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The Sachdev-Ye-Kitaev (SYK) model

2N Majorana or N Dirac fermions randomly coupled to each other

Solvable in large-N limit, maximally chaotic at low T
[Maldacena, Shenker, and Stanford JHEP 2016]

[Majorana version] [Dirac version] o

Su)
I

Z JabcaXaXvXcXd H = Z]ij;klci Cj CkCy
Lj:k

1sa<b<c<ds2N . ]
Gaus.SIa.n ra.ndom [A. Kitaev's talks]
[A. Kitaev: talks at KITP distribution [S. Sachdev: PRX 5, 041025 (2015)]

(Feb 12, Apr 7, and May 27, 2015)]

Studied for long time in the nuclear theory context
cf. SY model [Sachdev and Ye, PRL 1993] [French and Wong (1970)][Bohigas and Flores (1971)]

>1300 citations after 2015 "TWO-bOdy Random Ensemble”

« Holographic correspondence to black holes
* Many variants of the model: bosonic, multiflavor, supersymmetric, nonhermitian, ... 3



Solvable in the N > 1 limit (eftersample average (- )))

Non-perturbative Hamiltonian = 0, Free two-point function
- V3 N () = —(Tv: (D) v
H = 2 N)3/2 z JabcaXaXpXcXd GO’” (t) = <TXl(t)X] (O)>
(2N) — 3
1<sa<b<c<d<2N sgn(t)é;;

as perturbation

(labcd2>{]} = J?, Gaussian distribution Jabed)abce)y = 0 if d # e = Most diagrams average to zero

Only "melon-type” diagrams survive sample averaging

. Dotted lines connect same couplings




Lyapunov exponent and out-of-time-
order correlators (OTOC)

F@) = WHHOVHOYW (#)V(0)) we = emewein

Classical chaos:
Infinitesimally different initial coord

D 5 (0)|
oMt |5x(t = 0)
" =
>
t=0 Real time t

Ar: Lyapunov exponent

0x(0)

2
(ax(t)> = {x(£), p(0)}pp”— M1t

Quantum dynamics:
S Cr(t) = ([2(t), p(0)]?)

For operators V and W, consider
C(t) = (W@, V(t= 0] =WV OWE)V(0) +
[Wiener 1938][Larkin & Ovchinnikov 1969]

OTOC ~ e?*.t at long times, A, > 0: chaotic

“Black holes are fastest quantum scramblers”
[P. Hayden and J. Preskill 2007] [Y. Sekino and L. Susskind
2008] [Shenker and Stanford 2014]

A1, < 2mkgT /h (chaos bound)
[J. Maldacena, S. H. Shenker, and D. Stanford, JHEP08(2016)106]
=>» SYK model can be solved in large-N; satisfies this bound at low T g



Out-of-time-ordered correlators (OTOCs)

Regularized OTOC can be
calculated for large-N SYK
model, satisfies the chaos

bound

/1]_‘ — ZT[kBT/h at low T limit

1 -

08

large q
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VACY ACH A M), | ROImGOﬁr rsOu ji

F(tll tZr t3; t4) — FO(tli t2) t31 t4) + j dtadtb F(tli t21 ta, tb)K(tal tbl t31 t4-)

17 a=4

08 | /

0.6 . 7 [KitaeVv's talks]

0.4 f = [J. Polchinski and V. Rosenhaus, JHEP 1604 (2016) 001]

oz | N Q [J. Maldacena and D. Stanford, Phys. Rev. D 94, 106002 (2016)]
0 @] . . ,
107" 10° 101 102



Maximally chaotic systems

J. S. Cotler, G. Gur-Ari, M. Hanada, J.
O+ 1 d SY & Polchinski, P. Saad, S. H. Shenker, D.

. Streicher, and MT, JHEP
52. gfcc):hdev, Phys. Rev. Lett. 105, 151602 SYK models it;(?;?zrgH %ﬁtg?l;hsg Saankci andJT
( ), ;T ka and T.
Phys. Rev. X 5, 041025 (2015); L\Itli/lm\a/sa\tf)va, 19}11 2%1%%% Y. Jia and J.
J. Maldacena and D. Stanford, . IVl. Verbaarsc .0 ,
Phys. Rev. D 94, 106002 (2016); ... 2007(2020)193; ..

1 +1d _ Random
JT gravity

A. Almheiri and J. Polchinski, JHEP 1511(2015)014;
P. Saad, S. H. Shenker, and D. Stanford, arXiv:1903.11115;
D. Stanford and E. Witten, arXiv:1907.03363; ...

matrix




[I. Danshita, M. Hanada, MT: PTEP 2017, 083101 (2017)]

Proposals for experimental realization of SYK

Ultracold fermions in optical En §

occupied

Ea,3 + Ea,4

—empty R
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& 2 | Eao+Eqs PA lasers
g 8 | Ea,l + Ea,4
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& |
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Sums of two single atom energies
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s: molecular levels
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Js zjgs kl AT J[A ~
] CkCy.
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Approximately Gaussian if many levels are used

e
. e 5 lattice + photoassociation lasers f

[D. I. Pikulin and M. Franz, PRX 7, 031006 (2017)]
N quanta of magnetic flux through a nanoscale hole

SYK holographic

boundary

- AdS; bulk

event horizon

-~y

S

g

Graphene flake with
an irregular
boundary in
magnetic field



NMR experiment for the SYK model

"Quantum simulation of the non-fermi-liquid state of
Sachdev-Ye-Kitaev model” Zhihuang Luo, Yi-Zhuang You,

Jun Li, Chao-Ming Jian, Dawei Lu, Cenke Xu, Bei Zeng and I — Jijki n C--O »
Raymond Laflamme, npj Quantum Information 5, 53 (2019) a1 XiXjiXkXl ij “KIXiXj Xk X
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Numerically
diagonalizing SYK

Su)
|

z JabcaXaXpXcXa
1<a<b<c<d<2N 20000

Introduce N complex fermions

éj — (XZj—\]);‘IXZj)Ij — 1, 2’ ...,N

XXXx preserves parity of i

complex fermion number
He O
0 Hg

=> Numerically diagonalize Hg and Hp, 45545
2N=1-dimensional Hermitian matrices

20000 40000 65536

' 71
Dimension: 21° = 32768

_ 239 elements: 16 GiB / block

4

(32) = 35960 independent

" random parameters J,pca;

(106) n (16

non-zero matrix elements

per row

2N = 32 SYK model:
Hamiltonian matrix

“Contrasting SYK-like
Models”,

Chethan Krishnan, K.V.
Pavan Kumar, Dario Rosa,
JHEP01(2018)064

140000

% _ 65536

20000 40000

65536 10



11

Eigenvalue spectrum and entropy

_ 43 o
H = (ZN)3/2 Z JabcaXaXpXcXa
20 —r———r—r——————asasb<csd<2VN
i = SYK
| [Cotler, ..., MT, 2N 34 ON=10 ——
- JHEP 2017] oN=12
: oN=14
15 - il o)N=16 ——
I 2N =18
| 2N =20
S /
= 10 f:{": ! —_—
= y // —
| .
Small N: strong level
: repulsion visible
0 L— A1) P T N TN RS T RN BT 1A\ L
0.06 -004 -002 0 002 004 0.6
e/(2N ])

Jabca - Gaussian and variance g2 = J?

Entropy per fermion (S)/(2N)

—2N=18

035 [ - o _. 2N=20

—2N=22

oo —2N=24

0.25 —2N=26

—2N=28

0208 —2N=30

0.15 2N=32
0.10 g L . . —— Extrapolation to N=co

0.0 0.2 0.4 0.6 0.8 1.0

----- Saddle point

Temperature T /]
Entropy extrapolated to large N.:
finite in the low T limit

=» Quantity level correlation?

cf. BGS conjecture (random matrix-like level
correlation is expected for chaotic systems)

cf. Analytical spectral density for large N [A. M. Garcia-Garcia and J. J. M. Verbaarschot: PRD 94, 126010 (2016), PRD 96, 066012 (2017)]



Spectral form factor 3.0 =

SlYK, 2N = 34, 9|O samplles, B=5|, a(t)
[Cotler, Gur-Ari, Hanada,
Polchinski, Saad, Shenker,
Stanford, Streicher, MT,
JHEP 2017]

slop

plateau

107

1Z(B, %) p

Partition function

Z(B,t) =Z(p +it)

(Z(B)) gy

— Tr(e—ﬁﬁ—iﬁt)
Fourier transform of the spectrum

Gaussian unitary ensemble
(dense random matrlx)

10° GUE, L = 4096, 1200 samples, =5, g(t) —— y

107 -

plateau

10_3 3 _
| ramp « t'

104 F -
i sin?LA 1

10‘5 E—<6p(ﬂl)6p(/11 o A)) ( L/l)z + 5(/1) -

T T T R R "'”105' T
Time tJ

“correlation hole”, as observed for dense random matrices



g(t): Dependence on N (nonperturbative in 1/N)

Cotler et al., JHEP 1705(2017)118

Ng
0 L rorTTTI LR LAY LR LR ror T T =
10 Nz T §2N 16 GOE 1
- v\ H= N2 Z JabcaXaXpXcXa 12N =18 GUE 2?2
1<a<b<c<ds<N ? 2N _ 20 GSE 2
102 £ ) plateau g(t) = Nz Z(2B)/Z(B)* 1~ "~
N, j 12N =22 GUE 2
_ 107 F " 12N =24 GOE 1
S el 12N =26 GUE 2
B = wid 2N = 28 - GSE 2
10° k E
; | 12N =30 GUE 2
10° F Expo(ljﬂee:tlé(ajlily Exponentially long 12N = 32 GOE 1
o7 | PP ramp g(t)~t 12N =34 GUE 2
107 10° 10" 102 10° 10* 10° 108 107

Time tJ

Classification of SPT order in class BDI: reduced from Z to Zg by interaction
[L. Fidkowski and A. Kitaev: PRB 81, 134509 (2010); PRB 83, 075103 (2011)]

Many-body level statistics € corresponding (dense) random matrix ensemble

N, (mod8)| 0 1 2 3 1 5 i 7
v2 2 22 2 22 2 2
lev.stat. | GOE GOE GUE GSE GSE GSE GUE GOE
[Y.-Z. You, A. W. W. Ludwig, and Cenke Xu, PRB 95, 115150 (2017)] 13
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=

Sparse (or pruned) SYK

1

a<b<c<d

]2bcd
exp [ —=2k<d
(probability p) P < 2]*

XapcdalabcaXaXvXcXd » Xabcd = 1 . »P(Iabcd) =
0 (probability 1 —p) 212

Kep1 = (%))p : Number of non-zero x,pc4

Kcp1 ~O(1)N enough for
Random matrix-like behavior
Large entropy per fermion at low T'!

4.1

(2N)*

p~ = O(N™%)

Talk by Brian Swingle at Simons Center (18 September 2019)

"Sparse Sachdev-Ye-Kitaev model, quantum chaos and gravity duals” A. M. Garcia-Garcia, Y. Jia, D. Rosa, J. J. M.

Verbaarschot, Phys. Rev. D 103, 106002 (2021)
"A Sparse Model of Quantum Holography” S. Xu, L. Susskind, Y. Su, and B. Swingle, arXiv:2008.02303
“Spectral Form Factor in Sparse SYK models” E. Caceres, A. Misobuchi, and A. Raz, JHEP 2208, 236 (2022)
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Quanta Magazine
(30 November 2022)

ANTUM

Article | Published: 30 November 2022

Traversable wormhole dynamics ona quantum
processor

Physicists Create a Wormhole
Using a Quantum Computer

By N

Daniel Jafferis, Alexander Zlokapa, Joseph D. Lykken, David K. Kolchmeyer, Samantha 1. Davis, Nikolai Lauk,

Hartmut Meven & Maria Spiropulu

3

The unprecedented experiment explores the possibility

Nature 612, 51-55 (2022) | Cite this article

that space-time somehow emerges from quantum
information
Theory (with dense SYK): J. Maldacena and X.-L. Qi,
Fig. 2: Learning a traversable wormhole Hamiltonian from the SYK model. “Eternal traversable wormhole” arXiv:1804.00491
a — = =12 (SYK) = = -12 (Leamed) b
m— i =412 (BYK] = = +12 (Leamad) SYK model . :
: > Jii¥Ee o Yin
_% iy _ ‘ 25 '3_: E T R
E 0.2 1 . I,J": AT ‘ .
2 011 -%?ﬂﬁz I~ . b X] Machine
N = ST learning

I I I
0 5 10
S o L=t Leamed (sparse) model

(Symmetric injection/readout time) (Fixed injection time —t, = —2.8) = :
Hpr = —0.360 2" + 0.199' P ¢*y" — 0.71¢' P ¢°
+0.22¢2 20 + 0.49¢9% 3Py,

=>» Realized on the Google Sycamore processor (nine-qubit circuit of 164 two-qubit, 295 single-qubit gates)
= Much debate (e.g. comment by Kobrin, Schuster, and Yao (arXiv:2302.07897), reply 2303.15423, ...) 15



Masaki Tezuka, Onur Oktay, Masanori Hanada, Enrico Rinaldi, and Franco Nori, Phys. Rev. B 107, L081103 (2023)

Sparse (or pruned) SYK with interaction = +1

1 (probability p/2)

H = CN,p z xabcd)’(\a)’(\b)’(\c)’(\d yXabcd = -1 (prObability p/Z)
1sa<b<c<ds<2N 0  (probability 1 — p)

Random-matrix statistics for K., = (%, )p = 2N.

cf. Non-Gaussian disorder average [T. Krajewski, M. Laudonio, R. Pascalie, and A. Tanasa, PRD 99, 126014 (2019)];
Kitaev's talk (2015)

Xapca Can be taken to be +1 at finite p «< 1 (unary sparse SYK, see appendix of our PRB Letter), however
at p = 1, the model is not chaotic [P. H. C. Lau, C.-T. Ma, J. Murugan, and MT, J. Phys. A. 54, 095401 (2021)]
and integrable [S. Ozaki and H. Katsura, PRR 7, 013092 (2025)] 16
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extra degeneracy)
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Neighboring gap ratio (r):
approaches RMT value as K, is increased

K

cp

Number of non-zero coupling terms

GSE
- GUE /”""f: e ’T:;,;!_i %‘7 ;ﬁ:— = ﬁ :—,—_—E: _ % _
Goe / é@%%%%%
| ] / ;/ - /{f / by ;;’ |
/"L /,_ ,- // f 2 N _ 1 4 .
F‘If f j/ - / ' ’/ 2 N _ 1 6 o
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i ¥ '/ ON=20
2N=22
/ 2N=24 o+
- /+ Y _ Poisson %%f %g -
%y* | ¥ | | | 2I|V= 30 | _l
10 15 20 25 30 35 10

Majorana SYK: 2N mod 8 periodicity of symmetry
« [H,T] =0for2N mod8 = 0,4
2N mod 8 = 0:T? = +1; GOE
2N mod 8 = 4: T? = —1: GSE
* No such antiunitary operator T for
2N mod 8 = 2,6; GUE

Neighboring gap ratio

. min(e;11 — €;, €12 — €j41)
max(e;;1 —€;, €42 — €i41)

(ry 2log2-1= 0.5307(1) 0.599750 0.6744(1)
0.38629... 4209(1)

[Y. Y. Atas et al. PRL 2013]
[S. M. Nishigaki PTEP 2024] 17



h(a=1, t, f=0)

Modified SFF (focus on band center)

Y (e, t, )1
2N = 30 et p) = Y(a,0,8)%°
Gaussian, K =
y(a’ 0,,3) — Z e—a:ejz-—(,B+it)ej

J

* Spectral r|?|d|ty
comparable
Gaussian-coupling
sparse SYK with twice
as large K,

18



Quantum error correction
(also known as information scrambling)

Can Bob recover the information? The quantum information

becomes delocalized

Scrambling dynamics

It can be recovered from a
(known to Bob)

part of the system

\ Y J No-cloning theorem:
Bob knows the It is not possible to create two accurate copies
initial state of arbitrarily given quantum information!
! After the recovery process, the

New information from Alice  reminder of the system should
(unknown to Bob) lose correlation with the input!

19



P. Hayden and J. Preskill, JHEP 2007
Quantum error correction: The Hayden-Preskill protocol

* Alice: throws k-qubit quantum
information A into a box B;,

20



P. Hayden and J. Preskill, JHEP 2007
Quantum error correction: The Hayden-Preskill protocol

e Alice: throws k-qubit quantum
information A into a box Bj,

B * Bob: knows the original state of By,
out and the Hamiltonian Hs; of S = A + B;,

k qubitsA 20



P. Hayden and J. Preskill, JHEP 2007
Quantum error correction: The Hayden-Preskill protocol

e Alice: throws k-qubit quantum
information A into a box Bj,

* Bob: knows the original state of Bjj,
and the Hamiltonian H; of S = A + B;,

« Bob obtains ¢ qubits S, after time t.
Can Bob decode (D) Alice’s secret?

20



P. Hayden and J. Preskill, JHEP 2007

Quantum error correction: The Hayden-Preskill protocol

e Alice: throws k-qubit quantum
information A into a box Bj,

* Bob: knows the original state of By,
and the Hamiltonian H; of S = A + B;,

* Bob obtains ¢ qubits S, after time t.
Can Bob decode (D) Alice’s secret?

Black holes: information recovery for £ ~ k
[Hayden and Preskill, JHEP 2007]

Circular unitary (Haar) ensemble was assumed

20



Quantum error correction: The Hayden-Preskill protocol

Recovery error Az (t, f) among
any D is hard to compute...

Decoupling approach

For D to succeed, no correlation
Is allowed between §;, and R

ps.r = Trg_ s WX PY(L)]

40 . .
= s, s rmo (D Decoding error estimate
(

— I
a Ap(t,B) =minil, [|ps, r = Ps;, @ d—R
R
LN 1
V4B, RByy: (t = 0)
S8 N — k qubits By, = Ponton O AR A (t, ) Psin = TTRPs;R
|)AR k qubits A M|y =TrV/MIM

\

'

J




Quantum error correction: The Hayden-Preskill protocol

Haar random unitary case:

A S Bitaar () = min {1,22(fhsarsn(9)-0)}

| in N+k—HEB) ,.,
fHaar,th(,B) — 2 > k
H(pB): Renyi-2 entropy of £8(B)
N —{ Apaar €xponentially decreases as
function of ¢ after £ = k [HP recovery]

Y(t) P. Hayden and J. Preskill, JHEP 2007

= ¥SinSoutRBout () [Y. Nakata and MT, PRR 6, L022021 (2024)]

Our numerical study:
» SYK-type Hamiltonians

Yasmrea:t =0 ¢ One-dimensional spin chains
= Penton ® Par - 3 Characterization of chaotic
|D)AR k qubits A Hamiltonian dynamics

20



[Yoshifumi Nakata and MT, PRR 6, L022021 (2024)]
Error estimate for the SYK model

1l == [ - | | =]
H= z JabcaXaXbXcXa - g;g 1 -
1=a<b<c<ds=2N |(itaev 2015][Sachdev & Ye 193] = I —6 .
= P T e
- =8 H——
= f=9 — -

Xa=12,...2n° 2N Majorana fermions ({Xq, £p} = 28ap)

Asyk,(t, 8 =0)

Jabca : Independent Gaussian random couplings
(]0Lbcd2 =J% Jabca = 0);

Normalization hereafter: SYK half-bandwidth

T g —
0.1 E = E
(Tr H?) _1 _ ey i —< :

2N |

= A reaches the Haar value quickly (¢t ~ V/N)

21



[Yoshifumi Nakata and MT, PRR 6, L022021 (2024)]

Models for Hg and quantum error correction (QEC)

1. SYK-like long-range couplings 2. One-dimensional spin chains

' | Gaussian dense Binary coupling i Ising chain + uniform field
| SYK sparse SYK | " ':
. 4 _ 2 : ! Hlsmg ]ZSZSR ngx hzsk i
| A= Y Jacafaboteta A ) @EDiabokda | | ; :
:‘ a<b<c<d (a’z}fﬁ\)}ep [PRB 2023] ,: i (] k) i
Add SYK, | E_ffaf_a_é_c_a__);g_ia_:_I_'i_a_é]:/ i g = 0 or h = 0: integrable, far from integrable lines: chaotic i
term valueint ~ VN |
5’ SYK,, Heisenberg chain + random field :
| A=cos0 ) JuscataloReta +sin6 ) Kapfufy | | By = z S S+ z hS? b€ [-W, W] ||
i a<b<c<d a<b : i ) ]
: [PRL 120, 241603; PRR 3, 013023; PRL 127, 030601] | ! =‘ U i
i 6 «tanf K 1:SYK, 6 = 0(1): chaotic spectrum but elgenstatesI \ W « 1: integrable, W ~ 1: chaotic, W > 4: MBL(?) /

N restricted in Fock space, § > 1: many-body localization / \\ //'

Error increases before many-body localizatior fficient QEC not observed even for chaotic case

22



[Yoshifumi Nakata and MT, PRR 6, L022021 (2024)]

A5 (t, B) for binary-coupling sparse SYK

20 2 3 4 5 6 7 8

1 | I [ i I 3 ] 1 7 | | | | | | H
- — cpl — | I ~ = - -
=N=N; =13, K =12 —— =~ T ¥ T = T T I
z ch1 =24 R - -

= 0.8 — EE:’E — 4‘ chl = 32 M R - .
I == ittt Kept = 64 i =] 7 = = = = z =z
= i i |

o} = = ” <

“ﬁ E >_‘ N Nq p— 13 -

— 0.6 - = 7 =

g* __EEE """"" & ch1 =8 F——

> = 4 Kepl =12 F—— =
2 = 0.1  Kepi =16 =
2 = - p - ]
- = R ch1 = 20 i
0.4 - = —] : cpl — — :
= . -
| | | | | | | | | | | L T
0 5 10 15 11

Ne)
H
-

. l

Time dependence: Late-time value: »
approach (binary-coupling & Gaussian) very close to the Haar value 27z,
dense model as K, is increased

indistinguishable for K.,; = 3N 23
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Atepsvi, (¢,

o o

A5 (t, B) for binary-coupling sparse SYK

o o
o —

1 1 7 | | | | | | i
Ef T = xz x x =z r | x IE
: =. 7 T = =z =z |=x I:
< | Ny=13 l
: Kepl =8 ——
2 Kepl =12 — =
0.1 | Kep1 =16 = -
C Kep = 20 i
B ch1 = 24 - i
[ Kepp =32 —— i
6 Kepl = 14950 +—— -
i Haar |
| | | | | | | | | T
2 3 4 5 6 7 8 9 10 11
/ . ¢
Time dependence: Late-time value: L
approach (binary-coupling & Gaussian) very close to the Haar value 27z,

dense model as K, is increased indistinguishable for Kepi = 3N 73



Time scale for scrambling

|
1 oo Ny=6 4 Nq=10 .
: - Ng=7 1 Ng=11 1 -
i % Ng=9 Haar ]
= == -
=) a % _
[ =4 = — ‘ -]
S} %‘\
2 [e=¢ ’ix\
>-‘ ==
n =
‘401 '_6_8 -:::.-_‘_. -
| /=10 | | i

Normalization; SYK
half-bandwidth
(Tr H?)
2Nq

=1,n=1

1.5

)

e The Haar value A = 2

1
+0.8
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-
20.6
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<]
0.4

0.8

7 0.4

— Nq — 9 |__| |
—_ = AT —
-'._-'_-"'H Haar
== Gl " ':
1 I I I
*::r._.,_ ]
| | |
. | | :
— (=6 i
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Ty =
chl = 3Nq - -
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E T

is reached after t ~ O(V/N)
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SYI(4+2

(Kl k

Inverse participation ratio I,

Nmaj=2N NMaj 2N N

2 1 T T T . A A AA oA A N

H = Z Jabca X aX X cX a +1 z KapX'aX' b = — z JabcaXaXpXcXa + z v;(27; — 1)
1sa<b<c<d 1<a<b 1sa<b<c<d 1<js<N

Localize T |
100 -
, YK2 limit:
mtegrable
1071 .
tNumerical
< 10-2 . ;. nalytical
YK, I.|m|i. i S 6 K6
103
1074 — -
101 101 103
Delocalized

Normalization of /,,cq, v; (Mass of complex fermion (£,;-1 + if2;)/V2):
SYK, bandwidth = 1, width of v; distribution = §

Chaos-integrable transition [A. M. Garcia-Garcia, A. Romero-Bermudez, B. Loureiro, and MT, PRL 120, 241603 (2018)]
Localization in many-body Fock-space [F. Monteiro, T. Micklitz, MT, and A. Altland, PRResearch 3, 013023 (2021)]

Eigenstate localization in the Fock space

Distribution of r

| | 8 3 Poisson I 1
=14 — GOE -
=40

0=1
0=4

Ny = 15

01 02 03 04 05 06 07 08 09 1
r: Neighboring gap ratio

Random-matrix like even for § > 1 (eigenstates
are nearly localized in the Fock space)

25



[Y. Nakata and MT,

Late-time error estimate for SYK,,, rrs o202 coze

0)

Asyk,,,(t, 3

Understood by considering

T T TTHH

e

Large error
{ near MBL

eigenstate entanglement entropy (EE)

T T T LI T T T T T T L e
[ n .

1111

I

| mEmmez

OV Y o

T T 2N =32[PRL127,
030601 (2021)] -

10" 102

Eigenstates in restricted part of
Fock space, where they are

Hsyk,,, = cos 8 Hgyg, + sin 6 Hgyy,

thermally distributed

Partial decoupling, incomplete decrease
of error [Nakata et al., 1903.05796, 2007.00895]



Spin chains in chaotic regime

. Heisenberg + random field  Mixed-field Ising
h?
Aa G4 ] ~z 7 _ ~AZAZ ~X ~Z
Hyxz —Z 0j+1 +Z7Uj Hising —2(0 011 t 90;j +h0j)
ja=x,y,z J J
J = ; | e|[-W:W] Dxy.: KL divergence between probability
E distributions of entanglement entropy

(spin chain eigenstates, pure random states)

(&) 1 a — 2
s 0.8090 -
>, Z e
G 2 =
— 0.6 :
C e oy,
q) ’ % Pl 0«5 t:j
o Ergodic 2 s x
- g -

= - 0.4 & | —
2 2
Ll Lf 0

0z 2 0

KH: Kim-Huse, BCH: Banulg—Cirac—HastingS,
i MC: Most chaotic

[Rodriguez-Nieva, Jonay, Khemani PRX 14, 031014 (2024)]
[Luitz, Laflorencie, Alet PRB 2015] 26




N = 12 spins, late-time

Spin chains

* Heisenberg + random field
J=1,|hf| e [-W: W]

« Mixed-field Ising |
gx + hz 1

4

Recovery errors are large

(No exponential decay) . 08. 0.

Not information scrambling | | %ﬁ% — \ i
| | ! ! | ! N S B
1 2 5 10



Masaki Tezuka, Onur Oktay, Masanori Hanada,

Summa ry SO far Enrico Rinaldi, and Franco Nori, Phys. Rev. B 107,
LO81103 (2023)

Yoshifumi Nakata and M. Tezuka, Phys. Rev.
Sin Research 6, L022021 (2024)

| A

* Proposed sparse SYK with coupling = +1

~N_p °Studied quantum error correction by
qubits  Hamiltonian dynamics

* SYK & sparse SYK: almost unchanged
scrambling properties if spectrum is
random matrix-like

« SYK4+2: suffers from wavefunction
localization in Fock space; plateau for
intermediate 6

* Spin chains: no Haar-like exponential decay of
error as ¢ Is increased, even in chaotic region

N — k qubits Bin
k qubitsA



28
M. Hanada, A. Jevicki, X. Liu, E. Rinaldi,

Random-coupling spin models /77 oseosmsso

cf. Swingle & Winer PRB 109, 094206
Consider N quantum spins (S = 1/2) with all-to-all interactions

¥ . A A oA A 0'_ =6x,02=6y
H = z lnade]abchaObOCOd /=1 / J J

1<a<b<c<d<2N Nabca: NUMber of pairs of indices on the same spin

=» Random-matrix behavior with density of states similar to the SYK, model

0
10 F LY (P LR R bR | LU E R | (TRRLTT LA L O FTLL R R Lo L -
i SpinXY,, N, = 13, parity: +1 ]
; N\ SYK,, Nigw = 26. parity: +1 :
-1 \
10 F E
[ \\\ ]
102 | E
i n \ \\\\ 422&55«’“" : ) //‘_/ k \‘
S 10°F b N\ P ! T W . i
E \\ ,1:_4"'4' ,)_7;4;’5 sz:::g —— wzz18 - ‘
.T 0—4 = A \\\‘ ‘/;.’; i) //4 “ﬁ‘ %spin: 1 0 NMaJ:2O LA ‘\\
d e Y [ pin:11 5 aj:22 " \ \ \\
0.05 | 7//]| | Nemn=12 Nyoj=24 AN i
[ - || NEo=13 waj:ze Y
1 0_5 E | 3 %sspinfM' NMajf28 I‘>
5 5 pin=19 Myt =30 1
i %sspin" 1 6 NMaJ—32 ‘\ X
sl ] o | spi =T = Maj=34 T \ s
.106 sl R el | ] el 0 A J & | | ! }
107" 100 10 102 10° 104 10° -6 4 ) 0 2 4 6

t

=> Also, we may change the number of interacting spins, sparcify, forbid n > 0 terms, etc.



Spin operators vs Majorana fermions

* 2N spin operators

*0,=01,=0,Q1R1QR -
*0;,=01,=0,R1Q1Q -
*03=0,,=1Q0, ¥1R -
*0,=0,=1Q0, KX1LXY -

R1IR1
X111
R1R1
X111

*Ohpn-1=1R1RX1IR R 1R gy
*O0hv=10101R¥ -1,

c 07 =1

* 0;4 0 g is hermitian and |0; 4, 0; 5| =

Offi;t](cx,,b’=x,y)

° iOi,in,y = _Oi,Z IS hermitian

e 2N Majorana fermions
1= Q1IRPIR - R¥1IR1
=0, Q11 -®1R1
*X3=0,Q0, P01V R¥1X1
*X1=0, Q0,01 -Q1R1

*Xon-1=0;, QR 0,0, Q- Q 0, & oy
.XZN:O-Z®O-Z®O-Z®'“®0-2®O-3/

c xF =1
* ix;x;is hermitianif i # j
» Satisfy {x;, x;} = xix; + Xjxi = 26;

 Because 0;0j = 5111 + IZk €ijkOk
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M. Hanada, A. Jevicki, X. Liu, E. Rinaldi, and M. Tezuka, JHEP05(2024)280.

SpinXY4 model vs SYK4

Nijki € {0,1,2}: number of spins whose
both x, y components are accessed by
— . L] .I 'I kll
* Hspinxy, = C Xijk 1"9%;110;0; 04 0 . H(l J _) Y
2N spin operators SYKy = & Zijkl)ijil XiXjX kX

c 0,=0,=0,R1IRIQ Q1R 1 e 2N Majorana fermions

¢+ 0,=0,,=0,R1R1RQ - ®1®1 1= Q1IRIR®-V1IR1
c 0;=0,, =100, Q1Q Q1R 1 *X2=0,01Q1K Q1K1
c 0,=0,,=1R00, 1R Q1®1 *X3=0,Q00,01Q-Q¥1KQ1

: .X4=0-2®O-y®1.®"'®1®1
.OZN—1:1®1®1®.“®1®O_X :

c 0 =10101Q® Q1R a0, * Xon-1=0,Q0, R0, Q- Q0, Q 0y
.02_1 .XZN:O-Z®O-Z®0-2®“'®0-2®O-J/
T 2
L e x2=1
: g is Hermitian and |0; 4, 0; g| = 0 if A e
i ¢] (a B=x7y) * iy;x; is hermitian if i # j
* 10;,0;, = —0; , Is hermitian e Satisfy {Xi;)(j} = XiXj t XjXi = 20;j

 Because 0;0; = 5111 + IZk €ijkOk
29



Density of states

0.15

@ 01
Q
0.05

E

N S[:lig Ae N SYJ%'
NEme9 —  Maogg |\
N..in=10 =20 \
Aol —  Nipg=22 =
Nspin=12 I\)VlaJ:24
Nspin=13 I\)Vlaj=26
Nspin=14 aj=28
Nopin=15 Mai=30
/ gpinz16 I\Naj=32
//I SpiP=17 ] Maj=34l -----
-6 - 5 ,
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Density of states: softer edge

SpinXY4  SYK4

015 | Nspin=8 — L
Nepin=9

%spinjlo

Nopin=11

Nopin=12

Nopn=13

. " &

= Noo=16

NETA7

spin

0.05 |

-1.15 -1.1




p(E)

p(E)

0.12

0.1

0.08

0.06

0.04

0.02

0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

Nspin

SR —

p(E)

= 12 Nf"."]aj =24
SpinXY4

1.5

E'=E- E[},sample

Nspin

SYK4 —

p(E)

= 14 Nf"."]aj =28
SpinXY4

1.5

E'=E- E[},sample

0.1
0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

= 13 Nr-..,.]aj =26

SpinXY4
Sl —

1
E'=E- E{]__sample

= 15 Nr-..,.]aj =30
SpinXY4
SYK4 —

1
E'=E- E{Il__sample
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Level spacing and correlations

Eigenstate energies in one parity sector: E; < E; < Ez < <E.n
Level SpaC|ngS S1 = Ez — El' Sy = E3 — Ez,Sg — E4_ — E3,

« Compare against random-matrix

results (No particular symmetry:

GUE) |
* "Fixed-i" unfolding: §; = s;/(s;)p e A
« Average of §; =1 - owmel M R
e GUE: P(s) x s2 fors « 1, 2 IF A\
P(s) ~e™S fors>» 1 T X
0 b '

=,
=

cunuunn
=2 |

M= phy—

1l

—
x%




P(5;)
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0.4
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i

MewN =g

c oo

G}"-\-. P T S,

Il
—
Y

|

.
Si
|
N =15
i=
=
j=
ji=
ji=
i=1
GUE --------

e R T

F(5;)
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|
SYK, NMaj=22 N
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GUE --------
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Neighboring gap ra

tio

. Irnll(§i1§i+];)

(21og2 — 1 =0.38629 ... (Poisson)

0.5307(1) (GOE)

0.5997504209(1) (GUE)

0.6744(1) (GSE)

i = —— (r) =1
rnEuK(SiJSi+]:)
\
] | ]
- g SPinXY4 -
Nopin=6 +-—  Nopin=13
. Npn=7 i Nopip=14
r Nopin=8 +o—  Nooi=15 1
hépin:g = ’r"‘(ss.;::inz‘]6
Np|n=10 GOE """
L Ngin=11 | BUE ~—- |
| | | | | | |
0 5 10 15 20 25 30

index |
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[Y. Y. Atas et al., PRL 2013]
[S. M. Nishigaki, PTEP 2024]

| |
0.6 FD—rrmtede
0.98 |- -
Ni1-=10 SYKJ\?’- =24
= 056 No=14 et Nyol=26
o MR T NA=16 et Nyi=30 i T
I\M]af‘lﬁ ] éDE -----
Nﬁm=22 - GUE =
0.54 | -
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gt p=0)

Spectral form factor

g(t,p) =

(1Z (¢, B)I%),

(12(0,8)1%),

) "éh]nxﬁ ';S'a'r'ity:+'1' B
10° E pin pin = 13 :
= N szm-g NSpm:M E
107 F A pin = 10 Nspln =13 E
E i\ Nspm =11 NSSDII‘I =16 :
102 L "-"I'u ﬁ” Nipm =12 — ) S e
L e —3
10° F I "#{""f'ﬁn P 1
: ”'I i 1 .'4,“ ]
e F ]
10 E | .rrlj.-l - 1
10°F | | LG |
10° F . 1
siid E Xt ramp 3
10-8 B it gl il i Rl SR o Ol
07 100 101 102 103 104 10°
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W mod8 | 0 | 2 | 4 | 6

SpinXY4 GUE GUE GUE GUE
SYK, GOE GUE GSE GUE
2@t 8) = ) exp(=(8 +IDE)).
J
| ""'svk4' parity: +1
10" F—m =16 — Nu.=26 F
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Toward quantum simulation

M. Hanada, A. Jevicki, X. Liu, E. Rinaldi, and M. Tezuka, JHEP05(2024)280.

Code the Hamiltonian time evolution into a circuit using single-

qubit and two-qubit quantum gates.

Example: U = e~10t01x02x03x%4x for |5t « 1

Quantinuum H-series:;
600-1000 2-qubit gates

[K. Yamamoto et al.
Phys. Rev. Res. 6, 013221 (2024)]

H

R.(J - 6t)

H
H
H

—D

TR

H: Hadamard gate

1.
R,(a) = e72%%

-
J

1/
Pl I
1/

ZZPHASE(«)




Im &

Im &

05 0 0.5 1 T4 as

Singular value statistics in non-

Hermitian SYK

Non-Hermitian Hamiltonian: studied as an effective theory for open quantum systems
« Eigenvalues are complex-valued

« 38-fold symmetry classes (Hermitian: 10-fold Altland-Zirnbauer classes)
Bernard & LeClair 2002; Kawabata, Shiozaki, Ueda, & Sato PRX 2019

Complex eigenvalue statistics
* Distance and angle between nearest neighbors
* Two-dimensional distributions

0.002

©c o006 8006 O ¢
s53iEzzess
Im &

" [A. M. Garcia-Garcia, L.
S4, and J. J. M.
< Verbaarschot, PRX 12,
"~ 021040 (2022)]

o o o e o

g 8 8§ & =

& e & i &
Im A

Complex spacing ratio for 2N = 20,9 = 2,3,4,6

Singular value statistics
[Kawabata, Xiao, Ohtsuki, and Shindou, PRX Quantum 4,
040312 (2023)]

* Singular values are non-negative
* One-dimensional distribution

B
&

Singular value decomposition
(SVD) H = UAVT

U,V: unitary, A = 0: diagonal
Singular values of H:

=
th

+ A

« AT
Al
Al
Al

o

probability density
T

o

OH)

leigenvalues| of H = (HJr 0

level-spacing ratio

37
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P. Nandy, T. Pathak, and M. Tezuka, Phys. Rev. B 111, L060201 (2025)

Sparse non-Hermitian SYK model

Hsparse — 2 Xabcd (]abcd +1 Mabcd)l/)al/)bl/)cl/)d

nSYK

1<a<b<c<ds<N

Wa Pp} =46
|1 (probability p) 5 Var o 5 " 6
Xabca = ) (probability 1 — p) Uabcd) = (Mabcd> = pN3

Normalized gap distribution

The dense case (p = 1) is random-matrix like b e T
[ « N =24 (GOE) |

1.0} _‘

i N =26 (GUE) |

08 :

< e N=28(GSE) |

Averaged neighboring gap ratio o 06 ]
System N =20 N=22 N=24 N=26 N=28 N=230 04} k ]
(rYrMT 0.6744 0.5996 0.5307 0.5996 0.6744 0.5996 025 ; _
(redosyxk  0.6744 05997 0.5307 0.5996 0.6745 0.5995 A i
00pf<ee® | o TleeenTitty e




P. Nandy, T. Pathak, and M. Tezuka, Phys. Rev. B 111, L060201 (2025)

Gap ratio for singular value spectrum

0.70
SERRRRE NOO-O—Opee0—e—0—0-0—0—e-0 O—0O—-0—0O 0.0201
0.65F 3 r [
0.60F 0-0060e-0—O0—0-0006—0 0015}
0'55: 00,0, 0,0 D=—0 D=0O=—0 gz 0'010:'
0.50f :
045 o N =28,20 0'005:'
0.40 7 o N = 26,2218 *
0.35F o N =2416 o . »
030k Similar scaling to the Hermitian case
"~ 1073 102 10-! 100

p
39



P. Nandy, T. Pathak, and M. Tezuka, Phys. Rev. B 111, L060201 (2025)

Singular form factor oFF

Yy (a, t)]? -
Yo (a, 0)] - a: filtering parameter
_Hermitian SYK
0.100 t — SFF
— oFF (all g,,)
0.001 1
1073} N =26
a =327 |
7 . . . . . . .
10 0.1 10 1000 e



oFF(t)

oFF(t)

Singular form factor: ramp time vs p

33
[ 10° SFF
— B _2-
= 32 10 oFF (all o)
@ 10-*
o Ve i
= 3.1f 107¢}
Nad 10° 102 10* 10
D -
— L
; ; 20 3.0} t
10° —
. 29} o 0o oo o o o
= [ o o o o o
= 07 :
b 2-8 1 1 1 1 111 1 1 1 1 1 111 1 1 1
102 107!
Sl - N o ~0.88
10 107! 10! 103 10° 10 107! 10! 103 10° tTh ~ p p
t ' (trn ~ p~2 for Hermitian.

[Orman, Gharibyan, and Preskill, arXiv: 2403.13884])



° ° Sinzt(o-i_o-j)
Singular complexity co-;)—=%
€{ € T

Defined in an analogy to the spectral complexity proposed to be a dual quantity of the
Einstein-Rosen bridge [L. V. lliesiu, M. Mezei & G. Sarosi, JHEP07(2022)073]

25

20

15

10

Cy(t) x 107°
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Dependence of late-time complexity on p

C li ! th (t)dt - -
froetr Jo L aiiaj(o-i_o-]')
5x10°F
I N = 26
2x10°+
S 1x10°)
5x10*F Stabilizes around p.,i; obtained from (r;)
—y————0 0000
2)(104‘“” L1

1073 10-2 10! 10°



Gaussian random J
distribution

S umima ry Sachdev-Ye-Kitaev (SYK) model

0= 2 55 LD Majorana
JabcaXaXpXcXa 4—{ M

O(N) terms sufficient for RMT-like spectral correlation 1<sa<b<c<ds<2N
M. Tezuka, O. Oktay, E. Rinaldi, M. Hanada, and F. Nori, . .
Phys. Rev. B 107, L081103 (2023) * Randomly-coupled Pauli spins

e Quantum error correction

: i Ao ) i0600040,0.04,
in SYK-like models Jabea0a0p0cOa

a<b<c<d

Decoding error estimate: ‘ . Ozj—1 = 6jx, 0,5 =65,

- Exponentially small as ¢ is  [Hayden-Preskill protocol
increased after short time for | |/t |A Si Energy spectrum: mostly RMT statistics
SYK and binary-coupling D (Ground state: spin-glass??)
sparslekSYK, |Lsp(ect)rum IS Bout fout s Easier to implement in quantum computer
RMT-like (with O(N) terms) qubits

. Does not become small for (It M. Hanada, A. Jevicki, X. Liu, E. Rinaldi, and M. Tezuka,
SYK,,,, even after long time, exp|—iflsi] JHEP05(2024)280.
where eigenstate localization o g
proceedgbefore spectral SEEEREER : Sparse non-Hermitian SYK
correlation departs from RMT N koo Biz ] Singular form factor and complexity ~ dense model

qubits

for O(N) terms  P. Nandy, T. Pathak, and M. Tezuka,
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Chaotic dynamics in quantum systems?

* (classical) Chaos: small change in initial condition leads to
exponential difference at later time in deterministic dynamics

* Quantum dynamics is linear in initial condition.
. %% lY(t)) = H [P (t)) should not change drastically if Y = 1 + 5?
» Still, we can have exponential decay of (anti)commutators
* [A(®),B(t = 0)] = A(©)B(0) — B(0)A(t)
 |[A@®), B(t = 0)]|2 = (A(t)B(0) — B(O)A())(A(£)B(0) — B(OIA(D))'
» OTOC: (y|I[A(D), B(t = 0)]I?|) = 1 — e?** 2: Lyapunov exponent
» Energy eigenvalues of 7{: have random-matrix like correlation
 [Wigner][Berry and Tabor][Bohigas, Giannoni, Schmit] ...

* Most quantum many-body systems are not integrable
 Should be chaotic (after the symmetry sector is fixed)?




Chaos and scrambling in quantum many-body systems

Energy spectrum in chaotic systems

Density of states:

~ random matrix level statistics

Wigner, ..
BGS conlecture

Normalized gap distribution

. ' ej+1—€j
not so universal | Sj =~y - universal
gf' Wigner szml—cwclia law for Spectral form factor I Neighboring gap ratio G*E: Gaussian ensembles
ayssian random matrices) i a———— min(eis — &, €z = €in) 12F T e
; ‘ . I - max(eir — €, €y — €is1) T ;/"’ \\,‘ﬂ Poiar
o | TN rourier T, . Uncorr | GOE |GUE | GSE MRV N\
o e transformation . "Ramp | elated | (R) © (H) osf I
= . [ gy : Of tWO-pOint a4l \\\ i 04 F .f"‘l‘l‘l N \
T function \ | I (r) 038629 0.5307 0.59975 06744  _.|///
0 _O.'(;ﬁ.l;la_;)“o‘t -o.‘oz 0 0_‘02 0_'0:.‘\ ;06 0.08 107 11‘)" 12)‘ 1(‘)2 Moa 1tl>“ 1(I15 1(|)6 107 I [Atas et al" PRL 2013] 0 : . y ; \\\‘77
" SYK [Cotler, MT et al,, JHEP 2017]] Nishigaki, PTEP 2024] o
it Scrambling dynamics: e ltH ‘Ej‘t > 2T
€ Delocalization of quantum information (h = 1)
~1—itH — -+ | cf. OTOC, Lyapunov spectrum Circular unitary ensemble

(level repulsion on unit circle)

Early time | not realized by t-independent Late time
Hamiltonian time evolution = ==
AE large I [D. A. Roberts and B. Yoshida, 1610.04903] AE small



Majorana (real) fermions

* Particle = antiparticle

* Creation operator = annihilation operator )(2 = Xa

» Anticommutation relation {x,, x»} = xaXp + XpXa = 20,4 In this talk
* {xo, x»} = 64 is also used in the literature

* Two Majorana fermions correspond to one complex (Dirac) fermion
pe=eHety = iet— o) e ¢ =Lt gt - LT
s Uexad =2 =2{e ¢ =1L, {1} = 2)(_ - 2{c ety =1,{xx-3=0

* Does not conserve the number of complex fermions
* XaXp Cconserves the parity (even or odd) of the number

 Topological superconductor, quantum spin liquid, ...

12



[J. Polchinski and V. Rosenhaus, JHEP 1604 (2016) 001]

Feyn ma n d Iag ra ms [J: Maldacena and D Stanford,’PRD 94, 106002 (2016)]

_ V3! N A n {Xar X} = 2641
Hsyka = 575372 JabcaXaXpXcXa
(ZN) \ J 2 72 __
1<a<b<c<d=<2N Y (]abcd) - —
Sample average (- ){]} g =
J J J

j m m m m
Ji jklw Jikim Ji ukv """ v]ﬂdl'

Jikim Jmjrern

(2N)?
Z(jijkl]jklm>{]}oc 3] Oim z Z (]ijkl]jklm]mjrkrl/]j’k’l’i/>{]}OCN45iir

jkl m=i jklj'k'U

‘ O(N?) contribution ‘ O(N~?) contribution

Large-N: “Melon diagrams” dominate
15



Dominant diagrams in the N > 1 limit

G =
[Sachdev and Ye 1993],
[Parcollet and Georges 1999], ...
C:l) (;l) E (;(l
NN N G(1—-ZXGy) = Gy
|
e G 1l=G,'-2

TR W W WS G I W WO TS e )
AN N

- - G(iw) ' =iw—2(iw)

GOYGONGONGO + - -

T Figure from [I. Danshita, M. Tezuka, and M. Hanada: Butsuri 73(8), 569 (2018)]

Low-energy behavior: as expected for a theory dual to 1+1d gravity
S. Sachdey, Phys. Rev. X 5, 041025 (2015);
J. Maldacena and D. Stanford, Phys. Rev. D 94, 106002 (2016);

Antal Jevicki, Kenta Suzuki, and Junggi Yoon, JHEP07(2016)007;

Jackiw-Teitelboim (JT) gravity: 1+1d dilaton gravity
near the horizon of a near-extremal black hole

16



Complex (8 = 2): G. Unitary E. (GUE)
Gaussian distribution Quaternion (8 = 4): G. Symplectic E. (GSE)

Gau55|an ra ndom matrlces Real (8 = 1): Gaussian Orthogonal Ensemble (GOE) ]

BK 2
: ———TrH?* _ LK <K 2
/\ ) Density X e 4 —exp( 2 i)j‘aij‘ )
ij — Y%i
0 g /Joint distribution function for 1 ) A
_ evel repulsion ]
energy eigenvalues {e]-} % %
Distribution ?f norma(!nszrelgej p(ey, ez, ...,ex) X 1_[ le; — ej|5 1_[ o —BKei?/4
level separation s; = CR \_ 1<i<j<K i=1 )
aGtOsErﬁ:I:”sE/ﬁjsE .elig)t:icl ’ Neighboring gap ratio = SYKmodel: level correlation
’ (P(s),P(r),(r), etc.)
r T — _ min(e;11 — €, €7 — €j41) indistinguishable from
T [\ Poisson ' " max(ej;1 — €, €42 — €it1) corresponding Gaussian ensemble
- l - Majorana SYK4 with
DI
Z: _ N = 2,6 (mod 8): GUE
N7 (r) 2log2-1= 05307(1) 0.599750 0.6744(1 N = 4 (mod 8): GSE
° 0 0.5 1 1.5 2 2.5 0 38629 4209(1) . . .
< [Fidkowski and Kitaev PRB 2010, 2011]
Uncorrelated: P(s) = e™S [Y. Y. Atas et al. PRL 2013] [You, Ludwig, and Xu PRB 2017]
(Poisson distribution) [S. M. Nishigaki PTEP 2024] o5



Extra degeneracy for small K, < N

~ o 1 (probability p/2)
H=Cyy z XabcdXaXbXcXd Xabeda = —1  (probability p/2)
1sa<b<c<dsN 0  (probability 1 — p)

* If only few x,p.4 are nonzero, some products of ¥; can
(a nti)commute with the Hamiltonian [A. M. Garcia-Garcia et al,, PRD 2021]

» Simple example: if both #,, and #,,.,; do not appear in H
 The state of the qubit k does not change the energy
« Twofold extra degeneracy

In the following, we take Cy,, = 1/,/K.p1 so that the variance of {¢;} is 1 (rather than O(N)):
B U . N N
TrH? = CI%I,p Z XabcdXa'p'c'a’ VT XaXpXcXaXarXpiXcXar = CI\ZI,pKCpIZZ = 22.
abcd
a'b'c'd’ 21



K., = N: extra degeneracy disappears

| | " v ——C g &}
"

/ / ’: -
/ / /o
0.8 e "
/ / s
/ / '

06 | | ¥ £ }

|

04 |

0.2

I
N
N

|

Proportion of samples without extra degeneracy

222222222
I
N
N

5 10 15 20 25 30 35 40

2% eigenvalues (217 — 2° samples)
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N mod 8 classification of Majorana SYK_

3l SPT phase classification for class BDI, 1D:
H=-55 Z JabcaXaXvXcXa Z. = Zg due to interaction
1<a<b<c<ds<N [L. Fidkowski and A. Kitaev, PRB 2010, PRB 2011]

(Xz; 1+1X2])
V2

Introduce N /2 complex fermions ¢; =

XaXpXcXa respects the complex fermion parity
N =04 Even (Hg) and odd (Hp) sectors: L = 2N/2=1 dimensions

N/2
_ t s 0o 0 t ¢ O] =
f=k[[@+e)  fe&=nef [2A=0
mod8 | 0 | 2 | 4| 6 §C ;
n -1 +1 +1 -1
2 +1 +1 1 1 [Y.-Z. You, A. W. W. Ludwig, and C. Xu,

PRB 95, 115150 (2017)];

he Hy t He Ho Hg H
maps Hg to B0 FE L F0 IF Sunand J. Ye, PRL 124, 244101

Sl e e (2020)] for generic g and SUSY cases; ...
Gaussian GOE GUE GSE GUE
ensemble (R) (C) (H) (C) Also see [A. M. Garcia-Garcia, L. Sa, J. J. M.

Verbaarschot, PRX 12, 021040 (2022)] for

. : — classification of non-hermitian SYK:
SYK: sparse matrix, but energy spectral statistics strongly resemble 19 out of 38 [Kawabata-Shiozaki-Ueda-Sato]

that of the corresponding (dense) Gaussian ensemble classes identified
[Cotler, ..., MT, JHEP 2017]



Slope-dip-ramp-plateau structure <. soros s s s

0 ——rrrrm——rrr——
10° E !
0 : SYK,

10

1072

Slope:-gOI dominates

m

g(B,t) = gc+ ga

L LU L
= 34, 90 samples, =5, g(t)

Crossover to plateau: :
Depends on symmetry]

{ Plateau height:
{ determined by degeneracy

1705(2017)118

Py

Z(B,t) = Tr(eFH-IHL)

128, O12), - (2B, O]
Z(B)),*

- j j dA,dAy(5p(A))8p(A))eiti=12)

p() = ) 8~ 1)
J

gc(ﬁ: t) =

2B, 0)),|° -
9a(5,t) = (Z(B)),* ~ t! ramp: g. dominates
F A BT R R S R B B 1 _ sin? LA 1
o7 100 100 102 10° 10t 105 10® 107 R(A) = (6p(A1)6p(A; — D)) =|— (TL1)? 7 5(1)
Time tJ

Exponentially long ~ t! ramp

=> Rigid spectrum of the Sachdev-Ye-Kitaev model’’ 2

Random matrix theory
(GUE)

Fourier transform
(mL)~!
t/(2nL?)
> ¢

28



M. Tezuka, O. Oktay, E. Rinaldi, M. Hanada, and F. Nori, arXiv:2208.12098 (PRB Letter 2023)

Spectral form factor

Clear ramp for K¢, = N, coincides with the dense SYKas N — large
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SYK, ., ,: spectral form factor

]_00 =+ 1 I T TTTTI [ T TTTTI I [ IIIIIII [ I IIIIIII I | 100
- 0 =553 — _
10°' L §=221 — 107"
E 5 . 1]_.1 10—2
1072 & d =553
1072 & § = 0.443
M 10~*
=107" & S5
= : =10
107 10~
1076 L 1077
—8
10~7 10

|||I 1 1 1 ||l|l | | |||||l| | | Illllll | 1 l|||||| 1 11
10° ,1|.rpl 102 10° 10
¢

This dip (not directly followed by ramp) appears for SYK2 (+ uniform SYK4).

see 1812.04770 and 2003.05401 for detailed discussion
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1011
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S
|
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Ah) ==j15
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10° 10! 102 10° 10*  10° i
¢

i‘i = (COS Q)HSYK4 + (Sin H)HSYK2’6 = tan @
1.57 x 107 eigenvalues (1920 samples for N = 13)



13

2N = 34, chl = 36, one sample

T T I ] | !
SYK with =1 (1 | o Hamiltonian (82) — Hamiltonian (S2)
sparse wi (1 sample) Pt Sue 12l 52 - |
0.35 A =T energy spectrum (90 5ample5} /] . . T =1

0.8 ?: \ i = . Ry _|
0301 A ' va T
0.25 1 0.6 A B A 7

..%” 0.20 1 * sl va |

0.15 I wa

04 ’ 6| / .
D ll} | ."‘ "..
005 | _ S ' i |
0.00 . : A s

Murmallzed energy E

P(s)

0

0.5 1 1.5 2 25 01 02 03 04 05 06 07 08 09 1
Unfolded level spacing s r

H = XoX5X19X27 T X0X6X21X23 — X0X0X14X24 — X0X14X18X30 — X0X14X20X25 — X1X2X16X 22
T X1X18X22X23 T X2X4X5X15 T X2X13X16X21 T X2X14X19X24 T X2X20X27X33 T X2X22X31X32
T X3X4X5X20 — X3X8X14X28 — X3X8X20X31 T X3X21X26X29 — X3X22X25X33 T X4X7X13X30
— X4X9X14X17 — X5X6X17X29 T X5X12X29X31 — X5X13X19X24 — X5X14X22X31 — X5X17X31X33
T X5X20X30X31 — X6X23X27X20 T X7X12X13X18 T X8X10X24X28 — X9X12X20X33 T X10X11X28X32

+ X10X21X27X29 — X12X20X22X24 T X14X17X26X27 — X15X24X26X27 — X16X18X23X27 — X18X 24X 30X 32

2'® dimensions/parity; dense SYK: 46376 terms =» randomly chose K., = 36, half +1, half -1




Unary sparse SYK

1 (probability p)

° ﬁ — CN,p lea<b<c<dSN xabcd)ga)’(\b)’(\c)’(\d »Xabcd =
0 (probability 1 —p)

» Reordering Majorana fermions: flips about half of the signs of x4
 Similar statistics as binary sparse SYK expected unless p is very large
=» Numerically checked (see supplemental materials of our paper)
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g(t)

a(t)

3 parity: +1

, parity: +1 ——— ]
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10°
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107 i
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Edwards-Anderson parameter
Standard tool to see if a given system has a spin-glass phase or not
1 2
Z|(¢j|5i,z|l/’j>|

Squared norms of matrix elements averaged over spin
increase for spin glass as N, is increased

dzEA (]) — Nspin

Another choice (generalization):

1 2
qgea(f) = NspinZ z ‘<¢]§O)|5i,a|¢§E)>‘

I a=x,y

Matrix elements between j-th eigenvectors (sorted by energy)
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gEA and zEA for odd N;,
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gEA for even Ny,
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gEA and zEA for odd N, Japca = 0 for ngpcq > 0
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gEA for even Ng,i,: Japca = 0 for nabcd >0
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Two-point correlated function

G,(8) = Z (6:2(3;,0))
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