlGsHzW/yUH9v+OanG3KURJgpRKGUPceOlZdCoQiiOCu5icQxRCM4wD0NGYyw9NLJNpl1opnQ6nOhD1PWhP09kcJI5oZ1Z25Vzms5+Z/WS1T/wksJixOFGZp+1E+opbiVR2OFRGCk6FgDiATRXi00hAIipQMs6RCc+ZUXQfus4lQr1aZOow6mVQSH4AicAgecgxq4Ag3QAgjcgUfwDF6Me+PJeDXepq0FYzazD/6U8fEDkEOgNQ==</latexit>

B 2 P⇤

<latexit sha1_base64="QoeNCwdzAzs7JHBV8hPL84ZylQs="></latexit> X

A2P⇤

�A,B qA = 0

basic relation for B

coupled linear equations for qA

we shall prove  whenever  for qA = 0 WidA = kmax
3 ≤ kmax ≤ L

2
contradicts the assumption that  for at least 
one  with 

qA ≠ 0
A WidA = kmax

no local conserved quantities with 3 ≤ kmax ≤ L
2

<latexit sha1_base64="tkm7Ul55Jh4/Ji5dFRNjLG2r3NY="></latexit>

Q̂ =
X

A2P⇤

(WidAkmax)

qA A



<latexit sha1_base64="FGOjJjumgKjJ5BIPuKLzGyaUTTY=">AAACEXicbVC7SgNBFL0bXzG+4qNTZDAIFhJ2LdTOqI1lBKOBZAmzk9lkyOzsOjMrhCWlrY3f4B9YxEIRWzs7v8GfcLKx0MQDlzmccy937vEizpS27U8rMzE5NT2Tnc3NzS8sLuWXVy5VGEtCKyTkoax6WFHOBK1opjmtRpLiwOP0yuucDvyrGyoVC8WF7kbUDXBLMJ8RrI0U5tfgGhqQwAMo8AHBMfQMF0DBNu9uWgiO4KiRL9hFOwUaJ84PKZQ2+udft5v9ciP/UW+GJA6o0IRjpWqOHWk3wVIzwmkvV48VjTDp4BatGSpwQJWbpBf10LZRmsgPpSmhUar+nkhwoFQ38ExngHVbjXoD8T+vFmv/0E2YiGJNBRku8mOOdIgG8aAmk5Ro3jUEE8nMXxFpY4mJNiHmTAjO6Mnj5HKv6OwX989NGicwRBbWYQt2wIEDKMEZlKECBO7gEZ7hxbq3nqxX623YmrF+ZlbhD6z3b01omXg=</latexit>

qA 6= 0 ??
<latexit sha1_base64="M9EHNVGRh3PSjHNpV7YqiofUmUY=">AAAB/XicbVDLSgNBEOz1GeMr6lGRwSB4Crseohch6sVjAuYByRJmJ7PJkNnZdWZWiEvw5H94yUERr+Y7vPkN/oSTx0ETCxqKqm66u7yIM6Vt+8taWFxaXllNraXXNza3tjM7uxUVxpLQMgl5KGseVpQzQcuaaU5rkaQ48Ditet3rkV+9p1KxUNzqXkTdALcF8xnB2khduIMmJDAABT4guIQ+XIDdzGTtnD0GmifOlGQLB8PS99PhsNjMfDZaIYkDKjThWKm6Y0faTbDUjHDaTzdiRSNMurhN64YKHFDlJuPr++jYKC3kh9KU0Gis/p5IcKBUL/BMZ4B1R816I/E/rx5r/9xNmIhiTQWZLPJjjnSIRlGgFpOUaN4zBBPJzK2IdLDERJvA0iYEZ/bleVI5zTn5XL5k0riCCVKwD0dwAg6cQQFuoAhlIPAAz/ACr9ajNbDerPdJ64I1ndmDP7A+fgCOp5Uh</latexit>

qA = 0

<latexit sha1_base64="2Rz9qFp3NeTe1kncYzI0Qz5uauI=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQoZREpHYjFNy4rGAf0IYwmUzaoZOZMDMRS+ivuHGhiFt/xJ1/47TNQlsPXDiccy/33hMkjCrtON9WYWNza3unuFva2z84PLKPy10lUolJBwsmZD9AijDKSUdTzUg/kQTFASO9YHI793uPRCoq+IOeJsSL0YjTiGKkjeTbZeK7N1W35tSGLBRa1ZwL3644dWcBuE7cnFRAjrZvfw1DgdOYcI0ZUmrgOon2MiQ1xYzMSsNUkQThCRqRgaEcxUR52eL2GTw3SggjIU1xDRfq74kMxUpN48B0xkiP1ao3F//zBqmOml5GeZJqwvFyUZQyqAWcBwFDKgnWbGoIwpKaWyEeI4mwNnGVTAju6svrpHtZdxv1xv1VpdXM4yiCU3AGqsAF16AF7kAbdAAGT+AZvII3a2a9WO/Wx7K1YOUzJ+APrM8fA8KSeg==</latexit>

e1 = (1, 0, . . . , 0)

when  we have  unless WidA = kmax qA = 0
SuppA = {u, u + e1, …, u + (k ′ 1)e1}

X
Y Z Y

1st step of the proof: Shiraishi shift 1
use basic relation for  with B WidB = kmax + 1<latexit sha1_base64="NN6gYLjT1MD3qvWxF4wJI7qF1Cc=">AAACAXicbVC7SgNBFL0bXzG+ooKNzWAQrMKuQrQRQmwsEzAPSJYwO5lNhszsLjOzYlhi469oYRERW1u/wM7Gb3HyKDTxwIXDOfdy7z1exJnStv1lpZaWV1bX0uuZjc2t7Z3s7l5NhbEktEpCHsqGhxXlLKBVzTSnjUhSLDxO617/auzXb6lULAxu9CCirsDdgPmMYG0kAX1oQwJPIEEAMoXhDoZwCWftbM7O2xOgReLMSK54UP lmo9JHuZ39bHVCEgsaaMKxUk3HjrSbYKkZ4XSYacWKRpj0cZc2DQ2woMpNJh8M0bFROsgPpalAo4n6eyLBQqmB8EynwLqn5r2x+J/XjLV/4SYsiGJNAzJd5Mcc6RCN40AdJinRfGAIJpKZWxHpYYmJNqFlTAjO/MuLpHaadwr5QsWkUYIp0nAIR3ACDpxDEa6hDFUgcA+PMIIX68F6tl6tt2lryprN7MMfWO8/taSWRQ==</latexit>

kmax = 3
<latexit sha1_base64="2Awz3uif7cofw6Gdl9aMGuwQsJc=">AAACA3icbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EaM2lhGMA9IljA7O5sMmZ1dZmaFsARs/BLRxkIRW2t7G/FvnDwKTTxw4cw59zL3Hj/hTGnH+bZyc/MLi0v5ZXtldW19o7C5VVNxKgmtkpjHsuFjRTkTtKqZ5rSRSIojn9O637sY+vUbKhWLxbXuJ9SLcEewkBGsjSTgAXyIgUMACvoQTV4ZnMGgXSg6JWcENEvcCSmeftgnyf2XXWkXPltBTNKICk04VqrpOon2Miw1I5wO7FaqaIJJD3do01CBI6q8bHTDAO0ZJUBhLE0JjUbq74kMR0r1I990Rlh31bQ3FP/zmqkOj72MiSTVVJDxR2HKkY7RMBAUMEmJ5n1DMJHM7IpIF0tMtInNNiG40yfPktpByT0sHV45xfI5jJGHHdiFfXDhCMpwCRWoAoFbeIRneLHurCfr1Xobt+asycw2/IH1/gMIQpbx</latexit>

A X
X Z X

<latexit sha1_base64="U+t3VgNLkiVSN8zhaXzS9k9Ai8U=">AAACB3icbVC7TsMwFL3hWcKjAUaWiArBVCUMhQVRYGEsEn1IbVQ5jttadeLIdpCiqBsL34FYWBhAiJWJnQXxN7iPAVqOdKXjc+6V7z1+zKhUjvNtzM0vLC4t51bM1bX1jby1uVWTPBGYVDFnXDR8JAmjEakqqhhpxIKg0Gek7vcvhn79hghJeXSt0ph4IepGtEMxUlriVh4ewAcODAKQkEI4eWVwBgPYb1sFp+iMYM8Sd0IKpx/mSXz/ZVba1mcr4DgJSaQwQ1I2XSdWXoaEopiRgdlKJIkR7qMuaWoaoZBILxvdMbD3tBLYHS50Rcoeqb8nMhRKmYa+7gyR6slpbyj+5zUT1Tn2MhrFiSIRHn/USZituD0MxQ6oIFixVBOEBdW72riHBMJKR2fqENzpk2dJ7bDoloqlK6dQPocxcrADu3AALhxBGS6hAlXAcAuP8Awvxp3xZLwab+PWOWMysw1/YLz/ABHVl1w=</latexit>

A0

X
Y Z Z X

<latexit sha1_base64="/8wjsVXsYYthXZrC+o9bJVUcnmc=">AAACA3icbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLUjcsK9gFtKJPJtB06jzAzEUIouPFTdONCEbf+hDv/xmmbhVYPXDhzzr3MvSeMGdXG876cwsrq2vpGcbO0tb2zu1feP2hrmShMWlgyqboh0oRRQVqGGka6sSKIh4x0wsnVzO/cEaWpFLcmjUnA0UjQIcXIWEnAI4QggUEEGlLg+SuDBkwH5YpX9eZw/xI/JxXI0RyUP/uRxAknwmCGtO75XmyCDClDMSPTUj/RJEZ4gkakZ6lAnOggm98wdU+sErlDqWwJ487VnxMZ4lqnPLSdHJmxXvZm4n9eLzHDyyCjIk4MEXjx0TBhrpHuLBA3oopgw1JLEFbU7uriMVIIGxtbyYbgL5/8l7TPqn6tWrs5r9QbeRxFOIJjOAUfLqAO19CEFmC4hyd4gVfnwXl23pz3RWvByWcO4Recj2+qMpO1</latexit>

B
X
X Z Y Z

<latexit sha1_base64="lzCAUEZh1d9V38mw/r8x/Ex2AS0=">AAACB3icbVC7TsMwFL3hWcqjAUYWiwrBVCUIFcaqLIxFog+pjSrHcVurThzZDlIUdWPhQ1hYGECIlV9g429w2wzQcqQrHZ9zr3zv8WPOlHacb2tldW19Y7OwVdze2d0r2fsHLSUSSWiTCC5kx8eKchbRpmaa004sKQ59Ttv++Hrqt++pVExEdzqNqRfiYcQGjGBtJGGX4Al8EMAhAAUphPkrgzpM4LRvl52KMwNaJm5OypCj0be/eoEgSUgjTThWqus6sfYyLDUjnE6KvUTRGJMxHtKuoREOqfKy2R0TdGKUAA2ENBVpNFN/T2Q4VCoNfdMZYj1Si95U/M/rJnpw5WUsihNNIzL/aJBwpAWahoICJinRPDUEE8nMroiMsMREm+iKJgR38eRl0jqvuNVK9faiXKvncRTgCI7hDFy4hBrcQAOaQOABnuEV3qxH68V6tz7mrStWPnMIf2B9/gCzx5Qg</latexit>

B0
<latexit sha1_base64="uDY/pfY36CTaGngG/TNWkrt+Kw8="></latexit>

[Ẑu0Ẑu00 ,A0] = 2iB0
<latexit sha1_base64="jC9H8O3nFRMR7EC7FF3Xlf3XiC4="></latexit>

[ŶvŶv0 ,A0] = �2iB
<latexit sha1_base64="F+fq7pWNODPRJOAWtwmFSwQVJPs="></latexit>

[X̂uX̂u0 ,A] = 2iB

<latexit sha1_base64="S7pDWxq/AdRUy1aLx9x1WYudHlY="></latexit>

2iJX qA � 2iJY qA0 = 0
basic relation for B

<latexit sha1_base64="LKXzjhhfk8nIxdiHSgh50GIQEdM="></latexit>

2iJZ qA0 = 0
basic relation for B− 

<latexit sha1_base64="obe24JpRnytjiakHwbGIhEV0uao="></latexit>

qA = JY
JX

qA0
<latexit sha1_base64="4EFEmUeh5Y/Huht3v+u7YbrvqX0=">AAACEXicbVC7TsMwFL0pr1Je4bGBUESFxFQlDIUFqcDC2Er0IbVR5bhua9WJg+0gRVFHVha+gT9gKAMIsbKx8Q38BO5jgJZjWTo+515d3+OFjEpl219Gam5+YXEpvZxZWV1b3zA3tyqSRwKTMuaMi5qHJGE0IGVFFSO1UBDke4xUvd7l0K/eEiEpD65VHBLXR52AtilGSkvc3IEbaEICj+ABBwYtkBCDP3klcA59fc7AbppZO2ePYM0SZ0Kyhb1B6ftuf1Bsmp+NFseRTwKFGZKy7tihchMkFMWM9DONSJIQ4R7qkLqmAfKJdJPRRn3rUCstq82FvoGyRurvjgT5Usa+pyt9pLpy2huK/3n1SLVP3YQGYaRIgMeD2hGzFLeG8VgtKghWLNYEYUH1Xy3cRQJhpUPM6BCc6ZVnSeU45+Rz+ZKTLVzAGGnYhQM4AgdOoABXUIQyYLiHJ3iBV+PBeDbejPdxacqY9GzDHxgfP3K1mjQ=</latexit>

qA = 0

reduced to an essentially 
one-dimensional problem

<latexit sha1_base64="u2tvG39k4UclRqs2DIM248Tl3tA="></latexit>

A0 = S(A)

Shiraishi shift



1st step of the proof: Shiraishi shift 2
<latexit sha1_base64="2Awz3uif7cofw6Gdl9aMGuwQsJc=">AAACA3icbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EaM2lhGMA9IljA7O5sMmZ1dZmaFsARs/BLRxkIRW2t7G/FvnDwKTTxw4cw59zL3Hj/hTGnH+bZyc/MLi0v5ZXtldW19o7C5VVNxKgmtkpjHsuFjRTkTtKqZ5rSRSIojn9O637sY+vUbKhWLxbXuJ9SLcEewkBGsjSTgAXyIgUMACvoQTV4ZnMGgXSg6JWcENEvcCSmeftgnyf2XXWkXPltBTNKICk04VqrpOon2Miw1I5wO7FaqaIJJD3do01CBI6q8bHTDAO0ZJUBhLE0JjUbq74kMR0r1I990Rlh31bQ3FP/zmqkOj72MiSTVVJDxR2HKkY7RMBAUMEmJ5n1DMJHM7IpIF0tMtInNNiG40yfPktpByT0sHV45xfI5jJGHHdiFfXDhCMpwCRWoAoFbeIRneLHurCfr1Xobt+asycw2/IH1/gMIQpbx</latexit>

A

<latexit sha1_base64="xCPmainMj/MpT7ARmHs+yb6wCkg=">AAACH3icbVDLSgMxFL1TX7W+qi67CS2CIpQZF9Vl1Y3LivYBbSmZTKYNzUyGJCMMQ//CpRsX/ogbF4qIu/6N6WOhrRdCzj3nXJJ73IgzpW17bGVWVtfWN7Kbua3tnd29/P5BQ4lYElonggvZcrGinIW0rpnmtBVJigOX06Y7vJ7ozQcqFRPhvU4i2g1wP2Q+I1gbSuQL8AIBYNAwAGJuDincwQiODe+CML0HChLjmXUpXBr1pJcv2WV7WmgZOHNQqhY7p4/jalLr5b87niBxQENNOFaq7diR7qZYakY4HeU6saIRJkPcp20DQxxQ1U2n+43QkWE85AtpTqjRlP09keJAqSRwjTPAeqAWtQn5n9aOtX/RTVkYxZqGZPaQH3OkBZqEhTwmKdE8MQATycxfERlgiYk2keZMCM7iysugcVZ2KuXKrVOqXsGsslCAoonYgXOowg3UoG7Cf4JXeIcP69l6sz6tr5k1Y81nDuFPWeMfisKdAw==</latexit>

S(A)

<latexit sha1_base64="aXN3dmPBFOF+1uTz5CgFkO4O6H4="></latexit>

S2(A)

X Z Z Z

Y Z X Y

X X Z X

X Z Z X Y

Y Z X Z X

X X Z Z Y

<latexit sha1_base64="WoTXn10+nBLesqeFIn6tGHQv2SE=">AAACAXicbVC7SgNBFL0bXzG+ooKNzWAQrMKuSLQRQmwsEzAPSJYwO5lNhszsLjOzYlhi469oYRERW1u/wM7Gb3HyKDTxwIXDOfdy7z1exJnStv1lpZaWV1bX0uuZjc2t7Z3s7l5NhbEktEpCHsqGhxXlLKBVzTSnjUhSLDxO617/auzXb6lULAxu9CCirsDdgPmMYG0kAX1oQwJPIEEAMoXhDoZwCWftbM7O2xOgReLMSK54UP lmo9JHuZ39bHVCEgsaaMKxUk3HjrSbYKkZ4XSYacWKRpj0cZc2DQ2woMpNJh8M0bFROsgPpalAo4n6eyLBQqmB8EynwLqn5r2x+J/XjLV/4SYsiGJNAzJd5Mcc6RCN40AdJinRfGAIJpKZWxHpYYmJNqFlTAjO/MuLpHaadwr5QsWkUYIp0nAIR3ACDpxDEa6hDFUgcA+PMIIX68F6tl6tt2lryprN7MMfWO8/tyiWRg==</latexit>

kmax = 4

<latexit sha1_base64="mD4ZRX+YpUfyoqpySGY44FgcBD0=">AAACA3icbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EYMsbGMYB6QhDA7O5sMmZ1dZmaFZQnY+CWijYUittb2NuLfOHkUmnjgwplz7mXuPV7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRBJaIxGPZNPDinImaE0zzWkzlhSHHqcNb3Ax8hs3VCoWiWudxrQT4p5gASNYG0nAA3gQAQcfFKQQTl8ZVGDYLRSdkjMGmifulBTPP+yz+P7LrnYLn20/IklIhSYcK9VynVh3Miw1I5wO7XaiaIzJAPdoy1CBQ6o62fiGITowio+CSJoSGo3V3xMZDpVKQ890hlj31aw3Ev/zWokOTjsZE3GiqSCTj4KEIx2hUSDIZ5ISzVNDMJHM7IpIH0tMtInNNiG4syfPk/pRyT0uHV+5xXIFJsjDHuzDIbhwAmW4hCrUgMAtPMIzvFh31pP1ar1NWnPWdGYX/sB6/wEKGJbz</latexit>

B

basic relation for B
<latexit sha1_base64="tQKfV/3BbY9L7T9xPMReiAXraEk="></latexit>

�2iJY qS2(A) = 0
<latexit sha1_base64="4EFEmUeh5Y/Huht3v+u7YbrvqX0=">AAACEXicbVC7TsMwFL0pr1Je4bGBUESFxFQlDIUFqcDC2Er0IbVR5bhua9WJg+0gRVFHVha+gT9gKAMIsbKx8Q38BO5jgJZjWTo+515d3+OFjEpl219Gam5+YXEpvZxZWV1b3zA3tyqSRwKTMuaMi5qHJGE0IGVFFSO1UBDke4xUvd7l0K/eEiEpD65VHBLXR52AtilGSkvc3IEbaEICj+ABBwYtkBCDP3klcA59fc7AbppZO2ePYM0SZ0Kyhb1B6ftuf1Bsmp+NFseRTwKFGZKy7tihchMkFMWM9DONSJIQ4R7qkLqmAfKJdJPRRn3rUCstq82FvoGyRurvjgT5Usa+pyt9pLpy2huK/3n1SLVP3YQGYaRIgMeD2hGzFLeG8VgtKghWLNYEYUH1Xy3cRQJhpUPM6BCc6ZVnSeU45+Rz+ZKTLVzAGGnYhQM4AgdOoABXUIQyYLiHJ3iBV+PBeDbejPdxacqY9GzDHxgfP3K1mjQ=</latexit>

qA = 0

<latexit sha1_base64="tRUq2SQMOnAOCTQJCoBJ7pKi8Eg="></latexit>

qA =
JX
JY

qS(A)

<latexit sha1_base64="VPLToxUjR91eklIMiDhyC/To/KI="></latexit>

qS(A) =
JY
JX

qS2(A)



1st step of the proof: Shiraishi shift 2
<latexit sha1_base64="2Awz3uif7cofw6Gdl9aMGuwQsJc=">AAACA3icbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EaM2lhGMA9IljA7O5sMmZ1dZmaFsARs/BLRxkIRW2t7G/FvnDwKTTxw4cw59zL3Hj/hTGnH+bZyc/MLi0v5ZXtldW19o7C5VVNxKgmtkpjHsuFjRTkTtKqZ5rSRSIojn9O637sY+vUbKhWLxbXuJ9SLcEewkBGsjSTgAXyIgUMACvoQTV4ZnMGgXSg6JWcENEvcCSmeftgnyf2XXWkXPltBTNKICk04VqrpOon2Miw1I5wO7FaqaIJJD3do01CBI6q8bHTDAO0ZJUBhLE0JjUbq74kMR0r1I990Rlh31bQ3FP/zmqkOj72MiSTVVJDxR2HKkY7RMBAUMEmJ5n1DMJHM7IpIF0tMtInNNiG40yfPktpByT0sHV45xfI5jJGHHdiFfXDhCMpwCRWoAoFbeIRneLHurCfr1Xobt+asycw2/IH1/gMIQpbx</latexit>

A

<latexit sha1_base64="xCPmainMj/MpT7ARmHs+yb6wCkg=">AAACH3icbVDLSgMxFL1TX7W+qi67CS2CIpQZF9Vl1Y3LivYBbSmZTKYNzUyGJCMMQ//CpRsX/ogbF4qIu/6N6WOhrRdCzj3nXJJ73IgzpW17bGVWVtfWN7Kbua3tnd29/P5BQ4lYElonggvZcrGinIW0rpnmtBVJigOX06Y7vJ7ozQcqFRPhvU4i2g1wP2Q+I1gbSuQL8AIBYNAwAGJuDincwQiODe+CML0HChLjmXUpXBr1pJcv2WV7WmgZOHNQqhY7p4/jalLr5b87niBxQENNOFaq7diR7qZYakY4HeU6saIRJkPcp20DQxxQ1U2n+43QkWE85AtpTqjRlP09keJAqSRwjTPAeqAWtQn5n9aOtX/RTVkYxZqGZPaQH3OkBZqEhTwmKdE8MQATycxfERlgiYk2keZMCM7iysugcVZ2KuXKrVOqXsGsslCAoonYgXOowg3UoG7Cf4JXeIcP69l6sz6tr5k1Y81nDuFPWeMfisKdAw==</latexit>

S(A)

<latexit sha1_base64="aXN3dmPBFOF+1uTz5CgFkO4O6H4="></latexit>

S2(A)

lemma: for any  with  , we have eitherA WidA = kmax
<latexit sha1_base64="jjBurYVPlQtGCKS+9ccn3g+DN/M="></latexit>

qA = 0, qA = �0qCXX , qA = �00qCYX (�0,�00 6= 0)
<latexit sha1_base64="aM10sACI17kO1C7M835MDR/rnHY="></latexit>

CXX = X̂x0+e1Ẑx0+2e1 · · · Ẑx0+(kmax�1)e1X̂x0+kmaxe1
<latexit sha1_base64="5WBNj1re/GnWFnOFssQRwqdPx8M="></latexit>

CYX = Ŷx0+e1Ẑx0+2e1 · · · Ẑx0+(kmax�1)e1X̂x0+kmaxe1
<latexit sha1_base64="mMQlLfR5KN8DqECmsLikdduDeeg=">AAAB+3icbVDLSsNAFJ34rPUV69LN0CJULCVxUd0IRTcuK9gHNCFMJpN26GQSZiZiCP0L125cKOLWH3HXv3H6WGjrgQuHc+7l3nv8hFGpLGtirK1vbG5tF3aKu3v7B4fmUakj41Rg0sYxi0XPR5IwyklbUcVILxEERT4jXX90O/W7j0RIGvMHlSXEjdCA05BipLTkmSXi2ddVu2bVHBbEStasM8+sWHVrBrhK7AWpNMvO+fOkmbU889sJYpxGhCvMkJR920qUmyOhKGZkXHRSSRKER2hA+ppyFBHp5rPbx/BUKwEMY6GLKzhTf0/kKJIyi3zdGSE1lMveVPzP66cqvHJzypNUEY7ni8KUQRXDaRAwoIJgxTJNEBZU3wrxEAmElY6rqEOwl19eJZ2Lut2oN+51GjdgjgI4AWVQBTa4BE1wB1qgDTB4Ai/gDbwbY+PV+DA+561rxmLmGPyB8fUDIW2Vjw==</latexit>

e1 = (1, 0, . . . , 0)
with

X Z Z Z

Y Z X Y

X X Z X

X Z Z X Y

Y Z X Z X

X X Z Z Y

<latexit sha1_base64="2Awz3uif7cofw6Gdl9aMGuwQsJc=">AAACA3icbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EaM2lhGMA9IljA7O5sMmZ1dZmaFsARs/BLRxkIRW2t7G/FvnDwKTTxw4cw59zL3Hj/hTGnH+bZyc/MLi0v5ZXtldW19o7C5VVNxKgmtkpjHsuFjRTkTtKqZ5rSRSIojn9O637sY+vUbKhWLxbXuJ9SLcEewkBGsjSTgAXyIgUMACvoQTV4ZnMGgXSg6JWcENEvcCSmeftgnyf2XXWkXPltBTNKICk04VqrpOon2Miw1I5wO7FaqaIJJD3do01CBI6q8bHTDAO0ZJUBhLE0JjUbq74kMR0r1I990Rlh31bQ3FP/zmqkOj72MiSTVVJDxR2HKkY7RMBAUMEmJ5n1DMJHM7IpIF0tMtInNNiG40yfPktpByT0sHV45xfI5jJGHHdiFfXDhCMpwCRWoAoFbeIRneLHurCfr1Xobt+asycw2/IH1/gMIQpbx</latexit>

A

<latexit sha1_base64="xCPmainMj/MpT7ARmHs+yb6wCkg=">AAACH3icbVDLSgMxFL1TX7W+qi67CS2CIpQZF9Vl1Y3LivYBbSmZTKYNzUyGJCMMQ//CpRsX/ogbF4qIu/6N6WOhrRdCzj3nXJJ73IgzpW17bGVWVtfWN7Kbua3tnd29/P5BQ4lYElonggvZcrGinIW0rpnmtBVJigOX06Y7vJ7ozQcqFRPhvU4i2g1wP2Q+I1gbSuQL8AIBYNAwAGJuDincwQiODe+CML0HChLjmXUpXBr1pJcv2WV7WmgZOHNQqhY7p4/jalLr5b87niBxQENNOFaq7diR7qZYakY4HeU6saIRJkPcp20DQxxQ1U2n+43QkWE85AtpTqjRlP09keJAqSRwjTPAeqAWtQn5n9aOtX/RTVkYxZqGZPaQH3OkBZqEhTwmKdE8MQATycxfERlgiYk2keZMCM7iysugcVZ2KuXKrVOqXsGsslCAoonYgXOowg3UoG7Cf4JXeIcP69l6sz6tr5k1Y81nDuFPWeMfisKdAw==</latexit>

S(A)

<latexit sha1_base64="aXN3dmPBFOF+1uTz5CgFkO4O6H4="></latexit>

S2(A)

<latexit sha1_base64="Ii48uP+mGlzG+JW8J2usZ2Ot5Hc="></latexit>

S3(A)
<latexit sha1_base64="lg+wM3fCZ2jAzmrJM5P1SM4psqA="></latexit>

S4(A)

X Y Y X

Z Y Z Y

X Z Z X

Y Z Z Y

X Z Z X

X Y Y Z Y

Z Y Z Z X

X Z Z Z Y

Y Z Z Z X

<latexit sha1_base64="WoTXn10+nBLesqeFIn6tGHQv2SE=">AAACAXicbVC7SgNBFL0bXzG+ooKNzWAQrMKuSLQRQmwsEzAPSJYwO5lNhszsLjOzYlhi469oYRERW1u/wM7Gb3HyKDTxwIXDOfdy7z1exJnStv1lpZaWV1bX0uuZjc2t7Z3s7l5NhbEktEpCHsqGhxXlLKBVzTSnjUhSLDxO617/auzXb6lULAxu9CCirsDdgPmMYG0kAX1oQwJPIEEAMoXhDoZwCWftbM7O2xOgReLMSK54UP lmo9JHuZ39bHVCEgsaaMKxUk3HjrSbYKkZ4XSYacWKRpj0cZc2DQ2woMpNJh8M0bFROsgPpalAo4n6eyLBQqmB8EynwLqn5r2x+J/XjLV/4SYsiGJNAzJd5Mcc6RCN40AdJinRfGAIJpKZWxHpYYmJNqFlTAjO/MuLpHaadwr5QsWkUYIp0nAIR3ACDpxDEa6hDFUgcA+PMIIX68F6tl6tt2lryprN7MMfWO8/tyiWRg==</latexit>

kmax = 4

<latexit sha1_base64="mD4ZRX+YpUfyoqpySGY44FgcBD0=">AAACA3icbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EYMsbGMYB6QhDA7O5sMmZ1dZmaFZQnY+CWijYUittb2NuLfOHkUmnjgwplz7mXuPV7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRBJaIxGPZNPDinImaE0zzWkzlhSHHqcNb3Ax8hs3VCoWiWudxrQT4p5gASNYG0nAA3gQAQcfFKQQTl8ZVGDYLRSdkjMGmifulBTPP+yz+P7LrnYLn20/IklIhSYcK9VynVh3Miw1I5wO7XaiaIzJAPdoy1CBQ6o62fiGITowio+CSJoSGo3V3xMZDpVKQ890hlj31aw3Ev/zWokOTjsZE3GiqSCTj4KEIx2hUSDIZ5ISzVNDMJHM7IpIH0tMtInNNiG4syfPk/pRyT0uHV+5xXIFJsjDHuzDIbhwAmW4hCrUgMAtPMIzvFh31pP1ar1NWnPWdGYX/sB6/wEKGJbz</latexit>

B

basic relation for B
<latexit sha1_base64="tQKfV/3BbY9L7T9xPMReiAXraEk="></latexit>

�2iJY qS2(A) = 0
<latexit sha1_base64="4EFEmUeh5Y/Huht3v+u7YbrvqX0=">AAACEXicbVC7TsMwFL0pr1Je4bGBUESFxFQlDIUFqcDC2Er0IbVR5bhua9WJg+0gRVFHVha+gT9gKAMIsbKx8Q38BO5jgJZjWTo+515d3+OFjEpl219Gam5+YXEpvZxZWV1b3zA3tyqSRwKTMuaMi5qHJGE0IGVFFSO1UBDke4xUvd7l0K/eEiEpD65VHBLXR52AtilGSkvc3IEbaEICj+ABBwYtkBCDP3klcA59fc7AbppZO2ePYM0SZ0Kyhb1B6ftuf1Bsmp+NFseRTwKFGZKy7tihchMkFMWM9DONSJIQ4R7qkLqmAfKJdJPRRn3rUCstq82FvoGyRurvjgT5Usa+pyt9pLpy2huK/3n1SLVP3YQGYaRIgMeD2hGzFLeG8VgtKghWLNYEYUH1Xy3cRQJhpUPM6BCc6ZVnSeU45+Rz+ZKTLVzAGGnYhQM4AgdOoABXUIQyYLiHJ3iBV+PBeDbejPdxacqY9GzDHxgfP3K1mjQ=</latexit>

qA = 0 <latexit sha1_base64="SZxMazstAOlNpaFFJvMJmq3yUi0="></latexit>

qA = (const) qX̂ẐẐX̂
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Z
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<latexit sha1_base64="BYZugmdbfVcwE0522fh4TTHdm9U=">AAACFXicbVDLSgMxFL1TX7W+RgU3boJFcFVmRKrLgi5cVrAPaIeSyaRtbGYyJBlhGPoTbvwC/8GNC0XcCu78G9N2Ftp6QuDknHu5ucePOVPacb6twtLyyupacb20sbm1vWPv7jWVSCShDSK4kG0fK8pZRBuaaU7bsaQ49Dlt+aPLid+6p1IxEd3qNKZeiAcR6zOCtZGEfQBP4IMADgEoSCHMX5nRh4BBG3YFY3N6cNezy07FmQItEjcnZchR79lf3UCQJKSRJhwr1XGdWHsZlpoRTselbqJojMkID2jH0AiHVHnZdKsxOjZKgPpCmhtpNFV/d2Q4VCoNfVMZYj1U895E/M/rJLp/4WUsihNNIzIb1E840gJNIkIBk5RonhqCiWTmr4gMscREmyBLJgR3fuVF0jytuNVK9easXKvmcRThEI7gBFw4hxpcQx0aQOABnuEV3qxH68V6tz5mpQUr79mHP7A+fwBsC5gX</latexit>

D̂j

<latexit sha1_base64="BYZugmdbfVcwE0522fh4TTHdm9U=">AAACFXicbVDLSgMxFL1TX7W+RgU3boJFcFVmRKrLgi5cVrAPaIeSyaRtbGYyJBlhGPoTbvwC/8GNC0XcCu78G9N2Ftp6QuDknHu5ucePOVPacb6twtLyyupacb20sbm1vWPv7jWVSCShDSK4kG0fK8pZRBuaaU7bsaQ49Dlt+aPLid+6p1IxEd3qNKZeiAcR6zOCtZGEfQBP4IMADgEoSCHMX5nRh4BBG3YFY3N6cNezy07FmQItEjcnZchR79lf3UCQJKSRJhwr1XGdWHsZlpoRTselbqJojMkID2jH0AiHVHnZdKsxOjZKgPpCmhtpNFV/d2Q4VCoNfVMZYj1U895E/M/rJLp/4WUsihNNIzIb1E840gJNIkIBk5RonhqCiWTmr4gMscREmyBLJgR3fuVF0jytuNVK9easXKvmcRThEI7gBFw4hxpcQx0aQOABnuEV3qxH68V6tz5mpQUr79mHP7A+fwBsC5gX</latexit>

D̂j

<latexit sha1_base64="MBg40c1QBkPAp5XVp48tsTMyxv4=">AAACFXicbVDLSgMxFL1TX7W+RgU3boJFcFVmRKrLggguK9gHtEPJZNI2NjMZkowwDP0JN36B/+DGhSJuBXf+jWk7C209IXByzr3c3OPHnCntON9WYWl5ZXWtuF7a2Nza3rF395pKJJLQBhFcyLaPFeUsog3NNKftWFIc+py2/NHlxG/dU6mYiG51GlMvxIOI9RnB2kjCPoAn8EEAhwAUpBDmr8zoQ8CgDbuCsTk9uOvZZafiTIEWiZuTMuSo9+yvbiBIEtJIE46V6rhOrL0MS80Ip+NSN1E0xmSEB7RjaIRDqrxsutUYHRslQH0hzY00mqq/OzIcKpWGvqkMsR6qeW8i/ud1Et2/8DIWxYmmEZkN6iccaYEmEaGASUo0Tw3BRDLzV0SGWGKiTZAlE4I7v/IiaZ5W3GqlenNWrlXzOIpwCEdwAi6cQw2uoQ4NIPAAz/AKb9aj9WK9Wx+z0oKV9+zDH1ifP22XmBg=</latexit>

Êj

<latexit sha1_base64="MBg40c1QBkPAp5XVp48tsTMyxv4=">AAACFXicbVDLSgMxFL1TX7W+RgU3boJFcFVmRKrLggguK9gHtEPJZNI2NjMZkowwDP0JN36B/+DGhSJuBXf+jWk7C209IXByzr3c3OPHnCntON9WYWl5ZXWtuF7a2Nza3rF395pKJJLQBhFcyLaPFeUsog3NNKftWFIc+py2/NHlxG/dU6mYiG51GlMvxIOI9RnB2kjCPoAn8EEAhwAUpBDmr8zoQ8CgDbuCsTk9uOvZZafiTIEWiZuTMuSo9+yvbiBIEtJIE46V6rhOrL0MS80Ip+NSN1E0xmSEB7RjaIRDqrxsutUYHRslQH0hzY00mqq/OzIcKpWGvqkMsR6qeW8i/ud1Et2/8DIWxYmmEZkN6iccaYEmEaGASUo0Tw3BRDLzV0SGWGKiTZAlE4I7v/IiaZ5W3GqlenNWrlXzOIpwCEdwAi6cQw2uoQ4NIPAAz/AKb9aj9WK9Wx+z0oKV9+zDH1ifP22XmBg=</latexit>

Êj

<latexit sha1_base64="0QmfcX7Vba0TaBUsnLKFCtzYaQc=">AAACFXicbVDLSgMxFL1TX7W+RgU3bgaL4KrMiFSXhW5cVrAPaEvJZDJtbDIZkowwDP0JN36B/+DGhSJuBXf+jWk7C209IXByzr3c3OPHjCrtut9WYWV1bX2juFna2t7Z3bP3D1pKJBKTJhZMyI6PFGE0Ik1NNSOdWBLEfUba/rg+9dv3RCoqoludxqTP0TCiIcVIG0nYR/AEPghgEICCFHj+yow+AgTasDpMzBnA3cAuuxV3BmeZeDkpQ47GwP7qBQInnEQaM6RU13Nj3c+Q1BQzMin1EkVihMdoSLqGRogT1c9mW02cU6METiikuZF2ZurvjgxxpVLum0qO9EgtelPxP6+b6PCqn9EoTjSJ8HxQmDBHC2cakRNQSbBmqSEIS2r+6uARkghrE2TJhOAtrrxMWucVr1qp3lyUa9U8jiIcwwmcgQeXUINraEATMDzAM7zCm/VovVjv1se8tGDlPYfwB9bnD2p/mBY=</latexit>

Ĉj

<latexit sha1_base64="0QmfcX7Vba0TaBUsnLKFCtzYaQc=">AAACFXicbVDLSgMxFL1TX7W+RgU3bgaL4KrMiFSXhW5cVrAPaEvJZDJtbDIZkowwDP0JN36B/+DGhSJuBXf+jWk7C209IXByzr3c3OPHjCrtut9WYWV1bX2juFna2t7Z3bP3D1pKJBKTJhZMyI6PFGE0Ik1NNSOdWBLEfUba/rg+9dv3RCoqoludxqTP0TCiIcVIG0nYR/AEPghgEICCFHj+yow+AgTasDpMzBnA3cAuuxV3BmeZeDkpQ47GwP7qBQInnEQaM6RU13Nj3c+Q1BQzMin1EkVihMdoSLqGRogT1c9mW02cU6METiikuZF2ZurvjgxxpVLum0qO9EgtelPxP6+b6PCqn9EoTjSJ8HxQmDBHC2cakRNQSbBmqSEIS2r+6uARkghrE2TJhOAtrrxMWucVr1qp3lyUa9U8jiIcwwmcgQeXUINraEATMDzAM7zCm/VovVjv1se8tGDlPYfwB9bnD2p/mBY=</latexit>

Ĉj

<latexit sha1_base64="XrP0Neh79ChCoN8AzABuROLOWPM=">AAACHXicbZBNS8NAEIYn9avWr6g3vQSL4MWSiFSPBT14rGA/oA1ls9m0SzfZsLsRQsgf8eLJ/+HFgyIevIj/xm2bg7bOsvDsOzPMzuvFjEpl299GaWl5ZXWtvF7Z2Nza3jF399qSJwKTFuaMi66HJGE0Ii1FFSPdWBAUeox0vPHVJN+5J0JSHt2pNCZuiIYRDShGSkvcPIAn8IADAx8kpBAWr0zrI0CgNF1Drs9A0xhOwYF8YFbtmj0NaxGcAqpQRHNgfvZ9jpOQRAozJGXPsWPlZkgoihnJK/1EkhjhMRqSnsYIhUS62XS73DrWim8FXOgbKWuq/u7IUChlGnq6MkRqJOdzE/G/XC9RwaWb0ShOFInwbFCQMEtxa2KV5VNBsGKpBoQF1X+18AgJhJU2tKJNcOZXXoT2Wc2p1+q359VGvbCjDIdwBCfayAtowA00oQUYHuAZXuHNeDRejHfjY1ZaMoqeffgTxtcP6fyZug==</latexit>

D̂k�1

<latexit sha1_base64="7A1alrep0ZTAG0V9+ZPWqCH4b8w=">AAACHXicbZBNS8NAEIYn9avWr6g3vQSL4MWSiFSPBRE8VrAf0Iay2WzapZts2N0IIeSPePHk//DiQREPXsR/47bNQVtnWXj2nRlm5/ViRqWy7W+jtLS8srpWXq9sbG5t75i7e23JE4FJC3PGRddDkjAakZaiipFuLAgKPUY63vhqku/cEyEpj+5UGhM3RMOIBhQjpSVuHsATeMCBgQ8SUgiLV6b1ESBQmq4h12egaQyn4EA+MKt2zZ6GtQhOAVUoojkwP/s+x0lIIoUZkrLn2LFyMyQUxYzklX4iSYzwGA1JT2OEQiLdbLpdbh1rxbcCLvSNlDVVf3dkKJQyDT1dGSI1kvO5ifhfrpeo4NLNaBQnikR4NihImKW4NbHK8qkgWLFUA8KC6r9aeIQEwkobWtEmOPMrL0L7rObUa/Xb82qjXthRhkM4ghNt5AU04Aaa0AIMD/AMr/BmPBovxrvxMSstGUXPPvwJ4+sH65CZuw==</latexit>

Êk�1

<latexit sha1_base64="a+5mk6vNc+wzvQ0KhfhaC4MNDnE=">AAACA3icbVDLSgMxFL1TX7W+qi7dBKvgqsyIVJcFNy4r2Ae0Q8lkMm1sJhmSjFiGghs/RTcuFHHrT7jzb0wfC2094YbDOfeS3BMknGnjut9Obml5ZXUtv17Y2Nza3inu7jW0TBWhdSK5VK0Aa8qZoHXDDKetRFEcB5w2g8Hl2G/eUaWZFDdmmFA/xj3BIkawsZKAJzBA4d7eGUgI7UFwBLe2Rt1iyS27E6BF4s1ICWaodYtfnVCSNKbCEI61bntuYvwMK8MIp6NCJ9U0wWSAe7RtqcAx1X422WGEjq0SokgqW8Kgifp7IsOx1sM4sJ0xNn09743F/7x2aqILP2MiSQ0VZPpQlHJkJBoHgkKmKDF8aAkmitm/ItLHChNjYyvYELz5lRdJ47TsVcqV67NStTKLIw8HcAgn4ME5VOEKalAHAg/wDK/w5jw6L8678zFtzTmzmX34A+fzB6Ezkv4=</latexit>

odd j
<latexit sha1_base64="hddrVoXFdyecx8G8bReC2Vv+RCA=">AAACB3icbVC7TsMwFL0pr1IeDTCyWBQkpipBqDBWYmEsEn1IbVQ5rtOaOk5kOxVV1I2FD2FhYQAhVn6Bjb/BbTNAy5GOfXTuvbLv8WPOlHacbyu3srq2vpHfLGxt7+wW7b39hooSSWidRDySLR8rypmgdc00p61YUhz6nDb94dW03hxRqVgkbvU4pl6I+4IFjGBtrMguwhNooHBvztTcI0MBCI7hznDStUtO2ZkBLQs3EyXIUOvaX51eRJKQCk04VqrtOrH2Uiw1I5xOCp1E0RiTIe7TtpECh1R56WyPCToxTg8FkTQUGs3c3xMpDpUah77pDLEeqMXa1Pyv1k50cOmlTMSJpoLMHwoSjnSEpqGgHpOUaD42AhPJzF8RGWCJiTbRFUwI7uLKy6JxVnYr5crNealayeLIwyEcwSm4cAFVuIYa1IHAAzzDK7xZj9aL9W59zFtzVjZzAH9gff4AJNeTuQ==</latexit>

even j

<latexit sha1_base64="K1X9tQvk//OK85bFUpNSJkGOq1I=">AAACF3icbVC5TgMxEJ0NVwhXgIKCxiIgUUW7CAXKSDSUQSKHlKwir9ebWPHaK9uLiFb5Cxo+gJ+goQAhWuj4G5yjgISxZvz03ozseUHCmTau++3klpZXVtfy64WNza3tneLuXkPLVBFaJ5JL1QqwppwJWjfMcNpKFMVxwGkzGFyN9eYdVZpJcWuGCfVj3BMsYgQbS8niATyBAQr3tmYgQQCHISCILFb2lhDag+AYBjZH3WLJLbuTQIvAm4ESzKLWLX51QknSmApDONa67bmJ8TOsDCOcjgqdVNMEkwHu0baFAsdU+9lkrxE6sUyIIqlsCoMm7O+JDMdaD+PAdsbY9PW8Nib/09qpiS79jIkkNVSQ6UNRypGRaGwSCpmixPChBZgoZv+KSB8rTIy1smBN8OZXXgSNs7JXKVduzkvVysyOPBzCEZyCBxdQhWuoQR0IPMAzvMKb8+i8OO/Ox7Q158xm9uFPOJ8/LNCXJA==</latexit>

only for odd k

<latexit sha1_base64="LT2FGiyc+4jf85gEAniqyU9whME=">AAAB93icbZDLSgMxFIbP1Futt6pLN8EiuCozItVl0Y3LCvYC7VAyadqGZjJDckYYhr6IGxdecOuruPNtTNtZaOsJgY//P4ec/EEshUHX/XYKa+sbm1vF7dLO7t7+QfnwqGWiRDPeZJGMdCeghkuheBMFSt6JNadhIHk7mNzO/PYj10ZE6gHTmPshHSkxFIyilcbwBjcgYGSPtJz1yxW36s6LrIKXQwXyavTLX71BxJKQK2SSGtP13Bj9jGoUTPJpqZcYHlM2oSPetahoyI2fzfeekjOrDMgw0vYqJHP190RGQ2PSMLCdIcWxWfZm4n9eN8HhtZ8JFSfIFVs8NEwkwYjMQiADoTlDmVqgTAu7K2FjqilDG1XJhuAtf3kVWhdVr1at3V9W6rU8jiKcwCmcgwdXUIc7aEATGCA8wQu8Oqnz7Lw7H4vWgpPPHMOfcj5/AA4RkMs=</latexit>(

2nd step of the proof

use basic relation for  with B WidB = kmax
<latexit sha1_base64="eSzSHO0Eshe5Ng0eK984AQGD3oA="></latexit>

WidĈj = WidD̂j = kmax
<latexit sha1_base64="PePEM0btjikcq8EI/KfxmRCitic="></latexit>

WidÊj = kmax � 1

basic relation for Dj

<latexit sha1_base64="1TqKrNutTr2ubNfDgm2pOIFKUcw=">AAACInicdVC7TsMwFHXKq5RXgJHFaoXEVCUMPAakii6MRaJtUBNVjuO0Vp0HtoNURfkAvoCRhT9BLAwgYEBIfAxO2wFaOJLl43Pule89bsyokIbxqRXm5hcWl4rLpZXVtfUNfXOrJaKEY9LEEYu45SJBGA1JU1LJiBVzggKXkbY7qOd++5pwQaPwQg5j4gSoF1KfYiSV1NWPr7qp7UbME8NAXWk9U28eQMvKspN/vMvcM7p6xagaI8BZYk5IpVa2yze3Dx+Nrv5mexFOAhJKzJAQHdOIpZMiLilmJCvZiSAxwgPUIx1FQxQQ4aSjFTO4qxQP+hFXJ5RwpP7sSFEg8jFVZYBkX0x7ufiX10mkf+SkNIwTSUI8/shPGJQRzPOCHuUESzZUBGFO1awQ9xFHWKpUSyoEc3rlWdLar5oH1YNzlcYpGKMIdkAZ7AETHIIaOAMN0AQY3IFH8AxetHvtSXvV3selBW3Ssw1+Qfv6Bm+/qSE=</latexit>

qCXX = qCYX = 0

 whenever  if qA = 0 WidA = kmax 3 ≤ kmax ≤ L
2

<latexit sha1_base64="aM10sACI17kO1C7M835MDR/rnHY="></latexit>

CXX = X̂x0+e1Ẑx0+2e1 · · · Ẑx0+(kmax�1)e1X̂x0+kmaxe1
<latexit sha1_base64="5WBNj1re/GnWFnOFssQRwqdPx8M="></latexit>

CYX = Ŷx0+e1Ẑx0+2e1 · · · Ẑx0+(kmax�1)e1X̂x0+kmaxe1

we only need to control the coefficients of



summary of part 1 

quantum many-body models becomes 
“less solvable” in higher dimensions

we proved that the XY and XYZ models on the  
-dimensional hypercubic lattice with  possess 

no local conserved quantities
d d ≥ 2

the theorem applies to the simplest XX model

X̂2 = Ŷ 2 = Ẑ2 = Î ,

X̂Ŷ = −Ŷ X̂ = iẐ, Ŷ Ẑ = −ẐŶ = iX̂, ẐX̂ = −X̂Ẑ = iŶ

X̂2 = Ŷ 2 = Ẑ2 = Î

X̂Ŷ = −Ŷ X̂ = iẐ

Ŷ Ẑ = −ẐŶ = iX̂

ẐX̂ = −X̂Ẑ = iŶ

Î =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
X̂uX̂v + ŶuŶv

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

easily solved in 1D

the same proof works for the system on a ladder 
or even a chain with a “branch”



all these results are interesting by themselves 
 but do we learn anything about, say, time-evolution? 

 various quantum many-body models were proved to 
possess no nontrivial local conserved quantities and 
hence are very likely to be “nonintegrable”

the absence of nontrivial local conserved 
quantities means any local operators change in time

 for quantum spin chains, there seems to be a deep 
relationship between integrability and the absence/
presence of nontrivial conserved quantities

operator growth (part 2)

summary of part 1 
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summary and discussion
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part 2



 model on S = 1
2 ℤ2

<latexit sha1_base64="xgEGjQoKSE5PUfyvM7ZRyrCbOvg=">AAACI3icbZDLSgMxFIbP1Futt1GXIgSL4ELKjEh1WXTjsoK9aDuUTJppQzOZIckIZei7uOmruHGhFDcufBfTy6K2/SHw851zODm/H3OmtOP8WJm19Y3Nrex2bmd3b//APjyqqiiRhFZIxCNZ97GinAla0UxzWo8lxaHPac3v3Y/rtVcqFYvEk+7H1AtxR7CAEawNiuxTGEIXMGhIoQ4DaEECl3PseQV7mbKWnXcKzkRo2bgzk4 eZyi171GxHJAmp0IRjpRquE2svxVIzwukg10wUjTHp4Q5tGCtwSJWXTm4coHND2iiIpHlCowmdn0hxqFQ/9E1niHVXLdbGcFWtkejg1kuZiBNNBZkuChKOdITGgaE2k5Ro3jcGE8nMXxHpYomJNrHmTAju4snLpnpVcIuF4uN1vnQ3iyMLJ3AGF+DCDZTgAcpQAQJv8A6f8GUNrQ9rZH1PWzPWbOYY/sn6/QMUqpta</latexit>

X̂u, Ŷu, Ẑu copies of  at site X̂, ̂Y, ̂Z u ∈ ℤ2

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S

Âx

S ⊂ Z2

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX $= 0, JY $= 0

Â ∈ Aloc

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX $= 0, JY $= 0

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX $= 0, JY $= 0

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

set of all products<latexit sha1_base64="5LGYukjh0tcfFR5Mj6mP/tUqXq4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyItC6LblxWsA9oB7mTZtrQTGZIMkIZ+htuXCiiS3/GnX9j2s5CWw8EDuecy705QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epoqxFYxGrboCaCS5Zy3AjWDdRDKNAsE4wvpn5nUemNI/lvZkkzI9wKHnIKRorhfABFBAEEGg+lCtu1Z2DrBIvJxXIYfNf/UFM04hJQwVq3fPcxPgZKsOpYNNSP9UsQTrGIetZKjFi2s/mN0/JmVUGJIyVfdKQufp7IsNI60kU2GSEZqSXvZn4n9dLTXjlZ1wmqWGSLhaFqSAmJrMCyIArRo2YWIJUcXsroSNUSI2tqWRL8Ja/vEraF1WvVq3dXVYa13kdRTiBUzgHD+rQgFtoQstWm8ATvMCrkzrPzpvzvogWnHzmGP7A+fwBWGSPTA==</latexit>P

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2 |S| < ∞

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0

Â ∈ Aloc

algebra of local operators

normalized Hilbert-Schmidt inner product

〈Â, B̂〉NHS := ρ∞(Â†B̂)

‖Â‖NHS :=
√

〈Â, Â〉NHS

(
δ(Â)

)†
= δ(Â†)

A,B ∈ P

〈A,B〉NHS = δA,B

Â ∈ Aloc, ‖Â‖NHS = 1

Â(t) := eiĤtÂ e−iĤt =
∞∑

n=0

tn

n!
δn(Â)

Â, δ(Â), δ2(Â), δ3(Â), . . .

δ(Â) = i [Ĥ, Â]

[Ĥ, Â] = [ĤS , Â]

S ⊂ Z2

Â(t) := eiĤtÂ e−iĤt = etδÂ =
∞∑

n=0

tn

n!
δn(Â)

Â(t) ∈ A

ρ∞(Â) :=
TrHS [Â]

TrHS [1̂]

Supp Â ⊂ S

Â, B̂ ∈ Aloc

δ(Â) = i [Ĥ, Â]

[Ĥ, Â] = [ĤS , Â]

S ⊂ Z2

Â(t) := eiĤtÂ e−iĤt = etδÂ =
∞∑

n=0

tn

n!
δn(Â)

Â(t) ∈ A

ρ∞(Â) :=
TrHS [Â]

TrHS [1̂]

Supp Â ⊂ S

Â, B̂ ∈ Aloc

〈Â, B̂〉NHS := ρ∞(Â†B̂)

‖Â‖NHS :=
√

〈Â, Â〉NHS

(
δ(Â)

)†
= δ(Â†)

A,B ∈ P

〈A,B〉NHS = δA,B

Â ∈ Aloc, ‖Â‖NHS = 1

Â(t) := eiĤtÂ e−iĤt =
∞∑

n=0

tn

n!
δn(Â)

Â, δ(Â), δ2(Â), δ3(Â), . . .

〈Â, B̂〉NHS := ρ∞(Â†B̂)

‖Â‖NHS :=
√

〈Â, Â〉NHS

(
δ(Â)

)†
= δ(Â†)

A,B ∈ P

〈A,B〉NHS = δA,B

Â ∈ Aloc, ‖Â‖NHS = 1

Â(t) := eiĤtÂ e−iĤt =
∞∑

n=0

tn

n!
δn(Â)

Â, δ(Â), δ2(Â), δ3(Â), . . .

〈Â, B̂〉NHS := ρ∞(Â†B̂)

‖Â‖NHS :=
√

〈Â, Â〉NHS

(
δ(Â)

)†
= δ(Â†)

A,B ∈ P

〈A,B〉NHS = δA,B

Â ∈ Aloc, ‖Â‖NHS = 1

Â(t) := eiĤtÂ e−iĤt =
∞∑

n=0

tn

n!
δn(Â)

Â, δ(Â), δ2(Â), δ3(Â), . . .

the infinite-temperature Gibbs state

remark: the notion of locality is different from that in part 1



Hamiltonian and time-evolution
(formal) Hamiltonian of the XYZ model

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX $= 0, JY $= 0

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

the generator of time-evolution (a.k .a the Liouvillian)

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2 |S| < ∞

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

(δ(Â))† = δ(Â†)

[Ĥ, Â] = [ĤS , Â]

S ⊂ Z2

Â(t) := eiĤtÂ e−iĤt = etδÂ =
∞∑

n=0

tn

n!
δn(Â)

Â(t) ∈ A

ρ∞(Â) :=
TrHS [Â]

TrHS [1̂]

Supp Â ⊂ S

δ(Â) := i [Ĥ, Â]

(δ(Â))† = δ(Â†)

[Ĥ, Â] = [ĤS , Â]

S ⊂ Z2

Â(t) := eiĤtÂ e−iĤt = etδÂ =
∞∑

n=0

tn

n!
δn(Â)

Â(t) ∈ A

ρ∞(Â) :=
TrHS [Â]

TrHS [1̂]

Supp Â ⊂ S

δ(Â) := i [Ĥ, Â]

(δ(Â))† = δ(Â†)

[Ĥ, Â] = [ĤS , Â]

S ⊂ Z2

Â(t) := eiĤtÂ e−iĤt = etδÂ =
∞∑

n=0

tn

n!
δn(Â)

Â(t) ∈ A := Aloc

ρ∞(Â) :=
TrHS [Â]

TrHS [1̂]

Supp Â ⊂ S

time-evolution

for any t ∈ ℝ Lieb-Robinson bound

<latexit sha1_base64="WmJGyWn2vIA8tmpDofQkqVxMmTM="></latexit>

JX, JY, JZ, hX, hY, hZ 2 R

<latexit sha1_base64="kg5XXFdgFOZvfYCmbi4Ccqp2fxo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJSHVZddNlRfuAJITJdNIOnUnCzESoIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJo1JZ1rdRWlpeWV0rr1c2Nre2d8zdvY6MU4FJG8csFr0AScJoRNqKKkZ6iSCIB4x0g9HNxO8+ECFpHN2rcUI8jgYRDSlGSku+eZC5gkOaO+4QqayZ+3enV55vVq2aNQVcJHZBqqBAyze/3H6MU04ihRmS0rGtRHkZEopiRvKKm0qSIDxCA+JoGiFOpJdNr8/hsVb6MIyFrkjBqfp7IkNcyjEPdCdHaijnvYn4n+ekKrz0MholqSIRni0KUwZVDCdRwD4VBCs21gRhQfWtEA+RQFjpwCo6BHv+5UXSOavZ9Vr99rzauC7iKINDcAROgA0uQAM0QQu0AQaP4Bm8gjfjyXgx3o2PWWvJKGb2wR8Ynz/0zpTq</latexit>

i[ĤS , A]

Â0 ∈ Aloc ‖Â0‖NHS = 1

Â(t) := lim
S↑Z2

eiĤStÂ0 e
↑iĤSt = etδÂ =

∞∑

n=0

tn

n!
δn(Â0)

Â0, δ(Â0), δ
2(Â0), δ

3(Â0), . . .

X̂o, δ(X̂o), δ
2(X̂o), δ

3(X̂o), . . .

Ô0, Ô1, Ô2, Ô3, . . .

Ô0 = Â0

Ôn = δn(Â0) +
∑n↑1

j=1 α(n)
j δj(Â0)

Ôn = δn(Â) +
n↑1∑

j=1

α(n)
j δj(Â)

with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1

may not converge 
aboslutely!
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operator growth

the sequence of operators should contain information 
about the time-evolution

δ(Â) := i [Ĥ, Â]

(δ(Â))† = δ(Â†)

[Ĥ, Â] = [ĤS , Â]

S ⊂ Z2

Â(t) := eiĤtÂ e−iĤt = etδÂ =
∞∑

n=0

tn

n!
δn(Â)

Â(t) ∈ A := Aloc

ρ∞(Â) :=
TrHS [Â]

TrHS [1̂]

Supp Â ⊂ S

Ô0, Ô1, Ô2, Ô3, . . .

Ô0 = Â

Ôn = δn(Â) +
∑n−1

j=1 α(n)
j δj(Â)

Ôn = δn(Â) +
n−1∑

j=1

α(n)
j δj(Â)

with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1

bn :=
‖Ôn‖NHS

‖Ôn−1‖NHS

‖Ôn‖NHS = b1b2 · · · bn

b1b2 · · · bn ≥ αn n!

bn ! αn

Ô0, Ô1, Ô2, Ô3, . . .

Ô0 = Â

Ôn = δn(Â) +
∑n−1

j=1 α(n)
j δj(Â)

Ôn = δn(Â) +
n−1∑

j=1

α(n)
j δj(Â)

with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1

bn :=
‖Ôn‖NHS

‖Ôn−1‖NHS

‖Ôn‖NHS = b1b2 · · · bn

b1b2 · · · bn ≥ αn n!

bn ! αn

Gram-Shmidt

 the operator that appears “for 
the first time” in the -th recursion
Ôn

n

Lanczos coefficient

Ô0, Ô1, Ô2, Ô3, . . .

Ô0 = Â

Ôn = δn(Â) +
∑n−1

j=1 α(n)
j δj(Â)

Ôn = δn(Â) +
n−1∑

j=1

α(n)
j δj(Â)

with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1

bn :=
‖Ôn‖NHS

‖Ôn−1‖NHS

‖Ôn‖NHS = b1b2 · · · bn

b1b2 · · · bn ≥ αn n!

bn ! αn

characterizes intrinsic operator growth (with respect 
to the infinite-temperature Gibbs state  )ρ∞

Ô0, Ô1, Ô2, Ô3, . . .

Ô0 = Â

Ôn = δn(Â) +
∑n−1

j=1 α(n)
j δj(Â)

Ôn = δn(Â) +
n−1∑

j=1

α(n)
j δj(Â)

with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1

bn :=
‖Ôn‖NHS

‖Ôn−1‖NHS

bn := ‖Ôn‖NHS/ ‖Ôn−1‖NHS

‖Ôn‖NHS = b1b2 · · · bn

b1b2 · · · bn ≥ αn n!

bn ! αn

Â, B̂ ∈ Aloc

〈Â, B̂〉NHS := ρ∞(Â†B̂)

‖Â‖NHS :=
√

〈Â, Â〉NHS

(
δ(Â)

)†
= δ(Â†)

A,B ∈ P

〈A,B〉NHS = δA,B

Â0 ∈ Aloc ‖Â‖NHS = 1

Â(t) := eiĤtÂ0 e−iĤt =
∑∞

n=0
tn

n! δ
n(Â0)

Â0, δ(Â0), δ
2(Â0), δ

3(Â0), . . .

Â, B̂ ∈ Aloc

〈Â, B̂〉NHS := ρ∞(Â†B̂)

‖Â‖NHS :=
√

〈Â, Â〉NHS

(
δ(Â)

)†
= δ(Â†)

A,B ∈ P

〈A,B〉NHS = δA,B

Â0 ∈ Aloc ‖Â‖NHS = 1

Â(t) := eiĤtÂ0 e−iĤt =
∑∞

n=0
tn

n! δ
n(Â0)

Â0, δ(Â0), δ
2(Â0), δ

3(Â0), . . .

Ô0, Ô1, Ô2, Ô3, . . .

Ô0 = Â0

Ôn = δn(Â0) +
∑n−1

j=1 α(n)
j δj(Â0)

Ôn = δn(Â) +
n−1∑

j=1

α(n)
j δj(Â)

with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1

bn :=
‖Ôn‖NHS

‖Ôn−1‖NHS

bn := ‖Ôn‖NHS/ ‖Ôn−1‖NHS

‖Ôn‖NHS = b1b2 · · · bn

{
constn d ≥ 2

constn/ log n d = 1

Ô0, Ô1, Ô2, Ô3, . . .

Ô0 = Â0

Ôn = δn(Â0) +
∑n−1

j=1 α(n)
j δj(Â0)

Ôn = δn(Â) +
n−1∑

j=1

α(n)
j δj(Â)

with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1

bn :=
‖Ôn‖NHS

‖Ôn−1‖NHS

bn := ‖Ôn‖NHS/ ‖Ôn−1‖NHS

‖Ôn‖NHS = b1b2 · · · bn

{
constn d ≥ 2

constn/ log n d = 1

Â0 ∈ Aloc ‖Â0‖NHS = 1

Â(t) := eiĤtÂ0 e−iĤt =
∑↑

n=0
tn

n! δ
n(Â0)

Â0, δ(Â0), δ
2(Â0), δ

3(Â0), . . .

X̂o, δ(X̂o), δ
2(X̂o), δ

3(X̂o), . . .

Ô0, Ô1, Ô2, Ô3, . . .

Ô0 = Â0

Ôn = δn(Â0) +
∑n−1

j=1 α(n)
j δj(Â0)

Ôn = δn(Â) +
n−1∑

j=1

α(n)
j δj(Â)

with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1

bn :=
‖Ôn‖NHS

‖Ôn−1‖NHS



universal operator growth hypothesis
Parker, Cao, Avdoshkin, Scaffidi, Altman 2019
Nandy, Matsoukas-Roubeas, Martinez-Azcona, Dymarsky, del Campo 2024

the growth of the Lanczos coefficients  captures 
the essential feature of the quantum dynamics

bn

bn ∼






const free models

constnδ (0 < δ < 1) interacting integrable models



constn d ≥ 2

const
n

log n
d = 1

chaotic models

b1b2 · · · bn ≥ αn n!

bn ! αn

ĤB :=
∑

j,k∈Z
{X̂(j,k)Ẑ(j+1,k) + Ẑ(j,k)X̂(j,k+1)}

ĤIsing =
1

2

∑

u,v∈Z2

(|u−v|=1)

ẐuẐv + h
∑

u∈Z2

X̂u

ĤIsing =
∑

j

{ẐjẐk+1 + hX̂j + h′Ẑj}

Parker, Cao, Avdoshkin, Scaffidi, Altman 2019



universal operator growth hypothesis
Parker, Cao, Avdoshkin, Scaffidi, Altman 2019

see, e.g., Nandy et al. 2024

well-defined notion (even from math point of view)
applicable to essentially any quantum chaotic 

system, not only in the semi-classical (or any) limit 
seems to be an “almost” necessary and sufficient 

condition for quantum chaos
a subtle counterexample: a semi-classical integrable model 
wth saddle-dominated scrambling shows  bn ∼ α n

南海之帝為儵 北海之帝為忽 中央之帝為渾沌 
儵与忽 時相与遇於渾沌之地 
渾沌待之甚善 

儵与忽諜報渾沌之徳曰 
人皆有七竅 以視聴食息 
此独無有 
嘗試鑿之 

日鑿一竅 七日而渾沌死 
『荘子』応帝王篇

“Zhuangzi", Fit for Emperors and Kings 
The Death of Primal Chaos 



main theorem

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2 |S| < ∞

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0

Â ∈ Aloc

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2 |S| < ∞

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0

Â ∈ Aloc

Theorem: in all models except for the classical Ising 
model, there exist  , , and an infinite set  
such that  for any 

̂A0 α > 0 G ⊂ ℕ
b1b2⋯bn ≥ αn n! n ∈ G

Shiraishi, Tasaki 2024, Tasaki unpublished

the proof for the quantum Ising model makes use of the 
idea due to Cao (2021)

bn ∼






const free models

constnδ (0 < δ < 1) interacting integrable models



constn d ≥ 2

const
n

log n
d = 1

chaotic models

b1b2 · · · bn ≥ αn n!

bn ! αn

ĤB :=
∑

j,k∈Z
{X̂(j,k)Ẑ(j+1,k) + Ẑ(j,k)X̂(j,k+1)}

ĤB :=
∑

j,k∈Z{X̂(j,k)Ẑ(j+1,k) + Ẑ(j,k)X̂(j,k+1)}

ĤIsing =
1

2

∑

u,v∈Z2

(|u−v|=1)

ẐuẐv + h
∑

u∈Z2

X̂u

ĤIsing =
∑

j

{ẐjẐk+1 + hX̂j + h′Ẑj}

by combining the result in Bouch (2015) with our method, 
the same statement for the  Bouch model follows



main theorem

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2 |S| < ∞

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0

Â ∈ Aloc

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2 |S| < ∞

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0

Â ∈ Aloc

Theorem: in all models except for the classical Ising 
model, there exist  , , and an infinite set  
such that  for any 

̂A0 α > 0 G ⊂ ℕ
b1b2⋯bn ≥ αn n! n ∈ G

Shiraishi, Tasaki 2024, Tasaki unpublished

essentially shows , the behavior expected 
(almost) only in systems exhibiting quantum chaos!

bn ≳ α n

any standard  quantum spin system in two or 
higher dimensions exhibit the signature of quantum chaos

S = 1/2

Cao (2021) proved

max{b1, b2, . . . , bn} ! αn

log n

max{b1, b2, . . . , bn} ! αn/log n

B = Bx ∪ By ∪ Bz

ĤKitaev =
∑

{u,v}∈Bx

X̂uX̂v+
∑

{u,v}∈By

ŶuŶv+
∑

{u,v}∈Bz

ẐuẐv

Â = ẐuẐv for {u, v} ∈ Bz

2n/2 ≤ b1b2 · · · bn ≤ 6n

bn ∼ const.

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

bn ∼






const free models

constnδ (0 < δ < 1) interacting integrable models



constn d ≥ 2

const
n

log n
d = 1

chaotic models

b1b2 · · · bn ≥ αn n!

bn ! αn

ĤB :=
∑

j,k∈Z
{X̂(j,k)Ẑ(j+1,k) + Ẑ(j,k)X̂(j,k+1)}

ĤB :=
∑

j,k∈Z{X̂(j,k)Ẑ(j+1,k) + Ẑ(j,k)X̂(j,k+1)}

ĤIsing =
1

2

∑

u,v∈Z2

(|u−v|=1)

ẐuẐv + h
∑

u∈Z2

X̂u

ĤIsing =
∑

j{ẐjẐk+1 + hX̂j + h′Ẑj}
for the one-dimensional Ising model with a slanted 
magnetic field



Kitaev honeycomb model
max{b1, b2, . . . , bn} ! αn

log n

max{b1, b2, . . . , bn} ! αn/log n

B = Bx ∪ By ∪ Bz

ĤKitaev =
∑

{u,v}∈Bx

X̂uX̂v+
∑

{u,v}∈By

ŶuŶv+
∑

{u,v}∈Bz

ẐuẐv

Â = ẐuẐv for {u, v} ∈ Bz

2n/2 ≤ b1b2 · · · bn ≤ 6n

bn ∼ const.

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

max{b1, b2, . . . , bn} ! αn

log n

max{b1, b2, . . . , bn} ! αn/log n

B = Bx ∪ By ∪ Bz

ĤKitaev =
∑

{u,v}∈Bx

X̂uX̂v+
∑

{u,v}∈By

ŶuŶv+
∑

{u,v}∈Bz

ẐuẐv

Â = ẐuẐv for {u, v} ∈ Bz

2n/2 ≤ b1b2 · · · bn ≤ 6n

bn ∼ const.

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

max{b1, b2, . . . , bn} ! αn

log n

max{b1, b2, . . . , bn} ! αn/log n

B = Bx ∪ By ∪ Bz

ĤKitaev =
∑

{u,v}∈Bx

X̂uX̂v+
∑

{u,v}∈By

ŶuŶv+
∑

{u,v}∈Bz

ẐuẐv

Â0 = ẐuẐv for {u, v} ∈ Bz

2n/2 ≤ b1b2 · · · bn ≤ 6n

bn ∼ const.

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

max{b1, b2, . . . , bn} ! αn

log n

max{b1, b2, . . . , bn} ! αn/log n

B = Bx ∪ By ∪ Bz

ĤKitaev =
∑

{u,v}∈Bx

X̂uX̂v+
∑

{u,v}∈By

ŶuŶv+
∑

{u,v}∈Bz

ẐuẐv

Â0 = ẐuẐv for {u, v} ∈ Bz

2n/2 ≤ b1b2 · · · bn ≤ 6n

bn ∼ const.

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

max{b1, b2, . . . , bn} ! αn

log n

max{b1, b2, . . . , bn} ! αn/log n

B = Bx ∪ By ∪ Bz

ĤKitaev =
∑

{u,v}∈Bx

X̂uX̂v+
∑

{u,v}∈By

ŶuŶv+
∑

{u,v}∈Bz

ẐuẐv

Â0 = ẐuẐv for {u, v} ∈ Bz

2n/2 ≤ b1b2 · · · bn ≤ 6n

bn ∼ const.

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

two-dimensional  model with infinitely many 
local conserved quantities

S = 1/2

sets of bonds
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free model

the behavior of  seems to be more complicated 
for a general initial operator

bn

it is easy to prove
for all n
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complex-time evolution
Â(t) := eiĤtÂ(0) e−iĤt =

∞∑

n=0

tn

n!
δn(Â(0))

Â(t) =
∞∑

n=0

tn

n!
δn(Â)

Â(t) =
∑∞

n=0
tn

n! δ
n(Â)

Â(iβ) =
∞∑

n=0

(iβ)n

n!
δn(Â)

δn(Â) =
∑

B∈P
cBB

Ôn = cBB +
∑

B′∈P
(B′ $=B)

cB′B′

b1b2 · · · bn = ‖Ôn‖NHS ≥ |cB|

b1b2 · · · bn ≥ |cB| ≥ (JXJY)
n/2

(n
2

)
!

Theorem (Araki, 1969) in a  quantum spin system 
with a finite-ranged translation invariant Hamiltonian, 

 with any  converges in  (in the operator 
norm) for any 

d = 1

̂A(t) ̂A(0) ∈ 𝔄 𝔄
t ∈ ℂ

Proposition: in any quantum spin system with a finite-
ranged uniformly bounded Hamiltonian, there exists  
such that  with any  converges in  (in the 
operator norm) for any  with 

r0 > 0
̂A(t) ̂A(0) ∈ 𝔄 𝔄

t ∈ ℂ | t | ≤ r0

max{b1, b2, . . . , bn} ! αn

log n

max{b1, b2, . . . , bn} ! αn/log n

B = Bx ∪ By ∪ Bz

ĤKitaev =
∑

{u,v}∈Bx

X̂uX̂v+
∑

{u,v}∈By

ŶuŶv+
∑

{u,v}∈Bz

ẐuẐv

Â0 = ẐuẐv for {u, v} ∈ Bz

2n/2 ≤ b1b2 · · · bn ≤ 6n

bn ∼ const.

Â ∈ Aloc

δ(Â) = i [Ĥ, Â]

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2 |S| < ∞

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0

Â ∈ Aloc

what about systems in  ?d ≥ 2

Zobov (2000) found a singularity at an imaginary time 
in the Heisenberg model in d = ∞



singularity at an imaginary time

Theorem (Bouch, 2015)  with  does not 
converge in  (in the operator norm) for  with 
sufficiently large .

̂A(iβ) ̂A(0) = X̂o
𝔄 β ∈ ℝ

|β |

bn ∼






const free models

constnδ (0 < δ < 1) interacting integrable models



constn d ≥ 2

const
n

log n
d = 1

chaotic models

b1b2 · · · bn ≥ αn n!

bn ! αn

ĤB :=
∑

j,k∈Z
{X̂(j,k)Ẑ(j+1,k) + Ẑ(j,k)X̂(j,k+1)}

ĤB :=
∑

j,k∈Z{X̂(j,k)Ẑ(j+1,k) + Ẑ(j,k)X̂(j,k+1)}

ĤIsing =
1

2

∑

u,v∈Z2

(|u−v|=1)

ẐuẐv + h
∑

u∈Z2

X̂u

ĤIsing =
∑

j{ẐjẐk+1 + hX̂j + h′Ẑj}

the operator grows rapidly and reaches infinity within 
a finite imaginary time! no Lieb-Robinson!

Theorem: in all models except for the classical Ising model, 
 with some  does not converge in  (in the 

operator norm) for  with sufficiently large .
̂A(iβ) ̂A(0) 𝔄

β ∈ ℝ |β |
Shiraishi, Tasaki 2024, Tasaki unpublished

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2 |S| < ∞

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0

Â ∈ Aloc

Aloc = {polynomials of X̂u, Ŷu, Ẑu with u ∈ Z2}

A = Aloc

A =
⊗

u∈S Âx

S ⊂ Z2 |S| < ∞

Âu = X̂u, Ŷu, Ẑu

Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Z2

{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0

Â ∈ Aloc

Â(iβ) := e−βĤÂ(0) eβĤ =
↑∑

n=0

(iβ)n

n!
δn(Â(0))

Â(iβ) := e−βĤÂ(0) eβĤ =
∑↑

n=0
(iβ)n

n! δn(Â(0))

δn(X̂o) =
∑

B∈P cBB

Ôn = cBB +
∑

B′∈P
(B′ $=B)

cB′B′

Ôn = cBB +
∑

B′ $=B c̃B′B′

b1b2 · · · bn = ‖Ôn‖NHS ≥ |cB|

cB = (−4JXJY)n/2

b1b2 · · · bn ≥ |cB| = (−4JXJY)
n/2

b1b2 · · · bn ≥ |cB| ≥ (4|JXJY|)n/2
(n
2

)
!

bn !
√

2|JXJY|n1/2
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<latexit sha1_base64="75kuueO7qKCPrCTEHLd+Imbb430=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0Io/RdePCgiePLfePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357UdUmsfywWQJ+hEdSh5yRo2VED5AQQQEsn654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGH9CleFM4LTUSzUmlI3pELuWShqh9ifzi6fkzCoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDan3CZpAYlWywKU0FMTGbvkwFXyIzILKFMcXsrYSOqKDM2pJINwVt+eZW0LqperVq7v6zUb/I4inACp3AOHlxBHe6gAU1gIOEJXuDV0c6z8+a8L1oLTj5zDH/gfP4Az0mPEQ==</latexit>y <latexit sha1_base64="75kuueO7qKCPrCTEHLd+Imbb430=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0Io/RdePCgiePLfePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357UdUmsfywWQJ+hEdSh5yRo2VED5AQQQEsn654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGH9CleFM4LTUSzUmlI3pELuWShqh9ifzi6fkzCoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDan3CZpAYlWywKU0FMTGbvkwFXyIzILKFMcXsrYSOqKDM2pJINwVt+eZW0LqperVq7v6zUb/I4inACp3AOHlxBHe6gAU1gIOEJXuDV0c6z8+a8L1oLTj5zDH/gfP4Az0mPEQ==</latexit>y

characterization of quantum chaos

Theorem: in the Kitaev honeycomb model,  with any 
 converges in  (in the operator norm) for any 

̂A(t)
̂A(0) ∈ 𝔄 𝔄

t ∈ ℂ Tasaki unpublished

Â(t) := eiĤtÂ(0) e−iĤt =
∞∑

n=0

tn

n!
δn(Â(0))

Â(t) =
∞∑

n=0

tn

n!
δn(Â)

Â(t) =
∑∞

n=0
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n! δ
n(Â)

Â(iβ) =
∞∑

n=0

(iβ)n

n!
δn(Â)

δn(Â) =
∑

B∈P
cBB

Ôn = cBB +
∑

B′∈P
(B′ $=B)

cB′B′

b1b2 · · · bn = ‖Ôn‖NHS ≥ |cB|

b1b2 · · · bn ≥ |cB| ≥ (JXJY)
n/2

(n
2

)
!

Avdoshkin, Dymarsky 2020

in a chaotic system,  with  grows rapidlŷA(iβ) β ∈ ℝ
 double exponential in d = 1 |β |
 reaches infinity at a finite d ≥ 2 |β |

Â(iβ) := e−βĤÂ(0) eβĤ =
↑∑

n=0

(iβ)n

n!
δn(Â(0))

Â(iβ) := e−βĤÂ(0) eβĤ =
∑↑

n=0
(iβ)n

n! δn(Â(0))

δn(X̂o) =
∑

B∈P cBB

Ôn = cBB +
∑

B′∈P
(B′ $=B)

cB′B′

Ôn = cBB +
∑

B′ $=B c̃B′B′

b1b2 · · · bn = ‖Ôn‖NHS ≥ |cB|

cB = (−4JXJY)n/2

b1b2 · · · bn ≥ |cB| = (−4JXJY)
n/2
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2

)
!
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operator growth from X̂o

expand in products
if there is  that does not appear in  with 

, then we have
B δ j(X̂o)

j = 1,2,…, n ′ 1

Ôn = cBB +
∑

B′∈P
(B′ "=B)

cB′B′

Ôn = cBB +
∑

B′ "=B cB′B′

b1b2 · · · bn = ‖Ôn‖NHS ≥ |cB|

b1b2 · · · bn ≥ |cB| ≥ (JXJY)
n/2

(n
2

)
!

bn ! α
√
n

T ⊂ Z2, |T | = n+ 1, T % o

T̃ =
{
{u, v} |u, v ∈ T, |u− v| = 1

}

b1b2 · · · bn ≥ |cB| ≥ (min{JX, JY})n N(T )

N(T ) ≥ n!

Cn

Ô0, Ô1, Ô2, Ô3, . . .

Ô0 = Â
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∑n−1

j=1 α(n)
j δj(Â)

Ôn = δn(Â) +
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α(n)
j δj(Â)

with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1
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‖Ôn‖NHS

‖Ôn−1‖NHS
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bn ! αn

Gram-Shmidt
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∑∞
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with 〈Ôn, Ôj〉NHS = 0 for all j = 1, . . . , n− 1

bn :=
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‖Ôn−1‖NHS

Â(iβ) := e−βĤÂ(0) e−βĤ =
∑∞
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2
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!
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√
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{
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b1b2 · · · bn ≥ |cB| ≥ (min{JX, JY})n N(T )

JX != 0, JY != 0
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Ĥ =− 1

2

∑

u,v∈Z2

(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv
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{
hX X̂u + hY Ŷu + hZ Ẑu

}

JX %= 0, JY %= 0
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JX != 0, JY != 0
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(δ(Â))† = δ(Â†)

[Ĥ, Â] = [ĤS , Â]

S ⊂ Z2
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∞∑
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tn
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Â(iβ) := e−βĤÂ(0) e−βĤ =
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Ôn = cBB +
∑
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!
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some examples of  and  B cB

Z YX Z Z X Z Z Z … Z Z X
<latexit sha1_base64="u715A21ed3nUENxIP6X5pTOX7O8=">AAACHXicbVBNSwMxEJ31s9avVW96WSyCp7JbpHosevFYwX5Au5Zsmm1Ds8mSZAtl6R/x4sn/4cWDIh68iP/GtF1EWycM8/LeDMm8IGZUadf9spaWV1bX1nMb+c2t7Z1de2+/rkQiMalhwYRsBkgRRjmpaaoZacaSoChgpBEMriZ6Y0ikooLf6lFM/Aj1OA0pRtpQwj6ERxAwBAISApMIsMGpYfugIP65l0yNYGzOHfCOXXCL7jScReBloABZVDv2R7srcBIRrjFDSrU8N9Z+iqSmmJFxvp0oEiM8QD3SMpCjiCg/nW43dk4M03VCIU1y7UzZ3xMpipQaRYHpjJDuq3ltQv6ntRIdXvgp5XGiCcezh8KEOVo4E6ucLpUEazYyAGFJzV8d3EcSYW0MzRsTvPmVF0G9VPTKxfLNWaFymdmRgyM4hlPw4BwqcA1VqBlz7+EJXuDVerCerTfrfda6ZGUzB/AnrM9vIHmZ6Q==</latexit> nz }| {

<latexit sha1_base64="MH5fo8J4V2L7B0TcS3Ahd3QNTog=">AAACB3icbVDLSsNAFL3xWeujUZdugkVwVRKR6kYodeOygn1AG8pkMm2HzmTCzEQIoTs3fogbNy4UcesvuPNvnLZZaOuBC2fOuZe59wQxo0q77re1srq2vrFZ2Cpu7+zulez9g5YSicSkiQUTshMgRRiNSFNTzUgnlgTxgJF2ML6e+u17IhUV0Z1OY+JzNIzogGKkjSTsElzBEwQggEEIClLg+SuDOkz6dtmtuDM4y8TLSRlyNPr2Vy8UOOEk0pghpbqeG2s/Q1JTzMik2EsUiREeoyHpGhohTpSfze6YOCdGCZ2BkKYi7czU3xMZ4kqlPDCdHOmRWvSm4n9eN9GDSz+jUZxoEuH5R4OEOVo401CckEqCNUsNQVhSs6uDR0girE10RROCt3jyMmmdVbxqpXp7Xq7V8zgKcATHcAoeXEANbqABTcDwAM/wCm/Wo/VivVsf89YVK585hD+wPn8Az5+UNg==</latexit>

= B

<latexit sha1_base64="kg/gU7/uiyp2CrQaTDcpfwUxyKg=">AAACL3icbZDLSgMxFIbP1Futt1GXboYWQVDKjIvqsujGZQV7gXYomTRtQzPJkGQKw9C38BXcufFVupGiiFvfwvSysK0HQj7+/xyS8wcRo0q77sTKbGxube9kd3N7+weHR/bxSU2JWGJSxYIJ2QiQIoxyUtVUM9KIJEFhwEg9GNxP/fqQSEUFf9JJRPwQ9TjtUoy0kYRdgCa0oA8INKTQgBG0IV5TUhia+wpeAEMHhHHUEvttu+AW3Vk56+AtoFDOty6fJ+Wk0rbHrY7AcUi4xgwp1fTcSPspkppiRka5VqxIhPAA9UjTIEchUX4623fknBul43SFNIdrZ6b+nUhRqFQSBqYzRLqvVr2p+J/XjHX31k8pj2JNOJ4/1I2Zo4UzDc/pUEmwZokBhCU1f3VwH0mEtYk4Z0LwVldeh9p10SsVS48mjTuYVxbOIA8X4MENlOEBKlA14b7CGD7g03qz3q0v63vemrEWM6ewVNbPLyOroUU=</latexit>

[X̂uX̂v, · · · · · · ]
<latexit sha1_base64="SqPdWlmc7eGhNXSQ+2TI6Y+mgL4=">AAACL3icbZDLSsNAFIZPvNZ6q7p0E1oEQSmJi+qy6MZlBXuRJJTJZNIOnWTCzKRQQt/CV3DnxlfpRooibn0Lp5eFbT0wzMf/n8PM+f2EUaksa2ysrW9sbm3ndvK7e/sHh4Wj44bkqcCkjjnjouUjSRiNSV1RxUgrEQRFPiNNv3c38Zt9IiTl8aMaJMSLUCemIcVIaYkXSuCAC11AoCCDJxhCG9IVJYO+vi/hBTAEwLUjF9hrF0pW2ZqWuQr2HErVonvxPK4Oau3CyA04TiMSK8yQlI5tJcrLkFAUMzLMu6kkCcI91CGOxhhFRHrZdN+heaaVwAy50CdW5lT9O5GhSMpB5OvOCKmuXPYm4n+ek6rwxstonKSKxHj2UJgyU3FzEp4ZUEGwYgMNCAuq/2riLhIIKx1xXodgL6+8Co2rsl0pVx50GrcwqxycQhHOwYZrqMI91KCuw32FEXzAp/FmvBtfxvesdc2Yz5zAQhk/vycRoUc=</latexit>

[ŶuŶv, · · · · · · ]<latexit sha1_base64="fz6MP1w4+wbD3wIz9ELKA0tf0A0=">AAAB/3icbZDLSgMxFIbP1Futt6pLN8EiuCozItVl0Y3LCvYC7VAymUwbmkmGJCOUsQtfRRAXirj1Ndz5NqbtLGr1h8DHf87hnPxBwpk2rvvtFFZW19Y3ipulre2d3b3y/kFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxhdT+vte6o0k+LOjBPqx3ggWMQINtbi8AwEQpBgQC9yv1xxq+5M6C94OVQgV6Nf/uqFkqQxFYZwrH XXcxPjZ1gZRjidlHqppgkmIzygXYsCx1T72ez+CTqxTogiqewTBs3cxYkMx1qP48B2xtgM9XJtav5X66YmuvQzJpLUUEHmi6KUIyPRNAwUMkWJ4WMLmChmb0VkiBUmxkZWsiF4y1/+C62zqler1m7PK/WrPI4iHMExnIIHF1CHG2hA00b7AE/wCm/Oo/PivDsf89aCk88cwi85nz8nuZL9</latexit>· · · · · · <latexit sha1_base64="fz6MP1w4+wbD3wIz9ELKA0tf0A0=">AAAB/3icbZDLSgMxFIbP1Futt6pLN8EiuCozItVl0Y3LCvYC7VAymUwbmkmGJCOUsQtfRRAXirj1Ndz5NqbtLGr1h8DHf87hnPxBwpk2rvvtFFZW19Y3ipulre2d3b3y/kFLy1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxhdT+vte6o0k+LOjBPqx3ggWMQINtbi8AwEQpBgQC9yv1xxq+5M6C94OVQgV6Nf/uqFkqQxFYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXYsCx1T72ez+CTqxTogiqewTBs3cxYkMx1qP48B2xtgM9XJtav5X66YmuvQzJpLUUEHmi6KUIyPRNAwUMkWJ4WMLmChmb0VkiBUmxkZWsiF4y1/+C62zqler1m7PK/WrPI4iHMExnIIHF1CHG2hA00b7AE/wCm/Oo/PivDsf89aCk88cwi85nz8nuZL9</latexit>· · · · · ·

Â(iβ) := e−βĤÂ(0) e−βĤ =
∑∞

n=0
(iβ)n

n! δn(Â(0))

δn(X̂o) =
∑

B∈P cBB

Ôn = cBB +
∑

B′∈P
(B′ $=B)

cB′B′

Ôn = cBB +
∑

B′ $=B cB′B′

b1b2 · · · bn = ‖Ôn‖NHS ≥ |cB|

cB = (−4JXJY)n/2

b1b2 · · · bn ≥ |cB| = (−4JXJY)
n/2

b1b2 · · · bn ≥ |cB| ≥ (JXJY)
n/2

(n
2

)
!

bn ! α
√
n

T ⊂ Z2, |T | = n+ 1, T & o

T̃ =
{
{u, v} |u, v ∈ T, |u− v| = 1

}

 the simplest construction

grown in a unique manner

appears for the first time in  δn(X̂o)

grow this
take  commutation 

relations in an arbitrary order
n/2

Z Z Z … Z Z X

<latexit sha1_base64="TFFicGwJ7GUUAvyQTbglq3cTt2U=">AAACJXicbVBNSwMxEJ2tX7V+rXoUZLEInupukepR9OJRwarQriWbpm1oNlmSrFCW/hlB/CtePFhE8ORfcVoX0eqEIW/emyGZFyWCG+v7705hZnZufqG4WFpaXlldc9c3roxKNWV1qoTSNxExTHDJ6pZbwW4SzUgcCXYd9U/H+vUd04YreWkHCQtj0pW8wymxSCl3Gx5AwR0w0BBhEqCIM2R7YCD5rqt4xzDEc4uVhH1khi237Ff8SXh/QZCDMuRx3nJHzbaiacykpYIY0wj8xIYZ0ZZTwYalZmpYQmifdFkDoSQxM2E22XLo7SLT9jpKY0rrTdifExmJjRnEEXbGxPbMtDYm/9Maqe0chRmXSWqZpF8PdVLhWeWNLfPaXDNqxQABoZrjXz3aI5pQi8aW0IRgeuW/4KpaCWqV2sVB+fgkt6MIW7ADexDAIRzDGZxDHU2+hyd4gZHz6Dw7r87bV2vByWc24Vc4H5+tfpuO</latexit>

n/2
z }| {

Z Z Z … Z Z X X Y X … X Y X
X X

Y     Y Y
<latexit sha1_base64="MH5fo8J4V2L7B0TcS3Ahd3QNTog=">AAACB3icbVDLSsNAFL3xWeujUZdugkVwVRKR6kYodeOygn1AG8pkMm2HzmTCzEQIoTs3fogbNy4UcesvuPNvnLZZaOuBC2fOuZe59wQxo0q77re1srq2vrFZ2Cpu7+zulez9g5YSicSkiQUTshMgRRiNSFNTzUgnlgTxgJF2ML6e+u17IhUV0Z1OY+JzNIzogGKkjSTsElzBEwQggEEIClLg+SuDOkz6dtmtuDM4y8TLSRlyNPr2Vy8UOOEk0pghpbqeG2s/Q1JTzMik2EsUiREeoyHpGhohTpSfze6YOCdGCZ2BkKYi7czU3xMZ4kqlPDCdHOmRWvSm4n9eN9GDSz+jUZxoEuH5R4OEOVo401CckEqCNUsNQVhSs6uDR0girE10RROCt3jyMmmdVbxqpXp7Xq7V8zgKcATHcAoeXEANbqABTcDwAM/wCm/Wo/VivVsf89YVK585hD+wPn8Az5+UNg==</latexit>

= B

grown in  
at least  ways 

(in fact  ways)
(n/2)!

(n ′ 1)!!

a better strategy

Â(iβ) := e−βĤÂ(0) e−βĤ =
∑∞

n=0
(iβ)n

n! δn(Â(0))

δn(X̂o) =
∑

B∈P cBB

Ôn = cBB +
∑

B′∈P
(B′ $=B)

cB′B′

Ôn = cBB +
∑

B′ $=B cB′B′

b1b2 · · · bn = ‖Ôn‖NHS ≥ |cB|

cB = (−4JXJY)n/2

b1b2 · · · bn ≥ |cB| = (−4JXJY)
n/2

b1b2 · · · bn ≥ |cB| ≥ (4|JXJY|)n/2
(n
2

)
!

bn !
√

2|JXJY|n1/2

T ⊂ Z2, |T | = n+ 1, T % o

T̃ =
{
{u, v} |u, v ∈ T, |u− v| = 1

}

Â(iβ) := e−βĤÂ(0) e−βĤ =
∑∞

n=0
(iβ)n

n! δn(Â(0))

δn(X̂o) =
∑

B∈P cBB

Ôn = cBB +
∑

B′∈P
(B′ $=B)

cB′B′

Ôn = cBB +
∑

B′ $=B cB′B′

b1b2 · · · bn = ‖Ôn‖NHS ≥ |cB|

cB = (−4JXJY)n/2

b1b2 · · · bn ≥ |cB| = (−4JXJY)
n/2

b1b2 · · · bn ≥ |cB| ≥ (4|JXJY|)n/2
(n
2

)
!

bn !
√

2|JXJY|n1/2

bn ! αn1/2

T ⊂ Z2, |T | = n+ 1, T % o



general construction on a rooted tree
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[X̂uX̂v, · · · · · · ]
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Â(iβ) := e−βĤÂ(0) e−βĤ =
∑∞

n=0
(iβ)n

n! δn(Â(0))

δn(X̂o) =
∑

B∈P cBB

Ôn = cBB +
∑

B′∈P
(B′ $=B)

cB′B′

Ôn = cBB +
∑

B′ $=B cB′B′

b1b2 · · · bn = ‖Ôn‖NHS ≥ |cB|

cB = (−4JXJY)n/2

b1b2 · · · bn ≥ |cB| = (−4JXJY)
n/2

b1b2 · · · bn ≥ |cB| ≥ (4|JXJY|)n/2
(n
2

)
!

bn !
√

2|JXJY|n1/2

bn ! αn1/2

T ⊂ Z2, |T | = n+ 1, T % o

T̃ =
{
{u, v} |u, v ∈ T, |u− v| = 1

}

b1b2 · · · bn ≥ |cB| ≥ (min{JX, JY})n N(T )

N(T ) ≥ n!

Cn

3× 4× · · ·× (n+ 2)

N(T ) ≥ 3× 4× · · ·× (n+ 2)

32n
≥ n!

9n

Â(iβ) =
∞∑

n=0

(iβ)n

n!
δn(Â)

Â(N)(iβ) =
2N∑

m=0

(iβ)m

m!
δm(Â)

‖Â(N)(iβ)‖NHS

assume  is connected and contains no loops(T, T̃)
we start from  and grow  supported on X̂o B T
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B

then

T̃ =
{
{u, v} |u, v ∈ T, |u− v| = 1

}

|cB| = (2|JX|)nX(2|JY|)nY N(T ) ≥ (2min{|JX|, |JY|})n N(T )

|cB| ≥ (2min{|JX|, |JY|})n N(T )

b1b2 · · · bn ≥ |cB| ≥ (min{JX, JY})n N(T )

N(T ) ≥ n!

Cn

3× 4× · · ·× (n+ 2)

N(T ) ≥ 3× 4× · · ·× (n+ 2)

32n
≥ n!

9n

Â(iβ) =
∞∑

n=0

(iβ)n

n!
δn(Â)

Â(N)(iβ) =
2N∑

m=0

(iβ)m

m!
δm(Â)

 the number of ways to grow a rooted tree  
starting from the root and adding edges one by one
N(T) (T, T̃)

X



the number of ways to grow a tree

Conjecture: there is  such that for any  
there exists a rooted tree  with 

C > 0 n = 1,2,…
(T, T̃) N(T) ≥ n!/Cn

expected in  with ℤd d ≥ 2
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N(T ) = 1
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N(T ) =

✓
n

n/2

◆
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N(T ) = (n� 1)!!

 the number of ways to grow a rooted tree  
starting from the root and adding edges one by one
N(T) (T, T̃)

easily proved in the Bethe lattice



 the number of ways to grow a rooted tree  
starting from the root and adding edges one by one
N(T) (T, T̃)

trees that can be grown in “too many” ways

Theorem (Bouch 2015) there are  and an infinite 
set  such that for any  there exists a rooted 
tree  with  and 

C > 0
G ⊂ ℕ n ∈ G
(T, T̃) |T | = n + 1 N(T) ≥ n!/Cn

a tour de force hierarchical construction
see Tasaki (2024)

this proves, for , the desired  for 
Lanczos coefficients in a large class of models in  !!

n ∈ G b1b2⋯bn ≥ αn n!
d ≥ 2

Bouch tree

the set  is infinite, but is extremely sparse…G

Gabriel Bouch



imaginary-time evolution 

Â(N)(iβ) =
2N∑

m=0

(iβ)m

m!
δm(Â)

‖Â(N)(iβ)‖NHS

〈Â, Â(N)(iβ)〉NHS =
2N∑

m=0

(iβ)m

m!
〈Â, δm(Â)〉NHS

〈Â, δ(B̂)〉NHS = −〈δ(Â), B̂〉NHS

〈Â, δ(Â)〉NHS = 0 if Â† = Â I don’t need this, prob-

ably.

〈Â, δm(Â)〉NHS =

{
(−1)

m
2 〈δm

2 (Â), δ
m
2 (Â)〉NHS, m even;

0 m odd.

Â(N)(iβ) =
2N∑

m=0

(iβ)m

m!
δm(Â)

‖Â(N)(iβ)‖NHS

〈Â, Â(N)(iβ)〉NHS =
2N∑

m=0

(iβ)m

m!
〈Â, δm(Â)〉NHS

〈Â, δ(B̂)〉NHS = −〈δ(Â), B̂〉NHS

〈Â, δ(Â)〉NHS = 0 if Â† = Â I don’t need this, prob-

ably.

〈Â, δm(Â)〉NHS =

{
(−1)

m
2 〈δm

2 (Â), δ
m
2 (Â)〉NHS, m even;

0 m odd.

Â(N)(iβ) =
2N∑

m=0

(iβ)m

m!
δm(Â)

‖Â(N)(iβ)‖NHS

〈Â, Â(N)(iβ)〉NHS =
2N∑

m=0

(iβ)m

m!
〈Â, δm(Â)〉NHS

〈Â, δ(B̂)〉NHS = −〈δ(Â), B̂〉NHS

〈Â, δ(Â)〉NHS = 0 if Â† = Â I don’t need this, prob-

ably.

〈Â, δm(Â)〉NHS =

{
(−1)

m
2 〈δm

2 (Â), δ
m
2 (Â)〉NHS, m even;

0 m odd.

Â(N)(iβ) =
2N∑

m=0

(iβ)m

m!
δm(Â)

‖Â(N)(iβ)‖NHS

〈Â, Â(N)(iβ)〉NHS =
2N∑

m=0

(iβ)m

m!
〈Â, δm(Â)〉NHS

〈Â, δ(B̂)〉NHS = −〈δ(Â), B̂〉NHS

〈Â, δ(Â)〉NHS = 0 if Â† = Â I don’t need this, prob-

ably.

〈Â, δm(Â)〉NHS =

{
(−1)

m
2 〈δm

2 (Â), δ
m
2 (Â)〉NHS, m even;

0 m odd.

Â ∈ Aloc, Â† = Â, ‖Â‖NHS = 1

Â† = ÂÂ(N)(iβ) :=
2N∑

m=0

(iβ)m

m!
δm(Â)

‖Â(N)(iβ)‖NHS

〈Â, Â(N)(iβ)〉NHS =
2N∑

m=0

(iβ)m

m!
〈Â, δm(Â)〉NHS

〈Â, δ(B̂)〉NHS = −〈δ(Â), B̂〉NHS

〈Â, δ(Â)〉NHS = 0 if Â† = Â I don’t need this, prob-

ably.

〈Â, δm(Â)〉NHS =

{
(−1)

m
2 〈δm

2 (Â), δ
m
2 (Â)〉NHS, m even;

0 m odd.

Â ∈ Aloc, Â† = Â, ‖Â‖NHS = 1

Â† = Â

Â(N)(iβ) :=
2N∑

m=0

(iβ)m

m!
δm(Â)

Â(iβ) = lim
N↑↑

Â(N)(iβ)

‖Â(N)(iβ)‖NHS

〈Â, Â(N)(iβ)〉NHS =
2N∑

m=0

(iβ)m

m!
〈Â, δm(Â)〉NHS

〈Â, δ(B̂)〉NHS = −〈δ(Â), B̂〉NHS

〈Â, δ(Â)〉NHS = 0 if Â† = Â I don’t need this, prob-

ably.

〈Â, δm(Â)〉NHS =

{
(−1)

m
2 〈δm

2 (Â), δ
m
2 (Â)〉NHS, m even;

0 m odd.

Â ∈ Aloc, Â† = Â, ‖Â‖NHS = 1

initial operator

we shall prove  diverges as  if  is large∥ ̂A(N)(iβ)∥ N ↑ ∞ |β |

imaginary-time autocorrelation
not straightforward, as the coefficients usually have mixed signs

since , we have
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lower bound for  ∥ ̂A(N)(iβ)∥

noting

〈Â, Â(N)(iβ)〉NHS =
N∑

n=0

(iβ)2n

(2n)!
(−1)n〈δn(Â), δn(Â)〉NHS

=
N∑

n=0

β2n

(2n)!

(
‖δn(Â)‖NHS

)2

µ2n =
(
‖δn(Â)‖NHS

)2

µ2n =
∑

(p1,...,p2n)

bp1bp2 · · · bp2n

µ2 = (b1)2

µ4 = (b1b2)2 + (b1)4

µ2n ≥ (b1b2 · · · bn)2

〈Â, Â(N)(iβ)〉NHS ≤ ‖Â‖NHS ‖Â(N)(iβ)‖NHS ≤ ‖Â(N)(iβ)‖

‖Â(N)(iβ)‖ ≥
N∑

n=0

β2n

(2n)!
(b1b2 · · · bn)2

〈Â, Â(N)(iβ)〉NHS =
N∑

n=0

(iβ)2n

(2n)!
(−1)n〈δn(Â), δn(Â)〉NHS

=
N∑

n=0

β2n

(2n)!

(
‖δn(Â)‖NHS

)2

µ2n =
(
‖δn(Â)‖NHS

)2

µ2n =
∑

(p1,...,p2n)

bp1bp2 · · · bp2n

µ2 = (b1)2
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Â
(N

) (iβ
)

‖Â
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)〉NH
S

〈Â,
δ(B̂

)〉NH
S
=
−〈δ

(Â
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‖δn(Â)‖NHS

)2

µ2n =
∑

(p1,...,p2n)

bp1bp2 · · · bp2n

µ2 = (b1)2

µ4 = (b1b2)2 + (b1)4

µ2n ≥ (b1b2 · · · bn)2
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summary of part 2
for a large class of  quantum spin systems, 

we established that the Lanczos coefficients exhibit 
the behavior expected for a quantum chaotic system 

S = 1/2

for a large class of  quantum spin systems, 
we established that the imaginary-time evolution of a 
local operator exhibits a singularity at a finite “time”

S = 1/2

 the same or similar results were proved, but only 
for restricted (fine-tuned) models
 the trees that can be grown in “too many” ways 

by Bouch play essential roles in the proof (thus the 
result is limited to  from the sparse set )n G
 the proof requires a full infinite 2D lattice



background 
main results 

 idea of the proof 

setting 
operator growth 

complex-time evolution 
 idea of the proof 

summary and discussion

part 1

part 2



summary and discussion 
recently, mathematical/theoretical physicists 

started proving that a concrete quantum spin system 
with short-range interactions exhibits a behavior 
that is never expected in an integrable model 
Bouch 2015, Shiraishi 2019, Cao 2021, …

we proved such results for a class of standard 
 quantum spin systems in two or higher 

dimensions
S = 1/2

this is a new trend – with plenty of room for further 
progress!



future issues
extend the proof to quasi-local conserved quantities

part 1

part 2
prove the existence of trees that can be grown in 

“too many” ways for any number  of bondsn
show something about (observable) time-

dependent quantities

clarify the relationship between (non)integrability 
and the presence/absence of conserved charges

overall
 justify other (physically interesting) properties 

of non-integrable or quantum chaotic systems



The emperor of the South Sea was called Shu [Brief], the emperor of the 
North Sea was called Hu [Sudden], and the emperor of the central 
region was called Hun-tun [Chaos]. Shu and Hu from time to time came 
together for a meeting in the territory of Hun-tun, and Hun-tun treated 
them very generously. Shu and Hu discussed how they could repay his 
kindness. "All men," they said, "have seven openings so they can see, 
hear, eat, and breathe. But Hun-tun alone doesn't have any. Let's trying 
boring him some!" 
Every day they bored another hole, and on the seventh day Hun-tun 
died. 
“Zhuangzi", Chapter 7 Fit for Emperors and Kings 
https://terebess.hu/english/chuangtzu.html

so far, we have bored only three (not very critical) holes

no conserved quantities
linear growth of  bn

singularity in imaginary time


