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AdS/CFT Primer

= In a CFT, the natural objects to consider are correlation function of local operators. If it is a
holographic theory, like N = 4 Super Yang-Mills, there is a dictionary between the local
operators and objects in the bulk.

= First, we have the Light operators, whose scaling dimensions are A [CNF (for instance, single
trace operators like tr XXZZ ). These correspond to massless fields and string states in the
bulk.

= Then there are heavier operators whose scaling dimension are A [Nl These correspond to
branes in the bulk (for instance, detZ)

= When the dimension A NP |—_€L;\, — we call these Huge operators — there will be strong
gravitational backreaction in the bulk and the geometry will no longer be AdSs < S®. (for
example detZN)
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Huge operators

= |If we insert a typical huge operator, then by the Eigenstate Thermalization Hypothesis, it is
well approximated by a thermal state. The bulk dual of it should be a black-hole spacetime.

= Classically, black-holes have no hair

= So, if we compute [Huge Huge Light [¢orrelators for generic huge operators, it should be
insensitive to the details of the huge operator.

= \We don’t know how to compute such correlators in the CFT at strong coupling for generic huge
operators.

= \We can either (i) look at very special huge operators, where we have some analytic control, or
(i) ask these questions in a simpler toy model
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The %-BPS sector of N' =4 Super Yang-Mills

In the %-BPS sector of N = 4 SYM, we can hope to make some progress.

Local %—BPS operators are given by gauge invariants made out of a single adjoint scalar like

trZz*, (trZ%)? etc. (I'll denote the six scalars as X,Y,Z,X,Y, Z).

The advantage of working within this sector is that two and three point functions are protected
by non-renormalization theorems which imply that they are coupling independent.

In the free theory, we simply need to do some wick contractions to compute these correlators.

4/25



Two point functions of %-BPS operators

Let O; and O, be two %-BPS operators. Their two point function is given by
[0,0,[F dzdZ e V& "ZZ20,(2)02(2)

where K = % is the propagator between the two operators.

We can evaluate this integral by saddle point at large N.
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Schur Polynomials O(Z) = ¥g(Z) Exponentials O(Z) = exp[Ntr V(Z)]

Coherent States
0,(2) = JdU exp[N tr JUZU]

[Kazakov-HM-Vieira’24 and Anempodistov-Holguin-Kazakov-HM ’25]



The Hoppe Model

The background densities in the %-BPS sector are very non-universal. They have many
feautures and details that depend on the huge operators.

We’re interested in toy models for universality. A simple modification of the matrix integral we
considered above is to add a commutator squared interaction term- this is called the Hoppe
model

dz dz e~ N tr (2Z+A12,21%)

This is a very simple model, that is solvable at large N without huge operator insertations

[Hoppe '89, Kazakov-Kostov-Nekrasov 98].

At strong coupling, we will see that the model exhibits universality for a large class of huge
operators.
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Hoppe with a Huge Source

Let us write Z = ﬁ%ﬁ and rewrite this Complex 1MM as a Hermitian 2MM
1

axdy eVt X2 X2 _\[X,Y)2

We want to deform this by inserting a huge operator Onuge (X, Y ).
As an example, we can add a source for the matrix X
Ohuge (X) = exp[N trJIX]

. . . T _a —_a Ja
with a uniform linear source J = diag(—5,...— 3§+ 17,---, 5)
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Hoppe with a Huge Source

Let us now see how to solve this. We have
1 C 11 [ LTI

— 2y
dY du  dxiAX)? exp Ntr —5 — 5 *AX, Y2 +Juxu’
1 o O e [T [

gaussian in Y
fron X=UxUT

_ j—1 L1
where A(X) = 1<9?£N Xi = g Xi — Xj).
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Hoppe with a Huge Source

Let us now see how to solve this. We have
1 C 11 [ LTI

— 2y
dY du  dxiAX)? exp Ntr —5 — 5 *AX, Y2 +Juxu’
1 o O e [T [

gaussian in Y
fron X=UxUT

where A(x) = det X' =

1=i,j=N

The unitary integral can be done exactly using the HCIZ formula,

i<j (Xi = Xj).

du eNtrAauBUT _ det;; eNaibi

— A(@A(®D)
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Hoppe at Large N and Large A

At large N, we can write down eigenvalue saddle point equations
1
ae™ 1

_ P(Y) _a _ _
X2 Yaparax—yn T PV T2t eew Txoy TP
At strong coupling, the principal value kernel above is the derivative of a d-function,

1
PY) —\Lp'?x) +0 I;I

Y =N+ A= y)?)

Let us drop the source by setting a = 0. Then, we have
v__
2\

000 =~ x

m) = 4L3 (L2 ) L = Lvacun = (2)\)%

In particular, this gives us %— 15 which corresponds to the plateau in the plot above.

11/25



Hoppe at Large N and Large A

At large N, we can write down eigenvalue saddle point equations

1

ax
p(y) + — 9 + oe = 1 =0

2 oA aa—y® T PY) T T e e T x—y

At strong coupling, the principal value kernel above is the derivative of a d-function,

]
dy (D) —\Lp'?x) +0 I;I

(X =y)A +2A(x—Y)?)
Let us drop the source by setting a = 0. Then, we have

\/ﬁ
PO =———
_ 2 _ 2 3m)s 5
m) 4|_3 (I— )1 L = Lvacun = (2)\) I

In particular, this gives us %‘zi'g— 15 which corresponds to the plateau in the plot above.
The strong coupling density for the vacuum was also studied in [serenstein-Hanada-Hartnoll "08]
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Hoppe with a Huge Source at Strong Coupling

o) 1 L 1
p(y _g e _
2 Vaparac—yn - PV Tt e e Tx—y X
Now, let us plug in a parabolic ansatz for p(x)
1 ]
Ldy 2 _9+ e 3 1 L2—y2_
_ X—y)AL+2A(x—y)?) 2 eIx—edy x— 413/3
L (x=y)( (x=¥)?) y g O OO
G ;’Z‘LCUUII]
' E X+ O :}i
So, we solve the SPEs if
L(a) = Lvacuum x 1

1
=, [ATs®
1—% 3
12
So, the shape of the density and all normalized moments are universal for a < 12
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More General Huge Operators

For a more general source Quge = exp[N tr JX], we need to solve the following SPEs

@ |
T2y e 890

where I(faig;fbig) = dU exp[N trUAU YB].

X+2 dy
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More General Huge Operators

For a more general source Quge = exp[N tr JX], we need to solve the following SPEs
v) @ ,
+ —logl(fx ig;f =
K a2k y 7 @x*'®19h9=0
where I(faig;fbig) = dU exp[N trUAU YB].
In order to solve this, we can use a nice equivalence between large N unitary HCIZ integrals
and a 1D uid OwW maysin ‘93]

X+2 dy
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More General Huge Operators
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v) @ ,
+ —logl(fx ig;f =
K a2k y 7 @x*'®19h9=0
where I(faig;fbig) = dU exp[N trUAU YB].
In order to solve this, we can use a nice equivalence between large N unitary HCIZ integrals
and a 1D uid OwW maysin ‘93]

X+2 dy

Plugging this into the SPE, we obtain
1 4(xy)

Xy 1+2(x y) 2 +v(xt=0)=0

dy (y;t=0)

We know the density of the source parameters fj ig at t = 1 and we have this non-trivial

boundary condition at t = 0.
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More General Huge Operators

This uid is integrable and we have the following conservation 1aws [kazakov-Hm-vieira 24, Matytsin ‘93]

1 dx n m+l  _ i dl m n+l
m+1 27 * ™ “her 21 X6 W
where
G+ (X) =x+v(x;0)+i (x;0); G X)=x v(x;1) i (1)
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1 dx . e 4 dx
21 £ &+ “n+l1 20

m n+l
m+1 2 x7G (9

where

G+ (X) =x+v(x;0)+i (x;0); G X)=x v(x;1) i (1)
We can e ectively skip solving the PDEs and directly relate the moments of (x) with the
moments of the source matrix J.
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where
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Xo = trd ; L=L vacuum T
1 trd 2+(rd) 2 3
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where
G+ (X) =x+v(x;0)+i (x;0); G X)=x v(x;1) i (1)
We can e ectively skip solving the PDEs and directly relate the moments of (x) with the
moments of the source matrix J.
At the end of the day, we nd that there still exists a universal phase, where the distribution is
_ L% xx o)’
W= =

where
1

1
1 trd 2+(rd) 2 3
We can also consider more general things like Schur polynomials g (X), exp[N trV (X)], etc. In
the paper, we show that for all these cases, there is a universal parabola regime.

Xo=1rd ; L=L vacuum
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Light Probes involving both X and Y

So far, we have been studying eigenvalue density of only X. What about probes with both X's
and Y 's?

For instance, we would like to evaluate things like
dX dy eS ree XY Opo(X) tr X 3YPrx a2y Pz iy any b
At strong coupling, we can show that the matrices commute at leading order. So,
htr X21YPrX32yP2 X2y j=hirX 2y P

a

= ayx "yt

Once we know the density (x), we can uplift it to a 2D density as follows
r

NI
N

k=2 o5 W gy
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Light Probes involving both X and Y

Consider for instance

L dxa:oidx g (x) 2 exp X X2 Onuge (X)
— 1.0 N _— > f h

z , 1r20ci x i)? S e
X" X% () (x 9

1+2(x x 92

At strong coupling, the denominator becomes a delta function (x x 9

Tr(X "¢ Y XKY)

= dx dx

Trx "y xky) P= dx x" (x) 2

So the order of X and Y does not matter. In a similar way, one can show that
m=2

hTr(X "Y™)i=C e P= dx x" (x) ™2 = dxdyx"y™ (x;y)

where r

Bl
[N

k=2 o5 W gy ¥

(e¢]
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Sources for both X and Y

So far, we have seen universality of heavy operators which involve only the X matrix. We would
like to verify that this holds for heavy operators involving both matrices. For instance with

Onuge(X;Y)=exp[Ntr(d xX+J vY)]
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Sources for both X and Y

So far, we have seen universality of heavy operators which involve only the X matrix. We would
like to verify that this holds for heavy operators involving both matrices. For instance with

Onuge(X;Y)=exp[Ntr(d xX+J vY)]
In this case, the Y integral is no longer gaussian. So we don't have an analytic handle.

So we use Hybrid Monte Carlo to study these cases. We found the code from [Jha '21] to be a
very useful starting point.

We have no analytic predictions, but if the distributions are parabolas, we can nd their
2 2
support by measuring the moments in HMC and noting that htr X 2i= LTX and htrY 2i = LTY
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For instance, we can take the eigenvalues of &k and Jy to be uniformly distributed inside a

rectangle, . .
h i h i

Jx =diag( x); Jvy =Udiag(jv)U ; (x:jv)2 o) 55
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