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Main messages for today

1. Overview of the minimal string landscape

e known + unknown

2. Learn what are the Virasoro minimal string & Complex Liouville string

* \ery rich physics: stringy and gravitational

3. Application: D-instantons, and the gluing formula

* |n general difficult, and require SFT. Not today! Maybe apply to higher d



Outline

Intro to low-d strings + main setting  w coliier-Eberhard-Muhimann-vAR

3 main classes of examples

* The Virasoro minimal string (VMS) [2309.10846]

e The complex Liouville string (CLS) [2409.17246, 2409.18759, 2410.07345, 2410.09179]

 ADE minimal string (A/D/E MS)

Worldsheet boundaries and the gluing formula [2410.09179] + wip Coliier-Eberhardt-VAR

Discussion


https://arxiv.org/abs/2309.10846
https://arxiv.org/abs/2409.17246
https://arxiv.org/abs/2409.18759
https://arxiv.org/abs/2410.07345
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Theoretical laboratories for fundamental string theory and quantum gravity.
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Setting: Low-d string theory

Theoretical laboratories for fundamental string theory and quantum gravity.

Simpler than higher-dimensional strings
but still exhibit

* holographic and stringy dualities (opportunity to derive them!)

[reviews: Klebanov; Ginsparg Moore; Polchinski; Nakayama; Anninos Mihlimann; ...]

* non-perturbative effects (D-instantons)
[Balthazar VAR Yin; Sen; Eniceicu Mahajan Murdia Sen;...]

* time-dependent phenomena (rolling tachyons)
[review: Sen ’04; VAR; Balthazar Chu Kutasov; Cho Mazel Yin; Sen; Itzhaki ...]
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. “c = 1, or 2d string theory”
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o “minimal” string theory



Worldsheet string theory

 The 2d worldsheet theory

[VAR 23’]
[Collier-Eberhardt-Mahlmann-VAR 23’]
) “Virasoro minimal string”
Newer ones:
| | [Collier-Eberhardt-Muhlmann-VAR 24’]
“Insight:

slightly non-unitary ’ complex Liouville string
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N ” strings

 Main paradigm: holographic duality with double-scaled matrix integrals

“Matter” CFT +  Liouville CFT + b, ¢ ghosts

I

double-scaled dM e—NV(M)
matrix integral:
RNXN
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O S G Sl e e —— co JT gravity
1 25 [Saad-Shenker-Stanford]
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“Minimal” strings

il

(2,p) minimal string <> 1-matrix integral

[Collier-Eberhardt-MUuhlmann-VAR]

Virasoro minimal string <> 1-matrix integral

Liouv. CFT -+ timelike + b,c gh.

2.p) min. '
(2,p) + Liouv. CFT + b,c gh. o CET

model

25
[Collier-Eberhardt-MUuhlmann-VAR]

<> 2-matrix integral complex Liouville string <> 2-matrix integral

(p,p) min. + Ljouv. CFT + b,c gh.
model
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Virasoro minimal string <> 1-matrix integral
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“Minimal” strings

il

(2,p) minimal string <> 1-matrix integral

[Collier-Eberhardt-MUuhlmann-VAR]

Virasoro minimal string <> 1-matrix integral

Liouv. CFT -+ timelike + b,c gh.

2.p) min. '
(2,p) + Liouv. CFT + b,c gh. o CET

model

25
[Collier-Eberhardt-MUuhlmann-VAR]

<> 2-matrix integral complex Liouville string <> 2-matrix integral

(p,p) min. + Ljouv. CFT + b,c gh.
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“Minimal” strings

C

[VAR-Usatyuk-Wang] [diFrancesco-Kutasoy, ...]
D-series minimal string <> 4-matrix integral

(P,P)D- + Liouv. CFT + bDb,cgh.
min. model

E-series <> 4-matrix integral

(P,P)E- + Liouv. CFT + b,cgh.
min. model

25

13 + ik



Minimal strings

matter CFT N Liouville CFT Q be-ghosts

C = Cp, c =20 —cy c = —26

string theory matter CFT #-matrices | solvable?
Minimal String (MS/AMS) [3-10] | A-series minimal model 2 TR
VMS [11] timelike Liouville 1 TR
JT gravity [12] AMS; o or VMS,_,0 1 TR
CLS [13] complex-Liouville 2 TR
c=1 [14] timelike boson 00 FF
DMS, EMS [15, 16] D,E-series minimal model 4(+7) X

Let’s first describe the CFT ingredients



“Minimal” strings — WHY

 Explore/chart the landscape of minimal string theories

* Re-interpretation of dualities as theories of 2d quantum gravity on the ws
matrix integral = random average over dual quantum systems (saad-shenker-stanford

 What'’s possible to describe with this string theory machinery?

2d, and 3d quantum gravity with dS spacetimes

 Low-d string theory — dualities can be tested to a very high degree

 Develop computational tools applicable to many/all strings (higher-d)
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The worldsheet description
VMS, CLS, ADE MS

o



Minimal strings

Timelike Liouville

VMS: CFT
c> 25
DR %
CILS- (Liouville CFT) +

c =13 —-1iA

ADE min. model +

ADE MS:
c =13—-1iA

Let’s first describe the CFT ingredients

Liouville CFT

c <1

Liouville CFT

c, =13

i1

Liouville CFT

c, =13+i4

b, c ghosts
Cgh = — 26

b, ¢ ghosts
Cgh = — 26

b, c ghosts
Cgh = — 26
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c=14+6(0b+ b_1)2 > 25, be(0,1] non-compact, unitary CFT

1. Operator spectrum:
scalar Vir primaries Vp

c — 1
24




1. Liouville CFT

Liouville CFT

c=14+6(0b+ b_1)2 > 25, be(0,1] non-compact, unitary CFT

1. Operator spectrum: 2. Three-point coefficients
SCaIar Vlr primarieS VP [Dorn Otto Zamolodchikov/2, Teschner]
_ c— 1 X X 2
hp = hp = 24 + P* = <VP1VP2VP3>( ) = Cp(Py, Py, Ps3)
X




1. Liouville CFT

Liouville CFT

c=14+6(0b+b"") > 25,

\/ZEbe_%

[ (z+b) = [',(2)
b ) b
simple z=—mb—nb™"
poles m,n € Z

* A (double) infinite product formula
you can play with!

b e (0,1] non-compact, unitary CFT

2. Three-point coefficients

[Dorn Otto Zamolodchikov/2, Teschner]

— <VP1VP2VP3>(b) = Cy(Py, Py, P3)



1. Liouville CFT

Liouville CFT

c=14+6(0b+ b_1)2 > 25, be(0,1] non-compact, unitary CFT

1. Operator spectrum: 2. Three-point coefficients
SCaIar Vlr primarieS VP [Dorn Otto Zamolodchikov/2, Teschner]
_ c — | , XX\ (b) _
X
P e R,

- Compute any correlation function on 2, , in Liouv. CFT via a conformal block decomposition



1. Liouville CFT

Analytic structure of DOZZ-1 C(F,, P, P)

P

X

X

X

X

X

X

X

X

X

R_ P+ Py +i(m+5)b+ i(n+2)b7"

X

X

X

m,n € 2,



2. timelike Liouville CFT

Timelike Liouville CFT
c=14+60b+bH>>25 be@l]
c=1+6b+b1H2 <1

The bootstrap solution is NOT simply the analytic continuation of Liouv CFTtoc < 1!
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c=1-—-—6 ([3_1 — [;)2 <1, [3 e (0,1] non-compact, non-unitary CFT

1. Operator spectrum:
scalar Vir primaries V3




2. timelike Liouville CFT

Timelike Liouville CFT

— 6 ([;—1 — [;)2 <1, [; e (0,1] non-compact, non-unitary CFT
1. Operator spectrum: 2. Three-point coefficients
scalar Vir primaries Vf) [Zamolodchikov; Kostov Petkova ...]
. -1 . o Vs Vs V)0 = &Py, P, P
hﬁ: —|—])2 _<P P, P> b( [> £ 29 3)
24 x 1

P el C[;(lpla iﬁZ? ZPB)



2. timelike Liouville CFT

Analytic structure of DOZZ-2 C(P, P, P,)

A\

P

A A I A S S S S S S S P S S S A S S S o

i(m+%)l; + i(rz+%)l’3_1 , m,n € ”Zs



2. timelike Liouville CFT

Analytic structure of DOZZ-2 C(P, P, P,)

A\

P

€ “ie contour”
——
R Y TR VAV VATV EVEVEVEVEVEVEVEVEVEVE VaR L

i(m+%)l; + i(rz+%)l’3_1 , m,n € ”Zs



2. timelike Liouville CFT

Analytic structure of DOZZ-2 C(P, P, P,) Ribaul-Santachiara]

A\

P

€ “ie contour”

B A AT e X A R S S o S S S S P P S A S A R P P o S S

i(m+%)l; + i(n+%)l’3_1 , m,n € ”Zs

A S M satisfies crossing symmetry



3. a) min. model CFT

c=1-6(p-p1H <1, p= % similar parametrization

- di / — Lop1 -
1. Operator spectrum: discrete V| P.,==(p~" —sp)



3. a) min. model CFT

c=1-6(p-p1H <1, p= % similar parametrization

1. Operator spectrum: discrete ‘A/P

~(rp~" = sp)

plpl

Sﬁ:}—ﬁeries = @ @ R, L ® R, .

=1 s=1



3. a) min. model CFT

c=1-6(p-p1H <1, p= % similar parametrization
1. Operator spectrum: discrete V), =—(rp~" - 5p)
2. Three-point coefficients
X X
— Cﬁ(Prl $1° r2 Pk Pr3,s3) X.ﬁ‘bsl;rz,sz;r3,s3 enforces fusion rule



3. a) min. model CFT

c=1-6(p-p1H <1, p= % similar parametrization

1. Operator spectrum: discrete ‘A/P,,S

S(rp~" = sp)

2. Three-point coefficients

o Cﬁ(Prlasl I, Sz’ Pr3,S3) X](l‘”l,Sl;Vz,Sz;V3,S3 enfOrCeS fUSiOn rUIe

min(ry+re,2p—r1—re)—1 min(sy+s2,2p"'—s1—59)—1

~ ~ ~
‘/7‘1,81 X ‘/7’2,32 — E : E : ‘/7'3,83

2 2
r3=|ri—rz|+1 s3=|s1—s2|+1



3. b) min. model CFT

c=1-6(p-p1H <1, p= % similar parametrization
: - ’ ] —1
1. Operator spectrum: discrete V| P.,==(p~" —sp)
p—1 p'—1 p—1 p'—1
D-series
v p2m0d42@@ R’S@)R"’S D3 ®@ R”@RP”
S N —

“diagonal” primaries “non-diagonal” primaries



3. b) min. model CFT

c=1-6(p-p1H <1, p= % similar parametrization
: - ’ 1 —1
1. Operator spectrum: discrete Vp = —(rp™" — sp)
Pr,s ’ P )
2. Three-point coefficients CPPP  CDPNN
XX X, X, X
— C P ry,81° 1’2 55 P r3,s3) Xﬁl,sl;rz,sz;r3,s3 enforces fusion rule
X

DXD=D
DXN=N

NXN=D



3. b) (12, p’) E-series min. model CFT

c=1-6(p-p1H <1, p= % similar parametrization
1. Operator spectrum: discrete 1% = l(rﬁ‘1 — sp)
Pr,s P
Pr,s 5 Pr,s
2. Three-point coefficients
XX X, X, X
[“22423 -
— C (P ri,81° 1’2 552 P r3,53) Xfrl,sl;rz,Sz;rg,Ss enforces fusion rule
X
nastier

INivesvivat-Ribault *25]




this was all CFT
now the string theories



Virasoro minimal string

Timelike n Liouville

VMS: Liouville CFT CFT b, ¢ ghosts

* Central charge:

C+c=26 - b=—1ib Single parameter: b



Virasoro minimal string

Timelike n Liouville

+ b host
VMS:  Liouville CFT CFT & JHOSES
* Central charge:
C+c=26 - b=—ib Single parameter: b
e “On-shell” vertex operators:
7 p=ccC V(b) V( b) Liouv. momenta: P



Virasoro minimal string

Timelike Liouville
T + b, c ghost
VMS: Liouville CFT CFT C ghostS
¢ <1 c > 25 Cgh = — 26
n (b) 1 n (—ib)
M(2gp) N j=1 3 j=1 5
g g

* Absolutely convergent moduli integrals

« NOT like S-matrix elements (discontinuities, etc.)




Virasoro minimal string

Timelike Liouville
T +
VMS: Liouville CFT CFT b, ¢ ghosts
¢ <1 c>25 Cgh = — 26
; n (b) n (—ib)
M(2gp) N j=1 3 j=1 5
J g

c— 13
= polynomials !
b c— 13 1
Vi (Pr) = F o Pr

276 24



complex Liouville string

Liouville CFT + (Liouville CF)* + b, c ghosts
CLS: ( R J

* Central charge:

ct4+c7 =26 - b = —ibt /
(c)*=ct - (bH?eiR Single parameter: b =b,



complex Liouville string

Liouville CFT

CLS:

* Central charge:

ct+c =26 - b~ = —

ib™

(cH)*=ct - (b €iR

_|_

e “On-shell” vertex operators:

P

Y = c¢ VO yl=ib)
P Ip

_ - — o+
hy+h, =1 —p = 1p

¥

h,- = (h,)* — ptEe

Ny

(Liouville CFT)™ +

b, ¢ ghosts

Single parameter: b =b_

Liouv. momenta:

bp € |

P =Dy

/

AN



complex Liouville string

Liouville CET + (Liouville CFT)* + b, c ghosts
CLS: ( D J

=13+ i4 c_ =13 —iA C9h=—26

(1) |

8

b C ghosts)

AD(Pys - D,) = (H/Vb@,-)) J
j=1 o

(Zg.1)

B i 2b(—1)™ sin(2wmbp, ) sin(27mbp, ) sin(2rmbp;)

sin(mmb?)

— (—=1)™bsin(27mb , 1
Agi’i(pl) _ Z( ) | SlIl( ™m pl) (Vﬂ(’tm) )

sin(mmb?) 1672b%m?



complex Liouville string

Liouville CET + (Liouville CFT)* + b, c ghosts
CLS: ( D J

c, =13 +ik c_=13-iA Cgh = — 26

(i1

1
J zg

2
X (b, C ghosts)

A((gfl?r)z(plﬂ ooy Dp) = (H/Vb(l?j)> J
j=1 M

(Z4.0)

« Both VMS, CLS pert. amplitudes have been solved
(e.g. dual topological recursion)
[Collier-Eberhardt-Muhlmann-VAR 23’ 24’]




ADE minimal string

ADE minimal Liouville
ADE MS: nodel CET T CET + b, c ghosts

* Central charge:

C+c=26 - f=0b Single parameter: b



ADE minimal string

ADE minimal

ADE Ms: model CFT

* Central charge:

C+c=26 - [=0b

e “On-shell” vertex operators:

/(D) /(D)
%P r,S C V VP —>lP

hP_l_hPrs:l — P=iP7‘,S

Liouville
CFT + b, c ghosts

Single parameter: b

Liouv. momenta: P,



ADE minimal string

ADE minimal Liouville
ADE MS: nodel CET T CET + b, c ghosts

n (/=D)
N(b)(P,,1 spp oo Bp o) = J <H > <H ‘A/Prj,sj> X (b, C ghosts)
M, ,)

X X  NOT convergent moduli integrals, in general

« NOT like S-matrix elements (discontinuities, etc.)



ADE minimal string

ADE minimal Liouville
ADE MS: nodel CET T CET + b, c ghosts
¢ <1 c > 25 Cgh = — 26

n (b) n (/=D)
(b — A
N 2 (Py s P o) = J'/%(Z )< I I ViPrj,sj> < I I Vprjasj> X (b, C ghosts)
g.,n

(s —7)p" — (83 — 8)pl)

AMS — [BelavinZamolodchikov '03]



ADE minimal string

ADE minimal Liouville
ADE MS: nodel CET T CET + b, c ghosts
¢ <1 c > 25 Cgh = — 26
n (p=D)
b A
N( )(Pr1 15 “"Prn,sn) = J <H > <HVPrj,Sj> X (b, cghosts)
M(Zy ) i=1 s
8 g

| » Similar results for D- and E-series MS'!
= Integers !
[VAR-Usatyuk-Wang ’25]




ADE minimal string

(p,p’) | DMS tachyon one-point string amplitude

8.3 T:1 =107 =14.T-1 =6, T>1 = 10
ADE m|n|ma| ’ 1,1 y 43,1 y 15,1 y 47,1
ADE MS: T 10,3 | Ty =12, Tyy =20, Tsy = 16, Tyy = 0, Ty, = —28
] mOdeI CFT 14,3 T].,]. - 16, T3,1 —_ 32, T5,1 == 36, T7,1 p— 28, Tg,l — 8’ T].l,]. — 0, T13’1 — _44
c <1 16,3 | Ty1 =18, Ts1 = 38, Ts1 = 46, Tr1 = 42, To1 = 26, Ti1; = —2

Ti31 = —42, 1151 = 26

20,3 T1,1 = 22, T3,1 = 50, T5,1 = 60, T7,1 = 70, Tg,l = 62, T11,1 =42, T13,1 = 10
Ti51 = —10, 1171 = —66, 1191 = 34

22,3 | Ty, =24, Ty = 56, Tyy = 76, Ty, = 84, Ty1 = 80, Tyy 1 = 64, Ths; = 36

P ) — T151 = —4,T171 = =96, T191 =0, T511 = =76
% rn9Sn 6,5 Tl,l — 16, T3,1 - O, T5,1 — —56
%(Zg,n) T1,3 = —16, T3,3 = 0, T5,3 = —4

8,5 T1’1 — 20, T3’1 — 12, T5,1 = —36, T7’1 = 44
T13=—18,133=10,T553=18,173 =06

12,0 |17, =28,131=36,15,=4,17, =4,Tg; = —108, 11, =76

T1’3 - —70, T3,3 = —18, T5,3 — 14, T7’3 = 26, Tg’g — 18, T11,3 =14
14,5 T1’1 — 32, T3’1 — 48, T5,1 — 24, T7,1 — —16, Tg,l —_ —120, T11,1 - 0

_ Ti31 = —184,T13 = —120, T33 = —56, I53 = —12, T73 =12, 193 = 16
= Integers ' Tiis =0, T35 = —36

16,50 | 171 =236,13; =60,15, =44, T7; = —12, Ty; = —108, T3, = —28
Ti31 = —204, T15, = 108

Ti3=—162,153 = —86, T53 = —30, T73 =6, T93 = 22, T7; 3 = 18
Ti33 = —6, Ti53 = 22




Matrix Models
(brief)



VMS: 1-matrix integral (special case of 2-matrix)

CLS: 2-matrix integral

ADE MS: 2-matrix integral 4+ matrix integral 4+ matrix integral

A-series D-series E-series



2-matrix integrals

* A class of two-matrix models with minimal coupling [review Eynard-Ribault :...]
I dM, dM, e~ NuWViiM)+Vo(Mo) =M M)
RNXN

1

=M,

e Main observable are resolvents, RY(x) =t



2-matrix integrals
* A class of two-matrix models with minimal coupling [review Eynard-Ribault ;...
I dM1 sz e_Ntr(V1(M1)+VQ(MZ)—MIMZ)
RNXN

1

x— M,

e Main observable are resolvents, RY(x) =t

 Admit a ‘genus’ expansion

(R(X{,...,x))., = Z (s e x,) N27287

* Cuts along the real axis, e.g. ‘eigenvalue density’

|
-(Ry ((x +1€) — Ry {(x — 1€))
2l ’

Po(X) =



Spectral curves
#

j )

. Nice fact: all resolvents R, (x) are recursively determined by  [review Eynard-Ribault;
5 Eynard-Orantin,...]

spectral curve



Spectral curves

» Nice fact: all resolvents R, , (x) are recursively determined by  [review Eynard-Ribautt
5 Eynard-Orantin,...]

spectral curve (Riemann surface on which resolvents are single-valued)

e VMS:




Spectral curves

» Nice fact: all resolvents R, , (x) are recursively determined by  [review Eynard-Ribautt
5 Eynard-Orantin,...]

spectral curve (Riemann surface on which resolvents are single-valued)

. VMS JT gravity
X(z) = — 2%,
v(2) = sin(27zz)

Z

* 1branch pt dxiz*) =0

X(Z(-I,:’ S)) — X(Z(_I/',S))

* 00 many nodal singularities

Y(z) ) = Y(Z(rs)
+ _1\?2 associated with instantons
Ly = (b sb™7)",  rse 2y O<




Spectral curves

» Nice fact: all resolvents R, , (x) are recursively determined by  [review Eynard-Ribautt
5 Eynard-Orantin,...]

spectral curve (Riemann surface on which resolvents are single-valued)

« CLS:
* 00 many branch pts dx(z¥) =0 AN
AAAAA
8= (mb)*, meZ,, AN

X(Z(-I,:’ S)) — X(Z(;,s))

* 00 many nodal singularities

Y(z) ) = Y(Z(rs)
+ _1\?2 ( )< associated with instantons
Z(F,S) — (l"b i Sb ) ° r,S E Zzl




Spectral curves

. Nice fact: all resolvents R, (x) are recursively determined by  [review Eynard-Ribault;
5 Eynard-Orantin,...]

 ADE MS: X(z) = =21,(2) , y(2) =21,(z)
finitely many branch pts AAAAA
AMAAA
7k = (mb)2 , M€, AN

finitely many nodal singularities

+ _1\? O/ associated with instantons



Spectral curves

» Nice fact: all resolvents R, , (x) are recursively determined by  [review Eynard-Ribautt
5 Eynard-Orantin,...]

spectral curve (Riemann surface on which resolvents are single-valued)

spectral curve Topologlcal all resolvents
x(2),y(z) Recursmn Ron(X(z1), -, X(2,))

[Eynard; Chekhov-Eynard-Orantin;...]

. Dictionary: integral transform back to string amplitudes Rg,n(x) Ag,n(P)
VMS , CLS , AMS

v v 2



Beyond standard TR?

* D-series and E-series minimal string 7

4 [VAR-Usatyuk-Wang]
—Ntr( Y. VAM)—M (M, +M,+M.) | |
J I IdM] e 2, V(M)=M M+ M+ M evidence for 4+ matrix
RVXN structure from conformal

boundaries on the string ws
M,

M, /

MO

M;

* No known topological recursion structure! (3



Positivity bootstrap

[Lin, Kazakov-Zheng,...]

4
. Bootstrap J HdM] e—Ntr(ZjVj(f\/lj)—hM4(M1+M2+M3), ‘/J(M) — %MZ 4 g%M4
RNXN

1
see Zechuan’s talk! J



Positivity bootstrap

[Lin, Kazakov-Zheng,...]

4
. Bootstrap J Hd% e—Ntl'(zj Vj(jwj)—hM4(M1+M2+M3), ‘/J(M) — %MZ 4 g%Mél
RNXN .
see Zechuan’s talk! =1
1. L ' S PP
. Loop equations J dM.—(@ e N thtot) = ( 6 = arbitrary word in M.
[RNXN Ul / aMl !

2. Positivity (rO'0) >0 « M >0 with M;; = (tr O/ 0;)



Positivity bootstrap

[Lin, Kazakov-Zheng,...]

4
Ntr( Y. V(M)—h MM, +M,+M ] ]
» Bootstrap J [ [dm; e (2 VM)=h MMM -y () = ~M? + g=M*
RNXN i=1
: B
- [l order 6 ; o L order6
04 order 8 } order 8 e —
0.2! 5 | di et \
| QO |
h 0.0 e (TrM; Mp) 0} e T
-0.2! _1l
~0.4. |
| -2}
-0.6' ! |
S s | . | .
-0.15 -0.10 -0.05  0.00 0O 1 2 3 4 5 6
g (Tr M)

[VAR-Usatyuk-Wang ’25]



Outlook

« DMS and EMS — not solved, but amplitudes are very simple (integers)
there should be some TR structure

 Unknown: - open strings on D-branes - GMM - non-analytic Liouv. - ...

» CLS as grandparent of all others?

e ¢ = | string theory <« Matrix Quantum Mechanics
S-matrix of ¢ = 1 wip coliier. Eberhardt, VAR
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