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BACKGROUND

- Pioneering work on matrix quantum mechanics
bootstrap[Han et al., 2020].
- Pioneering BFSS bootstrap [Lin, 2023]
- See also
[Anderson and Kruczenski, 2017][Lin, 2020][Kazakov and Zheng, 2022]
[Kazakov and Zheng, 2023][Kazakov and Zheng, 2024]
[Cho et al., 2024]



MULTI-MATRIX BOOTSTRAP[KAZAKOV AND ZHENG, 2022]
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SMALL PIECES OF OPTIMIZATION THEORY

Basically bootstrap method is solving problems in theoretical
physics by optimization theory.

- Quadratic programming:

min vy ()
sty = X4+3x+1

- Linear programming:

max  300x + 100y

st 6x+3y < 40
x=3y < 0
X+1y < 4



SEMI-DEFINITE PROGRAMMING

- Semi-definite Programming:

min  2x + 3y

st <X1> =0 (6)
Ty

- Linear programming and Quadratic programming are special
situations of Semi-definite Programming(SDP).

- They all fall into the class of Convex Optimization.

- Generally we cannot solve large-scale non-convex optimization
problems.
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BFSS MODEL

The Hamiltonian is chosen to be [Banks, Fischler, Shenker, Susskind
97]:

1 1
H= 3 Tr (szfz - 2792 [X,7X1]2 - ¢a7(lxﬁ [thﬁ]) (7)
Here:
[Xijs Pri]l = 10i0jke, {a,ij, ¥s,k1} = 0aplitdki (8)
Dual to the dynamics of the D0O-brane.

The matrices are in multiples of the SO(9) symmetry, with the
supercharge:

]
Qa = gtrPl’Y(llB/(/),B - Etr[xlvxj]’ygﬁwﬁ (9)

The goal of this work is to bootstrap the ground state of this model.



TOYy MODEL

The Hamiltonian is chosen to be(g = 1):
_ 1 2 2 1 2,2
H =2 (px+py) +59xy (10)
This model is not trivially solved by numerical method/analytical

method[Hoppe, 1980] [Simon, 1983][Komatsu et al., 2024]. It keeps
certain key feature of the BFSS Hamiltonian:

1 1



EQUATIONS OF MOTION

Our goal is to solve all the eigenvalues and all the expectations of
the operators under different eigenstates.

For an eigenstate with eigenvalue E, the corresponding loop
equations are:
(H,0]) =0,vO (12)

(HO) = E(O), YO (13)
together with the Ward identities:

(Og) = (0), YO (14)

These are all linear equations, we can expand any operators as:

0= Z Oémmsp;np;xtys (15)



EQUATIONS OF MOTION

Here my = —ipy and my = —ipy:

2 0y') =3 (my?) —E(*) = 3 (mpy?) = 2(my) = 1=0
2 0¢y?) =3 (mpx) — E() — 3 (mx?) — 2 (mex) =1=0
3 (mX%y*) = 3 (mymey) = (my) — E{myy) — 3 (myy) = 0

3 (mpy?) — E{myX) — <7Ty7TX> — 3 (m ) — 3 (mymx) =0
3 (mxy?) — E(myy) — 3 (may) — (mymx) — 3 (= 7er> =0
1 {00y — 1 {memac) - (x2) — E () — 3 (228) =0
—(my) = (mX) — 3 (mexy) — 3 (myxy) = 0
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POSITIVITY BY INNER PRODUCT

Generalization: Any inner products defined on the vector space of
operators or its subspace could leads to positivity condition:

(0]0) = (0TO) = a*"Ma > 0, Va < M = 0. (16)
Here we do the expansion O =}~ o;0;, Mj; = ((’)f@,-).

1 X2 p2 XDy
1/ 1 o) e (xpx)
XL od) o8 ¢ %Py
pr| (b0 () (%) (PP - | =0
pxX | (pxX) <PXX3> <DXXD)2(> <PXX2[3X>



Toy MODEL(A = 12)
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GROUND STATE POSITIVITY

For the ground state, or more generally, any stationary state, the
corresponding positivities are:

(0t0) > 0, YO (17)

(OT[H,0]) > 0, YO (18)

The later positivity is specialized for the ground state. For more
general thermal state with inverse temperature 8 [Fawzi, Fawzi and
Scalet 23][Cho et al., 2024],

(OtO
(0or)

-~

(010) log < B(OT[H, O)), YO (19)
Mathematically, these positivities together with the loop equations
are necessary and sufficient.
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GROUND STATE(A = 4,6, 8)
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GROUND STATE(A = 10)
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()
Figure 1: The bootstrap allowed region at A = 10 with/without ground state
positivity.
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ONE-MATRIX QUANTUM MECHANICS

The Hamiltonian is chosen to be:
H = tr(P? + X* + gX*) (20)
Here X is a large N Hermitian matrix:
[Xij» Pri] = 1010 (21)

The ground state is known to be solvable.



LOOP EQUATIONS

The corresponding loop equations are:
<[H7O]> =0, vO (22)
(tr(GO)) = 0, YO (23)

together with the cyclicity of trO. G = i[X, P] + | is the generator of
the SU(N) gauge symmetry.

Result: general words in P and X can be reduced to polynomials of

trX™.
12 2 1 40
(trP?X2P?X*) = ﬁg2<trXM> - gg<tr><2><tr><6> — gg<tr><8> + ﬁg(trx”)
(trX2> 1 ) 4 <trX6> <trX10>
— _{trX X4 —
oy 3O — =t 4

(24)



POSITIVITY

For the ground state, or more generally, any stationary state, the
corresponding loop equations are:

(0t0) > 0, YO (25)

(OT[H,0]) > 0, YO (26)

The later positivity is specialized for the ground state. For more
general thermal state with inverse temperature 8 [Fawzi, Fawzi and
Scalet 23] [Cho et al., 2024],

(OtO
(0or)

-~

(010) log < B(OT[H, O)), YO (27)
Mathematically, these positivities together with the loop equations is
necessary and sufficient.
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CONVERGENCE

The illustration of convergence, the left one is A = 2, whereas the
right one corresponds to A = 3. The size of the SDP matrix is 2,2,2
and 3, 3,2, 3, respectively,

0332
045

0331
0.4

Trx? 7 033
035

0329
03

115 125 135 1.45 0328

1301 1303 1305 1307

Ey
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CONVERGENCE

The size of the SDP matrices are 5,4, 4, 4.

A=4
0.33143
0.33142
TrXx?
0.33141
0.3314
1.3019 1.30191 1.30192

21
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BFSS MODEL

The Hamiltonian is chosen to be [Banks, Fischler, Shenker, Susskind
97]:

1 1
H= 5 Tr (92/3/2 g X, X1 - VaVags [X”wﬁ]) 28

Here:
[Xijs Pri] = 1010jke, {a,ij, ¥p,k1} = 0aplitdki (29)
Dual to the dynamics of the DO-brane.

The matrices are in multiples of the SO(9) symmetry, with the
supercharge:

]
Qa = gtrPl’Y(lxﬁ/w,B - Etr[xlvxjhg/#ﬁﬁ (30)
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BFSS MODEL BOOTSTRAP

Equalities:
(H,0]) =0 (31)
({Qa;0a}) =0 (32)
(O010,) = (O,01) — ([O1, Od]) (33)
(tr(CyOy)) = 0, VO (34)
This is the gauge singlet condition:
Cy = —i[X, Pl — vkl — ;i (35)
Positivities:
(0to) >0, YO (36)

(O'[H,0]) > 0, VO (37)

23



BFSS MODEL BOOTSTRAP

Equalities:
{H.05=7T (38)
({Qa;O0a}) =0 (39)
(O010,) = (O,01) — ([O1, Od]) (40)
<tI‘(C,'jO}',')> =0, VO (41)

This is the gauge singlet condition:

Cj = —ilX, Ply — vl — 15 (42)

Positivities:
(0'0) > 0,vO (43)

(OMH-OF=70, YO (44)

24



BFSS MODEL BOOTSTRAP

Variables:

(tr0), O =0spg T, (45)
B <t1°¢a1¢aﬂ/)a3waJ’Ylomz’Y&M7 <tth o 'Xl9>"ihl2m,9

The algebra of SO(9) invariant tensors can be generated from:
oY, ehlelo 7}113. (46)

A linear basis of invariant tensors is a non-trivial task.
1 | i 1 1 1) 1) 1K _IJK IJKL _ IJKL
Sandpe = 7518 ne + 7g0a80ne + 337asTne T ggVasne T 357705 i
47

25



BFSS MODEL BOOTSTRAP

Equations:
0 = Ypo (trP'Ypta) + Voo (tT1sP Ya)
0= _'Y,IBa <tm/]ﬁxl1/’oc> - 7}304 <tr'¢'5wax‘>
0= —16 (trP'P') — 8y, (tr90sX'ta ) + 8va (tripataX')
0 = —16 (trX'XX'X) + 16 (trXXXX') — 8j,, (tryhpX'tha ) + 8754 (trippthaX')
0= 'Yga <trX‘XJ¢,8wa> - ’Yga <tr¢’BXIXJ¢a> - 'YIBa <trP'¢B¢a> + 'Y,IBa <tr¢ﬁplwa>
0 = =)o (XX Ystha) + Vo (r1sX X0 ) — Yoo ((TP'Ystha) + Vsa (tr1hsP'Ya )
0 = —p, (trppXXPa ) + yh (trpX YaX) — Vsa (treppipaP')
0 = =)o (198X Xba) + Vio (tr1hsXPaX') — vh, (tripapaX'X')

26



BFSS MODEL BOOTSTRAP

The hierarchy is defined by sorting operators into levels: we assign
the basic fields ¢(X) =1, £(P) = 2, and £(y) = 3/2. The level of an
operator is the sum of the levels of all its fields: schematically,
LX™PPM ) = ny 4+ 3np 4 3Ny, /2.

- £({Qay 0a}) = U(O,) + 3

- To obtain the positivity conditions involving variables up to level
Leutoff, We Need to select operators up to level %Ecutoﬁ and take their
inner products.

27



level cutoff | total variables | free variables
4 11 3
5 38 4
6 140 11
7 569 18
8 2528 59
9 12077 149

For example, the level 5 free variables are:

(PP (XX (XXX (XK )

(48)

BFSS MODEL BOOTSTRAP

28



POSITIVITY

By Schur’s lemma, operators in different irreducible representations
are orthogonal to each other. We need to classify the operators with
respect to their SO(9) quantum number. Here is an example from the
singlet positivity:
1 XX —iX'P! 0
1/ 1 trx? 9/2 8
XX X2 2 X2 —itrX2XP X2 0
iPX'19/2 —ittX?XP  trtPXXP  itrPXO
o\ 8 trX? O itrPX O trO0

Here O = Yo

29



NUMERICAL RESULT
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NUMERICAL RESULT

—— Level 4
0.8
Level 5
0.6 Level 6
A~
M Level 7
~N~
0.4 Level 8%
Level 9
0.2
Monte Carlo
0.
0. 0.2 0.4 0.6 0.8 1.

9.6

Figure 2: (K) o< (trP?) oc (tr[X', X']?) We also show the extrapolation of the
Monte Carlo [Berkowitz et al,, 2018] results.
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CONVERGENCE

method {trX?)

Monte Carlo [Berkowitz et al,, 2018] | ~ 0.378 & 0.04

Monte Carlo [Pateloudis et al,, 2023] | [0.346,0.430]
primitive bootstrap [Lin, 2023] > 0.1875
bootstrap level 5 > 0.260
bootstrap level 6 > 0.294
bootstrap level 7 > 0.329
bootstrap level 8 > 0.340
bootstrap level 9 > 0.355
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COMPARE WITH TOY MODEL
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BOSONIC BFSS MODEL

The Hamiltonian:

(w)

D
1
H= 3> (TePP 4+ MTeXX) = 3 T, X7

=1

1,)=1

Especially for the D=2 case, we have:

2=

P =

&\4%\

H=

(x+1v) 7=—(X-1v),

(Px+1iPy), P= \—Q(PX —iPy),

% ‘
N
—_

—trM A + M*trZZ + tr[Z, ).

(49)

58



ANALYTIC BOUND

The two positivities of X' and P' read:

NS
Y

trP' P!
I pl . Iyl 2 0 (53)
trP'PY (D — DX X' + M

teX'X' D2
D/2  tP'P!

1Y

0 (54)

Which means:

, , , 2N\ 1/2
2M?(trX?) + 3 (2(D—1)<trX ) +2D> ] ;
(55)
trP'P) + %/\/F(trX'X') (56)

_ 3
&= W(QYMN) = Z<

34



BENCHMARK (2507.21007)

Model & (tr XiX;) level 4 operator
M2=0,D=2 (tr(2222))
Bootstrap [0.707832, 0.707868] [1.15420, 1.15460] [0.37055, 0.37085]
Monte Carlo 0.7039(11) = =

Loop truncation 0.7056(2) 1.172(1) 0.383(2)

Large D expansion  0.756 0.985 0.177
M2=1,D=2 (tr(222%))
Bootstrap [1.172098376, 1.172098408]  [0.77800898, 0.77800934]  [0.15850588, 0.15850607]
Monte Carlo 1.1654(11) = —

Loop truncation 1.17198 0.7784 0.1588

M2=0, D=9 (trXiXi X X))
Bootstrap [6.69946, 6.69968] [2.29195,2.29218] [5.7787,5.7804]
Monte Carlo 6.695(5) 2.291(1) =

Large D expansion 6.713 2279 5.646

Table 1: Ground state energy £ bounds and expectation values ...

85



0(2) MODEL(MASSLESS)

0.84

3V2
080 2 V(tr X2)

0.76

72
« 07 BOGHR ‘24

0.68 (0.5760 0.57710.5773 0.5793‘,.4-""'
70.70902

0.64

0.60}\.
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0(2) MODEL(M? = 1)

1.17225

1.17220

1.17215

1.17210

0.38900450 0.38900466

1.17209841
1.17209837

/ 0.38901Q

11.172102

0.388999

1172097

0.38875 0.38880 0.38885 0.38890 0.38895 0.38900 0.38905
(tr X?)
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0(9) MODEL(MASSLESS)

6.9
27
> V{(tr X*)
6.8
large D
X
W 67 Monte Carlg»J
0254662 0254685
; 716.69968 27 1
: 16 (tr X2)
16.69946
0.254 0.256 0.258

(tr X?)
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BENCHMARK (2507.21007)

Model & (tr XiX;) level 4 operator
M2=0,D=2 (tr(2222))
Bootstrap [0.707832, 0.707868] [1.15420, 1.15460] [0.37055, 0.37085]
Monte Carlo 0.7039(11) = =

Loop truncation 0.7056(2) 1.172(1) 0.383(2)

Large D expansion  0.756 0.985 0.177
M2=1,D=2 (tr(222%))
Bootstrap [1.172098376, 1.172098408]  [0.77800898, 0.77800934]  [0.15850588, 0.15850607]
Monte Carlo 1.1654(11) = —

Loop truncation 1.17198 0.7784 0.1588

M2=0, D=9 (trXiXi X X))
Bootstrap [6.69946, 6.69968] [2.29195,2.29218] [5.7787,5.7804]
Monte Carlo 6.695(5) 2.291(1) =

Large D expansion 6.713 2279 5.646

Table 2: Ground state energy £ bounds and expectation values ...
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EUCLIDEAN TWO-POINT CORRELATOR(2511.08560)

0100 1 o050 o level 4
- m level 6
Z o010 0.20 m level 8
X 010 = Exp bound |
ONN T oo T
50001230 1 o005 ]
= 22 x107 B S
< 20 %10 0030

4| 18x107"
10 15107 002
400 405 410 415 420 00200 205 at0 a1 a20
0 1 2 3 4 5 0 1 2 3 4

g = —0.075026

T

T

Figure 3: Euclidean two-point correlator (trX(7)X(0)) in the ground state of
the 1-MQM with V = 1TrX* + gTrX* at g = 1 (left) and g = —0.075026 =~ gc
(right). The shaded region indicates the allowed bootstrap region at
level-{4,6,8}.
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EUCLIDEAN TWO-POINT CORRELATO R(2511.08560)

0.4F
/ 05F
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,‘:\ 0.184 \\ Seedese=" o /}:\ ‘\_. ‘__,'
e 0.182 s o — 0.2F S < - 1
E e 4 dleveld = 02
T ooam u level 6 01F m level 6 (w/o zero-time input) |
T w Exp bound u level 8 (w/o zero-time input)
0.0t \ ) \ ] 00k . . . ]
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T T

Figure 4: Bootstrap bounds on the Euclidean two-point correlator in the
thermal state of anharmonic oscillator with H = 1x* + 1p? + 1x* at g = 2.
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EUCLIDEAN TWO-POINT CORRELATO R(2511.08560)

0.40

0.35

0.30

0.25

(tr X (7) X (0))

0.20

0.15L,

/ level 4

\ / 1 mlevel 6
— — ] e MCN=12
MC N — oo
0.0 02 0.4 06 08 1.0

T

Figure 5: Bootstrap bounds on the thermal two-point correlator (tr X(7)X(0))
for the ungauged 1-MQM with 8 =1and g =1, at levels 4 and 6.
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EUCLIDEAN TWO-POINT CORRELATO R(2511.08560)

This is simply a condition on the connected two-point correlator
Ge(1) = (O(1)0(0)) — (O)(O). By the inner product of {O, [H, O]} at
Z ane —%

M(7) = (G/C(T) G'C’((T)> =0 = (logGc(7))" > 0. (57)

Ge(07)

log Gc(7) > log G¢(0) + 7 6.(0)

= Ge(7) > Gc(0) exp (—p7),  (58)

—G(07)

=760 9
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EUCLIDEAN TWO-POINT CORRELATO R(2511.08560)

Ge(07)
Ge(0)

log Ge(7) > log Gc(0) + 7

G(B)
log 6(0) > B

G'(0)
G(0)

G(0) = (0'0)5, G'(0) = —(O'[H,0))s (62)
G(B) = tr{pefMOTe PO} = tr{OOTp} = (OOT)5. (63)
In the last line we used the KMS condition. Plugging into (61), we

arrive at the Energy-Entropy balance (EEB) inequality
[Araki and Sewell, 1977]:

oro
0ot

—~
~

(O10) log < B(OT[H, O)), YO (64)

—~
~
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EUCLIDEAN TWO-POINT CORRELATO R(2511.08560)

minimize  (x(T)x(0)),

subject to M(7) = ( (x(m)x(0)) _i<X(T)I(3

N\,, ©
~ixmp(O))  (p(r)p(©)) ) T

(
0))
with the prototype:

minimize Tr OM(T)
subject to M(7) = 0

Tr (D(h) = c“?)d) M(7) = 0.
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EUCLIDEAN TWO-POINT CORRELATO R(2511.08560)

minimize Tr 5M(T)
subject to M(1) = 0 (67)

(o(m ) M(r) = 0.
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EUCLIDEAN TWO-POINT CORRELATO R(2511.08560)

minimize Tr OM(T)
subject to M(7) = 0

d
) _ 4 _
Tr <D C d7_> M(1) = 0.
R T
| = Tr{OM(T) +/ ar M7 (0® — €8, ) — A M(T)}
0

= Tr{ /OTdT KDW + c“*)ddT) WY — /\M} M(T) + [6 - A{f’(r)dk)} M(T)}
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EUCLIDEAN TWO-POINT CORRELATO R(2511.08560)

minimize Tr OM(T)
subject to M(7) > 0

(o(m 4 )M(T) —o.

= Tr{aM(T) + /T dr [)\(Dk) (D(k) _ C(ﬁ)&) _ /\M} M(T)}

= Tr{ /OTdT :<D<**> + d“i) AP /\M} M(7) + [6 - Ag’”(r)c(k)} M(T)}

maximize A% (0) Tr ) M(0)
subject to 0 — AP(T)c® = 0 (74)
(0" + c®9.) A (r) = 0

48




EUCLIDEAN TWO-POINT CORRELATO R(2511.08560)

minimize  (x(T)x(0)),

subject to M(7) = ( <iX(T7)-X(pO)> —i(x(r)p

dual to:

o 1
maximize  A0?(0)() + 5/\52)(0)’

(1) (2)
subject to ?\2? (1) A5°(7)/2 _ (o ,
AD(M) 2 0 0 0
0

( A (r) Aﬁz’m/z)( ASRT)/Z)M,
ARICo VPR W e )

49



PROSPECT

- Other systems with sign-problem: Yang-Mills with theta terms, IKKT
model...

- Gauged matrix model, subleading in 4
- Lorentzian-time correlator, complex-time correlator
- S-matrix and the BFSS conjecture
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Questions?
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