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motivation

mathematical studies of quantum many-body systems

: free ferm;i
exact solutions "ion, Bethe ansatz, Yang-Baxter relation ...

only cover integrable models

rigorous, general theorems

cover models in a certain class,
both integrable and non-integrable models

there are properties/phenomena (quantum chaos,
thermalization, ETH = energy eigenstate thermalization

hypothesis, standard hydrodynamics, ...) that are expected fo
take place only in non-integrable systems

mathematical results that exclusively apply to non-
integrable systems??



early rigorous results that showed a concerete quantum
model (with shor’f—range interactions) exhibits a
behavior that is never observed in integrable models

Bouch (2015) smgulan’ry in the imaginary-
time evolution in a two-dimensional
quantum spin system

He =3, ead Xy ZG+10) + 2 X G} B

Gabriel Bouch

% o2 Shiraishi (2019) absence of nontrivial local

gl conserved quantities inthe S = 1/2 XYZh
NEal Spin chain
Naoto Shiraishi -
Cao (2021) ‘quantum chaotic” behavior of
the moment in the one and two-dimensional B %«
quantum Ising models BEL &t

Xiangyu Cao
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Shiraishi’s work in 2019

s = —~ X¥Z-h spin chain with Hamiltonian

Hxyzn = — Y AIx X; X + Iy ViYj + J2 Z; 251 + th}
integrable (can be mapped fo a free fermion) if J, =
series of local conserved quantities [Hxv-n, Q% ] =0

Q5 = Zﬂzl{JXX Zis1Xjer + I Y ZjVieo = WX X + YY)} kmaX — 37 47 “ e
Q?? — 2521{Xj2j+1?j+2 - YijHXjJrz}

Qi = Ef:l{JX(XijHZAJHXﬁ?’ + YY) + I (Vi Zj Zj2Yes + X Xj41) — h(X; Zj1 X2 + Y Zj 1Y 42))
Qs = ZJL 1{X'Zj+12j+2f/j+3 - Y'Zj+12j+2f(j+3}

f ifJy £ Jy, J, % 0, and h # 0, the model has no local |
| conserved quantities with support size 3 < k,,,, < L/2

— e e

Naoto Shlralshl Proof of the absence of local conserved quantltles
in the XYZ chain with a magnetic field”, 2019

the first rigorous result that applies exclusively

to a standard “non-solvable” model!



integrability and conserved quantities

Liouville integrability of a classical Hamiltonian

system with 2» dimensional phase space
there exist n independent conserved quantities

quantum system with D dimensional Hilbert space

and Hamiltonian 4
there always exist D ‘conserved quantities” | ¥,)(¥]

integrable quantum many-body systems

one finds (via transfer matrices, boost operator, ...) a
series of conserved quantities that are the sum of

strictly local operators (some models possess quasi local
conserved quantities)

the relationship between “integrability” and

the presence of conserved quantities is subtle



absence of nontrivial local conserved quantities

in one-dimensional quantum spin systems

quantuwm Ising model chiba 2024
PXP MOde' Park and Lee 2024

S = 1/2 chain with next-nearest neighbor interactions
Shiraishi 2024

S = 1 chain with bilinear biquadratic inferactions park and
Lee 2024

S = 1 chain with anisotropic bilinear biquadratic
ih‘l’el’ac‘l'iOM Hokkyo, Yamaguchi, Chiba 2024

S = 1/2 chain with symwetric nearest
MeigthI’ ih‘l’el’ac‘l'iOVl Yamaguchi, Chiba, Shiraishi 2024
S = 1/2 chain with symwmetric next-nearest
neighbor interaction shiraishi 2025

empirical rule: a simple quantum spin model is either
‘integrable or does not possess local conserved quantities |




recent general resulis for one-
dimensional quantum spin systems

A. Hokkyo, “Rigorous Test for Quantum Integrability and Nonintegrability”, 2025

an efficient, rigorous schewe for
establishing the absence of local conserved
quantities in a general class of quantum
spin systems (mostly in one dimension)

N. Shiraishi and M. Yamaguchi, “Dichotomy theorem distinguishing
non-integrability and the lowest-order Yang-Baxter equation for
isotropic spin chains”, 2025

a simple, concrete criterion
that deterwmines whether a
model satisfies the Reshetikin
condition or lacks local
conserved quantities

Mizuki Yamaguchi

Naoto Shiraishi



the dichotomy theorem

N. Shiraishi and M. Yamaguchi, “Dichotomy theorem distinguishing non-integrability
and the lowest-order Yang-Baxter equation for isotropic spin chains”, 2025

a simple, concrete criterion that determines whether a
model satisfies the Reshetikin condition or lacks local
conserved quantities

the most general SU(2) invariant n.n. spin S chain
H=Y" hj  hj=32",7J.(5-8:1)" J.€R

n=1

theorem: if [/, 7,1, (h; + /., )] contains a nonzero

'3—suppor’r produc’r then fhe model has no nontrivial local- |
conserved quantities; else, the model satisfies the lowest |
order Yang-Baxter equation (the Reshetikin condition) and |

has conserved quam“mes 0, = Z (I, ]H] and
0, =




absence of nontrivial local conserved quantities in
two or higher dimensional quantum spin systems

it is likely that a spin wmodel is “less integrable” in higher
dimensions

S = 1/2 Ising model with a magnetic field
(ot in the Zdirection) chiba 2024

S = 1/2 XY and XYZ model with or without
a mag“e‘ric ﬁeld Shiraishi and Tasaki 2024 %\

on the d-dimensional hypercubic lattice with 4 > 2, all

“standard” S = 1/2 wmodels (except for the classical Ising

'model) have no nontrivial local conserved quantities and
tareverx likely to be “noninte ]

S = 1/2 quantum compass wmodel on the square lattice

Futami and Tasaki 2025
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s = - model in two dimensions

operators of a single spin is spanned by

. (1 0\ o (0 1\ o (0 —i\ , (1 0
=0 1) =0 o) =0 0) 76 5)

A={1,...,L}* Lx L square lattice .
with periodic boundary conditions

Xu, Yy, Z. copies of X, Y, Z at siteu € A

Hawiltonian of the XYZ wodel

A 1 A oA A A A &
H=-- u%;\ [Ix Xu Xy + Iy Y Yy + Iz Zu 2, )

(Ju—v|=1)

— Z{hXXu + hy Yy, + hy Zu}
ue A\

JX7JY7J27hX7hY7hZ ER? JX#OM]Y #O




local conserved quantities

conserved quantities that are linear combinations of
strictly local produets |

A=@Q, s A, product of Pavli matrices A JHE y

ScA  A,=X,Y, Z, —

P the set of all produets
WidA the horizontal width of the support S c A Wld =3

‘candidate of a local conserved quantity with width k
suchthat2 <k, <%

Q = Z QAA

AEPA
(WidA<kpmax)

ga € C

— ——

O is a local conserved quan’nfy it H Q] =0




" theorems Shiraishi and Tasaki 2024

N 1 N N N
H=—- » {KXXo+NVY+Jz2.2,} — ) {hxXu+hyYu+hzZ,}
2 u,vEN ueAN
(lu=v|=1) Jx,Jv,Jz,hx,hy,hz € R, Jx #0,Jy #0
Q = E | ga A ga € C
AEPA

(Wid A<FEmax)
QO is a local conserved quantity iff [H,Q] =0

Theorem: there are no local conserved quantities O with
width k., such that3 <k ., <=

D — D
Hawmiltonian is a local conserved quantity withk_ . =2

Theorem: any local conserved quantity with kinax = 2 is

writtenas O = y H + O, with n # 0, where O, is a linear
combination of single-site Pavli matrices
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baslc strategy of the proof s.....zov.20

H_—5 Y {xXuXo+ Iy VYo + Iz ZuZy} — Y {hx Xu + hy Yy, +hzz}
u,veEA ue
(ju—v]|=1)
. A >2 2 52 7
A=A, A=) dasB Vo7
ueS BePy XY =-YX=1Z
) Y7 =2V =iX
Q = > qaA IX = X7 =iV
AcPp

(Wid A<Kmax)

H,Q] = Z ( Z )\A,BC]A)B

BcPa

AcPa
(WidA<Kkpmax)

e+ 3 Aapaa—0forall Bep,
AEPA



baslc strategy of the proof s.....zov.20

H_—5 > {xXuXo + WYYy + Iz ZuZo} — Y {hx Xu + hy Yo + hz 2,
u,veEA ue
(lu—v]=1)
Q= ) qaA
A€cPp
> Xapaa=0forall BecP, (WidA<kuma)
AcPa

for

maX

we shall prove ¢, = 0 whenever WidA =
3 <k < 5

contradicts the assumption that ¢, # 0 for at least
one A with WidA =k_

no local conserved quantities with3 <k, <=



1st step of the proof: Shiraishi shift 1

_ 3 Use basic relation for B with WidB =k_, + 1

X

B'xzvz
X Xu, Al = 2B [VoYo, A= =2B (22, A'] = 2B
basic relation for B basic relation for B’
21x ga — 21y g4 = 0 210794 = 0
1a =7 qa A =S(A) 2a=0

EE

when WidA = k. _we have g, = 0 unless
SuppA = {u,u+e;,...,u+ (k—1)e} e1 = (1,0,...,0)

A0 a0

reduced to an essentially s T T o s I

one-dimensional problem




15t step of the proof: Shiraishi shift 2

kmax =4 A XZZZ JTx
XZZXY 1a = 7 dsa)
S(A)YZXY p
YZXZX =Y s
S2(A) XXZX W T @A
B XXZzZY

basic relation for B
—QiJY qSQ(A) =0

ga =0




15t step of the proof: Shiraishi shift 2

'lfmaX:4 A XZ2ZZ2 AXYYX
XZZXY XYYZY
S(A)YZXY S(A)ZYZY
YZXZX ZYZZX
S2(A) XXZX S2(A) XZZX
B XXZ2Y XZZZY
basic relation for B S3(A) YZZY
—2iJy gga(a) = O YZ22ZX
> SYA)  XZzZX
ga = 0

ﬁA — (COIlSt) qXZZK

lemma: for any A with WidA = k.., we have either
max
ga =0, ga = Ndoxx, 94 = N'gocyx (N A7 #£0)
er-h Cxx = X$o+e1Z:xo+2e1 T Z:a:o+(kmax—1)61 X:woJrkmaxel

Cyx = Y$0-|-€1 ZfBo-|-2€1 T Zﬂ?o-l—(kmax—l)elXxo-kaaxel €1 = (17 0,..., O)



2nd step of the proof

we only need to control the coefficients of

Cxx = X5130-|-€1 Z$0+2€1 T Z$0+(/€max—1)€1XCL’0+kmax€1

Cyx = Y960—|-€1 rxo+2e; " Zivo-l-(kmax—l)ar?o—l-kmaxel

use basic relation for B with WidB = k__

) odd j X even j -1~ e U
O g 27X O X7 27y Wldcg — WldDg — kmax
D, y D, y WIdE,; = Fpax — 1
YZ--—-ZXZ----2Z2ZX XZ-—-2ZXZ----ZZY
~ ~ 8 ]
Ej YZ----Z%Z____ZY E'j XZ----Z;Z____ZX baSlc relaflon for Dj
(- ‘
Dy y
only for odd k& ¢ ZZ------------- 2ZY
By _ _
\ | ZX dCxx = dCvx —

g4 = O Whenever WidA =k, if3<k <=

kmax



summary of part 1

we proved that the XY and XYZ wmodels on the
d-dimensional hypercubic lattice with 4 > 2 possess
no local conserved quantities

A the theorem applies to the simplest XX wmodel

1

H=-5 ) {X.X,+V.Y.}

u,veEN
(lu—v|[=1)

quantum many-body wmodels becomes

“less solvable” in higher dimensions

[ the same proof works for the system on a ladder

or even a chain with a “branch” bI
L L @ @



summary of part 1

[ various quantum many-body models were proved to
possess no nontrivial local conserved quantities and
hence are very likely o be “nonintegrable”

™ for quantuwm spin chains, there seems to be a deep
relationship between integrability and the absence/
presence of nontrivial conserved quantities

all these results are interesting by themselves

but do we learn anything about, say, time-evolution?

I the absence of nontrivial local conserved
quantities means any local operators change in time

—p operator growth (part 2)
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§=1 model on Z>2

A

Xu,Y . copies of X, Y, Z at site u € 7>

algebra of local operators
Aioc = {polynomials of X, Y,, Z, with u € ZQ}
remark: the notion of locality is different from that in part 1
P set of all produets A =®, A,
Ay =Xy, Y. Zy SCZ? |S| < oo

normalized Hilbert-Schwidt inner product
A B c Aioe

<A, B>NHS +— Poo (ATB)

[ Alls = 1/ (A, A) s
<A7 B>NHS — 5A,B A BeP



Hamiltonian and time-evolution

(formal) Hawiltonian of the XYZ model

A=t S XX+ I VY, o+ Jp 2,2,

2
w,vEZ>
(Ju—v[=1)

— Z {hXXu + hy Y, + hy Zu}
uer Jx, Jy, Jz, hx, by, hy € R
the generator of time-evolution (a.k.a the Liouvillian)
A€ Qlloc i[H&A]
5(A) :=1i[H,A] (6(A)T = §(AT) may hot converge

time-evolution

A(t) élT%lQ elHStA 6—1Hst __ €t5A Z v 577, AO

A( ) € A = Ajoc foranyr e R l.leb—Kobmson hound

aboslu’rely'
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operator growth Aoe% [ Aol = 1
A(t) - = elHt A e~ 1Ht = Do = 5”(A0) 5(A) :=1[H, A]

the sequence of operators should contain information
about the time-evolution

Ap,6(Ap),0%(Ap), 03 (Ag),... Oy = A
én — 5n(AO) y:? 11 (n) 07 (A )
‘ with <On,éj>NHs=Ofor alljzl,...,n—l
0o,01,02,03,... O, the operator that appears “for

the first time” in the n-th recursion

Lanczos coefficient b, := ||Onllnus/ [|On—1]nms
H‘%ggg——__.ﬁuéthNHS — b1b2bn ) | —
characterizes intrinsic operator growth (with respect|

‘1

to the infinite-temperature Glbbs statep,,)




universal operator growth hypothesis

Parker, Cao, Avdoshkin, Scaffidi, Altman 2019
Nandy, Matsoukas-Roubeas, Martinez-Azcona, Dymarsky, del Campo 2024

* the growth of the Lanczos coefficients »_ captures |
‘the essential feature of the quantum dynamlcs |

const free models
const 1 (0 <éd <1) interacting integrable models
n const n d > 2 |
const 107;71 d=1 Czaotlc models
Cited by 492 %

2019 2020 2021 2022 2023 2024 2025 04 : | : '
Parker, Cao, Avdoshkin, Scaffidi, Altman 2019 0 10 20




universal operator growth hypothesis

Parker, Cao, Avdoshkin, Scaffidi, Altman 2019

M well-defined notion (even from math point of view)

I applicable to essentially any quantum chaotic
system, not only in the semi-classical (or any) limit

[ seems 1o be an almost” necessary and sufficient
condition for quantuwm chaos

a subtle counterexample: a semi-classical integrable model

wth saddle-dominated scrambling shows b, ~ an
see, e.g., Nandy et al. 2024

| 43
a2 5 Rfd ALifE.2 3t 2 78, vhe z it Ayl : i‘;
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mal" theorem Shiraishi, Tasaki 2024, Tasaki unpublished

1
H=— Z;Z {Jx XuXy + Jy YuYs +JZZZ}—U§{hXX +hy Yy, + hy Z,}

(lu—v|=1)

Theorem: in all models except for the classical Ising
model, there exist A,, a > 0, and an infinite set G c N
such that b,b,---b, > o n! forany n € G

I — B

the proof for the quantum lsing model makes use of the
idea due to Cao (2021)

by combining the result in Bouch (2015%) with our method,
the same statewment for the Bouch model follows

Hp =3 ez X ZG+1.k) T 230X G k1) b




Q
mal" theorem Shiraishi, Tasaki 2024, Tasaki unpublished

A 1 A A ~ A A A A A N
H=— Z;Z {Jx XuXoy + Iy YoV + Jg ZuZy) — §Q{hXXu+hYYu+hzZu}

(lu—v|=1)

Theorem: in all models except for the classical Ising
model, there exist A,, a > 0, and an infinite set G c N
such that b,b,---b, > o n! forany n € G

— I

essentially shows b, > a n, the behavior expected
(almost) only in systems exhibiting quantum chaos!

any standard S = 1/2 quantuw spin system in two or
higher dimensions exhibit the signature of quantum chaos

Cao (2021) proved max{b1,b2,...,bn} 2 an/logn,
for the one-dimensional Ising model witha slan’re
magnetic field Hing =Y {2,211 + hX; + h’Zy}




Kitaev honeycomb model

two-dimensional S = 1/2 model with infinitely many
local conserved quantities

I:IKitaeV: Z XUX’U—I_ Z YuY’U—I_ Z Zqu
{u,v}EBy {u,v}eB, {u,v}€B,

sets of bonds B, U B, UB,

for the initial operator g
Ay = Z., 7, for {u,v} € B,
it is easy to prove
272 < biby b, < 6" == b, ~const foralln

the behavior of b, seems o be more complicated
for a general initial operator
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complex-time evolunon

A e e
A(t) _ elHtA(O) _iHt Z ﬁ 5”(14(0)) i([A) ;[1[]—[ A]
n=0 loc
Theorem (Araki, 1969) ina < = 1 quantum spin system
with a finite-ranged translation invariant Hamiltonian,
A(r) with any A(0) € A converges in 2 (in the operator
norm) for any r € C

what about systemsind > 27

Proposition: in any quantum spin system with a finite-
ranged uniformly bounded Hamiltonian, there exists r, > 0
such that A(r) with any A(0) € 2 converges in 2« (in the
operator norm) for any r € C with |7| < r,

S —

Zobov (2000) found a singularity at an imaginary time
in the Heisenberg model in d = o




sinqularity at an imaginary time
A(ip) i= e PHA(0) M = Y, B0 07(A(0))

n=0 n!

Hp =3 wezi XG0 ZG+1.0) + 260X G a+1)}

Theorem (Bouch, 2015) A(ip) with A(0) = X_ does not

converge in A (in the operator norm) for 5 € R with
sutficiently large | 5|.

1

H=— EE:Z {Ix XuXo + Iy YuVo + Jz 202} — §Q{hxXU+hYYu+hzZu}

(Ju—v|=1)

Theorem: in all models except for the classical Ising wmodel,
A1) with some A(0) does not converge in 2 (in the
operator norm) for g € R with sufficiently large | 5|.
I — Shiraishi, Tasaki 2024 323K URBUBTEAEd
the operator grows rapidly and reaches infinity within

a finite imaginary time! no Lieb-Robinson!




characterization of quantum chaos
A(iB) = e PH A(0) PH = > bo)" 5" (A(0))

n!

n=0
Avdoshkin, Dymarsky 2020

in a chaotic system, A(ip) with s € R grows rapidly
d = 1 double exponential in | 3]
d > 2 reaches infinity at a finite | 3|

O

A(t) := efTA0) e =3 67 (A(0))

Theorem: in the Kitaev honeycomb wodel, A(r) with any
A(0) € A converges in A (in the operator norm) for any

te C Tasaki unpublished
B
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H=—y 3 {RXX KO+ 1 2,2} = Y {hx Xu+ by Vot by 24}
<|fo|2:1> e Jx #0,Jy #0
operator growth from X

X,,8(X,),0%(X,), 8%(X,), - - 5(A) :=1i[H, A

Oo,01,02,0s3, ...
expand in products 6"(X,) =Y. 5.pcuB

if there is B that does not appear in 5/(X ) with
i=12,...,n—1, then we have

we shall look for such B with large | c; |



some examples of B and cB

the simplest construction n
-y -y e N
X 1—>2ZlY |—>» 2ZX —> 22Z..ZZX=B

appears for the first time in 5*(X )

a beﬁer strategy
222...2ZX —> Z -Z! Z‘ X—> XYX.XYX=D5
grow this Yy Y roxm in
’rake n/2 commufa’non d

at least (n/2)! ways

relations in an arbitrary order . e (n —1)!1 ways)

b1ba---b, > |cB| > (4\JXJY\)”/2(g)! by, > an'/?



general construction on a rooted tree
TCZQ, TI=n+1, T>o0
= {{u,v}|u,v 6.,T’ u—v| =1}
assume (7, 7) is connected and contains no loops
we start from X and grow B supported on 7

le Y—Z7 Y—2Z )f! X
BB

*N(T) the number of ways to grow a rooted free (7. 7) |
starting from fh root and addm  edges one by one |




the number of ways to grow a tree

N(T) the nuwber of ways to grow a rooted tree (7. 7) |
'starting from the root and adding edges one by one |

S o o o o o9 oo o o o oo QIIIIII
M =1 N(T):<n72> N(T)=(n—1)!

Conjecture: thereis C > 0 such that forany n = 1.2,...
there exists a rooted tree (7, 7) with N(T) > n!/C”"
I —

B
expected in Z¢ withd > 2
easily proved in the Bethe lattice

ﬁeTme{ =2 EFW&Y§TO 3Y‘OW_17‘€€§ with n edjes = 3)( 4x - X (Nt2)
9, The mumbev—"{'d(’ﬁmd’ rooted Trees < 3"
(
Thus 3T <. |\/(T)>3qu % (Nt2) = VC)}';"

3214




trees that can be grown in “too many” ways

fN(T) the number of ways to grow a rooted tree (7, 7) |
starting from the root and adding edges one by one |

Theorem (Bouch 2015) there are C > 0 and an mﬁm’re
set G C N such that for any n € G there exists a rooted
tree (T, T)With |T|=n+1and N(T) > n!/C"

—

a tour de foree hierarchical construction
see Tasaki (2024)

(TIT] T TTT] T
[TTT{ 7T (7] (77| ]
wilusbuluniuah :@

o1 T T MTIMT M) Boyeh tree

Gabriel Bouch

this proves, for n € G, the desired »,b,---b, > a" n! for
Lanczos coefficients in a large class of models in 4 > 2 It

the set G is infinite, but is extrewmely sparse...



imaginary-time evolution sc<r

initial operator A ¢ A, AT = A, || A]|nus = 1

AMN(iB) == 1b)™ s™(A)  A(3B) = lim AN(ip)

N oo

@> | dlvrqesasNT o if |/

imaginary-time aufocorrela’non
- AR (TG LU,
(N) L m
(A, AV (i8))nns = E | (A, 0™ (A))nns

since (A, 6(B))xus = —(6(A), B)xus, We have
)

% (A))xns, ™M even;

0 m odd.



lower bound for ||[AYVGp)||

(A AN s = 3 ST ) 574, ()
=3 (1 (D)’

mowment po, = (H(S”(A)HNHS)2

hoting -
(A, AN (iB))wns < 15)|
R 62n

n=0

nts!

mowents are related to Lanczos coefficie



divergence of ||[AVVip)|)

fh2n = Z bp, bpy +*  bp,,

( P1s.--, pgn)

b
suwm over Dyck paths

for example 12 = (b1)° 4 = (b1b2)2 + (b1)*
in particular we see 12, > (biba---by,)

N 527@ N 62n
A (V) (3 oo b )2
o 1) 2 2n (ﬂ')Q
nEGﬂ[O N] neGN O,N]

divergesas N 1 oo if a| S| > 2
works for any model where we have b,b,---b, > o n!



summary of part 2

M for a large class of S = 1/2 quantum spin systews,
we established that the Lanczos coefficients exhibit
the behavior expected for a quantum chaotic system

M for a large class of S = 1/2 quantum spin systews,
we established that the imaginary-time evolution of a
local operator exhibits a singularity at a finite “time”

¢ the same or similar results were proved, but only
for restricted (fine-tuned) models

¢ the trees that can be grown in “too many” ways

by Bouch play essential roles in the proof (thus the
result is limited fo » from the sparse set G)

o the proof requires a full infinite 20 lattice
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summary and discussion

A recently, mathematical/theoretical physicists
started proving that a concrete quantum spin system
with short-range interactions exhibits a hehavior

that is never expected in an integrable model
Bouch 2015, Shiraishi 2019, Cao 2021, ...

we proved such results for a class of standard
S = 1/2 quantuw spin systems in two or higher
dimensions

this is a new frend - with plenty of room for further
progress!



future issues
part |

[ extend the proof to quasi-local conserved quantities

M elarify the relationship between (nonlintegrability
and the presence/absence of conserved charges

part 2

M prove the existence of trees that can be grown in
“too many” ways for any number » of bonds

[ show something about (observable) time-
dependent quantities

overall

™ justify other (physically interesting) properties
of non-integrable or quantum chaotic systems



The emperor of the South Sea was called Shu [Briet], the emperor of the
North Sea was called Hu [Sudden], and the emperor of the central
region was called Hun-tun [Chaos]. Shu and Hu from time to time came
together for a meeting in the territory of Hun-tun, and Hun-tun treated
them very generously. Shu and Hu discussed how they could repay his
kindness. "All men," they said, "have seven openings so they can see,
hear, eat, and breathe. But Hun-tun alone doesn't have any. Let's trying
boring him some!"

Every day they bored another hole, and on the seventh day Hun-tun
died.

“Zhuangzi", Chapter 7 Fit for Emperors and Kings

https://terebess.hu/english/chuangtzu.html

so far, we have bored only three (not very critical) holes
linear growth of b,

no conserved quantities
singularity in imaginary time




